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ABSTRACT

In this paper we present an initial exploration of the Calabi-Yau landscape in the context of Kahler
moduli inflation. We review how the slow-roll requirement on the scalar potential translates to a
geometric constraint on the Kéhler geometry of the vacuum. This constraint leads to a hard bound
on the moduli space geometry and we consider the effects of this constraint on the string landscape
that arises in type IIB string compactifications on an O3/07 orientifold. Most notably we find that the
inflationary constraint is independent of the moduli space dimension and only 6.57% of the geometries
randomly sampled support high-scale Kéahler moduli inflation.

1. INTRODUCTION

An important question that has guided string phe-
nomenology for over a decade is whether string theory
can make predictive contact with the inflationary era.
With the inflationary energy scale H possibly being as
high as 10!6 GeV and beyond, inflation becomes a win-
dow into physics beyond the Standard Model of Par-
ticle Physics (BSM) and perhaps string theory. The
hope for cosmological string phenomenology, or any BSM
phenomenology in this direction, is that experimental
measurements from the Cosmic Microwave Background
(CMB) or other cosmological probes can restrict or guide
phenomenological model building.

In order to make contact with previous theoretical
work in inflationary theory, typically two assumptions
are made regarding the scale of inflation. First, the en-
ergy scale at which string effects become important is
M > H and thus inflationary dynamics are only sensi-
tive to the massless states of the string. The governing
theory in this case reduces to an effective supergravity
theory in 10 dimensions.

Secondly, the further assumption is made that 6 of the
10 dimensions are already compactified by the time the
universe enters the inflationary era. That is, H < My
where My, represents the (possibly many) Kaluza-Klein
scales introduced during the compactification of extra di-
mensions. While considering inflation from an extra di-
mensional perspective as is done in [1] and [2] can be the-
oretically interesting and insightful, the majority of the
literature has focused on the case where H < My < M,
since the latter would require a rethinking of fundamen-
tal issues with the Hot Big Bang scenario such as the
Horizon Problem, the Flatness Problem etc. [3].

After taking these two assumptions, one is left with an
effective N = 1 SO(3,1) supergravity theory whose dy-
namics still recalls its string-theoretic origins. The cur-
rent state of the art in this direction can therefore be
summarized quite simply by the following expression [3]

S510[C] — S4[®[t] (1)
where all of the geometric information of the compact-
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ification C is transferred to time-dependent fields ®[t]
in the 4D effective theory. In this perspective, the real
and imaginary parts of ®[t]; account for all the moduli,
fluxes, axions, etc, that arise due to the unique compact-
ification C. Unfortunately, as introduced in [4], the over-
whelmingly large number of possible compactifications C
produce an unimaginably large number of vacuua'.

This large number of fields ®; that appear in generic
string compactifications provide for a rich phenomenol-
ogy as the universe cools [6] . They provide many candi-
date fields to drive inflation, reheat the Standard Model,
explain the dark matter relic abundance, source baryo-
genisis/leptogenisis and explain the matter/anti-matter
asymmetry, etc. For an exhaustive review, see [3].

However, this large number of ®; also presents a prob-
lem as there can be too many fields produced that can-
not be explained physically, or worse, can spoil Big Bang
Nucleosynthesis or over-close the universe. This prob-
lem, known as the cosmological moduli problem [7], has
fortunately been shown to be resolved in various exam-
ples in generic string compactifications [8; 9; 10], giving
hope that such an issue can be avoided in a realistic phe-
nomenological model.

Slow roll inflation can also be sourced from the moduli
and axion fields ®; [11] . This phenomena is addressed in
the scalar sector of an N = 1, D = 4 low-energy effective
supergravity limit of the full UV complete theory. The
scalar sector of the Lagrangian density therefore holds
the relevant information for inflation and is given by

1 < i =J
L= 3R —g;0% 0%’ — V(9" %) (2)
where g7 1s the metric of moduli space spanned by the

scalars ®. In the SUGRA case V(®?, <I>j) takes a spe-
cial constrained form, while the form of g;z contains the
relevant geometric information of the string compactifi-
cation. This is covered in detail in section 2.

Given a full string theoretic construction with stabi-
lized moduli, the potential of the moduli fields V' should
in principle be determined to enough accuracy to make

! Typically the number 10°%° is quoted [4]; for a popular review
on this topic, see [5].
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contact with cosmological and astrophysical observa-
tions. Of course, this situation is notoriously difficult
to achieve, given the complexity of such compactifica-
tions and the difficulty of fully incorporating quantum
corrections.

Nevertheless, the fact that the geometric information
of C is encoded in the metric 95 provides us a physical

link between the string compactification geometry and
the inflationary potential V. We may then ask the ques-
tion if it is possible to restrict the landscape to those
compactifications that support inflation.

Beyond the usual assumptions of the compactification
and inflationary energy scales, we also make the assump-
tion that the finite vacuum energy during inflation breaks
supersymmetry. This assumption provides the physical
link between the compactification geometry and the in-
flationary potential V: the holomorphic sectional curva-
ture H[U] along the Goldstino ¥ direction [12; 13].

This purely geometric quantity that only depends on
g;; has to be larger than a specific value that depends on
the Hubble scale and the Gravitino mass during inflation,
with an absolute lower bound?? of

H[Y] > -, (3)
where R
H[Y] = — —Y¥¥T (4)
Jov9vT

This condition is necessary (but not sufficient) for slow
roll inflation and depends solely on the details of the
Kéhler geometry of the moduli space and not on the
super potential.

This allows one in principle to restrict geometries
where the necessary condition is satisfied, before con-
tinuing in constructing a full model including a realistic
super potential, or be concerned with an unrealistically
high number of vacua. The aim of this paper and broader
research program is to utilize the condition outlined in
Eq. 3 to restrict what should be considered to be part of
the physical string landscape.

In section 3 we outline several features of the distribu-
tions of holomorphic sectional curvatures that make this
analysis particularly robust in the context of randomly
sampled compactifications. We show that the distribu-
tion over many geometries and field values is independent
of the moduli space dimension and the range of field val-
ues sampled.

In section 5 we use this approach to analyze physi-
cally relevant vacua in the context of Kahler inflation by
randomly sampling over sufficiently large compactifica-
tion geometries and field values. We focus on the case
of type IIB compactifications on O3/07 orientifolds. In
this case we find that 8.22% of the compactifications ran-
domly sampled support low-scale inflation, while only
6.57% support high-scale inflation. Therefore, we note
that the majority of compactifications inspected have a
supergravity n problem even at tree level and that the
string landscape is barren of physical vacua supporting

2 This is in the case of low scale inflation where m§/2 >> H?.

3 A more general treatment of this bound is discussed in [14].
Due to the lack of observational evidence for non-gaussianity, we
restrict ourselves in this work to ¢s ~ 1.

Kéhler inflation. We posit that this random exploration
of the landscape may probe the true physical landscape
of Calabi-Yau compactifications, however, we leave this
question for future investigation.

In section 6 we conclude and lay out a broader research
program in this direction and future directions.

2. HOLOMORPHIC SECTIONAL CURVATURE LIMIT
FROM THE CMB
For the purpose of exploring the inflationary landscape
of type IIB compactifications in the geometric limit, we
investigate the effective D = 4, N = 1 supergravity
(SUGRA) action. With chiral multiplet fields being de-
noted by ®; = (®;, ®;)*, the scalar potential solely de-
pends on the Kahler potential K and the super poten-
tial W, and their derivatives with respect to ®; and <I>jf.

We take {¥;} C {®;} as the fields that acquire non-zero
F—terms during inflation thereby breaking supersymme-
try.

The scalar fields (®;, ®;) span a Kéhler manifold g,;
which yields a scalar potential given by®

V =" (gVFF; - 3W?)) (5)
where

m§/2 =K W2 (6)

While Eq. 2 describes a generic gravity theory coupled
to scalars, Eq. 5 is the unique potential generated by a
SUGRA theory. The Kéhler geometry spanned by these
theories provides extra complex structure to the space
spanned by the scalars that non-supersymmetric theories
would be completely void of.

The metric, connection, and curvature tensor of a
Kahler manifold M is given by

97 =0i0;K,

Ryi; = 00,0000 K — g™ (3;070m K)(9;0005K) (7)

where the key relation is the fact that the metric g is
given by two derivatives of the Kahler potential K.

Another geometric quantity of interest in the study of
inflation is the the holomorphic sectional curvature of a
plane (¥, ¥) defined in the tangent space at a given point
in the manifold as [12]

H[V] = ,M. (8)
9v79vT
For a general theory of Kahler moduli inflation, this holo-
morphic sectional curvature H[¥] becomes intrinsically
tied to the slow-roll condition [13] giving rise to a well
defined bound on the underlying geometry to support
inflation.

4 We use the same notation for a superfield and its scalar com-
ponent.
5 We work in units where the Planck Mass M2 =1



To see this, we first consider the multifield potential
slow-roll parameters given by [15]

_ Y'VV.iV
€ = Y 3F
n = min eigenvalue {N} , (9)

where

(10)

1 (VVV VIV
= :

N = — - -
Vv,V VZVE-V
The covariant derivative on the Kédhler manifold is de-

fined as .
Viff = 0if* + 1517 (11)

for any vector f* on M where V; is a covariant derivative
with respect to the metric g,5.

For any given unit vector u! = (u?, u’T)7 it can be shown
that n < uyNiu” where I = (i,i) and J = (j,). Choos-
ing u! = (FY,FY)/(v/2|F|) and evaluating the relevant
covariant derivatives, one finds that

2 1+
N < Tmax = — + —LH[U]+O0(Ve),  (12)
3y Y
where v = %m‘{ ~ m}f is the ratio of the inflationary
3/2 3/2

energy scale to the SUSY breaking scale.

In what follows, we drop all terms involving e since
Ve < O(1073). We next use the fact that the measured
spectral index of curvature perturbations of the CMB is
measured as ng ~ 0.968 &+ 0.006 [16] and relate this to n
via ng = 1+ 2n to arrive at Mopserved ~ —0.01. Therefore
we find that nmax > —0.01.

In solving inequality 12 for H[W], we find the following
necessary bound on the holomorphic sectional curvature
along the SUSY breaking direction

H[V] > 2. b . (13)
31+~
This relation is a direct link between the Kahler geom-
etry of the underlining SUGRA theory and inflationary
observables measured from the CMB. This is a necessary
but not a sufficient condition for slow-roll inflation.

While this bound depends on 7, the dependance is not
strong. We can see the allowable ranges of H by exam-
ining the two extremes of 7. With low scale inflation
(v < 1), the weaker bound of H|[¥| > —2/3 is realized
while the case of high-scale inflation (y > 1) yields the
absolute bound of H[¥] > 0.

3. DISTRIBUTIONS OF HOLOMORPHIC SECTIONAL
CURVATURES

Given a suitable potential that satisfies the slow roll
conditions, it is of course possible to embed such a po-
tential in supergravity - see for example [17; 18]. The em-
bedding will satisfy the constraint on the sectional cur-
vature, and typically locate the supersymmetry breaking
field to a flat, decoupled sector.

In this paper we wish to examine the case of supergrav-
ity potentials one obtains from string compactifications.
With the geometric bound from the CMB of the holo-
morphic sectional curvature well defined in inequality 13,
we may now consider Kéhler functions of a specific type.
In this section we consider the case of heterotic string

3

models with Calabi-Yau (CY) compactifications as an
example (type IIB compactifications will be discussed in
detail in section 4).

The moduli space manifold X of heterotic CY geome-
tries [17] have Hodge numbers (b1, h%1) with a basis of
divisors S;, i = 1,..., h1! [19] which sets the moduli space
dimensionality as dim(X) = h'!. The complex Kihler
moduli #* are defined from the Kahler form J = t'S;.

In the absence of o’ and g5 corrections, the Kéhler
potential for the moduli ¢* and axions ¢; is given by

K = -3V, (14)

where V' is the moduli space spanned by the complex
scalar moduli ¢; and t;. In the case of a CY 3-fold the
volume V is given by

Vzé/XJ/\J/\J (15)
= A~ Bt~ )~ ), (16)

with the d;;, being the triple intersection numbers in the
integral basis of the toric divisors®.

As a specific example of how the holomorphic sectional
curvature can be useful in these constructions, we next
consider the case where h''! = 1. This is the Kihler
function studied in the Racetrack inflation models of [20]
and takes the form

K=-3ln(t — ), (17)

with H[t;] = —2/3 Vt;. Hence in this case, the bound is
satisfied only for very low-scale inflation.

The situation changes slightly when the Kahler poten-
tial takes the form

1 _ —
K = —nlog (6(t1 —tl)—i—XX), neN, (18)

which defines maximally symmetric coset spaces [21] for
which H[¢;] = H[X] = —2/n. This implies that inflation-
ary scenarios based on these supergravity geometries face
the 7 problem when n = 3 and supersymmetry breaking
is dominated by the modulus ¢; or the field X [22].

3.1. Moduli dimension independence

As outlined in the introduction, we wish to approach
the analysis of Kéhler functions of the form of Eq. 14
from a statistical perspective. We will consider Kéhler
geometries of this form with supersymmetry breaking
during inflation dominated by moduli. In this section
we wish to outline some general statistical results en-
countered when studying Kéhler functions of the form of
Eq. 14.

We first note that the Kéhler function can be seen as a
log of a random cubic polynomial, where the precise form
of the polynomial is given when the intersection numbers
d;;r and the moduli space dimensionality dim(M) (h'!)
are specified.

6 Because the metric of the moduli space is uniquely determined
by the Kéhler function, the set of d;;; determines the overall topol-
ogy of the moduli space manifold.
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For example, consider the form of the volume for the
case of h'! =2

nga(ti—fi):s—kﬁ(tl —1?1)2(t2 —7?2) (19)
+(ty — 1) (ta — t2)? + O(ty — £2)? (20)

where «, 3,7 and § are related to the appropriate geomet-
ric intersection numbers. We may consider a distribution
of holomorphic sectional curvatures spanned by the pa-
rameter space («, 3,7, ) and then study what subspace
allows for slow roll inflation.

With random cubic functions of this general form we
can first make some general statements about the holo-
morphic sectional curvatures derived for these cases.
First consider the simplified case when

K=-nhV (21)
Voc(ty —61)P + C. (22)

This corresponds to a single term in the volume domi-
nating with C and ( representing terms independent of
t; and ;. By Eq. 8, one obtains
_ 2
Ht; — 1] o (23)
This result may be used to quickly verify whether or
not inflation is possible within generic SUGRA theories
by simply reading off the powers and pre log factor, for
instance, in Eq. 17.
This simple relation also leads to a surprisingly
far-reaching consequence, namely

the holomorphic sectional curvature distribution is
independent of the dimensionality of the moduli space.

In order to see this, we first note that the result
of Eq 23 does not depend on the pre-factor ¢ or the
function C. Next we examine the volume in the case
when dim(M) =3

= C_k(ti — {1)3 + B(tl - 51)2(152 — 1?2)
Yt —t1)(ta —t2)> +6(ta —12)* +C (24)

with the pre-factors representing the appropriate geo-

metric intersection numbers. Comparing this form of

V3 and V5 of Eq 19, we note that the volume in N-

dimensional moduli space takes the same form.
Therefore, the induction step follows

_l_

Vv = §d7"(t; — &) (t; — )tk — tx)
= @(ti — 2?1')3 + ,B(tl — 7?1)2(252 — EQ)
+A(ty — 1) (t2 — t2)? + 8(ty — £2)> + C,

and hence the result of Eq. 23 holds for dim(M) =
N VN € Z.

Following the result of Eq. 23, we thus expect the
distributions of holomorphic sectional curvatures to be
independent of moduli space dimension. We verify this
result numerically in section 5.

4. TYPE-IIB CY-3 COMPACTIFICATIONS ON AN 03/07
ORIENTIFOLD

In our numerical study we focus on type-1IB CY-3 com-
pactifications on O3/07 orientifold involutions as it is
a relatively well researched area [23; 24]. In this case,
the Kahler moduli space coordinates are the only uncon-
strained moduli as both the complex structure moduli
and axiodilaton degrees of freedom can be fixed with ap-
propriate choice of complex flux density [25].

The holomorphic coordinates on the remaining moduli
space are the complexified volumes of four cycles given
by

T = / 1J/\J — 1Cy (25)
5: 2
where J is the complex Kéhler form and Cj the Ramond-
Ramond four-form. The volume and hence the Kahler
potential can be written implicitly in terms of the com-
plex 7; by using the relations

ov 1 1 ~
=% = 5SiJ2 = idijkﬁt’“ : (26)

In type IIB, the supersymmetry breaking fields are the
7; and hence the phenomenologically correct distribution
to study is the distribution of H(7;) for this case’.

The Legendre transformation in Eq. 26 is in general
non-trivial, and obtaining an analytic expression for the
Kahler potential in terms of 7; given the intersection
numbers d; ;i is not straightforward. However, in consid-
ering random distributions one has the advantage that
that the moduli space volume may be written as

T

1 .. _ _ _
Vzéd”’“(ti —t)(t; — t5)(tk — ) (27)
1 .. i _
= = 7) 2 (5 — 65) P (b — 1) (28)

6

where the rational pre-factors ¢*/* are related to the in-
tersection numbers d*7* via the Legendre transformation
of Eq. 26.

This transformation allows one to utilize the methods
outlined in section 3 since the Kahler function may now
simply be regarded as a homogeneous log polynomial of
rank 3/2 with random coefficients. Therefore, again in
the case of h"! = 2, the volume may now be expressed
in terms of 7; as

Vo=a(r; — 7)%2 + B(m1 — 71) (12 — T2) /2
+y(r — 7)1 — R) + (2 — 7)Y (29)

where the Kéhler potential in the case of Type IIB is
given by

k

K=-2InV. (30)

7 In the heterotic case, the distributions turn out to be identical.
This is due to dualities between type IIB and the heterotic string
such that the inflationary observables are exactly the same in both
cases.
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This result is also independent of h'! as was previously
shown, however in the next section we verify this claim
with V! =2, 3.

5. NUMERICAL RESULTS

In this section we outline the numerical results ob-
tained for the holomorphic sectional curvature distribu-
tion when uniformly sampling over geometric pre-factors
¢* and moduli 7; for Eq. 30 with "' = 2,3. Due to
the symmetries of the Kahler function, there will be no
difference between the distributions of H[r;] and H|r;]
therefore we focus on the distribution of Hjr].

It is first useful to present the expectations from the
asymptotic behavior of the holomorphic sectional curva-
ture where we have substantial analytic handle on the
result. To this end, we may use the result of Eq. 23
to calculate the expected values of H|[r;| when various
terms in the volume dominate. We therefore calculated
the o, 8,7y — oo first order corrections® separately of
H[ri] of Eq. 29 for the case of h! =2, and arrive at

Hiry| = -2 4 105802 = 72)*/% = 53(n — 1)V =T

500 3 240((7'1 —77'1)3/2 ’

Hir] = —1 + 9a(rs —71) — 457(72 — o)
§— 00 320+\/T1 — T1\/T2 — T2

30(my —71) — 15B(m2 — Ta)
Hir|=-2+ = =
'yLolj 3VVTL —TiVT2 — T2

with similar results for Eq. 24 when A2 = 3.

From these results it follows that the distribution
should be overwhelmingly shifted towards the negative
while an interplay between the geometric coefficients and
the four cycles interpolate between the first order val-
ues. These first order results could have readily been
extracted off of Eq. 29 using Eq. 23.

H[nr] = _nlp with n=2 and 2p={1,2,3} (31)
where 2p turns out to cycle through the complex dimen-
sion of the CY compactification X.

We then proceed to numerically calculate the distribu-
tion of H[r] by sampling over

7 €[1,12], and CY* ¢ [-8,8§] (32)
for h'1 =2 and
7, €[1,5], and CY* ¢ [-3,3] (33)

for h'"! = 3 and build a probability density function
(pdf) for both cases. The volume sampled for h1! = 3 is
that of Eq. 24. The pdf obtained for h*! = 2 is presented
in Fig. 1 while the pdf for h!'! = 3 is presented in Fig. 2.
This numerically verifies our claim of h':! independence
on the holomorphic sectional curvature distribution.

In analyzing these distributions we see that there is a
strong preference for H[r ] = —1 in both cases. This can
be understood by analyzing the perturbative results of

8 We do not include the limit of 8 — oo since H[r] is not defined
for a term that does not include 71.

Eq. 31. The first order result of H[r] as § — oo shows
that the first order correction has the largest pre-factor
suppression of =5 and g—g and hence values of H[r] ~ —1
are prominent in the distribution.

One result that stands out from this numerical study
is that a random exploration of geometric numbers C'/%
leads to an overwhelmingly large set of vacua that can-
not support Kéahler inflation. In particular, we find that
8.22% of the sampled compactifications support low-scale
inflation, while only 6.57% of the compactifications allow
for high-scale inflation.

It is important to note however, as it is further ex-
pressed in section 6, that these results rely on the ran-
dom sampling of geometric intersection numbers. There
is no assurance that the geometries probed by this ran-
dom approach are in fact true CY geometries. It is in our
interest to explore this approach with the CY geometries
derived in [30] and assess whether the same fractional set
of geometries support moduli inflation. We expound on
this idea in section 6 but leave conclusive investigation
to future work.

6. CONCLUSION AND FUTURE WORK

Our main results can be outlined as follows:

() the distribution of holomorphic sectional curvatures,
and hence the likelihood of Ké&hler moduli inflation oc-
curring, is independent of the dimensionality of the mod-
uli space.

This is due to the structure of the moduli space volume
being a generic polynomial of degree p, regardless of the
number of variables. This makes it clear that this ap-
proach is orthogonal to previously studied methods [26]
which rely crucially on the presence of a large number of
moduli fields.

(#4) The distribution is independent of the range 7;, as
long as the range is democratic for all moduli fields. This
can be attributed to the fact that the Kahler potential is
a log of a homogeneous polynomial, and H only depends
on derivatives of the Kéahler potential.

(7i1) We find that 8.22% of the compactifications stud-
ied support low-scale inflation, while only 6.57% of the
compactifications allow for high-scale inflation. The vast
majority of this randomly sampled landscape therefore
does not support Kéhler moduli inflation.

6.1. Future work

The independence on moduli space dimension makes
the study of a distribution over geometries exceptionally
general. This is of course considering the case of a uni-
form distribution of C*7*. However, given a set of C*7¥
it is not guaranteed that one has a Calabi-Yau mani-
fold since C'** have to be chosen carefully for such to be
the case, see for instance [27]. Hence, sampling over the
physical Calabi-Yau landscape, as opposed to a random
sampling as was done in this work, is a more complex
matter.

To this end, we next focus our attention to studying
the largest database of Calabi-Yau compactifications cur-
rently known produced by Kreuzer and Skarke in their
famous construction of all 473,800,776 reflexive polyhe-
dra that exist in four dimensions® 1° [30]. The Hodge

9 A clear review is presented in [28] where the extraction of



Kreuzer Skarke Hodge Data

5001 N R

400 ", . : : T, .

200}

100f

0 L L L L L L
-800 -600 —400 -200 0 200 400 600 800

2(h1,1 _h1,2 )

F1a. 3.— The Hodge plot of the Kreuzer Skarke database of 473,800,776 reflexive polyhedra that exist in four dimensions. The Hodge
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manifold.

plot of all of these Calabi-Yau compactifications is pre- percentages of the landscape are excluded. We leave this

sented in Fig. 3 and is the best known evidence for the for future work.

existence of mirror symmetry. See [31] for an initial ex-

ploratory analysis of the KZ dataset and [32; 33] for a ACKNOWLEDGEMENTS

broad review on phenomenological implications. RG is grateful to Kuver Sinha, Thomas Grimm, Scott
We propose to study this database with the holomor- Watson, Liam McAllister, Cody Long, Paul McGuirk,

phic sectional curvature distribution methods outlined in John Kehayias, Robert Scherrer, Tom Kephart and

this paper. We wish to consider if a uniform distribution Keivan Stassun for useful and insightful discussion.

of geometric numbers C%* gives rise to a different dis- This work was supported by NSF PAARE grant AST-

tribution than that of the KZ database, and if similar 1358862.

APPENDIX
EXTENSIONS TO HIGHER DIMENSIONAL CALABI YAU COMPACTIFICATIONS

The compactification dimension dim(M) is typically fixed to 3 complex dimensions to achieve a critical string theory
and have physical contact with our universe. As a mathematically curious result however, we may extend this analysis
to m complex dimensional Calabi-Yau compactifications. For instance, elliptically fibered CY-4 folds are often studied

in the construction of F-theory compactifications [34] whereby one can embed a CY complex structure on the moduli

space of 10 dimensional type II-B string theories after asymptotically shrinking away one of the complex dimensions*!.

For general CY-m manifolds, the moduli space volume is defined as

1 . . _ _
Vi = —dten (tiy, —tiy)(tiy — tiy) - (ti,, — i) (A1)

physically relevant topological data is emphasized, such as the in-

P 10 - - i ions i
tersection numbers diJk of Calabi-Yau compactifications. For an alternative exploration of Calabi-Yau constructions in

3 dimensions, see [29].
11 Often referred to as the F-Theory limit.
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and the Kéahler function defined as

K = —nlogV,,. (A2)

The result of Eq. 31 is immediately extended to the logs of random polynomials of degree k with 0** order values of
2

H[r;] = Y with 2k ={1,2,...,m} (A3)
n

allowing one to analyze higher dimensional CY geometries, if desired.
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