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Abstract

The scaling behavior of the order parameter at the chiral phase transition, the so called magnetic
equation of state, of strongly interacting matter is studied within effective models. We explore
universal and non-universal structures near the critical point. These include the scaling functions,
the leading corrections to scaling and the corresponding size of the scaling window as well as
their dependence on an external symmetry breaking field. We consider two models in the mean-
field approximation, the quark-meson (QM) and the Polyakov loop extended quark-meson (PQM)
models, and compare their critical properties with a purely bosonic theory, the O(N) linear sigma
(LS) model in the N — oo limit. In these models the order parameter scaling function is found
analytically using the high temperature expansion of the thermodynamic potential. The effects of

a gluonic background on the non-universal scaling parameters are studied within the PQM model.



I. INTRODUCTION

Spontaneous chiral symmetry breaking and its restoration at finite temperature and den-
sity is an essential ingredient in our understanding of the phase structure of strongly inter-

acting matter and hence a key problem in QCD [1-3].

In the limit of massless light quark flavors, the chiral phase transition in Quantum Chro-
modynamics (QCD) was conjectured to be of second order, in the O(4) universality class [4].
Current lattice QCD (LQCD) simulations at physical up, down and strange quark masses
show that at vanishing and small baryon density the transition from a hadron gas to a quark
gluon plasma is a smooth crossover [5]. Moreover, lattice studies of the scaling properties of
the chiral order parameter are consistent with the conjectured O(4) symmetry and indicate
that the scaling violations are fairly small for physical quark masses [6-9]. Consequently,
quantities that are sensitive to chiral criticality, are expected to exhibit characteristic prop-
erties governed by the universal singular part of the free energy density. The magnetic
equation of state, which reveals the scaling of the chiral order parameter as a function of
the reduced temperature and the quark masses, is a key quantity in this context [10]. We
note, however, that the issue whether the chiral transition of QCD exhibits O(N) scaling is
quite subtle. Indeed, several studies suggest that in the chiral limit the transition could be

first order [11-13].

The critical properties of QCD are often studied in effective models that share the chiral
symmetry of the QCD Lagrangian and exhibit spontaneous breaking of this symmetry in
vacuum. Popular models include the quark-meson (QM) model [14] and its Polyakov loop
extended version (PQM) [15-23], the O(N) linear sigma (LS) model [24-31] as well as the
Nambu-Jona-Lasinio (NJL) model [32-38]. In the chiral limit, all these models undergo a
second order phase transition of the O(4) universality class. Conseqently, they belong to

the same universality class as QCD.

The non-zero v and d quark masses break the chiral symmetry explicitly. However, for
small masses, the dynamics is by and large determined by the underlying second order phase
transition, while the non-zero quark masses act as a weak perturbation. Clearly, even at
small masses, there is no phase transition in a strict sense. In a cross-over region, the order
parameter decreases smoothly from a large value at small temperatures and densities to

a very small but finite one at high temperatures and densities. The melting of the order



parameter near the critical point is captured by the magnetic equation of state.

The value of the light quark mass up to which the critical fluctuations of the underlying
second order phase transition dominate the physics near the pseudocritical point is model
dependent and consequently non-universal. As noted above, LQCD calculations suggest
[6-9], that for physical quark masses the critical behavior of the chiral condensate is well
approximated by the O(N) scaling magnetic equation of state. This indicates that the
scaling window of the QCD chiral crossover transition extends more or less to the physical
light quark masses.

In functional renormalization group (FRG) [39-42] studies of the QM model, it was shown
[43] that at the physical pion mass, the behavior of the condensate is not well described by
the universal scaling function, in spite of the fact that in the chiral limit this theory belongs
to the O(4) universality class. The different critical behavior of QCD and the QM model
within the FRG approach is linked to the scaling breaking terms in the magnetic equation
of state, which are non-universal.

In this paper, we explore the critical properties of the chiral order parameter and the mag-
netic equation of state in QCD-like models. We focus on their universal and non-universal
structure near the critical point. This includes a derivation of the scaling functions and
leading scaling violating corrections. In particular, we systematically study the dependence
of the magnetic equation of state on an external symmetry breaking field, and assess the
size of the critical region. For transparency, we consider the QM and PQM models in the
mean-field approximation, where only fermionic fluctuations are accounted for, and confront
their critical properties with a purely bosonic theory, the O(N) linear sigma model. In the
mean-field approximation to the QM model as well as in the N — oo limit of the LS model,
the calculation of the magnetic equation of state is carried out analytically by employing
the high temperature expansion. The effects of the gluonic background on the non-universal
scaling parameters are assessed in the PQM model.

We stress that, although these models do not reproduce the expected scaling behavior
of QCD on a quantitative level, they provide a transparent framework for exploring chiral
criticality. Moreover, this study yields new insight into possible patterns of scaling violation
exhibited by the magnetic equation of state.

The paper is organized as follows. In Sec. II we briefly summarize the theory of second

order phase transitions and introduce the magnetic equation of state. In Sec. 11T A the mag-



netic equation of state is discussed within Landau-theory. The effective Landau coefficients
are obtained in Sec. IIIB for the QM model. The LS model and its magnetic equation of
state are introduced in Sec. IIID. In Sec. IV we compare results for magnetic equation of
state in different models and discuss the non-universal corrections. In the final section, we

present a summary and conclusions.

II. UNIVERSALITY AND SCALING

In the scaling theory of phase transitions, the free energy density f(7', H) is, in the vicinity
of a second order critical point, split into a singular scaling part f(7', H) and a regular part.
In a given universality class, the singular part has a universal structure [10].

For a given temperature T and external field H, one introduces the scaling variables,

t T-T, H i

to  Tuto Hohy' = RU/B9) (1)

where T, is the critical temperature and ty, Hy, hg are appropriately chosen constants. In

terms of these variables, the scaling part of the free energy has the universal form
f(T H) = Fy 0 f4 (2). (2)

The scaling of the order parameter (o) is obtained from Eq. (2)

0

= o5 [(T.H) = aoh? fa(2). (3)

(o)

In Egs. (2,3) Fy and oy are again appropriately chosen constants. The functions fy, fa
and the critical exponents are universal, as they do not depend on the details of the model,
but only on its universality class. The scaling function fg; has the following asymptotic
properties: fg(0) =1, and lim,_,_ % =1

From the scaling function, one arrives at the following well know scaling properties of the

order parameters on the coexistence line (7' < T, H = 0) and at the pseudo-critical point

(I'=1T,,H>0),




The normalization constants ¢ty and hy are determined by these equations, once oy and H,
are specified. We choose o = (0),_, = fr ~ 93 MeV and Hy = m? f, ~ 1.77 - 10° MeV®.

The scaling of the order parameter susceptibility in the vicinity of the critical point is
obtained from Eq. (3)

o)

B zfe(2)
Xo = HH

= xoh'/*"! (fG(Z) - T) = xoh'° 7 fy (). (5)

Consequently, the maximum of the susceptibility is located at a fixed value of z = z,, inde-
pendently of the external field H. From this, it follows that the pseudo-critical temperature
at a finite external field is given by [6]

Tp(H>_TC B @ (H)l/(ﬁ(;)

2 \Ho

7 . (6)

h(l]/ (8%) /to is a non-universal parameter.

where zg =

The width of the cross-over region can be defined from the susceptibility of the order
parameter x,. The universal part of x, is a peaked function with a width of Az, which de-
pends only on the universality class. Thus, the width of the cross-over region in temperature,

which for a given external field given by

AT Az [ H\Y®D
S m) v

Tc 20

depends on the non-universal parameter zj.

III. MODELING MAGNETIC EQUATION OF STATE

The scaling theory of phase transitions provides definite predictions for the critical proper-
ties of various thermodynamic observables. These are characterized by the critical exponents
of the corresponding universality class, which are ingrained in the scaling free energy. In par-
ticular, the order parameter is given by the magnetic equation of state (¢) /(coh'/?) = 2(z, h),
which in the critical region collapses to the universal scaling function z = f5(2), introduced
in Eq. (3). However, sufficiently far away from the critical point, corrections to the universal
scaling become significant and x(z, h) deviates from fs(z). The size of the scaling region is
not universal, and hence model dependent.

In the following, we focus on the QCD chiral phase transition and discuss the scaling

properties of the chiral order parameter near the critical point. We consider effective models
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belonging to the universality class of the QCD chiral transition, and compute leading order
corrections to the scaling curve in the magnetic equation of state. We analyze scaling
violations induced by finite quark masses in the context of recent LQCD findings, which
indicate that for a physical value of the pion mass, QCD lies in the scaling regime of the
underlying second order phase transition. We consider the QM and PQM models in the
mean-field approximation and a purely bosonic theory, the O(N) linear sigma model, in the
N — oo limit. We examine, to what extent the scaling violating terms are compatible with
QCD for a physical value of the pion mass.

In the next section we consider the Landau theory of second order phase transitions
and construct the corresponding magnetic equation of state as a baseline for a quantitative
description of the QM and PQM models. We then go beyond the mean-field approximation
and study the magnetic equation of state and deviation from scaling in the large N limit of

the O(N) linear sigma model, using the high temperature expansion.

A. The Landau theory

In mean-field theory, second order phase transitions are generically described by Landau
theory [44]. There, the effective potential is a polynomial in the order parameter o, with
coefficients that are analytic functions of the temperature 7. Assuming a symmetry un-
der reflections, 0 — —o, the effective potential is, apart from a symmetry breaking term

proportional to the external field H, an even polynomial in o, and reads

£(T,H;U):a(t)%2+b(t)az4+0()0;—|—d( )%8 ---— Ho. (8)

Here the T-dependent coefficients are parmeterized as polynomials in the reduced tempera-

ture t = Tlc — 1 and have the form

a(t) = ait + ast® + a3t3 +...,

(9)
c(t) =co+ert +.
d(t) =

For a given value of T"and H, the order parameter is given by the location of the minimum



of L(T, H;o). This is determined by solving the gap equation
o _
do

For vanishing external field and b(¢) > 0 and ¢(t),d(t) > 0, there is a second order phase

a(t) (o) + b(t) (0)® + ¢(t) (0)° + d(t) (o) + --- = H. (10)

transition at 7' = T, where a(t) vanishes. Around the corresponding critical point, the order

parameter exhibits the following scaling properties

(o) =4\ (11)

B )
(2=2)" H=0,T<T.
0

1/5
Cﬂ T =T, H>0

with § = 3 and 8 = 1/2, respectively. Comparing Eq. (11) with the general scaling behavior
of the order parameter in Eq. (4) one can extract ty and hy in Landau theory,

bQO'g bQO'g
hg = — to = —. 12
°TH, O g (12)

We note that both Ay and tg depend on the normalization of the order parameter, while

ho depends also on the normalization of the external field. Thus, a comparison of these

parameters between different models has to be done with care. The model dependence can

ay b(z)/3
boH2/?
Hence, one can compare the value of z; with other approaches, provided the normalization

be reduced by considering the combination zg = hg/ 3 [to = which is independent of oy.

of the external field H is known.
The mean-field magnetic equation of state is obtained from Landau’s thermodynamic

potential, by introducing the scaling variables
o / oNy) b() 1/3
T = =0 | —
h1/3 H ’

f alt bo 2/3
2= = — —_—
h2/3 by \ H ’

where x > 0 and z can take any real value. The variable z can be used to map out the

(13)

phase diagram of the system. Thus, |z| < 1 corresponds to a system near the critical point
T = T., while z < —1 refers to the phase with broken symmetry and z > 1 to the one
where the symmetry is restored.

Using Eq. (13), we express the reduced temperature and the order parameter in terms

of x,z and H,
. bz [ H 2/3 2 O\ 23 - 7\ /3 14
N aq b() N 20 H() ' a7 bo '
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The gap equation Eq. (10) can be expressed in terms of the scaling variables x, z

H 2/3 b b H 4/3
(z(@®+2)—1)+  — D054 Loy 4 a2—20x22 +0 || — = 0. (15)
bo bo a7 ai bo

The solution of the gap equation yields the magnetic equation of state © = z(z, h) in Landau
theory.

The universal scaling curve of mean-field theory is obtained by taking the limit H — 0
in the gap equation. In this limit only the terms grouped in the first parenthesis in Eq.
(15) survive, while the terms proportional to (H/by)*? provide the leading scaling violation.
Since the latter depend on the parameters of the model, introduced in Eq. (9), they are
non-universal and consequently model dependent. Thus, to quantify the deviations from
universal scaling, we must specify the coefficients in the Landau effective potential. This
will be done in the next section in the QM and PQM models. However, qualitative features
of the scaling violation can be extracted from general considerations. We can distinguish

three asymptotic regimes:

e > — —oo: In this limit the scaling curve behaves as x(z) ~ /—z, and the sign of the

scaling violation is determined by the sign of (cq/by — by /ay + azby/a?).

e > = (: At this point the scaling curve goes through x = 1, and the sign of ¢y determines

the sign of the deviations.

e - — oo: In this limit the scaling curve behaves as x ~ 1/z, and the sign of the

correction is determined by the sign of as.

The discussion of the asymptotic behavior of the leading order scaling violation shows that,
depending the model parameters, the sign of the deviation from the scaling curve can change
as a function of z and can therefore cross the universal curve at several points. Indeed, Eq.

(15) shows that in Landau-theory, the first order correction vanishes at points (x, z) where

Co bl ( z ) a2b0 ( z )2
-0 _ —“— (=) =o. 1
bo - a; \z? * a? \z? 0 (16)

+

The roots of the second order equation are z = a®2?, where

+_ W /12 _
o = 2a2b0 (bl + bl 4&200) . (17)

8




Substitution of the roots into the universal curve yields the coordinates of the crossing points

+
« _
G (14 a*)2/3’ v = (1+a®)™e (18)

If o and o~ are not real, or both of them are real and smaller than (—1), then the magnetic
equation of state does not cross the universal scaling function, to leading order in H/by. On
the other hand, if the coefficients a* are real, and only one of them is larger than (—1),
there is one crossing point. Finally, if both solutions are real and larger than (—1), then

there are two crossing points.

B. Quark-meson model in the mean-field approximation

The quark-meson (QM) model is widely employed as a low energy effective theory of QCD,
because it shares an important characteristic with QCD, namely spontaneous breaking of
chiral symmetry in vacuum and its restoration at finite temperature. The elementary fields

in this model are the quark ¢ = {u,d} and meson ¢ = {0, 7} fields, with the Lagrangian
(0u7)" = Un(0,®) + 7 (v — g (0 + i7577)) q. (19)

Here the mesonic potential is given by

A
Un(o,7) = 5 (0 + 7 — %)’ - Ho. (20)

At low temperatures, chiral symmetry is spontaneously broken, and the o field gains a
non-zero expectation value [45]. In the chiral limit, H — 0, there is a second order phase
transition at the temperature T" = T,. Ignoring the fluctuations of the meson fields, the
transition is governed by mean-field dynamics, corresponding to the O(4) universality class
in four dimensions. In this approximation, the dynamics of the chiral symmetry breaking
can be mapped onto a Landau effective potential Q(T', u; o), which is a polynomial in the
order parameter o. The effect of vacuum and thermal fluctuations of the fermion fields are

accounted for in the effective potential [20]
N.N
T, s 0) =Upn(0,0) — 8—;[9404 In (£>
m

. (21)
chzvf /0 dpp?T (In (1 + eW=a@oD/T) 4 1y (1 4 e-p=aavo)/T))




where ¢,(p,0) = \/]m . The values of the parameters A\, v?> and H are determined by
choosing the pion mass m,, the sigma mass m,, as well as the pion decay constant f, in
vacuum. The Yukawa coupling ¢ is set by the constituent quark mass in vacuum. In the
chiral limit, H — 0, the pion is a true Goldstone boson, with a vanishing vacuum mass. The
parameter M is an arbitrary renormalization scale. Modifications of M can be absorbed by
redefining A and v2.

As pointed out in Ref. [20], both the vacuum and thermal contributions contain a non-
analytic term in o, which cancel at non-zero temperature. This cancellation is crucial for
obtaining a second order chiral transition in the chiral limit. Close to the critical point, where
H ~ 0 and T ~ T, the order parameter o is very small. Consequently, the contribution
of the thermal fermion loop to the Landau effective potential can be obtained in the high
temperature expansion [46, 47]. We thus obtain the Landau free energy density

2 v o6

T, H;0) = a(t)% +0(t) T +elt) %+ — Ho, (22)

where the coefficients are functions of the reduced temperature ¢t and the input parameters

alt) = (NcNfg2Tc2(2t + t2)) ’

6
mZ—m2  N.Nyg* nT.(1+1)
— a ™ _ - 2
o0 =" B (e () ) )
7C(3)N0Nf96

£ =— .
) = =352 (1 1 1)

In the mean-field approximation, the second order chiral phase transition appears at

2 _ 2 2 f2

N:N;g? 272

In this approximation, the QM model is a particular realization of Landau theory. Using
the coefficients of the effective potential, Eq. (23), we can, following the discussion in the
previous section, compute hg,ty and zy and explicitly determine the magnetic equation of

state given in Eq. (15), including the leading order scaling violating term.

C. Polyakov loop extended quark-meson model

The chiral QM model is an effective realization of the chiral sector of QCD. However,

because the local SU(N,) invariance of QCD is replaced by a global symmetry in the model,
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color confinement is lost. Nevertheless, the confining properties of QCD can be approxi-

mately accounted for by including the expectation value of the Polyakov loop

P — Ni (Tr, L(7)), @ — Ni (Tr. Li(3)), (25)

with ,
L(Z) = Pexp <z/ dr Ay, 7')) , (26)

0
in a low-energy chiral effective model, like the QM model [15, 19, 21, 34, 48, 49]. Here
Ay = iAy is the temporal component of the Euclidean gluon field, 5 = 1/T and P denotes
path ordering. Thus, the Polyakov loop extended quark-meson (PQM) model effectively

combines both the chiral symmetry and confinement of QCD.

The Lagrangian of the PQM model reads
1 1 _
L= (7" Dy = 9(0 +17577)) 4 + 5 (040)" + 5 (0u7)" = Un(0,7) —U(®, D). (27)

The coupling between the effective gluon field and quarks is implemented through the co-
variant derivative, D, = 0, + iA,, where the spatial components of the gluon field are
neglected, i.e. A, = §,0A4. Here U(®, ®) is the potential for the thermal expectation value
of the Polyakov loop.

The thermodynamic potential is in the PQM model given by [20]

_ N.N
Vo, 0, BT 1) = Un(0,0) - =L g0 In (37

82

+ QMT, py0,0,9) + U(P, ;T

(28)

where the meson and vacuum fermion contributions are the same as in the QM model in
Eq. (21), whereas the thermal fermionic contribution is modified due to coupling of quarks

to the Polyakov loop background

_ N, T [ _ _
Q'}h(T,u;UﬁP,@):—;z / dpp® (In g™ (T, p; 0, @, @) + Ing" (T, p;0,@,9)) (29
0

with

GD(T, 1120, B, B) = 1 4 3D~ Ea /T | 3G 2Ea=)/T |y =3/

Y

_ _ (30)
g(_) (T> s o, (I>> @) = g(+) (T> —H; 0, (I)> @)

Clearly, by taking the limit ® — 1 in Eq. (29), one recovers the fermion part of the effective
potential of the QM model, Eq. (21). The gluon potential, U(®, ®;T), is constructed so

11



as to respect the Z(N,.) global symmetry, with parameters chosen to reproduce the ther-
modynamics of pure lattice gauge theory [35, 37, 50]. We use the potential obtained in
Ref. [37]

U DT) - _La(r) (95) + bT) log My (0.) (31)

with
My (®,3) =1 — 60® + 4 (@3 + 63) —3(00)° (32)

The temperature dependent coefficients are given by

o(T) = ag + a1 (%) + as (%)2 . b(T) = by <%)3 (33)

with the parameters
ag=3.51, a3 =-247, ay =152, b3=—1.75, Ty =270 MeV. (34)

In the mean-field approximation, the expectation value of ¢ and of the Polyakov loop, ®

and @ are determined by requiring that the thermodynamic potential is stationary [51]

m_om_om_, "
The model parameters are fixed by requiring that the vacuum physics is reproduced, as
indicated in Sec. III B for the QM model.

In the chiral limit, this model exhibits second order chiral phase transition with mean-
field exponents. Near the critical point, the thermodynamic potential is a polynomial in the
order parameter o, as in Eq. (8), with coefficients that can be extracted from Eq. (28) using
the high temperature expansion [47]. In this case, however, the coefficients of the potential
depend on the expectation value of the Polyakov-loop and cannot be obtained in closed

form. Thus, for the PQM model the critical temperature, the coefficients of the Landau

potential and the magnetic equation of state are computed numerically.

D. O(N) linear sigma model in the large N limit

In the preceeding sections we have introduced the Landau effective action and two chiral
effective models, which allow us to explore various aspects of the magnetic equation of state

in the mean-field approximation. In this section we turn to the O(N) symmetric linear sigma
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(LS) model, where the thermodynamic potential and the scaling properties near the critical
point can be computed exactly in the large N limit. The LS model in (3+1) dimensions is

described by the Euclidean action

Sg = /d4z (%(GMU)Q + %(O,mi)z + %m2(02 + 72) + % (o + 7T2-2)2 — gf]a> . (36)
where the subscript p denotes a direction in Euclidean space-time while ¢ is an index in
flavor space, spanned by the N-component vectors {o, m;}. The N dependent factors in Eq.
(36) are introduced for later convenience.

For vanishing external field H, the action is invariant under rotations in the N dimensional
flavor space. For negative values of m?, this symmetry is spontaneously broken in the vacuum
and the N-tuple {0, m; } acquires a non-zero expectation value, a condensate. The coordinates
in flavor space are chosen such that the condensate is in the ¢ direction. Consequently, the
N —1 remaining fields, 7;, have a vanishing expectation value. The condensate (o) is an order
parameter of the spontaneously broken O(N) symmetry and the shifted field o' = o — (o)
represents the fluctuations of the o field about its expectation value.

To determine the thermodynamic potential density w[7], we employ the 2PI formalism

[52, 53]. The 2PI functional for the theory yields

w[T’; (o), G, Go] = §<5E[<0->] LNl N-1

TrinG; ' + Tr (D' — G Gr)

™ ™

1 1
+ §Tr InG;* + §Tr ((D;' = G;Y) G,) —Ts[{o), G, GJ]> ;
(37)
where D,, D,, G, and G, are the bare and dressed propagators of the sigma and pion fields,
respectively. Moreover, I's[(0), G, G,] denotes the sum of all possible 2P diagrams (with

dressed propagators), while V' and T are the volume and the temperature of the system.

Finally, the trace in Eq. (37) is given by

A3k
Tr — Tgn; / o (38)

where the sum is over the Matsubara frequencies.
The physical values of the dressed propagator and the expectation value of the field are

determined by the stationarity conditions

ow ow ow
5oy - san

~ 0. (39)
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FIG. 1. The only contribution to I'y in the 1/N expansion of the O(N) sigma model for N — occ.
The dashed lines are pion propagators, whereas the filled dot depicts the four-point vertex, with

coupling strength A/N.

The second and the third equations are just the Dyson equation for the pion and sigma
fields respectively,

Gtopt_2%2_ po + 3, (40)
where —2 1"y /0G is identified with the self-energy Y. A tractable self-consistent scheme for
calculating the thermodynamic potential starting from Eq. (37) is defined by a choice of the
set of 2P diagrams contributing to I'y (for details see ref. [52]).

For convenience we simplify our notation by introducing ¢ = 2(c’)/v/N. With this choice

the inverse bare Euclidean propagators are given by
D (k,n) =Kk + w2 +m® + 3\, (41)
D' (k,n) =K + w2 +m®+ A\¢?, (42)
where w,, = 2nnT is the Matsubara frequency and k denotes the momentum in the spatial
direction. The bare mass-square of the o and 7 fields are given by m? + 3\¢? and m? 4+ \¢?,
respectively.
In the O(N) linear sigma model, at N — oo, the contributions of sigma loops to
[y[(o), Gry G,] are suppressed, due to 1/N factor introduced in the four-point coupling

in the action. Consequently, to leading order in 1/N, the only relevant contribution to the

2P1I diagrams is the two-pion loop diagram shown in Fig. 1
[y[p, Gr] = —NA(Tr G,)2. (43)
This in turn yields the pion self-energy
Yo(k,n) =4\Tr G,. (44)

Since the fluctuations of the o field are neglected in the large N limit, the thermodynamic

potential density depends only on the condensate (o) and on the dressed pion propagator
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Gr. These are then determined by the first two equations of Eq. (39). Up to leading order
in NV the potential reads

w[T; ¢, G = Ulg] + gTr In G !+ gTr ((D;' = G;') Gx) + NA (TrG,)?, (45)
with
N (M, Ay
Ulg] = 1 <7¢> + qu — qu) : (46)

The Dyson equation in this approximation yields
G-k, n) = DYk, n) + Be(k,n) = kK> + w? + m® + \p* + AATrG,.. (47)

This is a self-consistent equation for the self-energy or equivalently for the renormalized pion

mass. This is readily seen by rewriting the propagator in the compact form

Gr(k,n) = (K2 +w? + M2) ™, (48)
where the pion mass M is a solution of the equation

M? = m® 4+ \p* + 4ANTrG . (M,,). (49)

The boson loop integral Tr GG, can conveniently be expressed in terms of the logarithmic

term in Eq. (45)

.
CIVE

— %M%T; / (;ZW]; In (k* + (2n7T)* + M?) (50)

- v | G (VIR 20 (1 VERT) )

The first term is the UV divergent vacuum contribution, while the second term is the finite

Tr(G,) Trin(G;1h).

temperature contribution. Using dimensional regularization, we retain only the finite part

of the vacuum integral, following [27, 54-56]. The renormalized vacuum contribution is then

given by
d3k 1 1 M?
— MZ2In —F — M2 + p? 51
[ vy e (M -2 4). oy
where p is an arbitrary renormalization scale. We choose p = m, = 138 MeV, which

simplifies the formulas somewhat.
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Stationarity of the functional given in Eq. (45) yields hence the following system of

equations for the renormalized pion mass M, and the order parameter ¢,

H = MZ2¢,
(52)
M? =m? + \p? + A\TrG,.
The model parameters A\, m? and H are chosen so as to reproduce the vacuum pion and sigma

mass, as well as the pion decay constant. These conditions yield the following constraints

[27]:

2 2
_ 2 _ mg — Mg
H_mwfﬂa )\_ 2f7% ) (53)
m2__mi_3m72r_i m2ln—3r—m2+ 2 __mi_:)’m?r
2 gz \Mm T T TR )= 2

where in the last equality we used u = m,. To derive the magnetic equation of state for

this model, we again apply the high temperature expansion [46].

1. The magnetic equation of state of the LS model

Near the critical point, i.e. where H ~ 0, ¢ ~ 0 and the pion mass M, ~ 0, we can
expand Tr(G;) in powers of M, /T by using the high temperature expansion,

AnT
T2 12 T In <—u ) —YE
To(Gr) = (= + 2 ) = N 2 MY 4
H(Gr) (12+167r2) T T g O (M) (54)

Here g is the Euler-Mascheroni constant.
By substituting the leading term in Eq. (54) into the gap equation, Eq. (52), with

M, = ¢ =0, one finds the critical temperature for the second order transition [27]

T2 M2
m? + 4\ (ﬁ+16w2):0—>Tc=\/§f§h, (55)
where 12
2 2 2
ch __ mg; — 3m7r 1 me
f7r _f7T<m2_m2 _477'2 f2) (56)

is the pion decay constant in the chiral limit. In Eq. (56) we have inserted the renormal-
ization scale y = m,. Using Eq. (52) we also find that for H = 0 and M, = 0 the order

parameter in the broken phase is given by

T2 T2
o=/ "5— (57)

16



Thus, near the critical point the order parameter scales as ¢ ~ (T, — T)'/? ~ (—t)'/2, with
the critical exponent 5 = 1/2.

In order to obtain the exponent § and the magnetic equation equation of state, we retain
only the leading (linear) term in M, in the second equation in Eq. (52). This leads to the

system of equations

H = M?¢,
T2 _ T2 T (58)
OIA(Ci—f—i-—Mﬂ).
3 s
Consequently, at T' = T, we find
¢~ HY —and M, ~ H*®. (59)

Thus, the critical exponent 6 = 5, as in the spherical model in three spatial dimension [10,
57]. We note that in four dimensions, the model yields 5 = 1/2 and 6 = 3, as in the
mean-field case.

We are now ready to derive the magnetic equation of state, including the leading or-
der scaling violating term. By eliminating the pion mass in Eq. (52) and using the high

temperature expansion of the one-loop self-energy given in Eq. (54), one arrives at the gap

equation
T H\'? T2 3a H
N =@+ L2+ 1)+ ——
ey (D) —o s Zarm+ 250 (60)
which is valid near the critical point, where t, H and ¢ are small. Here we introduced the
short-hand notation
2 47T, 42
=— |1 °) - - — 61
=5 () ] -5 o

and neglected the temperature dependence of the logarithm, which yields only terms of
higher order in the scaling violating field. In analogy with Egs. (1) and (13), we introduce

the scaling fields z,z and h by means of
H = hhy Hy, t = ztoh?°, b = do h'/5. (62)
The constants hy and ty are determined by the normalization conditions

z(z=0) =1, lim z(2)/(—2)" =1, (63)

Z——00
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which are equivalent to Eq. (11). One finds

5 7T2 3 ¢2
ho = = ty = o 4
which depend explicitly on the normalization scale ¢g, while the ratio
2/5 A6\ 1/5
20 = hy'™ _2(nT, (65)
to 3\ H?

depends, as expected, only on Hj.
The gap equation, expressed in terms of the scaling variables, is now obtained by squaring

Eq. (60) and consistently retaining terms up to order h?/®,
[2(2? +2)2 = 1] + Bty [(2° — 1 + @) (2 + 2)] = 0. (66)

In the limit A~ — 0, only the first term in square brackets in Eq. (66) survives. This yields
the universal scaling magnetic equation of state for the O(N) linear sigma model in the
N — oo limit. More generally, for non-zero h, the solution of Eq. (66) yields the magnetic
equation of state, including the leading scaling violation.

The subleading term in Eq. (66) is not unique, since it may be modified by using the
leading order (scaling) magnetic equation of state. The form given here was obtained by
eliminating terms with non-integer powers of x as well as those involving higher powers than
linear in z. Another form of this term leads to a modified magnetic equation of state for
non-zero h. However, the difference is of higher order, i.e. at least of order h*°. Clearly,
other forms of the leading scaling violating term in Eq. (15) can be obtained in an analogous
manner. We note that the non-uniqueness of the leading symmetry breaking term does not

affect the location of the possible crossing points, discussed in Sec. IIT A.

IV. MODEL DEPENDENCE OF SCALING PROPERTIES OF THE ORDER PA-
RAMETER

In the preceding section we have computed the magnetic equation of state in three dif-
ferent models. The quark-meson (QM) model and its Polyakov loop extended counterpart,
the PQM model, were both evaluated in the mean-field approximation. Consequently, the

corresponding scaling functions coincide and are given by the solution of the gap equation
z(z®+2) =1. (67)
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The corresponding equation in the O(N) linear sigma model in the large N limit, differs

from Eq. (67), and reads
z(z® + 2)* = 1. (68)

In Fig. 2 we show the magnetic equations of state, given by the solutions z = fg(2) of
Egs. (67) and (68). In the broken phase the universal curves are close to each other, while
in the restored phase, they differ considerably. On a qualitative level, this behavior can be
understood by considering the structure of the magnetic equation of state in the asymptotic
regions z — 4o0o. For large negative z, the scaling function fg(z) is of the form (—z)”,
whereas for positive z it asymptotically approaches z77. Since in both models the critical
exponent 5 = 1/2, the two universal curves are very similar for z < 0. On the other hand,
v =1 in the mean-field QM and PQM models and v = 1 in the large N linear sigma model.
This difference is clearly reflected in the magnetic equation of state in the restored phase,

i.e. for z > 0.
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FIG. 2. The scaling function of the order parameter in mean-field models, the O(N) linear sigma

model in the N — oo limit, and in the O(4) universality class.

For comparison, the scaling equation of state of the O(4) universality class, obtained in
lattice simulations [58], is also shown. There are clear differences between the model results
and the O(4) universality class. Again, the characteristics can be understood in terms of
the values of the v and [ exponents.

Since the QM and PQM models belong to the O(4) universality class [59], differences
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FIG. 3. The magnetic equation of state for the QM (left) and PQM (right) models. The black line
corresponds to the universal scaling curve, which coincides in these two models. In both models
the sigma mass was fixed to m, = 400 MeV, whereas the constituent quark mass in the vacuum

was set to my = 300 MeV.

between the scaling properties of these models and the O(4) universality class, seen in Fig.
2, will disappear when the effect of fluctuations is properly included in the thermodynamic

potential.

Recent LQCD studies [9] of the chiral phase transition with (2+1)-flavors indicate that
the scaling violation seen in the QCD magnetic equation of state remains moderate up to
physical values of the light quarks masses. Moreover, the non-universal parameters hy and
tg for QCD were determined. In this section we assess the scaling violation in the models
presented above, and compare the non-universal parameters extracted in the models with

the lattice QCD results.

In Figs. 3 and 4 we show the scaling behavior of the order parameter for several values
of the symmetry breaking term H/Hy = (m;/my phys)®. The leading order corrections to
the scaling functions of the QM, PQM and O(N) models were discussed in the preceding

section.

A comparison of the (mean-field) scaling properties of the order parameter in the QM
and PQM models, shown in Fig. 3, shows that the coupling of quarks to the Polyakov loop
enhances the scaling violation. This is particularly apparent in the broken phase, where
the Polyakov loop expectation value differs appreciably from unity. Nevertheless, up to the

physical pion mass, both models are still in the scaling regime of the underlying second order
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FIG. 4. The magnetic equation of state for the O(N) linear sigma model in the N — oo limit. The
black line corresponds to the universal scaling curve of the O(/N = co) universality class. The end

points of the curves at negative z values correspond to 1" = 0. In this calculation, m, = 400 MeV.

Model Hy 0o to ho 20

QM m, = 400 MeV m2 fr fr 0.34 6.99 10.64
QM m, = 800 MeV m2 fr fr 0.30 13.57  |19.10
PQM m, = 400 MeV || m2f, fr 0.073 5.26  |41.50
LS mg = 400 MeV m2 fr fr 0.74 2.22 1.85
LS m, = 800 MeV m2 fr fr 0.57 1.69 2.18
QM FRG [43] 1 1 23.86 GeV/T,[346.4 GeV?3| 2.69
Lattice (pd) N, — 4 [7] m%ms — Z;‘-Z;IT_O 0.00407 0.00295 |53.92
Lattice (pd) N, = 8 [7] | ™z m.ffj&ﬂ 0.00271 0.00048 |27.27

hd L

TABLE 1. Comparison of the non-universal constants ty, hg and zy in different theories. The
normalization of the order parameter g and the external field Hy differs, thus the tg and hy values
cannot be directly compared between different models. The zy column contains converted values

to our normalization convention, thus the results of different models can be directly compared.

phase transition, as also found in LQCD.

In the scaling plot of the QM model, shown in Fig. 3, there are two distinct points, where
the curves for different values of the pion mass cross. This behavior was anticipated in our

discussion of Landau theory in Sec. III A. By substituting the coefficients of the Landau
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thermodynamic potential obtained in the QM model, given in Eq. (23), into Eqs. (17,18),

we obtain the following (z, z)-coordinates of the crossing points
Cy = {-1.31,1.42}, Cy = {1.50,0.55}, (69)

in agreement with the numerical results shown in Fig. 3. Obviously, the crossing points
are independent of the pion mass only as long as the sub-leading scaling violating terms are
negligible.

In the PQM model, shown in the right panel of Fig. 3, the location of the crossing points
depends on the strength of the symmetry breaking field for values of the pion mass below
the physical one. This indicates that in the PQM model, the convergence of the expansion
in powers of the symmetry breaking field in Eq. (15) is worse than in the QM model.
The above behavior can be linked to the coupling of quarks with the Polyakov loop. In the
low temperature phase, the quark fluctuations are suppressed by the Polyakov loop, which
results in a weaker dependence of the chiral condensate on the temperature. Consequently,
close to the critical point, the chiral restoration as a function of temperature in the PQM
model is sharper than in the QM model. This implies, that the size of the scaling window
is reduced, and that deviations from scaling are larger in the PQM than in the QM model.

The difference in strength of the scaling-violation found in the QM and PQM models,
is even more pronounced in the O(N) sigma model. As shown in Fig. 4, the O(N) model
exhibits stronger deviations from the universal scaling curve than the QM and PQM models
for the corresponding strength of the symmetry breaking field. Indeed, the scaling of the
order parameter in the O(N) model is preserved only for a very weak external field and the
deviations from the universal line are substantial for the physical value of the pion mass.
The qualitative differences in the universal scaling curves and in the strength of the scaling
violation indicate that fluctuations of the meson fields, not accounted for in the mean-field
models, play an important role in the determination of the magnetic equation of state.

In spite of the fact, that deviations from the universal scaling curve are large in the O(N)
sigma model, the lines with different pion masses cross at a unique point. This suggests
that, close to the critical temperature, the sub-leading corrections in the magnetic equation
of state are negligible up to the physical value of the pion mass. Applying the procedure
discussed in the previous section, one finds, that (z,z)-coordinates of this crossing point

appear at (—0.15,1.06), in agreement with the numerical results shown in Fig. 4.
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FIG. 5. Left figure: The universal scaling part of the chiral susceptibility in the QM model
calculated within the mean-field dynamics and in the O(/N) LS model obtained in the N — oo
limit within high temperature expansion. Right figure: The chiral susceptibilities in the LS model
in the N — oo limit and in the QM model under mean-field approximation calculated at physical

and at ten times lower pion mass.

The strong violation of scaling obtained in this model is consistent with previous studies
within the FRG approach [43]. However, contrary to the FRG results of [43], we do not
observe the approximate scaling of the order parameter for pion masses ~ 100 MeV to a

non-universal line for z > —1.

A. Scaling violation and non-universal parameters

In previous sections we studied the leading order corrections to the magnetic equation of
state and scaling functions in the mean-field approximation to the QM and PQM models.
Clearly such a calculation cannot reproduce the universal properties of the O(4) criticality
expected in QCD (in three dimensions). However, this can be achieved by systematically
including fluctuations of the meson fields e.g. within the FRG approach. In this context
we note that the mean-field approximation does reproduce the universal properties of the
O(4) model in four dimensions. The difference between the mean-field approach and O(4),
or equivalently between O(4) in three and four dimensions, is illustrated in Fig. 2 on the
level of the scaling functions. The scaling function for the O(N — oo) sigma model, which
belongs to another universality class in three dimensions, is also shown in Fig. 2. In spite

of these differences, the mean-field models and the (1/N)-expansion of the O(N) model
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FIG. 6. The chiral order parameters in the QM and LS models calculated with different inputs
for the vacuum sigma mass. The data points are lattice results from Ref. [60]. The pseudocritical

temperature 7). for these data is taken as the inflection point of the order parameter.

allow us to explore the scaling violation in a transparent framework and to illustrate general
features of the magnetic equation of state, which are expected to be independent of the
universality class.

The differences in the strength of the scaling violation seen in Figs. 3 and 4 are connected
with very different values of the non-universal parameters: tq, hg and zy. This is seen in Tab.
I, where we summarize their values in the present model calculations and in the previous
studies of the magnetic equation of state within the FRG approach, as well as, in (2 + 1)-
flavor LQCD. In the QM model and O(/N = o0) linear sigma model, explicit expressions for
ho and ty are given in Eqgs. (12) and (64). In the PQM model these constants were obtained
numerically, by fitting the order parameter to the asymptotic scaling laws Eq. (4).

Clearly, the values of these non-universal parameters, are not only model dependent,
but are also influenced by the normalization convention of the external field and the order
parameter. The constant zy, however, does not depend on the choice of the normalization
of the order parameter. The values of z; given in Tab. I can be directly compared between
different models, since they were re-computed with the same normalization of the external
field.

From Tab. I it is clear, that the 2z, values obtained in the mean-field models are roughly
compatible with the lattice results. On the other hand, the effective models with bosonic
fluctuations yield a much smaller z; We note that here we are comparing 2-flavor model

calculations with (2+1)-flavor lattice QCD simulations. Such a comparison makes sense,
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since the strange quark remains massive at the chiral transition and hence contributes only
to the regular part of the free-energy. This leads to small reduction of the chiral transition
temperature, but has only a minor effect on the critical properties. Thus, for the purposes
of this exploratory study, the neglect of the strange quark is reasonable.

As discussed in Sec. II, the non-universal parameter z, influences the critical properties
of relevant observables in the cross-over regime. In particular, as shown in Egs. (6) and (7),
the constant zy determines the width of the transition region and the peak position of the
order parameter susceptibility x. In Fig. 5 we show the chiral susceptibility, computed in
the QM and in O(N — o0) linear sigma models. The left-hand figure shows the universal
part of the chiral susceptibility, whereas the right one depicts the temperature dependence
of x for my/mypnys = 0.1 and 1. Although the scaling functions of these models correspond
to different universality classes, they are quantitatively rather similar. This, however is not
the case for x(7',m,), since owing to the difference in the values of 2y, the crossover region
in the LS model is considerably wider and the shift in the pseudocritical temperature with
increasing pion mass is larger than in the QM model.

Moreover, due to comparable values of z; in the mean-field models and in LQCD, the
melting of the chiral condensate in LQCD should be better described by the QM and PQM
model than by the LS model. This is indeed seen on Fig. 6, where we compare the LQCD
data with model results. Models, where bosonic fluctuations are included [43], such as the
LS model in the N — oo limit, yield a much smaller value of z; than LQCD calculations.
Hence, the reduction of the chiral condensate at the cross-over transition is much smoother
than in LQCD. Such a broadening of the transition region, when meson fluctuations are
included, was observed also in the QM and PQM model mean-field and FRG calculations
of Ref. [19].

By comparing different model results obtained in the present studies, together with pre-
vious FRG findings in the PQM model and LQCD results, we could confirm the role of the
parameter zg, which, using Eq. (7), determines the width of the transition in physical units.
Again, this correlation is independent of the universality class, modulo minor variations in
zp. Thus, theories with a large zp, roughly comparable with the lattice results, exhibit a
relatively narrow transition region, as found in LQCD. This is the case for the QM and,
in particular, for the PQM models in the mean field approximation. On the other hand,

theories with a small value of zy, like the QM model with mesonic fluctuations included as
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well as the O(N) sigma model at large N, exhibit a much smoother transition. Consequently,
a viable effective model for the critical chiral dynamics of QCD should exhibit a value for
2o comparable to that obtained in LQCD.

Moreover, we find that the scaling window depends on the parameter hy and on the
non-singular background, which in the Landau model, to leading order, is determined by
the sixth-order coupling c¢q. Thus, we conclude that in a given model the scaling window
can be tuned to agree with lattice QCD by varying the non-universal parameter hg and the
strength of the effective sixth order coupling.

We note that adjusting model parameters to lattice QCD results for certain non-universal
quantities does not guarantee that other non-universal quantities are reproduced by the
model. However, for modelling the effect of critical fluctuations at the chiral transition, the
width of the transition region and the size of the scaling window are, besides the universality
class, the most important criteria for discriminating between models. Our study indicates

how effective models can be tuned so that these key quantities are reproduced.

V. CONCLUSION

We have discussed universal and non-universal aspects of the chiral phase transition and
the corresponding magnetic equation of state in different effective models of QCD. The crit-
ical properties of the quark-meson (QM) and Polyakov loop extended quark-meson (PQM)
models were explored in the mean-field approximation, where only fermionic fluctuations
are accounted for, and compared to those of a purely bosonic theory, the O(NV) linear sigma
(LS) model in the N — oo limit. In the QM and LS models the magnetic equation of state
was computed analytically within the high temperature expansion. The effects of a gluonic
background on the non-universal scaling parameters were assessed within the PQM model.

We have analyzed the scaling violation at non-zero quark masses in the context of recent
LQCD results, which indicate that, at a physical pion mass, QCD lies in the scaling regime
of the underlying second order phase transition. We showed that to understand the chiral
critical properties of QCD it is not enough to have a model in the same universality class, but
the model under question should approach criticality in a similar manner. We quantified this
with dimensionless, non-universal parameters ty, hg and 2y that connect the physical quark

mass and temperature scales with the dimensionless scaling variables of the universality

26



class. We found that these non-universal quantities differ significantly from model to model
and this influences the size of the order parameter scaling window.

In the QM and PQM models, the scaling violating contributions to the order parameter
were found to remain small up to the physical pion mass. This is in qualitative agreement
with the scaling behavior found in LQCD at the chiral cross-over transition.

On the other hand, in the O(N) LS model, which we solved in the N — oo limit, we
found that the fluctuations of the meson fields yield a much stronger scaling violation than
that obtained in the QM and PQM models, which in the mean-field approximation accounts
only for fluctuations of fermions. In particular, we observed that the order parameter in the
LS model follows the universal scaling law only for very small values of the pion mass. Con-
sequently, at physical pion mass, the chiral condensate in the LS model exhibits substantial
violation of the universal scaling law.

A very different scaling behavior of these models was linked to very different values of
the non-universal scaling parameter zy. In the QM and PQM model, 2z, was found to be
roughly compatible with that obtained in LQCD, whereas in the LS model this parameter
is almost an order of magnitude smaller. The value of z; is also reflected in the width of
the cross-over transition and the shift in the peak position of the chiral susceptibility with
increasing pion mass. This analysis indicates that models where bosonic fluctuations are
accounted for, tend to have a small 2y, a broad peak in the chiral susceptibility and a narrow
critical region.

From general considerations in Landau theory we have obtained a connection between
distinctive features of the scaling violation and specific properties of the coefficients of the
effective potential. This provides a framework for discussing general characteristics of the
scaling violation in terms of the model parameters and in particular to understand how the
scaling function approaches the universal scaling curve. We found that, depending on the
temperature dependence of the coefficients of the effective potential, the magnetic equation
of state may exhibit a non-trivial structure with common crossing points for different values
of the symmetry breaking filed H. We have quantified these properties in the QM, PQM
and LS models. In the QM model, there are two distinct points on the universal scaling line,
where to leading order in H, all curves cross. In the LS model, there is only one such point,
while in the PQM model the crossing of the universal scaling line is H-dependent already

for pion masses well below its physical value. We presented a straightforward interpretation
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of these features, based on general considerations derived within Landau theory.

Finally, we argued that the critical properties of QCD, namely the width of the chiral
transition and the size of the scaling window, can be reproduced by tuning the non-universal
parameters zg, hg and the strength of the effective sixth-order coupling. Our calculations
indicate that this is indeed the case in the mean-field models and in the large /N linear sigma

model considered.
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