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Remnant of binary black-hole mergers:
New simulations and peak luminosity studies

James Healy and Carlos O. Lousto
Center for Computational Relativity and Gravitation,

School of Mathematical Sciences, Rochester Institute of Technology,
85 Lomb Memorial Drive, Rochester, New York 14623

We present the results of 61 new simulations of nonprecessing spinning black hole binaries with
mass ratios q = m1/m2 in the range 1/3 ≤ q ≤ 1 and individual spins covering the parameter
space −0.85 ≤ α1,2 ≤ 0.85. We additionally perform 10 new simulations of nonspinning black hole
binaries with mass ratios covering the range 1/6 ≤ q < 1. We follow the evolution for typically the
last ten orbits before merger down to the formation of the final remnant black hole. This allows for
assessment of the accuracy of our previous empirical formulae for relating the binary parameters to
the remnant final black hole mass, spin and recoil. We use the new simulation to improve the fit
to the above remnant formulae and add a formula for the peak luminosity of gravitational waves,
produced around the merger of the two horizons into one. We find excellent agreement (typical errors
∼ 0.1 − 0.2%) for the mass and spin, and within ∼ 5% for the recoil and peak luminosity. These
formulae have direct application to parameter estimation techniques applied to LIGO observations
of gravitational waves from binary black hole mergers.

PACS numbers: 04.25.dg, 04.25.Nx, 04.30.Db, 04.70.Bw

I. INTRODUCTION

The breakthroughs [1–3] in numerical relativity al-
low us to make detailed predictions for the gravitational
waves from the late inspiral, plunge, merger and ring-
down of black hole binary systems (BHB). The first
generic, long-term precessing binary black hole evolution
without any symmetry was performed in Ref. [4], includ-
ing detailed comparison with post-Newtonian ` = 2, 3
waveforms. Those predictions of numerical relativity
simulations of BHB have been recently confirmed by the
first direct observation of gravitational waves [5–7] from
such binary systems and by its comparison to targeted
runs [8, 9]. The observations are consistent with general
relativity as the correct theory for gravity as discussed in
[7, 10].

Numerical relativity techniques also allow us to explore
the late binary dynamics, beyond the post-Newtonian
regime. For instance to study the hangup, i.e. the role
individual black hole spins play to delay or accelerate
their merger [11], the determination of the magnitude
and direction of the recoil velocity of the final merged
black hole [12–14], and the flip-flop of individual spins
during the orbital phase [15–17]. The challenging regime
of very high spins is now reachable by numerical simula-
tions [18].

In a hierarchical search or parameter estimation of
gravitational wave signals, aligned spin binaries, i.e. non-
precessing, play an important role, since the main dy-
namics is given by the spin components along the orbital
angular momentum [19] and the full 7 dimensional (as-
suming very small eccentricities) parameter space of a
binary is currently very hard to cover with solely full
numerical waveforms.

In Ref. [20] we used 37 original runs and those avail-
able in the literature to determine fitting formulae that

related aligned spin binaries initial parameters, mass ra-
tio and intrinsic individual spins (q = m1/m2, α1 =
S1/m

2
1, α2 = S2/m

2
2) to the final black hole mass, spin

and recoil (mf , αf , Vf ). Here we revisit this scenario and
perform 71 new runs that allow us to evaluate the errors
of the previous fitting formulae and then use the new
results to improve the fittings.

The waveforms produced by these new simulations,
covering mass ratios in the range 1/3 ≤ q ≤ 1 for the
spinning binaries and 1/6 ≤ q < 1 for nonspinning ones
will form the basis of the new RIT’s waveform catalog.
The combination of RIT’s and SXS [21] and Gatech [22],
catalogs can be used as a data bank for parameter iden-
tification of gravitational wave signals [8].

The paper is organized as follows. Section II describes
the methods and criteria for producing the new simu-
lations. Sec. III describes the results obtained for the
remnant properties, i.e. final mass, spin, and recoil, and
the comparison with the predicted values from the phe-
nomenological formula of Ref. [20]. We also introduce a
fitting formula for the gravitational wave’s peak luminos-
ity and use the new runs to better fit the mass, spin and
recoil parameters. The new fitting parameters are deter-
mined and provided in Tables III and IV. In Sec. IV, the
use and potential extensions to this work to precessing
binaries are discussed. In the appendices we give tables
containing the remnant information and fitting parame-
ters, as well as detailed studies of the numerical conver-
gence and error estimates for those quantities.

II. FULL NUMERICAL EVOLUTIONS

To compute the numerical initial data, we use the
puncture approach [23] along with the TwoPunc-
tures [24] thorn. We evolve the following BBH data
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sets using the LazEv [25] implementation of the mov-
ing puncture approach [2, 3] with the conformal func-
tion W =

√
χ = exp(−2φ) suggested by Ref. [26]. For

the run presented here, we use centered, sixth-order fi-
nite differencing in space [27] and a fourth-order Runge
Kutta time integrator. The use of a sixth-order spatial
finite difference allow us to gain a factor ∼ 4/3 with the
respect to the eight-order implementation due to the re-
duction of the ghost zones from 4 to 3. We also allowed
for a Courant factor CFL = 1/3 instead of the previous
CFL = 0.25 [28] gaining another speedup factor of 4/3.
We verified that for this relaxing of the time integration
step we still conserve the horizon masses and spins of
the individual black holes during evolution and lock the
phase of the gravitational waveforms to acceptable levels
(below 10−5). This, plus the use of the new Xsede super-
computer Comet at SDSC [29], lead to typical evolution
speeds of 250m/day on 16 nodes. Note that our previous
[16, 30] comparable simulations averages ∼ 100m/day.

Our code uses the EinsteinToolkit [31, 32] / Cac-
tus [33] / Carpet [34] infrastructure. The Carpet
mesh refinement driver provides a “moving boxes” style
of mesh refinement. In this approach, refined grids of
fixed size are arranged about the coordinate centers of
both holes. The Carpet code then moves these fine
grids about the computational domain by following the
trajectories of the two BHs.

We use AHFinderDirect [35] to locate apparent
horizons. We measure the magnitude of the horizon
spin using the isolated horizon (IH) algorithm detailed
in Ref. [36] and as implemented in Ref. [37]. Note
that once we have the horizon spin, we can calculate
the horizon mass via the Christodoulou formula mH =√
m2

irr + S2
H/(4m

2
irr) , where mirr =

√
A/(16π), A is

the surface area of the horizon, and SH is the spin
angular momentum of the BH (in units of m2, where
m = m1 + m2). In the tables below, we use the varia-
tion in the measured horizon irreducible mass and spin
during the simulation as a measure of the error in com-
puting these quantities. We measure radiated energy,
linear momentum, and angular momentum, in terms of
the radiative Weyl Scalar ψ4, using the formulas provided
in Refs. [38, 39]. However, rather than using the full ψ4,
we decompose it into ` and m modes and solve for the
radiated linear momentum, dropping terms with ` > 6.
The formulas in Refs. [38, 39] are valid at r = ∞. We
extract the radiated energy-momentum at finite radius
and extrapolate to r =∞. We find that the new pertur-
bative extrapolation described in Ref. [40] provides the
most accurate waveforms. While the difference of fitting
both linear and quadratic extrapolations provides an in-
dependent measure of the error.

A. New simulations

In order to supplement our previous work on aligned
binaries [20] we consider a set of full numerical simula-

tions with initial configurations as described in Table I
and Table II. These simulations cover the parameter
space of aligned (and counteraligned) spins for compa-
rable mass ratios q up to 1:3. We have chosen com-
parable mass ratios and spin magnitude αi ≤ 0.85 as
they are less demanding computationally than the more
extreme cases. In particular, they span over the me-
dian values of mass ratio and spin parameters estimated
for the black hole binaries associated with the gravi-
tational wave signals GW150914 (q = 0.81+0.17

−0.20) and

GW151226 (q = 0.52+0.40
−0.29) and the transient LVT151012

(q = 0.57+0.38
−0.37) [7]. We have also considered initial sep-

arations of the binary such that they produce at least
6 orbits prior to merger, with typical simulations pro-
ducing 8-10 orbits and above. The study of higher spins
and longer waveforms (either through simulations or hy-
bridization) will be the subject of a forthcoming paper
by the authors.

Note that our new runs supplement the previous study
as depicted in Fig. 1. Those runs have been in part se-
lected to cover the parameter space of aligned binaries on
surfaces of equal S̃0 = (α2+q α1)/(1+q) and in part moti-
vated to better model the gravitational wave events men-
tioned above. They also supplement other independent
studies, thus providing a tighter grid of simulations that
have been used to directly estimate the parameters of the
black hole binary that produced GW150914[8]. One of
the runs provided here (with q = 0.82) was compared
with a totally independent simulation by the SXS collab-
oration finding excellent agreement for the waveform as
well as the final remnant parameters [9].

III. REMNANT AND LUMINOSITY FITTING
FORMULAE

Besides the interest in producing waveforms for direct
comparison with observation, the simulation of orbiting
black hole binaries produce information about the final
remnant of the merger of the two holes. This was al-
ready the subject of studies using the Lazarus approach
[41] previous to the breakthrough that allowed longer ac-
curate computations and lead to numerous empirical for-
mulae relating the initial parameters (individual masses
and spins) of the binary to those of the final remnant,
such as its mass, spin, and recoil velocity [20, 42–48], or
algebraic properties of the final metric [49, 50]. The com-
putation of the peak luminosity has also recently been
the subject of interest in relation to the observation of
gravitational waves [7, 51, 52].

In general, the mapping of the 7-dimensional space
(assuming quasicircular orbits) of a binary into the 4-
dimensional space of the final black hole mass and spin
is a complicated process because of the task of accurately
accounting for the precession of the individual spins par-
ticularly during the latest stages. In the case studied
here, aligned binaries, the symmetry of the problem pre-
vents orbital plane precession and we have obtained ac-
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TABLE I. Initial data parameters for the quasi-circular configurations with a smaller mass black hole (labeled 1), and a
larger mass spinning black hole (labeled 2). The punctures are located at ~r1 = (x1, 0, 0) and ~r2 = (x2, 0, 0), with momenta

P = ±(Pr, Pt, 0), spins ~Si = (0, 0, Si), mass parameters mp/m, horizon (Christodoulou) masses mH/m, total ADM mass
MADM, and dimensionless spins a/mH = S/m2

H . The configuration are denoted by QX Y Z, where X gives the mass ratio
mH

1 /m
H
2 , Y gives the spin of the smaller BH (a1/m

2
H), and Z gives the spin of the larger BH (a2/m

2
H).

Run x1/m x2/m Pr/m Pt/m mp
1/m mp

2/m S1/m
2 S2/m

2 mH
1 /m mH

2 /m MADM/m a1/m
H
1 a2/m

H
2

1 -8.81 2.94 -3.69e-04 0.06634 0.2405 0.6585 0 -0.2812 0.25 0.75 0.9934 0 -0.5
2 -7.69 2.56 -4.73e-04 0.06929 0.2393 0.6575 0 0.2812 0.25 0.75 0.9924 0 0.5
3 -9.19 3.06 0 0.06508 0.2408 0.3912 0 -0.4781 0.25 0.75 0.9937 0 -0.85
4 -7.50 2.50 -4.80e-04 0.0691 0.2391 0.3903 0 0.4781 0.25 0.75 0.9921 0 0.85
5 -9.00 3.00 -3.34e-04 0.06503 0.2137 0.7226 -0.03125 -0.1406 0.25 0.75 0.9935 -0.5 -0.25
6 -8.25 2.75 -4.03e-04 0.0674 0.2131 0.7219 -0.03125 0.1406 0.25 0.75 0.9929 -0.5 0.25
7 -8.25 2.75 -4.30e-04 0.0682 0.213 0.7219 0.03125 -0.1406 0.25 0.75 0.993 0.5 -0.25
8 -7.69 2.56 -4.89e-04 0.06974 0.2124 0.7213 0.03125 0.1406 0.25 0.75 0.9924 0.5 0.25
9 -9.38 3.12 0 0.06404 0.214 0.5871 -0.03125 -0.3656 0.25 0.75 0.9938 -0.5 -0.65
10 -7.69 2.56 -4.69e-04 0.06921 0.2125 0.5857 -0.03125 0.3656 0.25 0.75 0.9924 -0.5 0.65
11 -8.62 2.88 -4.02e-04 0.06741 0.2133 0.5866 0.03125 -0.3656 0.25 0.75 0.9934 0.5 -0.65
12 -7.50 2.50 -4.90e-04 0.06938 0.2123 0.5856 0.03125 0.3656 0.25 0.75 0.9922 0.5 0.65
13 -8.81 2.94 0 0.06526 0.1495 0.7415 -0.05 0 0.25 0.75 0.9934 -0.8 0
14 -8.25 2.75 0 0.06687 0.1492 0.7409 0.05 0 0.25 0.75 0.9929 0.8 0
15 -9.38 3.12 0 0.06388 0.1498 0.659 -0.05 -0.2812 0.25 0.75 0.9938 -0.8 -0.5
16 -7.88 2.62 0 0.06869 0.1489 0.6576 -0.05 0.2812 0.25 0.75 0.9926 -0.8 0.5
17 -8.25 2.75 0 0.06841 0.1491 0.658 0.05 -0.2812 0.25 0.75 0.9931 0.8 -0.5
18 -7.50 2.50 0 0.0694 0.1486 0.6573 0.05 0.2812 0.25 0.75 0.9922 0.8 0.5
19 -10.12 3.38 0 0.06125 0.1502 0.462 -0.05 -0.45 0.25 0.75 0.9943 -0.8 -0.8
20 -7.12 2.38 0 0.07049 0.1483 0.4601 0.05 0.45 0.25 0.75 0.9918 0.8 0.8
21 -8.67 4.33 -3.74e-04 0.0738 0.3233 0.4089 0 -0.3556 0.3333 0.6667 0.9929 0 -0.8
22 -7.33 3.67 -4.99e-04 0.07755 0.3217 0.4079 0 0.3556 0.3333 0.6667 0.9914 0 0.8
23 -8.33 4.17 -3.91e-04 0.07451 0.2868 0.6543 -0.05556 -0.04444 0.3333 0.6667 0.9925 -0.5 -0.1
24 -8.00 4.00 -4.07e-04 0.07478 0.2865 0.654 0.05556 0.04444 0.3333 0.6667 0.9921 0.5 0.1
25 -6.67 3.33 -7.42e-04 0.08443 0.2846 0.5813 -0.05556 0.2222 0.3333 0.6667 0.9909 -0.5 0.5
26 -7.33 3.67 0 0.08082 0.2855 0.5823 0.05556 -0.2222 0.3333 0.6667 0.9916 0.5 -0.5
27 -8.67 4.33 -3.74e-04 0.07384 0.2871 0.5449 -0.05556 -0.2667 0.3333 0.6667 0.9929 -0.5 -0.6
28 -7.67 3.83 -4.33e-04 0.07537 0.2861 0.544 0.05556 0.2667 0.3333 0.6667 0.9917 0.5 0.6
29 -5.71 4.29 -9.10e-04 0.09328 0.4146 0.5435 0 0.08163 0.4286 0.5714 0.9899 0 0.25
30 -6.29 4.71 0 0.0895 0.4158 0.4965 0 -0.1633 0.4286 0.5714 0.9908 0 -0.5
31 -6.29 4.71 0 0.08653 0.4159 0.4966 0 0.1633 0.4286 0.5714 0.9905 0 0.5
32 -6.29 4.71 0 0.0904 0.4157 0.3477 0 -0.2612 0.4286 0.5714 0.9909 0 -0.8
33 -6.29 4.71 0 0.08564 0.416 0.3478 0 0.2612 0.4286 0.5714 0.9905 0 0.8
34 -5.71 4.29 -9.31e-04 0.0939 0.404 0.5435 -0.04592 0.08163 0.4286 0.5714 0.9899 -0.25 0.25
35 -5.71 4.29 -9.59e-04 0.09446 0.4039 0.5435 0.04592 -0.08163 0.4286 0.5714 0.99 0.25 -0.25
36 -6.29 4.71 -7.22e-04 0.08936 0.3693 0.559 -0.09184 0 0.4286 0.5714 0.9908 -0.5 0
37 -6.29 4.71 -6.54e-04 0.08722 0.3693 0.5591 0.09184 0 0.4286 0.5714 0.9906 0.5 0
38 -5.71 4.29 0 0.09422 0.3682 0.5435 -0.09184 0.08163 0.4286 0.5714 0.9899 -0.5 0.25
39 -5.71 4.29 -9.34e-04 0.09383 0.3681 0.5436 0.09184 -0.08163 0.4286 0.5714 0.99 0.5 -0.25
40 -6.29 4.71 0 0.09061 0.3692 0.4964 -0.09184 -0.1633 0.4286 0.5714 0.9909 -0.5 -0.5
41 -6.29 4.71 0 0.08753 0.3694 0.4965 -0.09184 0.1633 0.4286 0.5714 0.9906 -0.5 0.5
42 -6.29 4.71 0 0.08839 0.3693 0.4965 0.09184 -0.1633 0.4286 0.5714 0.9907 0.5 -0.5
43 -6.29 4.71 0 0.08553 0.3694 0.4966 0.09184 0.1633 0.4286 0.5714 0.9905 0.5 0.5
44 -6.29 4.71 0 0.0866 0.3694 0.3478 -0.09184 0.2612 0.4286 0.5714 0.9906 -0.5 0.8
45 -6.29 4.71 0 0.0897 0.2586 0.559 -0.1469 0 0.4286 0.5714 0.9909 -0.8 0
46 -6.29 4.71 0 0.08633 0.2586 0.5592 0.1469 0 0.4286 0.5714 0.9906 0.8 0
47 -5.71 4.29 0 0.09286 0.2579 0.3469 -0.1469 0.2612 0.4286 0.5714 0.99 -0.8 0.8
48 -6.29 4.71 0 0.08779 0.2192 0.4479 -0.1561 0.2082 0.4286 0.5714 0.9908 -0.85 0.6375
49 -6.29 4.71 0 0.088 0.2192 0.448 0.1561 -0.2082 0.4286 0.5714 0.9908 0.85 -0.6375
50 -6.73 5.52 -4.90e-04 0.08312 0.4021 0.5136 -0.08932 0.09963 0.4505 0.5495 0.9914 -0.44 0.33
51 -5.50 5.50 0 0.09112 0.4871 0.4327 0 -0.125 0.5 0.5 0.9905 0 -0.5
52 -5.50 5.50 0 0.0919 0.4871 0.303 0 -0.2 0.5 0.5 0.9907 0 -0.8
53 -6.00 6.00 -5.50e-04 0.0856 0.4757 0.4882 -0.0625 0 0.5 0.5 0.9912 -0.25 0
54 -6.00 6.00 -5.66e-04 0.08617 0.4757 0.4757 -0.0625 -0.0625 0.5 0.5 0.9912 -0.25 -0.25
55 -6.00 6.00 -5.34e-04 0.08504 0.4758 0.4757 -0.0625 0.0625 0.5 0.5 0.9911 -0.25 0.25
56 -6.00 6.00 -5.06e-04 0.08392 0.4758 0.4758 0.0625 0.0625 0.5 0.5 0.991 0.25 0.25
57 -5.50 5.50 0 0.09247 0.4326 0.4326 -0.125 -0.125 0.5 0.5 0.9907 -0.5 -0.5
58 -5.50 5.50 -6.38e-04 0.08751 0.4328 0.4328 0.125 0.125 0.5 0.5 0.9903 0.5 0.5
59 -6.50 6.50 0 0.08277 0.3042 0.4556 -0.2 -0.1 0.5 0.5 0.992 -0.8 -0.4
60 -5.50 5.50 0 0.09411 0.3029 0.3029 -0.2 -0.2 0.5 0.5 0.991 -0.8 -0.8
61 -5.00 5.00 -8.19e-04 0.09128 0.3023 0.3023 0.2 0.2 0.5 0.5 0.9895 0.8 0.8
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TABLE II. Initial data parameters for the quasi-circular configurations as in Table I but for the non-spinning systems.

Run x1/m x2/m Pr/m Pt/m mp
1/m mp

2/m S1/m
2 S2/m

2 mH
1 /m mH

2 /m MADM/m a1/m
H
1 a2/m

H
2

62 -9.00 1.50 -2.19e-04 0.0459 0.1358 0.8511 0 0 0.1429 0.8571 0.9952 0 0
63 -8.96 1.79 -2.55e-04 0.05116 0.1589 0.8266 0 0 0.1667 0.8333 0.9947 0 0
64 -8.80 2.20 -3.08e-04 0.05794 0.1913 0.7923 0 0 0.2 0.8 0.994 0 0
65 -8.44 2.81 -3.83e-04 0.06677 0.2401 0.7411 0 0 0.25 0.75 0.993 0 0
66 -8.04 3.21 -4.50e-04 0.07262 0.2751 0.7045 0 0 0.2857 0.7143 0.9924 0 0
67 -7.33 3.67 -5.72e-04 0.0802 0.3216 0.6557 0 0 0.3333 0.6667 0.9916 0 0
68 -7.19 4.31 -5.46e-04 0.08206 0.3632 0.6138 0 0 0.375 0.625 0.9914 0 0
69 -7.05 4.70 -5.29e-04 0.08281 0.3883 0.5887 0 0 0.4 0.6 0.9913 0 0
70 -6.29 4.71 -6.86e-04 0.08828 0.4159 0.5591 0 0 0.4286 0.5714 0.9907 0 0
71 -6.49 5.51 -5.29e-04 0.08448 0.4477 0.529 0 0 0.4595 0.5405 0.9912 0 0
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FIG. 1. Initial configuration of the simulated binaries. The
black dots represent the previous simulations reported in [20]
and those in blue are the new simulations of this paper. Those
points in light gray are obtained by the symmetry 1 ↔ 2 of
the case q = 1.

curate representations of the empirical remnant formulae
by a fourth order polynomial expansion in the appropri-
ate binary variables [47, 53] and imposing the particle
limit analytically [20].

In order to verify the predictions of these formulae we
cover the parameter space of comparable mass binaries
with a new set of 71 simulations that nearly doubles the
original 37 used in [20] and we extend the fittings to also
model the peak luminosity. We summarize the results of
the evolution of the new 61 spinning and 10 nonspinning
binaries in tables V-XIII given in the appendix.

Table V for the 61 spinning cases and table VI for the
10 nonspinning ones display the orbital initial frequency
of the binary as well as its initial measured eccentricity
(small but not zero as we used PN quasicircular orbits
[54, 55], but did not seek to iterate the parameters to-
wards zero as in [56]). We also provide the eccentricity
at merger (as the binary circularizes by emitting gravi-
tational waves) and number of orbits before the merger
actually takes place in the simulation (as measured by
the formation of a common (apparent) horizon). Finally,
for cross reference with other papers using these runs we
provide the technical name used to identify the run.

Because the puncture initial data we use [23] assumes
a conformally flat 3-metric it has a non-physical (albeit
generally small) wave content that gets radiated away or
absorbed by the holes. In order to provide a more phys-
ical set of initial parameters to be used into the remnant
formulae, we extract the parameters of the black holes
after the values of the horizon masses and spin settles.

We observe that evaluating those at a time t = 150m af-
ter the beginning of the simulation is very accurate and
we provide those values in Table VII and Table VIII for
the 61 spinning and 10 nonspinning binaries respectively.

The remnant properties are displayed in Tables IX and
X for the final mass and spin of the product of the merger
of the 61 spinning and 10 nonspinning binaries. We com-
pare in those tables the determination of the final mass
and spin from the direct measure of the isolated horizon
quantities using [36] or from the conservation of the ADM
mass and momentum of the system, i.e. subtracting from
them the radiated energy and momentum carried by the
waveforms to obtain the remnant mass and spin of the
final black hole. The level of agreement of those quan-
tities provides an estimate of the errors in determining
the final mass and spin of the hole. In our experience us-
ing the isolated horizon quantities provides an excellent
approximation with a much smaller error than the above
estimate.

Finally we also provide Tables XI - XII (for the new
runs) XIII (for the previous [20] runs) with the recoil ve-
locity and peak luminosity as directly computed from the
waveforms (adding up to ` = 6 modes). Also included are
the weights used in the least-square fittings. We study
in appendix B the error estimates of in those quantities
produced by the finite difference resolutions we used in
the simulations and incorporate this information into the
fitting formulae below.

A. Fitting final mass and spin

We compare the results of these new simulations with
the predictions of the previous fit to evaluate the errors
of the previous fitting given in Ref. [20].

The fitting formula for Mrem is given by,

Mrem

m
= (4η)2

{
M0 +K1S̃‖ +K2a ∆̃‖δm+K2b S̃

2
‖ +

K2c ∆̃2
‖ +K2d δm

2 +K3a ∆̃‖S̃‖δm+

K3b S̃‖∆̃
2
‖ +K3c S̃

3
‖ +

K3d S̃‖δm
2 +K4a ∆̃‖S̃

2
‖δm+

K4b ∆̃3
‖δm+K4c ∆̃4

‖ +K4d S̃
4
‖ +

K4e ∆̃2
‖S̃

2
‖ +K4f δm

4 +K4g ∆̃‖δm
3 +

K4h ∆̃2
‖δm

2 +K4i S̃
2
‖δm

2
}

+[
1 + η(ẼISCO + 11)

]
δm6, (1)

and the fitting formula for the final spin has the form,
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αrem =
Srem

M2
rem

= (4η)2
{
L0 + L1 S̃‖ +

L2a ∆̃‖δm+ L2b S̃
2
‖ + L2c ∆̃2

‖ + L2d δm
2 +

L3a ∆̃‖S̃‖δm+ L3b S̃‖∆̃
2
‖ + L3c S̃

3
‖ +

L3d S̃‖δm
2 + L4a ∆̃‖S̃

2
‖δm+ L4b ∆̃3

‖δm+

L4c ∆̃4
‖ + L4d S̃

4
‖ + L4e ∆̃2

‖S̃
2
‖ +

L4f δm
4 + L4g ∆̃‖δm

3 +

L4h ∆̃2
‖δm

2 + L4i S̃
2
‖δm

2
}

+

S̃‖(1 + 8η)δm4 + ηJ̃ISCOδm
6. (2)

Note that the two formulae above impose the particle
limit by including the ISCO dependencies (See Ref. [20,
57] for the explicit expressions).

Here, as in Ref. [20], we use the notation

m = m1 +m2,

δm =
m1 −m2

m
,

S̃ = (~S1 + ~S2)/m2,

∆̃ = (~S2/m2 − ~S1/m1)/m,

where mi is the mass of BH i = 1, 2 and ~Si is the spin of
BH i. We also use the auxiliary variables

η =
m1m2

m2
,

q =
m1

m2
,

~αi = ~Si/m
2
i ,

where |~αi| ≤ 1 is the dimensionless spin of BH i, and we
use the convention that m1 ≤ m2 and hence q ≤ 1. Here
the index ⊥ and ‖ refer to components perpendicular to
and parallel to the orbital angular momentum.

The results of the comparison of all available data in
Ref. [20] plus the new data and SXS data for the mass and
spins (175 runs in total) with the previous formulae are
displayed as the red histograms in Fig. 2 and are labeled
as V 1. We also compare these same data points with the
new fitted parameters (See below) and the results are
summarized by the blue histograms labeled as V 2.

From Fig. 2, we observe that the predictions using the
previous formulae for the final mass and spin are very
accurate even for the new runs. Note that in general
the new runs started at longer separations and used a
different numerical evolution system, as mentioned in the
previous section. Given this success we will continue to
use the form of the fitting formulae as in Ref. [20] but will
include now all runs available to improve the statistical
errors in the fitting of the 19 parameters in each formula.

We thus provide a full updated set of fitting parameters
using all the 71 new runs, an additional set of 68 SXS
spin-aligned runs from their BBH catalog [58], and the
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FIG. 2. Counts of the number of runs whose residual (data -
fit) falls within a particular bin. Both cases have 25 bins over
the visible range with the final mass shown in the top panel,
and final spin in the bottom panel. V1 labels the fitting from
Ref. [20] and V2 labels the fitting from this paper.

36 runs used in Ref. [20] to produce a more accurate
set of remnant formulae. The results are summarized in
Table III for the final mass and spin.

The results of the new fits can be summarized in Fig. 3
where we observe the values of the fit compared to those
computed by the simulations for the final mass and the
residuals of the fit in both the differences and percentage
differences. Notably the residuals are limited to differ-
ences in the masses of ±1.2 × 10−3, corresponding to
percentages of less than 0.13%.

The minimum mass (and hence the maximum radi-
ated energy) as a function of the mass ratio and spins
(Mrem(q, α1, α2)) occurs for equal mass binaries bear-
ing maximum spins along the orbital angular momen-
tum. This corresponds also to the maximum hangup
effect [11]. Evaluation of the above fitted formula gives
us Mrem(1, 1, 1) = 0.88672 which corresponds to radi-
ating above 11% of the initial ADM mass of the bi-
nary system. The minimum energy radiated occurs in
the particle limit, but we can evaluate the minimum en-
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TABLE III. Table of fitting parameters for the mass, and spin formulas.

M0 0.951659± 0.000022 L0 0.686732± 0.000023
K1 −0.051130± 0.000131 L1 0.613285± 0.000114
K2a −0.005699± 0.000318 L2a −0.148530± 0.000311
K2b −0.058064± 0.000459 L2b −0.113826± 0.000458
K2c −0.001867± 0.000160 L2c −0.003240± 0.000178
K2d 1.995705± 0.000292 L2d 0.798011± 0.000297
K3a 0.004991± 0.001479 L3a −0.068782± 0.001820
K3b −0.009238± 0.000809 L3b 0.001291± 0.000442
K3c −0.120577± 0.000769 L3c −0.078014± 0.000674
K3d 0.016417± 0.001121 L3d 1.557286± 0.001018
K4a −0.060721± 0.002814 L4a −0.005710± 0.001826
K4b −0.001798± 0.000714 L4b 0.005920± 0.000612
K4c 0.000654± 0.000225 L4c −0.001706± 0.000255
K4d −0.156626± 0.002114 L4d −0.058882± 0.002072
K4e 0.010303± 0.001919 L4e −0.010187± 0.001971
K4f 2.978729± 0.000691 L4f 0.964445± 0.000706
K4g 0.007904± 0.001385 L4g −0.110885± 0.001400
K4h 0.000631± 0.000409 L4h −0.006821± 0.001316
K4i 0.084478± 0.002097 L4i −0.081648± 0.002222
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FIG. 3. Predicted values and residuals of the runs compared
to the new fitting for the final mass.

ergy radiated for the equal-mass case. In this case, mini-
mum radiation occurs due to the anti-hangup, when both
spins are anti-aligned with the orbital angular momen-
tum and maximally spinning. In that case only about
3% of the mass is radiated into gravitational waves with
Mrem(1,−1,−1) = 0.96799.

A similar analysis for the fits to the final remnant spin
is shown in Fig. 4 where the residuals are bounded by
±2×10−3 and typical percentages differences of less than
0.5% (except for those cases where the final spin is close
to zero).

The maximum (minimum) remnant spin,
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FIG. 4. Predicted values and residuals of the runs compared
to the new fitting for the final spin.

αrem(q, α1, α2), are achieved in the particle limit
for maximal Kerr aligned (anti-aligned) spinning black
holes, but if we consider equal mass binaries then the
maximum and minimum final spin of the remnant are
αrem(1, 1, 1) = 0.95149 and αrem(1,−1,−1) = 0.35771.

A final remnant black hole with vanishing spin is also
achievable according to these remnant formulae for q ≤
0.3 as shown in Fig. 16 of Ref. [20]. The current iteration
of the fit does not change this substantially.

The comparative analysis displayed in Fig. 2 of the
old and new formulae shows a slight improvement of the
new formulae from the statistical point of view. This
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improvement is due to a larger (and slightly more accu-
rate) sample of data. The improvement is not large in
the final mass since the old formula was already provid-
ing an excellent approximation. The improvements are
more notable for final spin and the recoil velocities. We
have also introduced a peak luminosity fit as it follows in
the next subsection.

B. Modeling final recoils and peak luminosities

Given the success of the above formulae we will pro-
pose a new fitting formula for the peak luminosity of
gravitational waves with a similar form to the mass fit-
ting. The motivation for the above formulae comes from
a combination of a Taylor expansion in terms of the seven
binary parameters, limited by the symmetry properties
of the binary under parity and exchange of the black hole
labels. We have also found that the use of the variables
~̃S, ~̃∆, and δm has a direct connection with PN variables
and provides an excellent fit [20, 47, 48, 53]. This can be
extended to the peak luminosity that corresponds to the
peak power of gravitational radiation and will share the
symmetry properties used for the total final mass of the
remnant.

For both the recoil velocity and the peak luminosity
fittings we use the original 36 simulations from Ref [20]
and the 71 new simulations for a total of 107 simulations.

1. Peak luminosity fits

We propose

Lpeak = (4η)2
{
N0 +N1S̃‖ +N2a ∆̃‖δm+N2b S̃

2
‖ +

N2c ∆̃2
‖ +N2d δm

2 +N3a ∆̃‖S̃‖δm+

N3b S̃‖∆̃
2
‖ +N3c S̃

3
‖ +

N3d S̃‖δm
2 +N4a ∆̃‖S̃

2
‖δm+

N4b ∆̃3
‖δm+N4c ∆̃4

‖ +N4d S̃
4
‖ +

N4e ∆̃2
‖S̃

2
‖ +N4f δm

4 +N4g ∆̃‖δm
3 +

N4h ∆̃2
‖δm

2 +N4i S̃
2
‖δm

2
}
.(3)

Note that the radiated power in the particle limit scales
as η2 (See Ref. [59], Eq. (16) and (20); evaluated at the
ISCO for its peak value). Thus we do not include this
explicitly in the fitting above, with the same true in the
recoil velocity case below, since radiative terms would
need to be fitted anyway.

The best fitted parameters are displayed in Table IV
below, including the fitting statistical uncertainty (note
that some of the coefficient are statistically compatible
with taking a zero value). The residuals are shown in
the top panel of Fig. 5 and the comparison of the fits to
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FIG. 5. Counts of the number of runs whose residual (data
- fit) falls within a particular bin. Both cases have 25 bins
over the visible range with the recoil velocity shown in the
top panel, and recoil velocity in the bottom panel. V1 labels
the fitting from Ref. [20] and V2 labels the fitting from this
paper.

data are displayed in Fig. 6. Fig. 6 also displays residuals
in the middle panel with values of less than 2 × 10−5 in
dimensionless units which corresponds to typical errors
of less than 3%.

Note that the percentile errors of the luminosity (and
this will also be true for the recoil velocity) are an or-
der of magnitude larger than for the mass and spin of
the remnant. This is due to the fact that while the final
mass and spin can be obtained very accurately from the
isolated horizon formulae applied to the final black hole,
the peak luminosity is computed directly from the wave-
forms at infinity and have errors associated with the finite
difference used during the evolution (as well as finite ex-
traction radii and modes used) as detailed in Appendix
B. We have used a method of weighted least squares
to take into account the different available resolutions
for the pool of simulations used in this fit. A maximum
of ∼ −5% difference in the peak luminosity is observed
with respect to [60]. Such a large difference only oc-
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FIG. 6. Predicted values and residuals of the runs compared
to the new fitting for the peak luminosity.

curs for the largest peak luminosities occurring for near
equal-mass systems with large aligned spins. (The two
fits agree to better than 0.5% about the peak luminosity
for an equal-mass nonspinning binary, for instance.)

By direct evaluation of the fitting formula for the
luminosity we see that the maximum value occurs for
equal mass binaries and maximum spinning black holes
oriented along the orbital angular momentum. In this
case we obtain for the peak luminosity Lpeak(1, 1, 1) =
0.001967 in dimensionless units, equivalent to 7.1368 ×
1056ergs/sec.

2. Recoil velocities

We model the total recoil as [20]

~Vrecoil(q, ~αi) = vm ê1 + v⊥(cos(ξ) ê1 + sin(ξ) ê2), (4)

ê1, ê2 are orthogonal unit vectors in the orbital plane, and
ξ measures the angle between the “unequal mass” and
“spin” contributions to the recoil velocity in the orbital
plane, and with,

v⊥ = Hη2
(

∆̃‖ +H2aS̃‖δm+H2b∆̃‖S̃‖ +H3a∆̃2
‖δm

+H3bS̃
2
‖δm+H3c∆̃‖S̃

2
‖ +H3d∆̃3

‖ +H3e∆̃‖δm
2

+H4aS̃‖∆̃
2
‖δm +H4bS̃

3
‖δm+H4cS̃‖δm

3

+H4d∆̃‖S̃‖δm
2 +H4e∆̃‖S̃

3
‖ +H4f S̃‖∆̃

3
‖

)
,(5)

ξ = a+ b S̃‖ + c δm∆̃‖.

Where

vm = η2δm
(
A+B δm2

)
. (6)
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FIG. 7. Predicted values and residuals (in km/s) of the runs
compared to the new fitting for the recoil velocity.

and according to Ref. [61] we have A = 9210 km/s, and
B = 2790 km/s.

In the bottom panel of Fig. 5, the residuals between the
first fitting formula and the new fitting formula on the
full set of 107 simulations are shown. While the first fit-
ting formula performed reasonably well, with the largest
deviations from the data on the order of 15 km/s, the
new fitting formula is a marked improvement benefiting
from a sample size of our simulations almost tripled from
the first version.

The best fitted parameters are displayed in Table IV
below. The comparison of the fits to data are displayed
in Fig. 7, that essentially displays residuals of less than
7 km/s, corresponding to typical errors of 5 − 10% for
moderate to large recoils.

As for the luminosity, the percentile errors of the re-
coil velocity are an order of magnitude larger than for
the mass and spin of the remnant. We note again that
this is due to the fact that while the final mass and spin
can be obtained very accurately from the isolated horizon
formulae applied to the final black hole, the recoil veloc-
ity is computed directly from (different modes of) the
waveforms at infinity (See though Ref. [62] for a horizon
evaluation of the linear momentum) and have errors asso-
ciated with the finite difference used during the evolution
(as well as finite extraction radii and modes) as detailed
in Appendix B. We have used a method of weighted
least squares to take into account the different available
resolutions for the pool of simulations used in this fit.

The current analysis with a more extensive set of runs
(including the new 71 runs and the former 36 run) allow
us to make a statistically more robust determination of
the 17 fitting parameters. We can also determine that the
maximum recoil velocity does not occur for equal mass
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TABLE IV. Table of fitting parameters (left) for the recoil (in Km/s) and (right) peak luminosity formulas.

H 7528.531080± 60.544382 N0 1.021017e-03 ± 8.905891e-07
H2a −1.795874± 0.114360 N1 8.974289e-04 ± 1.892220e-05
H2b −0.615667± 0.061626 N2a -9.774672e-05 ± 4.050598e-05
H3a −0.447651± 0.132894 N2b 9.208838e-04 ± 4.258906e-05
H3b −0.771102± 0.382234 N2c 1.869827e-05 ± 1.740217e-05
H3c −1.700807± 0.177238 N2d -3.913170e-04 ± 1.368557e-05
H3d −0.021333± 0.017638 N3a -1.202141e-04 ± 1.496747e-04
H3e −0.753230± 0.216550 N3b 1.481022e-04 ± 9.213429e-05
H4a −0.585791± 0.413974 N3c 1.379015e-03 ± 1.492745e-04
H4b −1.524603± 0.929478 N3d -4.937306e-04 ± 9.776929e-05
H4c 0.969809± 0.650891 N4a 8.847927e-04 ± 4.470162e-04
H4d 0.788852± 0.664358 N4b 3.292542e-07 ± 9.428275e-07
H4e −1.701279± 0.835741 N4c 1.701707e-05 ± 3.024644e-05
H4f −0.017526± 0.224595 N4d 1.514840e-03 ± 2.847964e-04
a 2.463283± 0.027020 N4e -1.484568e-04 ± 1.737503e-04
b 1.466051± 0.152762 N4f 1.366596e-04 ± 6.530259e-05
c 0.554279± 0.189169 N4g 1.603431e-04 ± 1.673143e-04

N4h -6.185306e-05 ± 1.113796e-04
N4i -1.036025e-03 ± 2.504408e-04

binaries but for q ≈ 2/3 in an up/down configuration.
We find Vmax = 516.58±26.33km/s for qmax = 0.6628±
0.05661 with αmax

1 = 1.0 and αmax
2 = −1.0

In addition to the particle limit and the equal mass,
equal spins cases there are other configurations that lead
to zero recoil velocity as predicted by the above fitting
formulae. We find that the results displayed in Fig. 14 of
Ref. [20] is not changed substantially with the updated
formulae.

IV. CONCLUSIONS AND DISCUSSION

In this paper we have revisited the scenario of non-
precessing binary black hole mergers extending our pre-
vious work by tripling the number of our simulations. We
have thus verified that our formulae for the final remnant
mass and spin were accurate well within a fraction of 1%
level, and used the new runs to improve those fittings.
We observe in the comparative analysis of Fig. 2 that
the new fit particularly improves the residuals of the final
spin. The wings of the residuals now halved and are more
symmetric around zero than for the old fit, as expected
for random errors. The improvement is not as evident
for the final mass, since the original fit was already ex-
tremely good. The comparative analysis of the fittings
for the recoil velocity displayed in Fig. 5 shows that the
typical residuals are halved by the newly fitted formula.
Thus reducing the error of the remnant recoil to within
5%. Finally, we see in the bottom panel of Fig. 6 that the
typical residuals of the luminosity fit lie within 2% values.
Note that we also improved the assessment of systematic
errors in those results by studying the observer location
and finite difference dependences of the results, partic-
ularly for the recoil velocity and peak luminosity, since
the final mass and spin can be obtained more accurately

from the horizon evaluated measurements.

These formulae are particularly relevant for LIGO
gravitational wave signal analysis. In fact, the formu-
lae of our previous paper [20] has been used to analyze
the aLIGO O1 events [5–7, 10, 51, 63]. The updated
formulae in this paper (including that of the peak lumi-
nosity) are well suited for implementation and use in an
improved analysis of the forthcoming observational runs
of advanced LIGO.

While the above formulae are strictly valid for non-
precessing systems, they represent an important basis
to model precessing systems as they provide several of
the expansion terms to be included in such formulae
[47, 48, 53] and they represent a reasonable approxima-
tion for most applications. For instance, Ref. [64] uses
a simple augmentation of the final spin in [20] to im-
prove its accuracy for precessing systems and shows that
the final mass formula of [20] has good accuracy even for
precessing systems.
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Appendix A: Summary of properties of the new
simulations

In this appendix, we supplement the initial data pa-
rameters given in Tables I-II with more information
about the simulations.

In Tables V and VI we give the initial orbital frequency,
number of orbits to merger (as measured by the forma-
tion of a common apparent horizon and monitored by the
time of peak luminosity), and initial and final eccentric-
ities estimated as [4] e = r2r̈/m.

The values of the individual masses and spins, as well
as the recombinations of mass ratio and the two spins
used in the fitting functions are given in Tables VII and
VIII. These relaxed values are measured at evolution
time t = 150m, suitably long enough after the start of
the merger for the initial ansatz content to settle.

In Tables IX and X, the energy radiated and final spins
are given. Both quantities are calculated in two ways, one
locally on the isolated horizon (at the highest resolution
available), and one from the extrapolation of the grav-
itational waveforms to infinite observer location. The
errors given for the horizon quantities are the drift in the
quantity from the value calculated just after merger until
the end of the simulation, typically 400−500m evolution
time. For the quantities calculated from the gravitational
waves, the error is the difference between a first and sec-
ond order polynomial extrapolation to infinite observer
location.

Finally, in Tables XI, XII (for the new runs), and XIII
(for the previous runs [20]), the recoil velocities and peak
luminosities are given. Since the calculation for the kick
uses a new method explained below and since the peak
luminosities were not given in Paper 1 [20], we provide
XIII for the simulations of Paper 1. In this table, we
provide both the new run number in the first column,
along with the Paper 1 run number in column 2. Error
bars for the recoil and luminosity are described in the
next appendix.

Appendix B: Convergence studies

For the recoil velocity and peak luminosity calcula-
tions, there are two main sources of error. The first is
the error from calculating the values at a finite observer
location. The second, and typically of comparable mag-
nitude, is from finite resolution. Since the final mass
and spin are calculated locally on the apparent horizon,
where the grid resolution is highest, the finite resolution
error is very low and there is no associated finite observer
error, hence those quantities can be determined to high
accuracy. In order to get a sense of the error of other
radiated quantities, we can calculate the final mass and
spin in an analogous way to how we calculate the recoil
and luminosity. In this appendix, we will explore these
errors and the convergence of a set of simulations.

For every simulation, we can calculate the finite ob-
server location error. However, in order to calculate the
finite resolution error, we would need the same binary
configuration at three different resolutions. For 107 runs,
this would be very expensive computationally. Instead,
we choose a simulation from each mass ratio at three dif-
ferent resolutions and use this run to calculate the finite
resolution error. This error is then used as a weight in
the least-squares fitting for the corresponding family of
the same mass ratio runs.

The kicks and luminosity values included in the tables
are calculated using up to ` = 6 modes at an extrac-
tion radius of robs/m = 113.0. To extrapolate to infinite
observer location, we use the perturbative extrapolation
given in Ref. [40]. There is typically still some resid-
ual r-dependence so to calculate the extrapolation error
we take the difference between the value calculated at
robs = 113.0m and extrapolating to robs = ∞ using the
average of a first and second order polynomial in 1/robs.
This is typically on the order of 1 − 3 km/s for the kick
and on the order of 1e-5 to 1e-6 for the luminosity but
for a few runs is higher.

We can estimate the finite resolution error by using
three different resolutions and a Richardson extrapola-
tion. We label our resolutions as NX where X is a global
resolution factor that is related to the resolution in the
wavezone. For example, a simulation labeled N140 would
have a wavezone resolution of m/1.4. Tables XIV-XVII
show the values of the kick and luminosity at each ex-
traction radius and extrapolated to infinite resolution,
along with the order of convergence for each. We typi-
cally observe a convergence order between 2.5 and 4 with
slightly lower convergence order for the q = 1/3 lumi-
nosity. The fitting weights are determined from these
tables as the difference between the (robs, N) = (∞,∞)
and (113.0m,finite), where N is the resolution factor as
described above. This leads to finite resolution errors
typically on the order of 5− 15 km/s for the recoil. The
total error reported in Tables XI-XIII is the finite ob-
server and finite resolution errors added in quadrature.

In Figs. 8-11, we show the recoil velocity, peak lumi-
nosity, radiated energy, and radiated angular momentum
for each resolution as a function of the inverse of the
observer location. For the radiated energy and angular
momentum, the value calculated on the isolated horizon
(at the highest resolution available) is shown as a green
solid line. In each, the solid lines indicate a second or-
der polynomial fit in m/robs to extrapolate to infinite
observer location. In all cases, we have six extraction
radii between 75m and 113m. For the equal-mass case in
Fig. 8, we have an additional four extraction radii, out
to 190m. In this figure, we show two extrapolations to
infinite observer, one in black using all available extrac-
tion radii, and one in gray using only up to robs = 113m
as in the other figures. The difference between the two
extrapolations is on the order of 1% for all four quanti-
ties.
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TABLE V. Table of the initial orbital frequency mωi, number of orbits to merger, N , and the initial and final eccentricities, ei
and ef for the spinning cases.

Run Config. mωi N ei ef
1 Q0.3333 0.0000 -0.5000 0.0236 8.7 0.008 0.002
2 Q0.3333 0.0000 0.5000 0.0269 10.5 0.006 0.002
3 Q0.3333 0.0000 -0.8500 0.0241 7.6 0.016 0.006
4 Q0.3333 0.0000 0.8500 0.0274 12.1 0.007 0.002
5 Q0.3333 -0.5000 -0.2500 0.0226 10.0 0.008 0.001
6 Q0.3333 -0.5000 0.2500 0.0249 10.3 0.006 0.001
7 Q0.3333 0.5000 -0.2500 0.0252 8.9 0.006 0.002
8 Q0.3333 0.5000 0.2500 0.0271 9.7 0.006 0.002
9 Q0.3333 -0.5000 -0.6500 0.0229 8.6 0.015 0.005
10 Q0.3333 -0.5000 0.6500 0.0270 10.8 0.005 0.002
11 Q0.3333 0.5000 -0.6500 0.0244 8.0 0.008 0.003
12 Q0.3333 0.5000 0.6500 0.0275 11.3 0.005 0.003
13 Q0.3333 -0.8000 0.0000 0.0240 9.9 0.012 0.004
14 Q0.3333 0.8000 0.0000 0.0257 10.2 0.009 0.003
15 Q0.3333 -0.8000 -0.5000 0.0228 8.9 0.016 0.005
16 Q0.3333 -0.8000 0.5000 0.0277 9.8 0.010 0.004
17 Q0.3333 0.8000 -0.5000 0.0273 7.5 0.013 0.005
18 Q0.3333 0.8000 0.5000 0.0287 10.6 0.005 0.002
19 Q0.3333 -0.8000 -0.8000 0.0205 9.7 0.017 0.005
20 Q0.3333 0.8000 0.8000 0.0306 11.1 0.006 0.001
21 Q0.5000 0.0000 -0.8000 0.0204 9.6 0.010 0.003
22 Q0.5000 0.0000 0.8000 0.0244 11.9 0.006 0.002
23 Q0.5000 -0.5000 -0.1000 0.0211 10.6 0.009 0.001
24 Q0.5000 0.5000 0.1000 0.0218 12.0 0.006 0.001
25 Q0.5000 -0.5000 0.5000 0.0290 7.6 0.006 0.001
26 Q0.5000 0.5000 -0.5000 0.0273 7.0 0.014 0.004
27 Q0.5000 -0.5000 -0.6000 0.0204 9.6 0.011 0.003
28 Q0.5000 0.5000 0.6000 0.0229 13.1 0.006 0.001
29 Q0.7500 0.0000 0.2500 0.0295 6.8 0.007 0.003
30 Q0.7500 0.0000 -0.5000 0.0278 6.2 0.015 0.005
31 Q0.7500 0.0000 0.5000 0.0258 9.2 0.011 0.003
32 Q0.7500 0.0000 -0.8000 0.0289 5.4 0.017 0.005
33 Q0.7500 0.0000 0.8000 0.0255 10.2 0.010 0.002
34 Q0.7500 -0.2500 0.2500 0.0299 6.3 0.007 0.003
35 Q0.7500 0.2500 -0.2500 0.0302 5.9 0.007 0.003
36 Q0.7500 -0.5000 0.0000 0.0263 6.9 0.010 0.003
37 Q0.7500 0.5000 0.0000 0.0252 8.9 0.007 0.001
38 Q0.7500 -0.5000 0.2500 0.0318 5.7 0.013 0.003
39 Q0.7500 0.5000 -0.2500 0.0297 6.3 0.008 0.002
40 Q0.7500 -0.5000 -0.5000 0.0289 5.3 0.016 0.006
41 Q0.7500 -0.5000 0.5000 0.0264 8.1 0.013 0.004
42 Q0.7500 0.5000 -0.5000 0.0270 7.2 0.014 0.003
43 Q0.7500 0.5000 0.5000 0.0254 10.3 0.010 0.002
44 Q0.7500 -0.5000 0.8000 0.0261 9.1 0.012 0.003
45 Q0.7500 -0.8000 0.0000 0.0281 6.1 0.016 0.005
46 Q0.7500 0.8000 0.0000 0.0258 9.3 0.011 0.003
47 Q0.7500 -0.8000 0.8000 0.0313 6.5 0.013 0.005
48 Q0.7500 -0.8500 0.6375 0.0270 7.8 0.014 0.004
49 Q0.7500 0.8500 -0.6375 0.0271 7.4 0.014 0.002
50 Q0.8200 -0.4400 0.3300 0.0215 10.4 0.009 0.001
51 Q1.0000 0.0000 -0.5000 0.0276 6.4 0.015 0.005
52 Q1.0000 0.0000 -0.8000 0.0285 5.7 0.016 0.002
53 Q1.0000 -0.2500 0.0000 0.0225 9.1 0.009 0.002
54 Q1.0000 -0.2500 -0.2500 0.0228 8.5 0.010 0.002
55 Q1.0000 -0.2500 0.2500 0.0223 9.8 0.007 0.001
56 Q1.0000 0.2500 0.2500 0.0219 11.1 0.007 0.001
57 Q1.0000 -0.5000 -0.5000 0.0289 5.3 0.017 0.007
58 Q1.0000 0.5000 0.5000 0.0248 10.3 0.006 0.001
59 Q1.0000 -0.8000 -0.4000 0.0212 8.4 0.017 0.004
60 Q1.0000 -0.8000 -0.8000 0.0314 4.0 0.018 0.003
61 Q1.0000 0.8000 0.8000 0.0281 9.9 0.006 0.001
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TABLE VI. Table of the initial orbital frequency mωi, number of orbits to merger, N , and the initial and final eccentricities,
ei and ef for nonspinning systems.

Run Config. mωi N ei ef
62 Q0.1667 0.0000 0.0000 0.0260 12.6 0.006 0.002
63 Q0.2000 0.0000 0.0000 0.0254 11.4 0.005 0.001
64 Q0.2500 0.0000 0.0000 0.0248 10.8 0.005 0.002
65 Q0.3333 0.0000 0.0000 0.0242 10.1 0.006 0.001
66 Q0.4000 0.0000 0.0000 0.0244 9.4 0.006 0.002
67 Q0.5000 0.0000 0.0000 0.0254 8.4 0.006 0.001
68 Q0.6000 0.0000 0.0000 0.0238 9.1 0.007 0.001
69 Q0.6667 0.0000 0.0000 0.0228 10.0 0.007 0.002
70 Q0.7500 0.0000 0.0000 0.0257 7.9 0.007 0.002
71 Q0.8500 0.0000 0.0000 0.0223 9.9 0.007 0.001
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TABLE VII. The mass and spin of the BHBs in Table I after the BHs had time to equilibrate (t/m = 150).

Run Config. qr mr
1/m mr

2/m αr
1 αr

2 δmr Sr/m
2
r ∆r/m

2
r

1 Q0.3333 0.0000 -0.5000 0.333349 0.250001 0.749967 −0.000002 −0.500063 −0.499982 −0.281279 −0.375042
2 Q0.3333 0.0000 0.5000 0.333349 0.250001 0.749967 −0.000002 0.500054 −0.499982 0.281273 0.375036
3 Q0.3333 0.0000 -0.8500 0.333590 0.250001 0.749425 −0.000002 −0.851337 −0.499711 −0.478692 −0.638379
4 Q0.3333 0.0000 0.8500 0.333588 0.250001 0.749431 −0.000002 0.851293 −0.499713 0.478669 0.638348
5 Q0.3333 -0.5000 -0.2500 0.333346 0.250011 0.750003 −0.500031 −0.250004 −0.499985 −0.171878 −0.062489
6 Q0.3333 -0.5000 0.2500 0.333348 0.250012 0.750003 −0.500027 0.250004 −0.499983 0.109370 0.312512
7 Q0.3333 0.5000 -0.2500 0.333350 0.250013 0.750001 0.499990 −0.250006 −0.499981 −0.109373 −0.312504
8 Q0.3333 0.5000 0.2500 0.333352 0.250014 0.750001 0.499986 0.250006 −0.499979 0.171876 0.062500
9 Q0.3333 -0.5000 -0.6500 0.333404 0.250010 0.749871 −0.500032 −0.650245 −0.499921 −0.396986 −0.362630
10 Q0.3333 -0.5000 0.6500 0.333407 0.250013 0.749874 −0.500027 0.650224 −0.499917 0.334449 0.612669
11 Q0.3333 0.5000 -0.6500 0.333407 0.250012 0.749871 0.499991 −0.650247 −0.499917 −0.334464 −0.612677
12 Q0.3333 0.5000 0.6500 0.333408 0.250013 0.749873 0.499986 0.650231 −0.499916 0.396974 0.362628
13 Q0.3333 -0.8000 0.0000 0.333237 0.249932 0.750011 −0.800604 0.000006 −0.500108 −0.050013 0.200112
14 Q0.3333 0.8000 0.0000 0.333247 0.249936 0.750002 0.800511 0.000002 −0.500097 0.050013 −0.200088
15 Q0.3333 -0.8000 -0.5000 0.333250 0.249930 0.749976 −0.800619 −0.500032 −0.500094 −0.331323 −0.174930
16 Q0.3333 -0.8000 0.5000 0.333261 0.249939 0.749980 −0.800553 0.500026 −0.500082 0.231277 0.575146
17 Q0.3333 0.8000 -0.5000 0.333265 0.249938 0.749969 0.800473 −0.500055 −0.500077 −0.231296 −0.575148
18 Q0.3333 0.8000 0.5000 0.333267 0.249940 0.749969 0.800454 0.500050 −0.500074 0.331319 0.174972
19 Q0.3333 -0.8000 -0.8000 0.333408 0.249924 0.749603 −0.800648 −0.800863 −0.499916 −0.500492 −0.400418
20 Q0.3333 0.8000 0.8000 0.333432 0.249943 0.749607 0.800410 0.800846 −0.499889 0.500457 0.400443
21 Q0.5000 0.0000 -0.8000 0.500261 0.333334 0.666320 −0.000002 −0.800844 −0.333102 −0.355807 −0.533803
22 Q0.5000 0.0000 0.8000 0.500256 0.333333 0.666326 −0.000001 0.800792 −0.333106 0.355786 0.533771
23 Q0.5000 -0.5000 -0.1000 0.500006 0.333338 0.666668 −0.500052 −0.100003 −0.333328 −0.100008 0.100017
24 Q0.5000 0.5000 0.1000 0.500007 0.333338 0.666667 0.500025 0.100004 −0.333327 0.100005 −0.100008
25 Q0.5000 -0.5000 0.5000 0.500031 0.333345 0.666648 −0.500013 0.500027 −0.333306 0.166664 0.500022
26 Q0.5000 0.5000 -0.5000 0.500030 0.333342 0.666643 0.500035 −0.500063 −0.333307 −0.166678 −0.500054
27 Q0.5000 -0.5000 -0.6000 0.500059 0.333338 0.666597 −0.500051 −0.600147 −0.333281 −0.322281 −0.233386
28 Q0.5000 0.5000 0.6000 0.500061 0.333339 0.666596 0.500024 0.600134 −0.333279 0.322272 0.233385
29 Q0.7500 0.0000 0.2500 0.749995 0.428572 0.571433 −0.000002 0.249997 −0.142860 0.081632 0.142857
30 Q0.7500 0.0000 -0.5000 0.750017 0.428572 0.571416 −0.000002 −0.500049 −0.142846 −0.163278 −0.285738
31 Q0.7500 0.0000 0.5000 0.750018 0.428571 0.571415 −0.000001 0.500028 −0.142846 0.163271 0.285728
32 Q0.7500 0.0000 -0.8000 0.750353 0.428575 0.571164 −0.000001 −0.800786 −0.142627 −0.261376 −0.457499
33 Q0.7500 0.0000 0.8000 0.750355 0.428572 0.571159 −0.000001 0.800755 −0.142625 0.261365 0.457482
34 Q0.7500 -0.2500 0.2500 0.750005 0.428577 0.571433 −0.250008 0.249996 −0.142854 0.035711 0.250002
35 Q0.7500 0.2500 -0.2500 0.750006 0.428578 0.571433 0.249993 −0.250006 −0.142853 −0.035716 −0.250000
36 Q0.7500 -0.5000 0.0000 0.750001 0.428573 0.571430 −0.500036 −0.000000 −0.142856 −0.091844 0.214301
37 Q0.7500 0.5000 0.0000 0.750002 0.428572 0.571428 0.500007 −0.000000 −0.142856 0.091838 −0.214289
38 Q0.7500 -0.5000 0.2500 0.750000 0.428576 0.571435 −0.500031 0.249993 −0.142857 −0.010212 0.357152
39 Q0.7500 0.5000 -0.2500 0.750004 0.428576 0.571433 0.499989 −0.250006 −0.142855 0.010201 −0.357142
40 Q0.7500 -0.5000 -0.5000 0.750019 0.428575 0.571419 −0.500031 −0.500038 −0.142845 −0.255119 −0.071431
41 Q0.7500 -0.5000 0.5000 0.750016 0.428572 0.571418 −0.500038 0.500021 −0.142847 0.071423 0.500028
42 Q0.7500 0.5000 -0.5000 0.750021 0.428573 0.571415 0.500002 −0.500050 −0.142844 −0.071438 −0.500029
43 Q0.7500 0.5000 0.5000 0.750018 0.428571 0.571414 0.500010 0.500029 −0.142845 0.255112 0.071435
44 Q0.7500 -0.5000 0.8000 0.750351 0.428572 0.571162 −0.500035 0.800741 −0.142628 0.169469 0.671832
45 Q0.7500 -0.8000 0.0000 0.749701 0.428408 0.571439 −0.800681 0.000002 −0.143053 −0.146996 0.343072
46 Q0.7500 0.8000 0.0000 0.749704 0.428403 0.571430 0.800634 −0.000000 −0.143051 0.146989 −0.343052
47 Q0.7500 -0.8000 0.8000 0.750044 0.428413 0.571185 −0.800638 0.800638 −0.142829 0.114354 0.800638
48 Q0.7500 -0.8500 0.6375 0.749627 0.428318 0.571375 −0.851092 0.637601 −0.143101 0.052051 0.729071
49 Q0.7500 0.8500 -0.6375 0.749648 0.428321 0.571363 0.850998 −0.637676 −0.143087 −0.052082 −0.729075
50 Q0.8200 -0.4400 0.3300 0.819999 0.450552 0.549454 −0.440020 0.329999 −0.098902 0.010304 0.379569
51 Q1.0000 0.0000 -0.5000 1.000013 0.499999 0.499992 −0.000001 −0.499978 0.000007 −0.124993 −0.249987
52 Q1.0000 0.0000 -0.8000 1.000437 0.500005 0.499787 −0.000001 −0.800758 0.000219 −0.200102 −0.400291
53 Q1.0000 -0.2500 0.0000 1.000008 0.500001 0.499997 −0.249958 −0.000001 0.000004 −0.062490 0.124979
54 Q1.0000 -0.2500 -0.2500 1.000000 0.500001 0.500001 −0.249958 −0.249958 0.000000 −0.124979 0.000000
55 Q1.0000 -0.2500 0.2500 1.000000 0.500001 0.500001 −0.249958 0.249950 −0.000000 −0.000002 0.249954
56 Q1.0000 0.2500 0.2500 1.000000 0.500001 0.500001 0.249950 0.249950 −0.000000 0.124975 0.000000
57 Q1.0000 -0.5000 -0.5000 1.000000 0.499994 0.499994 −0.499971 −0.499972 −0.000000 −0.249986 −0.000000
58 Q1.0000 0.5000 0.5000 1.000000 0.499991 0.499991 0.499953 0.499953 −0.000000 0.249976 0.000000
59 Q1.0000 -0.8000 -0.4000 0.999539 0.499773 0.500004 −0.800796 −0.399931 −0.000230 −0.300136 0.200295
60 Q1.0000 -0.8000 -0.8000 1.000000 0.499794 0.499794 −0.800705 −0.800705 −0.000000 −0.400353 −0.000000
61 Q1.0000 0.8000 0.8000 1.000000 0.499788 0.499788 0.800682 0.800682 −0.000000 0.400341 0.000000
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TABLE VIII. The mass and spin of the BHBs in Table I after the BHs had time to equilibrate (t/m = 150) for non-spinning
systems.

Run Config. qr mr
1/m mr

2/m αr
1 αr

2 δmr Sr/m
2
r ∆r/m

2
r

62 Q0.1667 0.0000 0.0000 0.166674 0.142863 0.857142 0.000008 0.000001 −0.714275 0.000001 −0.000000
63 Q0.2000 0.0000 0.0000 0.200005 0.166671 0.833333 −0.000001 0.000001 −0.666659 0.000001 0.000001
64 Q0.2500 0.0000 0.0000 0.250002 0.200001 0.800000 −0.000002 0.000001 −0.599998 0.000000 0.000001
65 Q0.3333 0.0000 0.0000 0.333335 0.250001 0.750000 −0.000002 0.000000 −0.499998 0.000000 0.000001
66 Q0.4000 0.0000 0.0000 0.400005 0.285718 0.714286 −0.000003 0.000000 −0.428566 −0.000000 0.000001
67 Q0.5000 0.0000 0.0000 0.500001 0.333334 0.666667 −0.000002 −0.000000 −0.333333 −0.000000 0.000001
68 Q0.6000 0.0000 0.0000 0.600000 0.374999 0.624999 −0.000001 −0.000000 −0.250000 −0.000000 0.000000
69 Q0.6667 0.0000 0.0000 0.666687 0.400011 0.599999 −0.000006 −0.000000 −0.199986 −0.000001 0.000002
70 Q0.7500 0.0000 0.0000 0.750011 0.428578 0.571429 −0.000001 −0.000001 −0.142850 −0.000000 0.000000
71 Q0.8500 0.0000 0.0000 0.850013 0.459467 0.540541 0.000001 −0.000001 −0.081073 0.000000 −0.000001
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TABLE IX. The final energy radiated and spin as measured using the IH formalism and as measured from the radiation of
energy and angular momentum. The error bars in the radiative quantities are due to radial extrapolation errors while the error
bars in the IH quantities are due to variations in the measured mass and spin with time.

Run Config. δMIH δMrad αIH
rem αrad

rem

1 Q0.3333 0.0000 -0.5000 0.022851± 0.000002 0.022817± 0.000135 0.316214± 0.000003 0.313624± 0.006158
2 Q0.3333 0.0000 0.5000 0.039597± 0.000001 0.039168± 0.000145 0.755227± 0.000063 0.753742± 0.005431
3 Q0.3333 0.0000 -0.8500 0.020650± 0.000002 0.020650± 0.000166 0.154585± 0.000007 0.152043± 0.006126
4 Q0.3333 0.0000 0.8500 0.056496± 0.000000 0.055113± 0.000476 0.895880± 0.000003 0.895066± 0.007610
5 Q0.3333 -0.5000 -0.2500 0.024450± 0.000004 0.024341± 0.000149 0.412707± 0.000003 0.409940± 0.007081
6 Q0.3333 -0.5000 0.2500 0.031700± 0.000000 0.031438± 0.000128 0.634229± 0.000006 0.632239± 0.005915
7 Q0.3333 0.5000 -0.2500 0.026411± 0.000001 0.026301± 0.000105 0.445700± 0.000006 0.443547± 0.005283
8 Q0.3333 0.5000 0.2500 0.034833± 0.000003 0.034557± 0.000093 0.664090± 0.000002 0.662470± 0.004798
9 Q0.3333 -0.5000 -0.6500 0.020982± 0.000000 0.020936± 0.000159 0.230000± 0.000008 0.227124± 0.006786
10 Q0.3333 -0.5000 0.6500 0.042569± 0.000000 0.041919± 0.000216 0.803309± 0.000047 0.801973± 0.005941
11 Q0.3333 0.5000 -0.6500 0.022422± 0.000000 0.022373± 0.000138 0.264943± 0.000007 0.262435± 0.005705
12 Q0.3333 0.5000 0.6500 0.048004± 0.000001 0.047242± 0.000229 0.829632± 0.000030 0.828412± 0.005938
13 Q0.3333 -0.8000 0.0000 0.026981± 0.000003 0.026649± 0.000137 0.514639± 0.000005 0.513271± 0.006530
14 Q0.3333 0.8000 0.0000 0.030886± 0.000002 0.030531± 0.000114 0.565067± 0.000005 0.563548± 0.005781
15 Q0.3333 -0.8000 -0.5000 0.021678± 0.000000 0.021448± 0.000155 0.288018± 0.000003 0.286577± 0.006891
16 Q0.3333 -0.8000 0.5000 0.036549± 0.000003 0.035953± 0.000151 0.732134± 0.000024 0.731806± 0.005237
17 Q0.3333 0.8000 -0.5000 0.024281± 0.000001 0.024037± 0.000107 0.342874± 0.000001 0.341834± 0.004626
18 Q0.3333 0.8000 0.5000 0.043435± 0.000005 0.042744± 0.000148 0.776618± 0.000134 0.776230± 0.005133
19 Q0.3333 -0.8000 -0.8000 0.019848± 0.000002 0.019659± 0.000218 0.149516± 0.000003 0.147452± 0.008868
20 Q0.3333 0.8000 0.8000 0.059611± 0.000125 0.057982± 0.000431 0.894974± 0.002397 0.895480± 0.006129
21 Q0.5000 0.0000 -0.8000 0.029011± 0.000005 0.028849± 0.000308 0.359268± 0.000005 0.354958± 0.011629
22 Q0.5000 0.0000 0.8000 0.063041± 0.000000 0.060434± 0.000791 0.865799± 0.000107 0.865719± 0.012199
23 Q0.5000 -0.5000 -0.1000 0.034843± 0.000003 0.034440± 0.000276 0.560690± 0.000018 0.557023± 0.011230
24 Q0.5000 0.5000 0.1000 0.043650± 0.000004 0.042936± 0.000332 0.683753± 0.000143 0.680628± 0.011798
25 Q0.5000 -0.5000 0.5000 0.046664± 0.000001 0.046314± 0.000143 0.750834± 0.000003 0.748841± 0.005544
26 Q0.5000 0.5000 -0.5000 0.033650± 0.000002 0.033372± 0.000165 0.491246± 0.000001 0.489202± 0.006112
27 Q0.5000 -0.5000 -0.6000 0.029090± 0.000000 0.028893± 0.000274 0.394301± 0.000002 0.390023± 0.011285
28 Q0.5000 0.5000 0.6000 0.059275± 0.000001 0.057310± 0.000639 0.833826± 0.000020 0.832455± 0.013082
29 Q0.7500 0.0000 0.2500 0.051049± 0.000001 0.050317± 0.000218 0.727731± 0.000003 0.726413± 0.006203
30 Q0.7500 0.0000 -0.5000 0.039526± 0.000001 0.039233± 0.000180 0.566042± 0.000006 0.563686± 0.006655
31 Q0.7500 0.0000 0.5000 0.056774± 0.000001 0.055687± 0.000356 0.778674± 0.000001 0.776580± 0.009746
32 Q0.7500 0.0000 -0.8000 0.036685± 0.000000 0.036378± 0.000215 0.498004± 0.000005 0.496150± 0.006218
33 Q0.7500 0.0000 0.8000 0.066017± 0.000000 0.064170± 0.000608 0.836975± 0.000040 0.835320± 0.011812
34 Q0.7500 -0.2500 0.2500 0.048311± 0.000001 0.047681± 0.000204 0.701752± 0.000005 0.700428± 0.005855
35 Q0.7500 0.2500 -0.2500 0.044884± 0.000001 0.044437± 0.000173 0.647887± 0.000004 0.646394± 0.005491
36 Q0.7500 -0.5000 0.0000 0.042106± 0.000001 0.041679± 0.000197 0.621030± 0.000006 0.618628± 0.007280
37 Q0.7500 0.5000 0.0000 0.051985± 0.000002 0.051220± 0.000280 0.726504± 0.000002 0.723901± 0.009257
38 Q0.7500 -0.5000 0.2500 0.045826± 0.000001 0.045255± 0.000200 0.674934± 0.000007 0.673806± 0.005391
39 Q0.7500 0.5000 -0.2500 0.047349± 0.000001 0.046807± 0.000199 0.673966± 0.000005 0.672384± 0.005937
40 Q0.7500 -0.5000 -0.5000 0.036361± 0.000001 0.036099± 0.000171 0.509444± 0.000007 0.507455± 0.005885
41 Q0.7500 -0.5000 0.5000 0.050463± 0.000000 0.049660± 0.000300 0.727625± 0.000002 0.725455± 0.008693
42 Q0.7500 0.5000 -0.5000 0.043506± 0.000000 0.043094± 0.000222 0.619960± 0.000001 0.617349± 0.007628
43 Q0.7500 0.5000 0.5000 0.065024± 0.000001 0.063390± 0.000506 0.826599± 0.000017 0.824800± 0.011315
44 Q0.7500 -0.5000 0.8000 0.057720± 0.000001 0.056416± 0.000482 0.788343± 0.000002 0.786306± 0.010466
45 Q0.7500 -0.8000 0.0000 0.039962± 0.000002 0.039397± 0.000213 0.587671± 0.000007 0.586076± 0.006659
46 Q0.7500 0.8000 0.0000 0.056197± 0.000002 0.055082± 0.000370 0.755757± 0.000010 0.753416± 0.009901
47 Q0.7500 -0.8000 0.8000 0.053885± 0.000005 0.053426± 0.000254 0.757809± 0.000006 0.755944± 0.006548
48 Q0.7500 -0.8500 0.6375 0.049693± 0.000001 0.048605± 0.000372 0.719449± 0.000003 0.717813± 0.008919
49 Q0.7500 0.8500 -0.6375 0.045036± 0.000001 0.044326± 0.000316 0.626888± 0.000000 0.624688± 0.008358
50 Q0.8200 -0.4400 0.3300 0.047979± 0.000002 0.047775± 0.000268 0.691971± 0.000001 0.686578± 0.012997
51 Q1.0000 0.0000 -0.5000 0.042523± 0.000001 0.042147± 0.000192 0.608514± 0.000019 0.606031± 0.007032
52 Q1.0000 0.0000 -0.8000 0.039828± 0.000002 0.039387± 0.000229 0.559265± 0.000007 0.557558± 0.006678
53 Q1.0000 -0.2500 0.0000 0.045246± 0.000003 0.044786± 0.000275 0.647826± 0.000038 0.643983± 0.011363
54 Q1.0000 -0.2500 -0.2500 0.042447± 0.000005 0.042077± 0.000251 0.608476± 0.000019 0.604880± 0.010617
55 Q1.0000 -0.2500 0.2500 0.048423± 0.000005 0.047841± 0.000315 0.686208± 0.000087 0.682593± 0.012264
56 Q1.0000 0.2500 0.2500 0.056224± 0.000010 0.055271± 0.000410 0.760776± 0.000413 0.758590± 0.013925
57 Q1.0000 -0.5000 -0.5000 0.037937± 0.000002 0.037667± 0.000179 0.527590± 0.000016 0.525104± 0.006089
58 Q1.0000 0.5000 0.5000 0.067306± 0.000009 0.065641± 0.000523 0.830996± 0.000268 0.829616± 0.011876
59 Q1.0000 -0.8000 -0.4000 0.036537± 0.000004 0.036165± 0.000325 0.494027± 0.000013 0.489738± 0.012360
60 Q1.0000 -0.8000 -0.8000 0.033977± 0.000003 0.033485± 0.000243 0.426200± 0.000026 0.425451± 0.005243
61 Q1.0000 0.8000 0.8000 0.089381± 0.000075 0.085140± 0.001195 0.907691± 0.000042 0.908899± 0.013099
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TABLE X. The final energy radiated and spin as measured using the IH formalism and as measured from the radiation of
energy and angular momentum. Same as in Table IX but for non-spinning systems.

Run Config. δMIH δMrad αIH
rem αrad

rem

62 Q0.1667 0.0000 0.0000 0.014711± 0.000008 0.014558± 0.000083 0.372243± 0.000024 0.366107± 0.003115
63 Q0.2000 0.0000 0.0000 0.017650± 0.000004 0.017461± 0.000094 0.416663± 0.000014 0.414855± 0.003649
64 Q0.2500 0.0000 0.0000 0.022082± 0.000004 0.021860± 0.000115 0.471618± 0.000002 0.470320± 0.004711
65 Q0.3333 0.0000 0.0000 0.028719± 0.000001 0.028582± 0.000120 0.540600± 0.000003 0.538311± 0.006163
66 Q0.4000 0.0000 0.0000 0.033245± 0.000002 0.032988± 0.000157 0.580738± 0.000014 0.579238± 0.006950
67 Q0.5000 0.0000 0.0000 0.038747± 0.000000 0.038616± 0.000122 0.623456± 0.000000 0.620479± 0.006881
68 Q0.6000 0.0000 0.0000 0.042781± 0.000002 0.042496± 0.000206 0.651373± 0.000010 0.647754± 0.009099
69 Q0.6667 0.0000 0.0000 0.044916± 0.000018 0.044685± 0.000254 0.663910± 0.000102 0.650408± 0.011148
70 Q0.7500 0.0000 0.0000 0.046490± 0.000003 0.046360± 0.000139 0.675108± 0.000040 0.671341± 0.007807
71 Q0.8500 0.0000 0.0000 0.047783± 0.000004 0.047488± 0.000273 0.682891± 0.000041 0.676581± 0.012176



18

TABLE XI. The recoil velocity (in km/s) and peak luminosity as calculated using `max = 6 and rmax = 113.0m for spinning
systems. Vw and Lw are the weights used in the least-squares fitting. The error estimates are detailed in Appendix B.

Run Config. V [km/s] Vw [km/s] Lmax Lw

1 Q0.3333 0.0000 -0.5000 269.61± 6.64 6.33 4.1989e-04 ± 5.3772e-06 -5.2000e-06
2 Q0.3333 0.0000 0.5000 71.54± 9.65 6.33 7.0865e-04 ± 1.0874e-05 -5.2000e-06
3 Q0.3333 0.0000 -0.8500 325.83± 6.40 6.33 3.7435e-04 ± 5.3254e-06 -5.2000e-06
4 Q0.3333 0.0000 0.8500 33.54± 6.73 6.33 9.4661e-04 ± 2.3307e-05 -5.2000e-06
5 Q0.3333 -0.5000 -0.2500 208.71± 6.99 6.33 4.5570e-04 ± 5.9348e-06 -5.2000e-06
6 Q0.3333 -0.5000 0.2500 117.02± 8.86 6.33 5.8663e-04 ± 7.3102e-06 -5.2000e-06
7 Q0.3333 0.5000 -0.2500 244.89± 6.80 6.33 4.7481e-04 ± 6.0819e-06 -5.2000e-06
8 Q0.3333 0.5000 0.2500 133.17± 7.94 6.33 6.1982e-04 ± 6.5282e-06 -5.2000e-06
9 Q0.3333 -0.5000 -0.6500 274.13± 6.54 6.33 3.9091e-04 ± 5.5952e-06 -5.2000e-06
10 Q0.3333 -0.5000 0.6500 66.68± 8.57 6.33 7.6508e-04 ± 1.2352e-05 -5.2000e-06
11 Q0.3333 0.5000 -0.6500 316.55± 6.44 6.33 4.0568e-04 ± 5.4250e-06 -5.2000e-06
12 Q0.3333 0.5000 0.6500 41.86± 9.39 6.33 8.2784e-04 ± 1.3973e-05 -5.2000e-06
13 Q0.3333 -0.8000 0.0000 155.41± 7.85 6.33 5.0570e-04 ± 5.8644e-06 -5.2000e-06
14 Q0.3333 0.8000 0.0000 204.93± 7.00 6.33 5.4590e-04 ± 6.0256e-06 -5.2000e-06
15 Q0.3333 -0.8000 -0.5000 239.24± 6.66 6.33 4.0786e-04 ± 5.3643e-06 -5.2000e-06
16 Q0.3333 -0.8000 0.5000 86.30± 8.89 6.33 6.6698e-04 ± 8.4126e-06 -5.2000e-06
17 Q0.3333 0.8000 -0.5000 302.56± 6.57 6.33 4.3127e-04 ± 5.3695e-06 -5.2000e-06
18 Q0.3333 0.8000 0.5000 75.11± 8.56 6.33 7.4376e-04 ± 1.1449e-05 -5.2000e-06
19 Q0.3333 -0.8000 -0.8000 285.61± 6.40 6.33 3.6999e-04 ± 5.2712e-06 -5.2000e-06
20 Q0.3333 0.8000 0.8000 17.42± 9.22 6.33 9.8382e-04 ± 2.2248e-05 -5.2000e-06
21 Q0.5000 0.0000 -0.8000 350.67± 9.36 8.99 5.9661e-04 ± 1.5332e-05 1.4900e-05
22 Q0.5000 0.0000 0.8000 67.84± 13.08 8.99 1.1511e-03 ± 4.7746e-05 1.4900e-05
23 Q0.5000 -0.5000 -0.1000 143.24± 13.32 8.99 7.1138e-04 ± 1.9643e-05 1.4900e-05
24 Q0.5000 0.5000 0.1000 161.66± 11.04 8.99 8.4802e-04 ± 2.4327e-05 1.4900e-05
25 Q0.5000 -0.5000 0.5000 103.20± 8.11 7.17 9.2813e-04 ± 8.2967e-06 4.8400e-06
26 Q0.5000 0.5000 -0.5000 325.60± 9.74 8.99 6.7153e-04 ± 1.7319e-05 1.4900e-05
27 Q0.5000 -0.5000 -0.6000 256.73± 9.98 8.99 6.0546e-04 ± 1.6035e-05 1.4900e-05
28 Q0.5000 0.5000 0.6000 33.80± 14.28 8.99 1.0987e-03 ± 4.4638e-05 1.4900e-05
29 Q0.7500 0.0000 0.2500 39.43± 9.87 6.78 1.0528e-03 ± 2.5374e-05 1.9000e-05
30 Q0.7500 0.0000 -0.5000 209.16± 6.89 6.78 8.5126e-04 ± 1.9985e-05 1.9000e-05
31 Q0.7500 0.0000 0.5000 70.63± 8.17 6.78 1.1504e-03 ± 3.1034e-05 1.9000e-05
32 Q0.7500 0.0000 -0.8000 290.22± 6.86 6.78 7.9256e-04 ± 1.9752e-05 1.9000e-05
33 Q0.7500 0.0000 0.8000 111.17± 7.82 6.78 1.2986e-03 ± 3.9935e-05 1.9000e-05
34 Q0.7500 -0.2500 0.2500 69.35± 8.64 6.78 1.0087e-03 ± 2.3390e-05 1.9000e-05
35 Q0.7500 0.2500 -0.2500 180.96± 7.00 6.78 9.3926e-04 ± 2.1835e-05 1.9000e-05
36 Q0.7500 -0.5000 0.0000 66.33± 8.86 6.78 9.0246e-04 ± 2.0991e-05 1.9000e-05
37 Q0.7500 0.5000 0.0000 147.79± 6.99 6.78 1.0580e-03 ± 2.3716e-05 1.9000e-05
38 Q0.7500 -0.5000 0.2500 115.68± 8.04 6.78 9.6913e-04 ± 2.3444e-05 1.9000e-05
39 Q0.7500 0.5000 -0.2500 219.82± 7.00 6.78 9.7811e-04 ± 2.2179e-05 1.9000e-05
40 Q0.7500 -0.5000 -0.5000 123.51± 7.07 6.78 7.9779e-04 ± 1.9923e-05 1.9000e-05
41 Q0.7500 -0.5000 0.5000 166.02± 7.93 6.78 1.0512e-03 ± 2.4317e-05 1.9000e-05
42 Q0.7500 0.5000 -0.5000 292.56± 6.92 6.78 9.1151e-04 ± 2.1213e-05 1.9000e-05
43 Q0.7500 0.5000 0.5000 26.22± 8.41 6.78 1.2761e-03 ± 3.4943e-05 1.9000e-05
44 Q0.7500 -0.5000 0.8000 216.06± 8.01 6.78 1.1755e-03 ± 2.9614e-05 1.9000e-05
45 Q0.7500 -0.8000 0.0000 114.57± 8.24 6.78 8.6890e-04 ± 2.0880e-05 1.9000e-05
46 Q0.7500 0.8000 0.0000 183.55± 6.95 6.78 1.1198e-03 ± 2.5957e-05 1.9000e-05
47 Q0.7500 -0.8000 0.8000 292.19± 6.82 6.78 1.1351e-03 ± 1.9390e-05 1.9000e-05
48 Q0.7500 -0.8500 0.6375 272.78± 8.32 6.78 1.0419e-03 ± 2.3762e-05 1.9000e-05
49 Q0.7500 0.8500 -0.6375 384.71± 7.01 6.78 9.2953e-04 ± 2.1158e-05 1.9000e-05
50 Q0.8200 -0.4400 0.3300 137.44± 1.12 1.02 1.0064e-03 ± 1.9440e-05 -1.9300e-05
51 Q1.0000 0.0000 -0.5000 123.50± 2.90 2.83 9.1795e-04 ± 1.1027e-05 8.2000e-06
52 Q1.0000 0.0000 -0.8000 201.51± 2.95 2.83 8.6553e-04 ± 1.0178e-05 8.2000e-06
53 Q1.0000 -0.2500 0.0000 61.05± 2.84 2.83 9.6316e-04 ± 1.2909e-05 8.2000e-06
54 Q1.0000 -0.2500 -0.2500 0.00± 0.00 0.00 9.1696e-04 ± 1.1294e-05 8.2000e-06
55 Q1.0000 -0.2500 0.2500 117.02± 2.89 2.83 1.0206e-03 ± 1.3936e-05 8.2000e-06
56 Q1.0000 0.2500 0.2500 0.00± 0.00 0.00 1.1491e-03 ± 1.9549e-05 8.2000e-06
57 Q1.0000 -0.5000 -0.5000 0.00± 0.00 0.00 8.3778e-04 ± 9.3235e-06 8.2000e-06
58 Q1.0000 0.5000 0.5000 0.00± 0.00 0.00 1.3261e-03 ± 3.2405e-05 8.2000e-06
59 Q1.0000 -0.8000 -0.4000 102.37± 2.84 2.83 8.0836e-04 ± 9.2692e-06 8.2000e-06
60 Q1.0000 -0.8000 -0.8000 0.00± 0.00 0.00 7.5828e-04 ± 8.8100e-06 8.2000e-06
61 Q1.0000 0.8000 0.8000 0.00± 0.00 0.00 1.6519e-03 ± 7.2878e-05 8.2000e-06
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TABLE XII. Recoil velocities (in km/s) and peak luminosities as in Table XI but for non-spinning systems.

Run Config. V [km/s] Vw [km/s] Lmax Lw

62 Q0.1667 0.0000 0.0000 115.83± 6.91 3.07 2.0707e-04 ± 8.6305e-06 6.7400e-06
63 Q0.2000 0.0000 0.0000 136.73± 7.39 3.07 2.7679e-04 ± 7.9392e-06 6.7400e-06
64 Q0.2500 0.0000 0.0000 157.63± 8.66 4.72 3.6893e-04 ± 8.7373e-06 4.3000e-06
65 Q0.3333 0.0000 0.0000 178.05± 7.38 6.33 5.2412e-04 ± 6.1042e-06 -5.2000e-06
66 Q0.4000 0.0000 0.0000 169.62± 6.04 2.03 6.3407e-04 ± 6.6580e-06 1.0100e-06
67 Q0.5000 0.0000 0.0000 154.81± 5.07 4.50 7.7375e-04 ± 1.6389e-06 -1.7000e-07
68 Q0.6000 0.0000 0.0000 126.43± 7.56 6.89 8.9059e-04 ± 3.5371e-05 3.5100e-05
69 Q0.6667 0.0000 0.0000 103.31± 5.49 4.92 9.2086e-04 ± 6.3996e-06 -3.0900e-06
70 Q0.7500 0.0000 0.0000 75.66± 1.93 1.74 9.7238e-04 ± 1.7329e-06 7.1600e-07
71 Q0.8500 0.0000 0.0000 45.38± 3.82 3.74 1.0092e-03 ± 1.1205e-05 1.0300e-05

TABLE XIII. Recoil velocities (in km/s) and peak luminosities as in Table XI but for systems in Paper 1 [20] calculated using
`max = 6 and rmax = 113.0m and the perturbative extrapolation formulae in Ref. [40].

Run Config. V [km/s] Vw [km/s] Lmax Lw

72 Q1.00 0.00 0.00 0.00± 0.00 0.00 1.0212e-03 ± 1.5578e-05 8.2000e-06
73 Q1.00 0.00 0.40 86.52± 2.94 2.83 1.1222e-03 ± 1.6170e-05 8.2000e-06
74 Q1.00 0.00 0.60 121.67± 3.10 2.83 1.1867e-03 ± 2.2864e-05 8.2000e-06
75 Q1.00 0.00 0.80 150.41± 3.36 2.83 1.2583e-03 ± 2.6838e-05 8.2000e-06
76 Q1.00 0.20 0.80 100.21± 3.15 2.83 1.3354e-03 ± 2.4063e-05 8.2000e-06
77 Q1.00 0.40 -0.40 187.24± 3.13 2.83 1.0215e-03 ± 1.2137e-05 8.2000e-06
78 Q1.00 0.40 0.80 56.81± 2.97 2.83 1.4303e-03 ± 4.4059e-05 8.2000e-06
79 Q1.00 -0.60 0.60 278.63± 3.61 2.83 1.0291e-03 ± 1.2899e-05 8.2000e-06
80 Q1.00 -0.80 0.80 370.96± 4.17 2.83 1.0364e-03 ± 1.3484e-05 8.2000e-06
81 Q1.33 0.00 -0.25 141.93± 7.04 6.78 9.0970e-04 ± 2.0439e-05 1.9000e-05
82 Q1.33 -0.80 0.45 224.08± 8.04 6.78 9.8985e-04 ± 2.3984e-05 1.9000e-05
83 Q1.33 0.80 -0.45 324.51± 7.06 6.78 9.7709e-04 ± 2.1414e-05 1.9000e-05
84 Q1.33 -0.80 -0.60 100.95± 7.30 6.78 7.5206e-04 ± 1.9400e-05 1.9000e-05
85 Q1.33 0.80 0.60 31.53± 6.81 6.78 1.4439e-03 ± 5.1518e-05 1.9000e-05
86 Q1.33 0.80 -0.80 429.46± 6.98 6.78 8.9441e-04 ± 2.0003e-05 1.9000e-05
87 Q2.00 0.00 -0.50 280.29± 10.11 8.99 6.4881e-04 ± 1.5696e-05 1.4900e-05
88 Q2.00 0.00 0.50 56.14± 18.31 8.99 9.8041e-04 ± 3.6214e-05 1.4900e-05
89 Q2.00 -0.80 0.20 106.68± 17.67 8.99 7.8122e-04 ± 2.0382e-05 1.4900e-05
90 Q2.00 0.80 -0.20 272.75± 10.36 8.99 7.7112e-04 ± 1.9656e-05 1.4900e-05
91 Q2.00 -0.80 -0.40 186.81± 11.35 8.99 6.3521e-04 ± 1.6695e-05 1.4900e-05
92 Q2.00 0.80 0.40 90.59± 10.69 8.99 1.0226e-03 ± 2.9113e-05 1.4900e-05
93 Q2.00 -0.80 -0.80 275.34± 9.70 8.99 5.6439e-04 ± 1.5505e-05 1.4900e-05
94 Q2.00 -0.80 0.80 163.32± 13.49 8.99 1.0474e-03 ± 4.9487e-05 1.4900e-05
95 Q2.00 0.80 -0.80 427.96± 9.46 8.99 6.2197e-04 ± 1.5299e-05 1.4900e-05
96 Q2.00 0.80 0.80 13.46± 13.54 8.99 1.3322e-03 ± 7.5317e-05 1.4900e-05
97 Q3.00 0.00 -0.67 295.28± 8.30 6.33 3.9392e-04 ± 7.5159e-06 -5.2000e-06
98 Q3.00 0.00 0.67 41.95± 17.23 6.33 7.8909e-04 ± 4.8042e-05 -5.2000e-06
99 Q3.00 -0.80 0.80 75.01± 7.80 6.33 8.4159e-04 ± 3.6205e-05 -5.2000e-06
100 Q3.00 0.80 -0.80 353.28± 6.68 6.33 3.8485e-04 ± 5.5913e-06 -5.2000e-06
101 Q4.00 0.00 -0.75 255.84± 10.72 9.52 2.7338e-04 ± 1.0862e-05 1.0400e-05
102 Q4.00 0.00 0.75 24.50± 14.64 9.52 6.3280e-04 ± 5.7880e-05 1.0400e-05
103 Q4.00 0.80 -0.80 280.92± 10.50 9.52 2.7095e-04 ± 1.1017e-05 1.0400e-05
104 Q5.00 0.00 -0.80 212.13± 8.03 6.77 1.9439e-04 ± 1.0722e-05 1.0600e-05
105 Q5.00 0.00 0.80 15.46± 10.17 6.77 5.2483e-04 ± 4.9141e-05 1.0600e-05
106 Q6.00 0.00 -0.83 177.69± 7.63 6.77 1.4863e-04 ± 1.0792e-05 1.0600e-05
107 Q6.00 0.00 0.83 11.07± 8.55 6.77 4.3456e-04 ± 5.4457e-05 1.0600e-05
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TABLE XIV. Convergence of the recoil velocity V (in km/s) and peak luminosity L for each observer location robs/m for case
80 - Q1.0000 -0.8000 0.8000. Subscripts on the recoil and luminosity indicate low, medium, high, and extrapolated to infinite
spatial resolution. For this case, the three resolutions are N088, N100, and N120. The order of convergence is given for both
the recoil, dV , and the luminosity dL.

robs/m Vlow Vmed Vhigh V∞ dV Llow Lmed Lhigh L∞ dL
75.00 370.59 371.74 372.69 373.68 3.66 1.0362e-03 1.0398e-03 1.0426e-03 1.0453e-03 3.97
80.41 369.98 371.25 372.28 373.32 3.76 1.0340e-03 1.0382e-03 1.0414e-03 1.0442e-03 4.18
86.66 369.40 370.80 371.92 373.03 3.83 1.0319e-03 1.0366e-03 1.0404e-03 1.0440e-03 3.88
93.96 368.81 370.38 371.61 372.80 3.90 1.0297e-03 1.0352e-03 1.0395e-03 1.0434e-03 4.00
102.60 368.22 369.97 371.33 372.63 3.94 1.0276e-03 1.0337e-03 1.0386e-03 1.0431e-03 3.94
113.00 367.59 369.54 371.06 372.51 3.95 1.0252e-03 1.0323e-03 1.0378e-03 1.0426e-03 4.13
125.74 366.91 369.09 370.81 372.45 3.92 1.0228e-03 1.0306e-03 1.0369e-03 1.0430e-03 3.84
141.71 366.13 368.61 370.56 372.44 3.89 1.0198e-03 1.0289e-03 1.0360e-03 1.0430e-03 3.85
162.34 365.23 368.04 370.28 372.50 3.82 1.0163e-03 1.0267e-03 1.0349e-03 1.0427e-03 3.93
190.00 364.11 367.35 369.95 372.59 3.76 1.0120e-03 1.0240e-03 1.0336e-03 1.0434e-03 3.75
∞ 359.14 364.31 368.53 372.99 3.65 9.9307e-04 1.0125e-03 1.0282e-03 1.0446e-03 3.69

TABLE XV. Convergence of the recoil velocity V (in km/s) and peak luminosity L for each observer location robs/m for case
47 - Q0.7500 -0.8000 0.8000. Subscripts on the recoil and luminosity indicate low, medium, high, and extrapolated to infinite
spatial resolution. For this case, the three resolutions are N100, N120, and N140. The order of convergence is given for both
the recoil, dV , and the luminosity dL.

robs/m Vlow Vmed Vhigh V∞ dV Llow Lmed Lhigh L∞ dL
75.00 286.34 288.87 290.04 291.65 3.55 1.1190e-03 1.1278e-03 1.1318e-03 1.1371e-03 3.63
80.41 285.84 288.51 289.74 291.42 3.57 1.1168e-03 1.1260e-03 1.1303e-03 1.1363e-03 3.50
86.66 285.34 288.18 289.48 291.22 3.61 1.1144e-03 1.1244e-03 1.1289e-03 1.1352e-03 3.57
93.96 284.85 287.86 289.23 291.06 3.64 1.1120e-03 1.1229e-03 1.1278e-03 1.1341e-03 3.73
102.60 284.33 287.55 289.01 290.95 3.65 1.1100e-03 1.1215e-03 1.1267e-03 1.1336e-03 3.65
113.00 283.76 287.23 288.80 290.85 3.69 1.1075e-03 1.1200e-03 1.1256e-03 1.1327e-03 3.78
∞ 278.24 284.47 287.20 290.56 3.86 1.0853e-03 1.1083e-03 1.1175e-03 1.1271e-03 4.39

TABLE XVI. Convergence of the recoil velocity V (in km/s) and peak luminosity L for each observer location robs/m for case
67 - Q0.5000 0.0000 0.0000. Subscripts on the recoil and luminosity indicate low, medium, high, and extrapolated to infinite
spatial resolution. For this case, the three resolutions are N100, N120, and N140. The order of convergence is given for both
the recoil, dV , and the luminosity dL.

robs/m Vlow Vmed Vhigh V∞ dV Llow Lmed Lhigh L∞ dL
75.00 150.53 153.11 154.44 156.81 2.90 7.7159e-04 7.7751e-04 7.7976e-04 7.8189e-04 4.68
80.41 149.84 152.59 154.02 156.53 2.91 7.6977e-04 7.7593e-04 7.7829e-04 7.8056e-04 4.63
86.66 149.14 152.09 153.63 156.42 2.84 7.6785e-04 7.7448e-04 7.7698e-04 7.7929e-04 4.75
93.96 148.46 151.61 153.26 156.31 2.81 7.6622e-04 7.7315e-04 7.7579e-04 7.7828e-04 4.69
102.60 147.75 151.13 152.91 156.20 2.80 7.6446e-04 7.7186e-04 7.7478e-04 7.7772e-04 4.48
113.00 147.00 150.63 152.56 156.24 2.74 7.6283e-04 7.7075e-04 7.7383e-04 7.7684e-04 4.57
∞ 139.67 146.00 149.53 157.20 2.45 7.4753e-04 7.6123e-04 7.6708e-04 7.7389e-04 4.02

TABLE XVII. Convergence of the recoil velocity V (in km/s) and peak luminosity L for each observer location robs/m for case
65 - Q0.3333 0.0000 0.0000. Subscripts on the recoil and luminosity indicate low, medium, high, and extrapolated to infinite
spatial resolution. For this case, the three resolutions are N100, N120, and N140. The order of convergence is given for both
the recoil, dV , and the luminosity dL.

robs/m Vlow Vmed Vhigh V∞ dV Llow Lmed Lhigh L∞ dL
75.00 172.27 175.62 177.39 180.65 2.80 5.2641e-04 5.2929e-04 5.3117e-04 5.3812e-04 1.55
80.41 171.36 174.96 176.85 180.34 2.81 5.2503e-04 5.2812e-04 5.3012e-04 5.3741e-04 1.58
86.66 170.45 174.30 176.34 180.18 2.76 5.2355e-04 5.2702e-04 5.2916e-04 5.3563e-04 1.86
93.96 169.52 173.64 175.84 180.06 2.72 5.2229e-04 5.2601e-04 5.2827e-04 5.3467e-04 1.96
102.60 168.57 172.98 175.36 180.00 2.68 5.2082e-04 5.2509e-04 5.2749e-04 5.3289e-04 2.39
113.00 167.58 172.32 174.88 179.99 2.64 5.1950e-04 5.2413e-04 5.2672e-04 5.3241e-04 2.43
∞ 157.63 165.82 170.51 181.52 2.30 5.0628e-04 5.1631e-04 5.2069e-04 5.2603e-04 3.89
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FIG. 8. Plots of the convergence of the recoil velocity (top
left), peak luminosity (top right), energy radiated (bottom
left), and angular momentum radiated (bottom right) as a
function of m/robs for case 80 - Q1.0000 -0.8000 0.8000. Hor-
izontal green solid lines in the bottom row indicate the energy
and angular momentum radiated calculated from the isolated
horizon. The dark gray lines in each plot shows the extrapo-
lation to infinite observer location using only up to r = 113m.
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R. Katebi, B. Szilágyi, T. Chu, N. Demos, D. A. Hem-
berger, L. E. Kidder, H. P. Pfeiffer, and N. Afshari,
Class. Quant. Grav. 32, 065007 (2015), arXiv:1411.7297
[gr-qc].

[19] C. O. Lousto and Y. Zlochower, Phys. Rev. D89, 021501
(2014), arXiv:1307.6237 [gr-qc].

[20] J. Healy, C. O. Lousto, and Y. Zlochower, Phys. Rev.
D90, 104004 (2014), arXiv:1406.7295 [gr-qc].

[21] A. H. Mroue, M. A. Scheel, B. Szilagyi, H. P. Pfeiffer,
M. Boyle, et al., Phys. Rev. Lett. 111, 241104 (2013),
arXiv:1304.6077 [gr-qc].

[22] K. Jani, J. Healy, J. A. Clark, L. London, P. Laguna, and
D. Shoemaker, Class. Quant. Grav. 33, 204001 (2016),
arXiv:1605.03204 [gr-qc].

[23] S. Brandt and B. Brügmann, Phys. Rev. Lett. 78, 3606
(1997), gr-qc/9703066.
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