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Abstract
Radiative corrections to elastic electron-proton scattering are analyzed in effective field theory.
A new factorization formula identifies all sources of large logarithms in the limit of large momentum
transfer, Q? > m?2. Explicit matching calculations are performed through two-loop order. A renor-
malization analysis in soft-collinear effective theory is performed to systematically compute and
resum large logarithms. Implications for the extraction of charge radii and other observables from

scattering data are discussed. The formalism may be applied to other lepton-nucleon scattering

and eTe™ annihilation processes.
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I. INTRODUCTION

The 2010 measurement of the muonic hydrogen Lamb shift by the CREMA collabora-
tion [1] determined a value of the proton electric charge radius, rg, in serious (~ 7¢) conflict
with determinations from electronic hydrogen [2] and electron-proton scattering [3-5]. This
“proton radius puzzle” has far reaching implications across particle, nuclear and atomic
physics. Taken at face value, in the absence of explanations beyond the Standard Model,
the muonic hydrogen measurement necessitates a = 5o revision of the fundamental Ryd-
berg constant, in addition to discarding or revising the predictions from a large body of
previous results in both electron-proton scattering and hydrogen spectroscopy. Sources of
systematic error that could be impacting electron-proton scattering measurements, such as
incorrect form factor shape assumptions and inaccurate radiative corrections, are also at a
numerically important level to impact neutrino-nucleus scattering, and hence the extraction
of fundamental neutrino parameters, at current and future experiments.

A recent analysis of global electron-proton scattering data by the author with Lee
and Arrington [6] obtained rp = 0.895(20) fm from the high statistics 2010 Mainz Al
dataset [7], and rg = 0.916(24) fm from other world data. A naive average of these re-
sults gives rrp = 0.904(15) fm, significantly larger than the muonic hydrogen determination
rep(pH) = 0.84087(39) fm. The analysis of Ref. [6] included a critical examination of experi-
mental systematic errors and a rigorous treatment of theoretical uncertainty associated with
form factor shape [8, 9]. When applied to the entire Q? range of the Mainz dataset, this treat-
ment reinforces the anomaly with muonic hydrogen. However, the analysis also revealed a
significant dependence of the extracted radius on the Q? range of data considered. As noted
in this reference, standard models for radiative corrections were applied. These models use
a phenomenological ansatz for treating logarithmically enhanced terms, ~ o™ log®*(Q?/m?),
where log(Q?/m?) ~ 15 for Q> ~ GeV?. As shown here, such prescriptions fail to capture
subleading logarithms beginning at order a?log*(Q?/m?).

More generally, a variety of conflicting conventions and implicit scheme choices are present
in the literature for Born form factors, charge radii and radiative corrections. In this paper,
the quantum field theoretical foundation for unambiguously defining these observables and
quantifying uncertainties due to radiative corrections is constructed. A new factorization

formula is derived that identifies all sources of large logarithms. The relation between



conflicting definitions of the charge radius and related observables in the literature is clarified.
The formalism may be applied to a range of problems in lepton-hadron scattering and ete™
annihilation. The effective theory analysis simplifies and extends diagrammatic arguments
for the cancellation and exponentiation of infrared singularities in QED [10].

The remainder of the paper is structured as follows. Section II analyzes the scattering
problem when particle energies and masses are of comparable size. This analysis introduces
the soft function that will apply identically to the more complicated relativistic case. Sec-
tion III considers the relativistic case where new large logarithms appear. This analysis
proceeds in stages, considering first the static limit of infinite target mass, then successively
including recoil, structure, and nuclear charge corrections. The concluding Section IV sum-
marizes the main results, discusses applications, and indicates directions for future work.
Appendix A lists renormalization constants and conventions employed in the paper. Ap-
pendix B compares our preferred Born form factor convention to others in the literature.
Appendix C lists relevant phase space integrals. Appendix D gives details of the compu-
tation of two-loop mixed real-virtual corrections in the static source limit. Appendix E

presents the same computation using momentum regions analysis.

II. HEAVY PARTICLE

Consider the scattering of a fermion of mass M from a gauge source, in the regime of
energy and momentum transfer £ ~ ) ~ M, and including the effects of soft radiation of
energy AE < M. We will develop formalism that applies equally well to composite and
elementary particles. For definiteness in the discussion we refer to the heavy particle as a
“proton”.!

The effective field theory separates physics at the hard scale, with particle virtualities
p? ~ M?, from physics at the soft scale, p* ~ (AFE)?, and enables the resummation of large

logarithms, log(M/AFE) > 1 using renormalization group methods. We give a field-theoretic

justification for the conventional separation between on-shell and Born form factors [6].

1 To orient the reader: for the application to electron-proton scattering, the analysis of Section II can
be viewed as describing the “lower vertex” (i.e., the proton) in single photon exchange approximation.
Section IIT describes the “upper vertex” (i.e., the electron), before assembling both pieces and accounting

for multiple photon exchange.



FIG. 1: Scattering of proton from electromagnetic source.

At the same time, we introduce formalism and notation that will carry over to the more

complicated case of relativistic electron scattering (i.e., Q* > m?) considered later.

A. Effective theory

For the process depicted in Fig. 1, introduce timelike unit vectors v* and v"* via
pt =Mo", p* = Muv". (1)

At factorization scale u ~ M, hard momentum modes are integrated out, leaving a low
energy effective theory consisting of heavy particle source fields interacting with soft photons.

The QED current is matched to an expansion in effective operators,
Tt =y = e v o)y Tl hy (2)

where h,,, h, denote heavy fermion fields satisfying 9 h, = h,.? The heavy fermion fields

interact with soft photons, as described by the effective theory Lagrangian

Log = —i(FWf + hy(iv -0+ Zev - A)hy + hy(iv' -0 + Zev' - A)hy + O(1/M),  (3)

where Z = 41 for the proton, A" is the electromagnetic field and F,, = 9,4, — 0, A,.

2 For reviews of heavy particle effective theories in the context of QCD and heavy quarks, see Refs. [11, 12].
NRQED was introduced in Ref. [13]. For a discussion of general heavy particle effective theories see
Ref. [14].



B. One loop matching

An explicit basis of operator structures in Eq. (2) respecting the discrete symmetries of

the electromagnetic current is
Fll‘ =¥, Fg =t 4. (4>

For an elementary particle, the matching may be performed perturbatively. In the MS

scheme at renormalization scale p, the matching coefficients are [15]

Z*a M?
er(w) = 1= T (wf(w) = Dlog “o — Flw)
sl w) = =22 f(w), )

flw) = ﬁlog(uur),
F(w) = # 2Liy(—w_) + % + %logQ(er) —log(w; ) log[2(w + 1)] + glog(er)
+2f(w) -2, (©

and for a general quantity a > 1 we define
ar =a+tvVa2—1. (7)

The quantity @ denotes the running coupling in the MS scheme, & = a(p).

The eikonal, v - A, nature of the photon coupling in Eq. (3) implies that the soft pho-
ton matrix element is universal to the different operator structures I'; in Eq. (2). This
universality becomes manifest with a Wilson line field redefinition,

0

hy = Sphy,  Su(z) = exp {iZe/ dsv-Alx + sv)| , (8)

—00

that isolates all photon dynamics in a soft-photon Wilson loop, SLSU. The contribution of
soft photons to the amplitude for the process depicted in Fig. 1 is independent of whether
the particle is composite or elementary. We define the universal soft form factor to include

appropriate wavefunction renormalization. Through one loop order this function reads,



Fs(w, ) = j/ % 1= L () - ogt . (0)

where )\ is an infinitesimal photon mass acting as IR regulator, and Zj, is the onshell wave-
function renormalization constant computed from the lagrangian (3) (cf. Appendix A).
The complete (onshell, renormalized) amplitude for the process in Fig. 1 is conventionally
expressed as

(JMY = Ty | Fiy" + FQ%O_MV(U; —v,) | Uy, (10)

where u, = u(p) is a Dirac spinor and the onshell Dirac and Pauli form factors are

Fy(¢%) = [er(w, 1) + 2e5(w, )] Fs(w, ),
FQ(q2> = _ZCQ(wa M)Fs(’w, H) ) (11)

with ¢> = —2M?*(w — 1). For a strongly interacting composite particle like the proton,
perturbative matching is not possible. In this case, the Wilson coefficients ¢;(w, u) in Eq. (11)

are identified as infrared finite “Born” form factors, to be extracted experimentally:
Fi(¢*)*™ = Fi(¢*)F5 ' (w, p = M), (12)

where the choice u = M is part of the Born convention. For a discussion of Born form factor
extraction from experimental data, see Ref. [6]. A comparison to other conventions in the

literature for Born form factors is given in Appendix B.

C. Resummation

To define an infrared finite observable, consider the process depicted in Fig. 1: scat-
tering of a proton from an electromagnetic source, allowing radiation of energy AFE < M.
Suppressing a kinematic prefactor, the cross section is governed by the factorization formula,

M AFE
daocH(—,v-v’)S(—v v, 00 UO) : (13)
H H

The hard function is

1= e (A rn ) (14)



The soft function may be expanded according to photon number,
S =S50y + S1y+ 52y + ..., (15)

and for each contribution we may expand as a series in «,

S = i <%) S0 (16)

i=n

Neglecting real photon emission,
So, = S(AE =0) = |Fs|*, (17)

where Fg is the universal soft form factor, whose one-loop expansion is given in Eq. (9).

From the Feynman rules of the lagrangian (3), the first order real photon correction is

301 vH o\ 2
1 _ 2 = _
51y = —(4n2) /EOSAE (273 200 <v WARVE e)
2AF
= 422{210g (T) (wf(w)—1]+ G(w,vow/o)} ; (18)

where 0 = \/[2 + A2, and

UO U/O
G(w,v°,v") = CIE log v + W log v’y + N {log (v]) —log(v'?)
0 0
+ Lis (1 - wv;— - (wyv® — v’o)) + Lis (1 - wl;_— 1(w+v - v'O))
U/O UIO
— Liy (1 - ; - (v° — w_v/0)> — Liy <1 - = (v° — w_vlo)) ]
w? — w? —

The quantities v3, v/?, wy are defined by Eq. (7). The total first order correction is thus

S = Z2{810g <2ATE) [wf(w) — 1] + 4G(w, °, U’O)} : (20)

When AE < M, large logarithms are present regardless of the choice for factorization scale
w in Eq. (13). This is seen explicitly in the one-loop corrections for the hard function in
Egs. (5) and (14), and for the soft function in Eq. (20). The following renormalization
analysis systematically resums large logarithms to all orders in perturbation theory.

The anomalous dimension of the effective operators (2) relates the renormalization of the
hard function to the cusp anomalous dimension for QED [16, 17], (cf. Appendix A)

d
dlog

H(p) = 2 cusp(w) H (1) - (21)



Expanding in «,

where the leading terms are (cf. Appendix A)

FSHSp(U}) — 4[wf(w) . 1] 7 F<1:uSp<w) — _%nflﬂgusp . (23)

Here ny denotes the number of light fermions in the effective theory. In this example, we
take the muon mass, proton mass and other hadronic scales as large compared to AF, and

work with ny = 1 in the regime with formal power counting m = m, ~ AE < E ~ m,, ~

m, = M.? Solution of Eq. (21) then yields
H(pm) _ S(pr)

H(puz) S(pm)

o™ (w) { alpn) | 1 (rgusp 51) ] }
=expl — lo +— (=2 -2 (a C L
p{ Bo s alpr) | Arm \ITS™ B, (a(pn) — alpr))
2 2 2 2 4 2 9
= exp {4[wf(w) —1] {E log ,M_I%{ + <E> (5 log? M_I% n : log ,u_l%{ log E@
20 2
— 5 log “—f) + (9(043)} } : (24)
9 u

where the result in the last line is expressed in terms of the low energy, onshell, fine structure
constant a.

To connect with observables such as the Born form factors (12) defined at u ~ M, we
may expand soft functions in perturbation theory at the scale up, ~ AE ~ m, where no large
logarithms appear, as in Eq. (20). We may then use Eq. (24) to evaluate the soft function
appearing in Eq. (12) at puy ~ M, systematically controlling large logarithms.

We remark that a simple exponentiation ansatz,
o
S — exp [ES(”} , (25)

fails to capture logarithmically enhanced terms beginning at order a? log?[M?/(AE)?]. Such
terms are below typical experimental accuracies for w = O(1). However, at large recoil,
w > 1, additional factors involving large logarithms, log(w), appear. We turn now to
this case, where control of logarithmically enhanced corrections beyond first order in « is

essential.

3 Tt is straightforward to include perturbative corrections due to the muon.
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FIG. 2: First order radiative corrections to electron scattering from static source.

III. RELATIVISTIC PARTICLE

When particle velocities satisfy v -v' > 1, new large logarithms appear in perturbation
theory which are not resummed by the renormalization analysis in the heavy particle effective
theory of the previous section. For example, ¢;(u,v-v") in Eq. (5) contains large logarithms,
log(v-v"), regardless of the choice for factorization scale p. In order to isolate and resum these
additional large logarithms, we must extend the effective theory to include collinear degrees
of freedom [18-25]. Before turning to the effective theory description, let us examine the
explicit two-loop calculation for relativistic electron-proton scattering in the static source
limit. We will then perform the effective theory analysis in this limit before including

arbitrary recoil corrections, and radiative corrections involving the proton.

A. Two loop corrections in static limit

To isolate the essential points, let us consider the problem of relativistic unpolarized
electron-proton scattering in the static-source limit of large proton mass: m < F < M,
where m and M denote the electron and proton masses and FE is the electron energy. Ne-
glecting power corrections in m/FE, and working to first order in nuclear charge (i.e., single
photon exchange), the cross section may be written

U:M(1+5e+5m+5ew+...) <dUA)MOtt (1+96). (26)

[1—1T(¢*)]? [1—1(g*)]?
Here (do/dQ)weww = o cos?(0/2)/[4E?sin*(6/2)] is the tree-level, Mott, cross section in

terms of the angle # between initial and final electron directions in the lab frame, II(¢?)
is the photon vacuum polarization function, and ¢ is the total radiative correction. For
numerical evaluations we employ the onshell coupling, a = 1/137.036. Each term Jx in

Eq. (26) corresponds to different numbers of final state photons and is expanded according

to ox =Y o2 (ﬁ)n(ﬁl)‘
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FIG. 3: Second order radiative corrections to electron scattering from static source. Diagrams

involving photon emission from the initial state electron are not shown.

Consider radiative corrections at first order in «, cf. Fig. 2. Regulating infrared diver-
gences with an infinitesimal photon mass A, corrections with just an electron in the final

state are

00 aN"
140, = [R(@m* )2, F=1+Y <E> F (27)
n=1

where F} is the Dirac form factor of the electron. At large spacelike momentum transfer
Q? = —¢*> > m?, the limit of Eq. (11), using Eqgs. (5) and (9), yields [L = log(Q?/m?)]
2

A
Fl(l):4log—(L—1)—L2+3L—4+%. (28)
m

Real radiation corrections are given by the limit of Eq. (18),

E A 0 42
_ _ £ 2 . 2
Oy 8 (log + log ) (L—1)+2L* 4 4Li, (cos 2) 3 (29)

where a cut /° < AE < FE is placed on photon energy. The total first order correction,
5 = 5&), is infrared finite.

Second order corrections containing two-photon final states (“double bremsstrahlung”)

are
5(2) _l/ ﬂd3€/ QQ B m2 B m2 Q2 B m2 B m2
2 JapmlOlO \p- byl (0O (02 \p-lp -0 (p-C) (P 0)?
1 2 1672
_ — [sMW1° _ _1)2
=2 (0] (L 17, (30)

where a cut ° 4+ ¢° < AF is placed on photon energy. Contributions to second order
mixed real-virtual corrections are displayed in Fig. 3. The computation of these contribu-
tions is described in Appendix D. After renormalization, and neglecting power suppressed

contributions, the result takes the simple form

52 — 5£1)5(1) (31)

ey ey

10
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FIG. 4: Radiative correction § from Eq. (26), in static source limit for £ = 1GeV, AE = 5MeV,

computed at first (bottom, blue, curve) and second (top, red, curve) in «.

where 68" = 2F1(1) in Eq. (28) and 58) is given in Eq. (29). Finally, second order virtual cor-
rections, 5&2), are given by expanding Eq. (27) [26-28]. The complete second order correction

may be written

1 8 76 167 979 5272 4252 3172
5<2>:—[5<l>]2——L3+(—— 7T)L2+(——+ 7r+48§(3))L+—+ i

ol 9 9 3 27 9 o7 3
647t
— 1672 log2 — 72((3) — 42 . (32)

Fig. 4 displays the total correction § in Eq. (26) at first and second order in perturbation
theory, for illustrative values £ = 1GeV, AE = 5MeV, and physical electron mass. Recall
that these results are in the formal static source limit, & < M. Logarithmically enhanced
corrections beginning at order o?L3 are not captured by a simple exponentiation ansatz,
o — exp[%é(l)}. In the next section we derive the effective theory that allows identification

and resummation of large logarithms.

B. Effective theory: matching

To determine the origin of the different contributions in Eq. (32), and to systematically

resum large logarithms in perturbation theory, let us construct an effective theory to separate

11



the physics at different energy scales. We focus on the formal counting m ~ AFE and
Q~ E>m (ie.,v-v >1). Appendix E outlines an effective operator analysis analogous
to Egs. (2) and (3). In place of Eq. (13), the new factorization formula, valid up to O(m?/Q?)
corrections and verified explicitly through two-loop order (cf. Appendices D and E), reads

Q2 m2 m2 p'p/ AE p,p/ E FE'
H (= — — — = = .
do (Mz J e R PER S e m (33)

The explicit matching with QED is most easily performed using dimensional regulariza-
tion, where dimensionful but scaleless integrals vanish. The (bare, unrenormalized) hard

function is then [4mapare = €2, (4m)€ ¢

00 —2€\ ¢
/Hbare = FJ}BIare _ F1(q2,m2 _ 0’ )\2 — 0) =1+ Z (M) FB&;re’ (34)

/ 47
i=1

where results for Fy(¢?,0,0) through two-loop order are [29, 30],*

2 3 2 14 272 47
F};afe:———E—8+<2+e<—16+”—+§<3>+e2 (—32+l+7g3+—w4>+0(63),

€2 4 3 720
= te S s (o)1 (B -Ta) + B+ Ta- o - 13
+2n; {3—13 + 91—5‘2 + % <3§ - %) + 7352441 + 149C2 - 2%@} +0(e). (35)
In the MS scheme, we define (at ny = 1)
Fy(p) = ZyFy™e, (36)

with the renormalization constant,

al2 1 Q? aN2[2 1 Q?
ZH—l—l——{—sz(—Qlogﬁ—l—?))}+<E> {g+6—3(—410gﬁ+8

1 Q* 22 Q* 97 1 /20 Q? 179  4r?
— [ 2log? = — Zlog = + — | —=log—5 —— — —+12 O(a?).
+€2( og e 3ogu2+18 +€ gogu2 108 +12¢ | | + O(a”)
(37)
The explicit renormalized hard function is
& QQ Q2 7T2
F =1+—|—log® % +3log— — 8+ —
(1) +47T{ og’ g +3log- 5 — 8+

4 There is a transcription error in the O(e?) coefficient in Eq. (15) of Ref. [30]: —477*/2880 should be
replaced by +4774/2880, in accordance with Eq. (17) of the same reference [31].

12



N2 1 2 2 2 2
(ﬁ) { ] e —£10g3%+<301 W)IOQQ
I

) |27 2T 186 2
2051 3572 Q? 23572 266(; 36995 83r?
24(5 | log = — — O(a?
( 54 18 C‘”’) %2 Ty 9 " oas 60| TO@)
(38)

where & = a(p) is the MS QED coupling with n; = 1 at renormalization scale p (for a
summary of renormalization constants and conventions see Appendix A).

The soft function in Eq. (33) is the same function of its arguments as the soft function
in Eq. (13). For virtual corrections this function® becomes trivial (S = 1) in dimensional
regularization at A = 0 (the relevant integrals are dimensionful but scaleless). The product

of the (bare, unrenormalized) jet and remainder functions (defined separately below) is thus

Fi(q?,m* \* =0) ab m=2\"
are bare __ 1 . are bare
(JR)bare = % _F(q m? = 0,2 = 0) =1+ E Firi, (39)

where results for Fj(q?,m? 0) through two-loop order are given in Refs. [32, 33]. These
results imply [34], (now at n; = 1)

prae~ 2 L Ty (se T B eS8y T +0O(€)
==+-+— — - i €
JRL T 2 T T g ¢ 12 3 378 3 ’

2 4 1 (145 w2> (1405 1172 32@},) 58957 39772 62(s
— - - + + —

3e3 18 N 3

Wes Q? 4 20 112 2m?
~8n?log2 — o S e L1 . 40
smlog2 = gy s s ( 32 70 27 9 >+O(€) (40)

Fbare — - _ N —
IR = g3t o 108 9 3 648 108 9

The product FyFjr represents the matching coefficient onto the soft operator after inte-

grating out the electron mass scale. In the MS scheme for the n; = 0 theory, we write
Fs(n) = Zg Fg™°. (41)
From the divergent terms in FyF g we may read off
Zgzl—i-f—;%( logQ—2+1)+(4W>2€22( logQ—2+1)2+(9(a3), (42)

with @y = ag(u) the MS coupling with ny = 0 (in d = 4 dimensions, @ reduces to the

onshell «). The product of renormalized jet and remainder functions is given by

Fir(p) = Zy' ZsFyie

® The (infrared-divergent) soft function including only virtual corrections is S(AE = 0) = |Fg|?, cf

Eq. (44).

13



=1+ 61(:) <log2—22 —log—;+4+%2>
+ (az(:)>2 [logi—i(— glogw:—j — Z%Olog:?—; — %) +%10g475—22
— glog3 — + g’ ZL—; (i—z + %2) logq;i; (% + 4?22 — 24§3)
gy IO 0 G S 2

The remaining (bare, unrenormalized) soft function for virtual corrections with nonvanishing

A s

(44)

Fi(q% m?, \?)
_ are — [Jbare __ 1 ’ ’
V(AR =) = F = Fi(q?,m2, 22 =0)

where results for Fi(g?, m? \?) through two-loop order are given in Refs. [27, 28]. The

renormalized soft function is given by Eq. (41), or equivalently,

_ Fi(¢%,m?,\?)
Fu(p)Fir(p)

_ Ql 2 Q2 ap\ 2 2)\2 Q2 ? 3
_1+E{210gﬁ(10gﬁ_1 +<4—> 2log 2 1ogﬁ—1 + O(a”).

Fs(u)

C. Factorization of jet and remainder function

Inspection of the explicit matching results in Eqs. (38), (43), and (45) reveals a pattern
of large logarithms. H(u) is free of large logarithms provided p ~ Q. S(u) contains large
logarithms irrespective of the choice of p, but in an exponentiated form. The product
(JR)(u) is free of large logarithms through one loop order provided p ~ m, but contains
large logarithms at two-loop order.

Note that the combinations H, JR and S are given by the simple momentum regions
analysis encoded by the form factor combinations in Eqs. (34), (39) and (44), respectively. In
particular, the hard function H is given by hard loop momenta with all components of order
the hard scale (). The soft function S is given by soft loop momenta with all components
of order A (i.e., small compared to other scales). The product JR, whose decomposition we
now discuss, arises from the remaining momentum regions where loop momenta are collinear

to one of the external particles. The nontrivial overlap of soft and collinear regions (and

14



the associated subtractions, cf. Appendix E) manifests itself as residual, non-factorized,
large logarithms, cf. Eq. (43). Such large logarithms have been studied in a variety of
frameworks for applications involving massless fermions [36-38].° The presence of a fermion
mass m provides a physical cutoff in the collinear integrals, and we proceed as follows to
isolate the large logarithms and provide an operator definition of separate “jet” (J) and
“remainder” (R) functions. This factorization of the JR function is obtained by considering
an intermediate theory in which the electron is dynamical inside closed loops, but where
the valence electron is treated as a heavy particle field. The R function is then given by
matching the soft operator defined in a theory with a dynamical fermion of mass m, to the
soft operator defined in a theory without dynamical fermion.” We find

—9 2 2 2 2

are € 4 20 112 2 2 8

N T (L P N e
47 m €

+ %} +0(a?), (46)

where the result includes the two-loop vertex correction with closed fermion loop [34], as
well as a contribution from wavefunction renormalization in the massive fermion theory [35].8

After renormalization,

Fr(p) = ZsZg) o Fp™

= 2 2 2 2 2
:1+<a1(u)) [logQ—(—%long——@logﬁ—g)+§10g22
7

4 m? 3 12 9 12 27 3 2
16 m? 7w 52
—log— + — + —| +0(a?). 47
+30gu2—|—9+9]+(a) (47)

Having factored out R(u), the remaining J(u) is given by

VI (1) = Fi(p)

_ 2 2 2 = 2 2 2
1 5
=1+ (1) (log2 % — log% +4+ W—) + (al(,u)) {— log* % — §log3 m

An 6 ) |2 2
2 /5 2 m? 37 4972 7372 1637*

log? L (2 ) 410 (22 —24¢y ) — 8n2log2 -
s (18+6>+0gu2< CTRETS CS‘) OB T T 360

6 Reference [36] considers the massive fermion case through one loop order.

7 Recall [see Eq. (8)] that the soft operator is defined in terms of the Wilson loop of soft photons, v/S =
(81,8,).

8 This operator definition of Fg differs from the quantity §S in Ref. [34] by inclusion of onshell renormal-
ization factors. The jet function F; in Eq. (48) correspondingly differs from the quantity Z; in Ref. [34].
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58 | 36205

9 cs | T O(a?). (48)

Although the impact of R(u) is numerically small, it is interesting from a formal perspective
to understand the all orders structure of large logarithms appearing in this function. The
operator definition identifying R(u) as a ratio of Wilson loop matrix elements in ny = 1
and ny = 0 can be used to show that log R(x) contains only a single power of the large
logarithm, log(Q?/m?), to all orders in perturbation theory [16].° This ensures that high
powers of large logarithms do not upset the power counting of the resummed perturbative

expansion.

D. Soft-collinear factorization for real radiation

Factorization of the soft function in Eq. (33) from the remaining process is nontrivial.
It can be shown [cf. Eq. (D8)] that multiple low-energy regions contribute to the physical
matrix element. This complicates a simple eikonal decoupling argument like Eq. (8) that
applies in the heavy-particle case. Through two-loop order, factorization is equivalent to the
vanishing of additional contributions on the right hand side of Eq. (31). Direct evaluation
of such contributions is performed in the full theory in Appendix D, and in the effective

theory in Appendix E.

E. Two-loop soft function

Having derived the functions H(u), J(p) and R(u), and having demonstrated soft-
collinear factorization for real radiation, let us specify the remaining soft function through
two-loop order. The complete soft function including real radiation, S(AFE) in Eq. (33), is
obtained from Feynman diagrams with only soft photons, cf. Figs. 8 and 9. Our definition
ensures that this function is identical to the soft function appearing in Eq. (13), extended

to general v - v’ > 1.'% Using the explicit results (45) and (30), and the soft contribution to

9 In particular, dlog R(u)/dlog i is given by the difference of cusp anomalous dimensions with n f=1and
ny =0, cf. Egs. (21),(22), and (23).
10 Note that with this definition, closed electron loop corrections are defined to be contained in R.
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Eq. (31), the complete corrections at one and two-loop order are!!

2 E2 4 2
S = 4 (log”— + log (ALY ) (L — 1)+ 2L* + 4Li, (COS g) - %,
1 167>
S = 5[S<1>]2 — %(L —1)%. (49)

F. Effective theory: resummation

After renormalization in the MS scheme at scale p, the hard function is free of large
logarithms provided that the matching scale satisfies uy ~ @. FEvolution to low scales

wr ~ m is governed by (cf. Appendix A)

dlog H [ Q?

=2 log — :
T =2 epl) og %5 +1(0) (50)

The cusp anomalous dimension for massless QED (n; = 1) reads

B Z <£)TL+1 cusp cusp __ 4 cusp _ - (51)
f)/cusp - A Tn ) Yo - % M1 - 9 :

n=

The regular anomalous dimension v may be similarly expanded,

= 2(4;)"“ S (52)

Using these expansions, the solution of Eq. (50) to any order is straightforward. Expressed

in terms of the running coupling,

H(:U/L) . ,YCUSP Q2 1 A 1
o () =~ oo b Lo on g (514 1007)

no b B
+<%C)usp 50)( logr +r—1) 2Bolog r}—l—...}, (53)

where r = a(pur)/a(pm), and the first and second curly braces correspond to the terms v(«)

and Yeusp (@) in Eq. (50), respectively.
We are interested in applications involving large logarithms such that o log®(u2/u2) ~ 1.

In this power counting, terms involving 7, scale as a'/?, and neglected terms involving ()

scale as a®/2. The leading terms involving the cusp anomalous dimension scale as o, terms

cusp

involving 7" and 3, scale as o', and the remaining neglected terms scale as a®>. When

1 The term 16m%(L — 1)?/3 in S® has been noted in Ref. [39].
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combined with one-loop matching computations, the terms retained in Eq. (53) are thus

1

sufficient to ensure accuracy through order o', accounting for logarithmic enhancements.

The result (53) may be readily expressed in terms of the onshell coupling. Retaining terms
through O(«) in the above counting,
2

H ; i i
log( (“L)) - i{—zlog”;—gf—4logZ—§’logM—2+610guH}

H(pg) L L H M%

a )2 { 8. spy 8. o i ( Q’ m*\ 76, uk

A — clog” = — S log” =5+ | log 5 —log — | + < log” —5- + ...

<47T A it ui) o9 T

a3 176 , u?

— ) |==log" " + ... 4
(1) [27 % Tt }* (54)

With the result (54), we have control over large logarithms and a complete solution
through true order « (i.e., all neglected terms are parametrically small compared to order
a, accounting for logarithmic enhancements). Setting py ~ m, inspection of S(uz) shows
that the non-exponentiating term in S is of order a®?L? ~ a'. J(ur) contains no large
logarithms and may be truncated at one-loop order. R(ug) is nontrivial only at order

032

, and may be neglected. Similarly, setting uy ~ M, the matching coefficient H(uz)
is free of large logarithms and may be truncated at one-loop order. Figure 5 compares
successive inclusion of terms at order o, o2 and ol in resummed perturbation theory. The
figure demonstrates the necessity to control both leading and subleading logarithms in the

perturbative expansion.

G. Nuclear recoil and structure corrections

The preceding discussion gives a complete solution including subleading log resummation
for the idealized problem of scattering from a static source. Let us include the effects of
nuclear recoil and structure. The “Born” cross section (denoted with subscript 0) is [6]
eG% + 7G5,

(dU)o = (dU)Mott 6(1 i T)

, (55)

where the Mott cross section is now (do/dQ)yer = o cos?(0/2)/[4nE? sin*(0/2)], with

Q2

— E/E' =<
n=E/E, T=15,

0
et =1+2(1+71) tan2§, (56)

and @ is the electron scattering angle in the lab frame. To begin, we work to first order in

nuclear charge, i.e., neglect radiative corrections involving the proton. The experimentally
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FIG. 5: Radiative correction factor § from Eq. (26) in resummed perturbation theory for the
static source limit of electron-proton scattering, with £ = 1GeV, AF = 5MeV. The bands
represent the impact of varying min(Q?, E?)/2 < p% < 2max(Q?, E?) and min(m?, AE?)/2 <
p2 < 2max(m? AE?), using leading log resummation (blue, horizontal stripes) next-to-leading

log resummation (red, vertical stripes) and complete next-to-leading order resummation (black,

solid band).

measured cross section is

U:(Ck;)g 0, 0, ) Eﬂ o) .
oty e e ) = e (1) 57)

The virtual corrections as a function of ¢ are identical to the static case,
56 = |Ff1(q2vm2a)‘2)’2 —1. (58)

First order real corrections are now [40]

1) _ (nAE)? A? 2 2 ) Q*n Ag?
5£7)4(10gW_10gﬁ (L—1)+2L —210g 77+4L12 1_E —T (59)
In terms of this result, second order real corrections are
1 2 1672
2 1 2
(Sé,y)7 - 5 [(Sé,y)] - T(L - 1) . (60)

Assuming soft-collinear factorization (cf. the discussion around Eq. (31) and Appendix D),

the mixed real-virtual contribution at second order is given in terms of the result (59) by

52 = 6st) . (61)

ey
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The results (58), (59), (60) and (61) imply that Eq.(32) remains valid when recoil effects are
included. These results are valid at first order in nuclear charge, and in the regime m < F,

but with the restriction £ <« M removed.

H. Two photon exchange

The complete result at first order in nuclear charge is simplified by the factorization
theorem which implies that recoil effects are confined to soft function contributions involving
real emission. Beyond first order in the nuclear charge, radiative corrections introduce new
operators at the hard scale, and sensitivity to nuclear structure beyond form factors. Let us
briefly discuss the inclusion of such corrections in the formalism.

The factorization formula including second (and higher) order corrections in nuclear
charge takes the same form as Eq. (33). The function J(u) is unchanged. The function
R(u) may be taken as unity at the relevant order [recall R ~ oL = O(a®/?), in our count-
ing aL? = O(1)] . Let us focus on the hard and soft functions. In particular, let us consider
the extraction of proton structure information from scattering data. Our goal is to isolate
H(p = M), which is built from conventionally defined Born form factors, as in Eq. (12),
and analogous hard coefficient functions arising from two-photon exchange. In the absence
of sufficient data [41] to simultaneously extract the Born form factors and the two-photon
exchange contributions to H(u = M), hadronic models are employed for the latter [42, 43].

The soft function (as well as the remainder function R and jet function J) is universal to

all of the underlying amplitudes. In place of the static-source limit of Eq. (9), we have now

VS, AE=0) = 2,7 7} >< + X + %

—1——Re{u ' f(u-u') —1 +Z2v v f(v-) —1
+ Zu-vf(—u- i0) +u' -V f(—u v —i0) +u- 0 fu- o)

v—
+u - vf(u - v) }10g>\27 (62)

20



where u#, u'* are timelike vectors proportional to initial and final electron momentum,
and v*, v"* similarly correspond to the momenta of the initial and final state proton. The
function f(w) was introduced for w > 1 in Eq. (6), and the explicit evaluation of the

Feynman integrals yields

. s
f(=w = i0) = — f(w) + ——— (63)
w — 1
The kinematic constraints,
Viu=ov-d, v od =0, (64)

may be used to reduce the number of terms appearing in Eq. (62). Real radiation con-
tributions to the soft function are computed using the integrals of Appendix C. After

simplification, the complete soft function reads

o (nAE)Q M2 9 ) ) Q2’r] 47T2
SZHE{‘l(IOgW_IogW (L=1)+2L* = 2log’y +4Lix (1 = 5 ) — =

4n? 1 T
+8Z{lognlogi+Lig (1—1)—L12 (1——)+lognlog( }
w n

+ w4 W AE)
4n*(AE)? 1
+472 [(wf(w) — 1)10gL2) +1-— v {log2 w4 — logwy + Liy (1 — —2) } ] } .
7 w? —1 wy
(65)
In order to extract the hard function at scale p = M, we write the process as

do oc HOM) x ) (1RS) (1) = H(M)(1 + 0) (66)

H(M) ’

where ¢ is the total radiative correction. Evaluating J, R and S at the soft scale, we thus
require the ratio H(u)/H (M), with control over large logarithms in perturbation theory.
The renormalization of the hard function is now governed by (cf. Appendix A)

dlog H
dlog

2

Q v-p _
=2 {%usp( )log 2 + Yeusp(V - V', @) + 2Ycusp (@) log ————

g t@] . (67)

The cusp function 7eusp(@) has been introduced above in Eq. (50), Yeusp(w, @) is given in

Eq. (A7), and the regular anomalous dimension (@) is

v = Z(M)Mm Yo = —10. (68)

The solution to Eq. (67), analogous to Eq. (53), is

H(pr) _ _i
H(pm) Bo

Q? E
log {% <log ") +wf(w) + 2log T—zO) VSUSP] logr

21



-0.15
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FIG. 6: Same as Fig. 5, but including recoil and nuclear charge corrections (i.e., two photon

exchange and proton vertex corrections). The total radiative correction ¢ is given by Eq. (66).

cusp 4 1 cusp
—%2{ T (;—1+logr)—i—(vi—w—&)(—logr—kr—l)—ﬂlog r+. }

o Lolun) Yo Bo 200
(69)
Expressed in terms of onshell coupling,
H(pr) { o { 2 NH 1 Q?
log =4q—| —2log —4log —- log —-
H(pm) dm 7 1 T
aN2[ 8 Ll 8 Lyl QP mE\ 40,
+<—> [——log?’———log— log = — log —- +—lg—+...
4 9" pp 37 g [y (i 9 13
a\3 [176 % E
— ) |=—=log* =& + ... —10+4 8log ————
+<47r> [27 og “%—i— }—1— }—1—{ + 4w f(w) + Og—E—z‘O}
2 2 2 2
o Hu ( a ) 2 Hu
— | — log —=- — —=lo ce g 70
X{47T[ Ogu%}+47f { 378 2 }Jr } (70

where terms through a' are retained, in the counting alog®(Q?/m?) ~ 1. The impact of

successive terms in the resummed perturbative expansion is displayed in Fig. 6.

IV. DISCUSSION

The precision of electron-proton scattering experiments has reached a level demanding

systematic analysis of subleading radiative corrections at two loop order and beyond. We
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FIG. 7: Comparison of complete next to leading order resummed correction (solid black band) to
naive exponentiations using different factorization scales for the two photon exchange correction:

u? = M? (dotted red line) and p? = Q2 (dashed blue line). See text for details.

have presented the general framework that separates physical scales in the scattering process,
allowing a systematic merger of fixed order perturbation theory with large log resummation.

The quantum field theory analysis reveals implicit conventions and assumptions that
often differ between applications, such as between scattering and bound state problems.
The definition of the proton charge and magnetic radii in the presence of electromagnetic
radiative corrections is naturally defined in Eq. (12). A comparison to other definitions in
the literature is presented in Appendix B. The separation of soft and hard scales in two
photon exchange is similarly ambiguous in standard treatments. The common Maximon-
Tjon convention [40] implicitly takes momentum-dependent factorization scale u? = Q? for
two-photon exchange, in conflict with the Q*-independent choice u? = M? that is closest to
the implicit convention for vertex corrections.

The exponentiation and cancellation of infrared singularities [10] in physical processes
has often been used to motivate a simple exponentiation of first order corrections in order
to resum logarithmically enhanced radiative corrections at second- and higher-order in per-

turbation theory [7, 44]. This procedure fails to capture subleading logarithms, beginning

23



at order o2L® = O(az), in our counting aL? = O(1), ¢f. Eq. (32). These large logarithms
are automatically generated in the renormalization analysis that the effective theory makes
possible. The convergence of resummed perturbation theory is illustrated, for the complete
problem including proton structure and recoil, in Fig. 6. A comparison of the resummed
prediction to the naive exponentiation ansatz is displayed in Fig. 7.

Also shown in Fig. 7 is the variation due to different scale choices implicit in different two-
photon exchange corrections.'? These ansatzes differ at the percent level in the considered
kinematic range, and fall well outside the error band represented by the complete next-to-
leading order resummed prediction.

Special attention has been paid to the effects of real emission beyond tree level. Soft-
photon factorization and exponentiation is readily proven [10] for the case AEF < m. In
practical experiments, the opposite limit, m < AF, obtains. It is readily seen (cf. Ap-
pendix D) that multiple low-energy momentum regions appear, invalidating a simple factor-
ization argument. Nevertheless, an explicit computation of the two-loop mixed real-virtual
correction demonstrates factorization for the simplest elastic scattering observable under
consideration. Extensions to other observables, including the possibility of hard photon
emission, will be considered elsewhere.

Discrepancies at the 0.5 — 1% level exist between the complete resummed prediction (70),
and phenomenological approximations employed in the analysis of A1 collaboration electron-
proton scattering data [7], as illustrated in Fig. 7. It is interesting to consider the impact
of these corrections on the proton radius puzzle. These discrepancies are in tension with
the 0.2 — 0.5% systematic errors assumed in the extraction of proton electric and magnetic
charge radii 7], but will be partially absorbed by floating normalization parameters in fits to
independent datasets [6, 7]. A careful accounting of correlated shape variations induced by
radiative corrections must also be accounted for when fitting the inferred radiative tail for
the signal process together with background processes [7, 46]. The complete implementation
of improved corrections in the analysis of electron-proton scattering data, for charge radius

and form factor extractions, is outside the scope of this paper [47]. It is straightforward

12 For example, the so-called McKinley-Feshbach correction [45] represents the large-M limit of the hard-
coefficient contribution to two-photon exchange, and is independent of factorization scale p. Using this
correction [7] results in an irreducible factorization-scale uncertainty, uncanceled between matrix element

and coefficient.
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to include these improvements in event generators [44, 48-50]. It is interesting to perform
a systematic analysis of power corrections, particularly of relevance to very low Q% and/or
high AF [51, 52].13

Many other lepton-hadron processes are being probed at the percent and permille level,
and are critical to next generation experiments probing fundamental physics in and be-
yond the standard model. Examples include neutrino-nucleus scattering for neutrino oscil-
lations [53], efe~ — hadrons for input to (¢ — 2), [54], and parity violating scattering ob-
servables [55-57]. The effective field theory analysis may be readily applied to systematically

compute radiative corrections involving large logarithms in these and other applications.
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Appendix A: Renormalization constants

We collect here standard renormalization constants and conventions used in the paper.
Working in d = 4 — 2¢ dimensions, the bare QED coupling ey, and fine structure constant

Qpare are defined and related to the MS fine structure constant @ = a(u) by

2 o0 ~ \ n+1

Chare € —VE€E __ 2 ( o ) _ 4
—bare (4 TEC — (e = 1 Zn | — , Lo= —. Al
477(7T)6 @b poa +; 47 07 3¢ (A1)

The QED beta function is defined as
dav - a \"t! 4

= —27 n <—> > = — = 5 = —4 . A2
dlog “ % p AT Fo 3nf b s (A42)

13 First order power corrections in the static source limit are obtained from the integrals in Sec. C. These

are small in the kinematics of the Al collaboration data [7].
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The relation between onshell and MS couplings with n; = 1 light flavors of mass m is (in

d = 4)

G =alu) =a

= a \ 8, 64 5 p 7
1+Zzn(—) ], 20==log—, 2z =-—log"— +8log— +15.
—~ 4 3 m 9 m m

(A3)
The onshell wavefunction renormalization constants for massive relativistic (QED) and non-
relativistic (NRQED) fermions are

a 1 m? A2 a (2 A2
Jy=1+— —4+1log— —2log— — 4 Zy=14+—|[-—2log— | . A4
)\ + 47T < B + Og ,U/z Og m2 ) ) h + 47T (6 Og ,LLZ) ( )

Consider the renormalization of Wilson coefficients for operators representing the soft and
collinear matrix elements for physical amplitudes specified by external momenta of a given
collection of massless and massive fermions. Let the massless (¢/) and massive (h) fermions

be labeled by lowercase indices i, and uppercase indices I, respectively. In general, [58-61]

1 2 B
! Ogc Z QinfYcusp(O_f) log o - Z QIQJ/ycusp <—SIJ d)

dlog,u _{z‘j} —Sij (.7} IMJ7
B Mip _ _
D QrQieup(@)log ==+ 3 (@) + 7" (@), (A5)
{1.5} T I

where sums {i,j} run over sets of distinct particle indices. Here ; denotes the electric
charge (in units of the proton charge) of the fermion, with all lines in a Feynman diagram
viewed as ingoing (so, e.g., @; = —1 for an incoming electron, (); = +1 for an outgoing
electron). Also, s;; = 2p; - p; + 40, where all momenta are viewed as incoming.
Here the massless cusp function is
S B R e R LD

n=0

The massive cusp function is

Yeusp (W, @) = Yeusp(@)w f(w) (AT)

with f(w) as in Eq. (6) and 7eusp(@) as in Eq. (A6). The one-particle terms for massless

fermions are

P#=3(2) == (A8)
A " 0 ’

n=0
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while for massive fermions

h_oo aN"t o ho_ p_ 40

v —nzzo(ﬂ) T W=2 W= (A9)
With these general results, we obtain the anomalous dimensions for hard functions in
Egs. (21), (50) and (67). In particular, in Eq. (21) we identify cusp(w, @) = Yeusp(w, &) +
2v"(a). In Eq. (50) we identify v = 2¢¥, and in Eq. (67) we identify = 2v¥ + 2",

Appendix B: Born conventions

A number of conflicting conventions exist in the electron-proton scattering literature for
defining infrared finite Born form factors. These must all be of the form,

VAL 2

Fi(g*)Pm = E(qQ){l -5 [(wf(w) —1)log % + AK] - 0(042)} : (B1)

as derived in the effective theory analysis. Here F; denotes the onshell form factor, and
EBom(0) = F5(0). Several conventions are listed here for the finite term AK. The natural

convention based on the factorization formulas discussed in this paper is
AK™ =0. (B2)

The convention adopted in Ref. [6] is essentially that of Maximon and Tjon [40], but ne-

glecting an additional model-dependent correction (referred to as (5(511 ) in Ref. [40]),

w . (-1 ™ 1
AJLAH _ T log wy log[2(w + 1)] — 2Lis (w_+> % 3 log? w.,
2
q
o) )

where in the last line, the result is expanded around Q? = 2M?(w — 1) — 0.
There are also several conventions in the atomic physics literature for AK, or equivalently

for the proton electron and magnetic radii. Let us define

1, 1 dGBem
- F»(0) 720 [2.  M?
= /(0 — Zlog — — M2AK'(0)] . B4
0+~ 2 |38 (0) (B4)
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The case AK'(0) = 0, as for AK™ in Eq. (B2), corresponds to the convention used in
Ref. [62]; in this convention, the charge radius of a point particle vanishes including O(«)

radiative corrections. With the convention (B3), we have instead
Z’a

2\LAH __ 2 \fac.
() = () - (55)
Several other conventions have been used, e.g. Pachucki’s definition in Ref. [63] implies
572
2\P 2 \fac.
= — ) B6
(3 = (3) - (B6)

Formula (B4) may be used to translate the radius used in other conventions.

Appendix C: Phase space integrals

We list here expressions for phase space integrals used in the paper. In terms of arbitrary

timelike unit vectors v* and v™*, [64]

2AFE
2log(w, ) log +log”(v}) — log*(v'?)

oo T~ sl A

vy ! 0 0
+ L12 (1 — w2+_ w+U ) _|‘ LlQ ( w2 — 1(w+'U — fU/ ))
10 0
— Liy (1 — wv;— V0 —w_v' ) Li, ( uj; N 1(1}0 - w_v'o)) ] : (C1)

In the limit v" = v, Eq. (C1) becomes

/£0<AE ( 5 : : [1 o8 =h log(v° + /(%)% — 1)} . (C2)

2m)3200 (v- 0 4n? X\ ,/71

In the analysis of power corrections (in AE/FE), we encounter integrals with the replace-

ment p' — §'*, where '* is defined with energy E' = E' — (° (recall E' = F for the static
limit) and spatial momentum in the direction identical to p*. The first class of integrals is

unchanged,

/ d3/ m2 _/ d3/ m? R 1 o AE—IO A (CS)
oeng TP20 (702 Joonp @20 (p 02 dAx2 | °E &l

where the arrow indicates the large energy limit, v° = E/m — oo. For the second class of

integrals,
a3 2p - p' 1 AFE A 9 972
4( log — +log — | L + L* 4 2Li R I
/120<AE (2m)3200 (p- £) (P - £) - 872 { ( ¢ % + log m) + L7+ 2L (COS 2) 3
AF
= (—8L+4)+ ] , (1)

where the first order power correction is displayed.
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Appendix D: Two loop mixed real-virtual correction: full theory

Here we give details on the explicit evaluation of the two-loop matching calculation for
electron-proton scattering involving mixed real-virtual corrections in the static source limit.

Recall the tree level squared matrix element for the process without photon emission,

D IMof* = ETH[(p" + m)y*(p +m)y’]. (D1)

The squared matrix element for the process with photon emission is

2 2

2 o 9| 200 m m
ree| — - B ’ D2
D Mueel” = 3 IMole [p.gpf.e b0 07 (b2)

where terms yielding power suppressed contributions after photon phase space integration

have been dropped.
In the analysis of the phase space integrals for loop corrections to Eq. (D2), we encounter

integrals of the form

a3 m? a3 m? 0 2p-p
h= [ Gogt@. b= [T, = [ G b, (09

where we introduce the shorthand a = —p’ - £/m?* — 10, b = p - £/m?. Introduce the small
parameter k = m/FE. For simplicity in this description, consider the case of backward

scattering where p’ = —p. Introduce a light-cone basis for the photon momentum,
= mn-La-0,07), (D4)

where n and 7 are lightlike vectors in the direction of p and p/, with n? =n? =0, n-n = 2.

For I, the leading contribution is readily found to arise from momenta scaling as
'~ Bk, 6% 6%) 0 I~ f(k) = f(0), (D5)

i.e., from photons that are both soft and collinear to the final state electron. Contributions

from other regions involve power suppression, e.g.

'~ Bk, ki, k) I~ &2f(R7Y),
k'~ E(k% 5% K5%) 0 I ~ K2 f(KY). (D6)

Similarly, for I5, the leading contribution is from photons that are both soft and collinear

to the initial state electron,
k'~ B(k3 k&%) 0 I~ g(k) = g(0). (D7)
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Finally, for I3, multiple regions potentially contribute.

~ E(k, Kk, K) :
k'~ B(K K, K?)
k'~ BE(k, k%, K?)
)

k'~ E(k% k% k%) 0 Iy ~ h(k® k") (D8)

Inside loops, the presence of multiple momentum modes of the same virtuality (L* ~ k%)
complicates a simple argument for soft-collinear factorization based on eikonal decoupling
(cf. the discussion surrounding Eq. (8), where only a single, soft, momentum mode is
present).'* We proceed by direct evaluation of the diagrams.

The relevant squared matrix element contains interference terms between the tree-level
real radiation diagrams of Fig. 1 and the one loop real radiation diagrams of Fig. 2. After
averaging and summing over initial and final electron spins, the squared matrix element,
divided by the tree level squared matrix element without radiation, can be expanded in

terms of the following basic integrals (and the integrals related by p <> p', £ <> —/),

1 1 1
— (1, L* LFLY LF LV LP . LM. LMLV
/Dl(A)DzD3D4’ D1D2D3D4[’ 7 ’ s /D1D2D4[, : B

1 1
— (1, L*, L*LY 1, L* D
[ oot [ 5o o)

where integration is over [ = [d%L, and the denominators are

DN =L*-X, D =L* Dy=L*+2L-p, Dy=1L*+2L-p,
Dy=L*+2L-(p+0)+2p-¢. (D10)

We evaluated these integrals using dimensional regularization for ultraviolet divergences and
photon mass A for infrared divergences. After mass, coupling and wavefunction renormal-
ization, and expressing the result in terms of the onshell coupling, we obtain expressions of
the form (D3), which may be expanded according to Egs. (D5), (D7) and (D8). Neglect-
ing contributions that are power suppressed after photon phase space integration, the final

result reads

2 _ 20| 2p0 m? _ m? a 2Q2
DM =3 Mo {p-epf.e CRUER R AR A

14 For a related discussion on potential difficulties with naive factorization, see Ref. [34].
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FIG. 8: Expansion in momentum regions of amplitudes for electron scattering in the static source
limit. Diagram on the left hand side is in the full theory (QED), diagrams on the right hand side
are in the effective theory. Soft and collinear photons are represented by curly lines, and curly lines

superimposed on solid lines, respectively.

by 2 2
+810g—<10g——1)+610g——|———8}} (D11)
m 3

Appendix E: Two loop mixed real-virtual correction: effective theory

Here we outline the evaluation of the mixed real-virtual corrections using a decomposition
into soft and collinear momentum regions, formalized as soft-collinear effective theory [18—

25]. We first review the analysis of vertex corrections.

1. Vertex corrections

Consider the amplitude pictured on the left hand side of Fig. 8,

d*L 1 1 1
FAt = —je? M
OF~y e /<2 )d’Y (E +1’§ +m) (E Jr]é7Lm)’yoéLz_)\2LQ_|_2L.pL2_|_2L.p/’

(E1)
and the corresponding decomposition pictured on the right hand side of Fig. 8. Introduce
light-cone vectors n* and n* for the direction p#, and corresponding vectors n'* and n'* for

the direction p*. The hard contribution is represented by the first diagram on the right
hand side of Fig. 8, and is obtained from

e 1 1
B 52
OBy e /( omyd ! V& AP E AP L2L2+2L b L2+ 2L -7,
. o] 2 3 2
= —ie*y"[c]Q? l—G—Q—E—g‘F? ; (E2)
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PEPNE:
4h

FIG. 9: Same as Fig. 8, but for electron scattering with real photon emission.

where [c] = i(47)7>TT(1+¢), and p” = n-pn#/2 is the large component of the momentum
p* (similarly p* is defined in terms of n’# and #/#). This yields the one loop contribution
to Fhere in Eq. (34).15

The soft contribution corresponds to the second diagram on the right hand side of Fig. 8.

In dimensional regularization,

. d’L 1 11 , L[ 2. @
0FsyH = —zeQ’y“/ <27T)d4p . p’L2 “ 230 3L 4 = —ie*y e N2 {_E log ﬁ] . (E3)

Combined with the soft contribution to onshell wavefunction renormalization [Z, in
Eq. (A4)], this yields the one loop F&¥ given by Eqs. (41) and (45).
The remaining contributions arise from momentum regions collinear to the final and

initial electron momenta, shown as the final diagrams on the right hand side of Fig. 8. The

15 Recall that our definition of apare absorbs e~72€, whereas [c.] contains I'(14€) = e 72¢(1+ €22 /12+...).
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required basis of integrals is (the photon mass \ is irrelevant in this region and is taken to

Z€ro)
AL 1 1 1
I, 1M, 18] = — 1, L*, LMLY]. E4
e I, 1] /(27r)dL22L-p_L2+2L-p’[ | (E)
We expand
1
[c = [CJ@I(O) 5
1
It = led gy 1+ 179
1
1 — el {g““ff” g (B + 12+ 10 +p3p'“)>] - (B

The necessary elementary integrals are

o M
2¢2
1
I = m2 (- + 2) : (E6)
€
and we obtain
) (0) (1) / . 9 —oe | 2 4
OF; = —ie”[c] [2[ +2L,7 4+ (pep )] = —ie“[cm - +-+8|. (E7)
e e

Combined with the collinear contribution to onshell wavefunction renormalization [the dif-
ference of Zy and Zj, in Eq. (A4)], this yields the one loop Fh¥¢ given by Eq. (40) (recall
that Fr = 1 at one loop order).

The sum of 6 Fy, 0 Fs and 6 F; from Egs. (E2), (E3) and (E7) reproduce the expression for
§F at leading power in m?/Q?* which may be computed directly from Eq. (E1). The compo-
nents of the factorization theorem (33) are thus identified with effective theory contributions

represented by the diagrams of Fig. 8.

2. Real radiation

Consider now the case of real radiation at loop level. Begin with the interference between
the diagram pictured in Fig. 9a, and the tree level photon emission diagrams from Fig. 1. The
relevant integrals in the full theory evaluation are given by the first two terms of Eq. (D9),

with four denominators. Let us focus in particular on the scalar integral,

I_/ddL 1 1 1 1 (E8)
) Cm)AL2 N L2 4 2L - p L2+ 2L - L2+ 2L - (p 4+ k) + 20 -k
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The soft photon contribution, represented by the first diagram on the RHS of Fig. 9a is

I / d’L 1 1 1 1
* ) @mdL2 = N 2L-p2L-p 2L+ k) pf
1 1 m2 _2k . p/ m2 71—2

The collinear contribution, represented by the second diagram on the RHS of Fig. 9a is

s _/ L 1 1 1 1
) @mEdL22L_ -pL24+2L-p L2+ 2L -p +2ky - (L + )
1 1 1 1
= dL)— —
Qk'p’/( )L2 (n~pﬁ-(L+p’) n~pﬁ'L)

1 1
% (L2+2L~p’+n-lm-(L+p’) _L2+2L-p’)

11 1 N
_Q22k-p’[ce]ej(1’o’o>_Q22k-p’[ce](m a)~*m (2€2+ 5 ) (E10)

where we introduce the functions

L 1 1 2 2,2V t—€ _ (,2,,2)t—¢
J(T,s,t)—/o drx [(1—:10)7“ T [2(1 — z)m*a + 2*m?) ( )= . (E11)

The presence of multiple low energy scales leads to a nontrivial subtraction in order to avoid

double counting. The soft limit of the collinear integral is

i /ddL 111 1 Lty e (LT
. = _ = — Cellm~a m — 355 & |
s (2m)d L22L_ -p2L-p'2(L+ky)-p  Q*2k-p 2¢2 6

(E12)
so that accounting for the overlap, the collinear region gives vanishing contribution,
I.— 1|, =0. (E13)
The remaining integrals may be treated similarly. For example, consider
d
I“:/ L1 ! L L L*. (E14)
2m)d L2 L2+ 2L -pL2+2L-p L2+ 2L-(p + k) +2p - k
In the collinear region, we expand as
d
I / d°L 1 1 1 1 I
¢ (2m)d L22L_ -p L? 4+ 2L -p' L2+ 2L - p' + 2ky - (L +p')
11 1 1
T Q2ok -y [e] (ﬁ P+ )ki) ) (E15)
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with

1
1Y = —2J(1,1,0),
€

1 1 1
1Y — _“K(1.1.0)4+ ———J(2.1.0 E16
1 € (7 ’)+m2ae(1—e) (7 7)7 ( )

where J(n,m,p) is given above and

L 1 1 2 2 2\t—e
K(r,s,t) :/0 dxx Ll o (x(1 —z)ma+ x*m=)"°. (E17)

Explicit evaluation gives
1Y = Lis(1—a) + % . (E18)

Similarly, consider

o _ / dL 1 1 1 1 e (E19)
) @m)A L2 L2+ 2L - p L2+ 2L-p L2 +2L-(p + k) +2p -k '

In the collinear region, we expand as

]W_/ L 11 1 1 iy
¢ ) @m)dL220L_ -p L2+ 2L-p L2+ 2L - + 2k, - (L + )
1 1 2 v 2 v 2 v v 2 v
= Gran el (79" + B 4 IR+ ki) 4 TP ) (B20)
with
I<2>:;J(1 0,1)
2e(l—e)
1
I = 2J(1,2,0),
€
@ 1 11
= "K(1,2,0)— ———J(2,1,1
3 € (1,2,0) m2ae(1 — €) 2.1,1),
1 2 1
I = "K(1,2,00 - ——— _K(2,1,1
4 € (1,2,0) m2ae(1 — €) (2,1,1),
1 2 1 2 1
I = "K(1,2,00—- ——— _K(2,1,1 J(3,0,2). (E21

The relevant integrals are, explicitly,

2

loga — .. (E22)

19 = Liy(1 — ¢
2 = Li(l—a)+ 7= 6

Note that there are no leading-power soft contributions corresponding to the full theory

diagram in Fig. 9 involving the photon loop momentum L* in the numerator.
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Using these integrals, an explicit evaluation of the diagram in Fig. 9a yields

2
( Z ‘Ml ’ )Fig,‘.9a7 collinear

(7S YO Y

2
=3 (M= v g {411(” +2I% + (a — b)}

drv-kv' -k
ya 200 , 72 2a
ZM/I | 4WmRe —2L12(1—a)+§—l_aloga+(a—>b) . (E23)

Similarly, (extracting the overall factor C = €* > | Mg|?e?, .. (47)2TT(1 + €)m ™2, and real
part implied),

) 1 1 20 - v 4 8
1(2 ’M1|2)Fig,9b,collinear - |:(U . k;)2 + (1}/ . k)2 a k:| |:__ - _:|

v-kv - e €
1 1
—1
i )
20 - ) w2 2a
mRePng(l—a)—?—i-1_aloga—|—8+(a—>b)},

1 1 20 - 6
-1 2 _ _ __
C (Z |M1| )Fig.gc,collinear - |:(’U . k;)2 + (U/ . k)? v-kv - k:| < E)
1 1 20 -0 a(ba — 4) ba — 4
— — 1 b
+[(v-k‘)2+(v’-k’)2}( 8)+v-kv/-k{ (a—1)2 oga+ a—le(a_> )}’
_I(Z |M1|2)Fig.9d,collinear - _C_I(Z |M1|2)Fig.9c,collinear’
1 1 20 v 6
-1 2
(Z |M1| )Fig.9e,collinear - |:(U . k)2 + (UI . k) 1} k' - k:| ( + 8) (E24>

Summing contributions, we find

2 2 2 (m\ 1 L 20
(Z’Ml‘ )collinear =€ ZlMO’ 47 (,UQ) |:(Uk>2 " (U/‘k)z k:|

v-ko -

For the soft contributions,

1 v 2
-1 2 2
c (Z|M1’ )Fig.Qa,soft: [(U-k:)Q_v-k:v’-k} l 4L —|—8logTL—?}

1 v-v mb 2
— 417 log 2 — 2T
+[(v’-k:)2 v-mf.kH +8log =y 3}’
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1 v 4 272

-1 2 _ _ 2 2T

(Z‘Ml, )Fig.9b,soft_ |:(’Uk)2 U'k'l}/'k':| |i€L 8Lloga+4L + 3 :|
v

1
+ |:('U/'k)2 B v - /{ZU/
-1 2 _ ]'
(Z|M1| )Fig.QC,soft o |:(Uk')2 v - ]{}U l{?:| [6 810ga+8:|
1 4
e ] [ ovt 9]
-1 2 1 1
C (Z|M1| )Fig.Qd,soft: (U-/{?)Q v - ]{:U k E
1
Hem e kv g [ vsnr]
; ) B 1 2v - v 4 A
(Z|M1| )Fig,Qe,soft - |:(Uk)2 + (U . ]f) ’U-k?} -k _E+8loga ‘ (E26>

Summing contributions,

(D IMP) =€ Mo |2 ( )E {(U -1k)2 T -1k:)2 a ’L)QZUIU/]{T]

x E(u —4) —8§(L - 1)log %} . (E27)

4 , 272
-L —8Llogb+ 4L + —| ,
k| |e 3

—8+810ga]

For the hard contribution, only Fig. 9b contributes,

2\ —¢€ !
2 _ 2 2 & [T ! ! - 20
(2 M)y =€ 21 Mol 4w(u2) [@.k)ﬁ(v/ k)2 kk}

401 2
X [—2+—(—4L+6)+2L2 6L + 16 — %} (E28)
€ €

The contribution from the analog of Fig. 9 with photon emitted from the initial state
electron results in the same expressions with a <+ . The sum of hard, collinear and soft
contributions is identical at leading power to the full theory evaluation above.

This analysis shows that individual diagrams contain nonvanishing contributions from
soft photons emitted interior to collinear photon loops. As discussed around Eq. (D8), the
presence of multiple momentum modes contributing at leading power to the real-photon
phase space integration complicates a simple factorization argument. Nonetheless, an ex-
plicit evaluation reveals that factorization holds in the sum over diagrams, at least through

one loop order, consistent with the direct evaluation (D11). This leads to the simple expres-
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sion (31), as required by the factorization formula (33).
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