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3Institut für Theoretische Physik, Universität Heidelberg, Germany

Effective Lagrangians are a useful tool for a data-driven approach to physics beyond the Standard
Model at the LHC. However, for the new physics scales accessible at the LHC, the effective operator
expansion is only relatively slowly converging at best. For tree-level processes, it has been found
that the agreement between the effective Lagrangian and a range of UV-complete models depends
sensitively on the appropriate definition of the matching. We extend this analysis to the one-loop
level, which is relevant for electroweak precision data and Higgs decay to photons. We show that
near the scale of electroweak symmetry breaking the validity of the effective theory description
can be systematically improved through an appropriate matching procedure. In particular, we find
a significant increase in accuracy when including suitable terms suppressed by the Higgs vacuum
expectation value in the matching.
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I. INTRODUCTION

After the end of the LHC Run I and with the start of Run II, the field of particle physics has clearly entered a
data-driven era. While we should not entirely dismiss our theoretical or experimental motivations to search for specific
models of physics beyond the Standard Model, the amount of available LHC data requires a more model-independent
language to analyze and communicate experimental results. This has lead the Higgs [1–3], electroweak [4, 5], top [6],
and dark matter [7] communities to employ effective Lagrangians or related methods to communicate LHC results.
Another good example is the recent hint for a 750 GeV resonance, where the limited available data at best allows
for an effective theory analysis. Nevertheless, the theory community also illustrated the limits of the effective theory
approach by immediately linking the LHC anomaly to any number of models.

This strategy implies that independent of the effective theory being the main theoretical description of a given
physics sector, the effective Lagrangian can serve as a means of communication between experiment and theory. To
this end it is not necessary to show that an effective theory at the LHC is a fully consistent theory framework;
instead, a given effective Lagrangian has to describe the effects of classes of new physics models at the LHC within
the expected experimental precision. For Higgs signatures with a wide range of kinematic configurations this question
has been studied at length, both for strongly and weakly interacting models [8–13]. It turns out that the expected
measurement uncertainties largely limit us to tree-level effects of new physics, and that an appropriately defined
dimension-6 Lagrangian description only breaks down in the presence of new resonance features.

In this paper we extend our effective Lagrangian considerations to systematically include quantum effects. We start
by introducing two ways of improving the matching of the effective Lagrangian in Sec. I B and Sec. I C. Both of them
target the problem that in the relevant region of parameter space the effective Lagrangian does not have a large scale
hierarchy and instead we have to work under the weak condition that after electroweak symmetry breaking the new
particles lie just above the weak scale, v . Λ.

We then study heavy particle loops contributing to electroweak precision observables (EWPO) in Sec. II. Two
representative models for extended scalar sectors allow us to study the underlying features: an additional scalar
electroweak singlet, and color-triplet heavy-quark scalar partners. We compute the oblique electroweak precision
observables S and T in the full, UV-complete model as well as based on the effective Lagrangian. For the latter
we explore several prescriptions for the one-loop matching. With the Higgs portal, contributions from loop-induced
operators combine with loop insertions of tree-level operators. For the top partners all new physics effects appear
through virtual heavy scalars and loop-induced operators. In addition, top partners feature in general two heavy
scales, allowing us to test a dimension-6 description in the presence of multiple mass scales. All these are challenges
which our matching prescription for the effective Lagrangian has to face.

Secondly, we study the loop-induced Higgs coupling to photons in Sec III. Because a singlet Higgs portal hardly
shows any features in this observable, we now test a two-Higgs doublet model including a charged Higgs boson, as
well as the scalar top partner model mentioned above. Again, we show how the choice of matching procedure can
significantly and systematically improve the agreement between the effective Lagrangian and the full models.

A. Effective Lagrangian

Effective field theories provide a useful language to communicate experimental results without having to specify
any details of an underlying model. At energies below the characteristic UV scale of the new physics sector, only the
light states are the physically accessible degrees of freedom. Based on the dynamic degrees of freedom at low energies,
symbolically denoted as φ, and the underlying symmetries we define a Lagrangian of the kind

Leff = LSM +

∞∑
d=5

∑
ad

c
(d)
ad

Λd−4
O(d)
ad

, (1)

where the heavy field dynamics is described by the Wilson coefficients ci(µ). The effective operators Oi(µ) parametrize
the local interactions among the light states. The effective Lagrangian of Eq.(1) follows from averaging over short
distance effects, which in the functional formalism of QFT means integrating out of the heavy field fluctuations in
the UV action path integral [14, 15].

To relate the Wilson coefficients ci(µ) to a set of full model parameters gj(µ) we use the fact that, by construction,
the effective Lagrangian reproduces the full model predictions in the low-energy range E < Λ. In quantum field theory
observables are derived from one-particle-irreducible (1PI) n-point Greens functions. Therefore, we compute a set of
renormalized 1PI Greens functions in the full model and based on the effective Lagrangian setups with help of the
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packages FeynArts and FormCalc [21]. Both of them we evaluate at an appropriate matching scale µ = Λ,

Γ1PI
full [φ] (gj , µ = Λ) = Γ1PI

EFT [φ] (ci, µ = Λ) . (2)

The matching scale Λ is usually identified with the characteristic UV scale of the effective Lagrangian, above which
the high-energy degrees of freedom start to be resolved.∗ Equation (2) allows us to express each Wilson coefficient in
terms of the model parameters. For weakly coupled theories, the matching condition is applied order-by-order in the
perturbative expansion, identifying the tree-level 1PI graphs first, and then moving to one-loop and beyond.

In this paper we assume a linear realization of electroweak symmetry breaking with a vacuum expectation value
(vev) v = 246 GeV. We truncate our set of operators at dimension-6, which has been shown to be sufficient to describe
(most of) the expected LHC observables. Some popular bases of these dimension-6 operators are the Warsaw [16],
HISZ [5], and SILH bases [2]. All three maximize the use of bosonic operators to describe Higgs and electroweak
observables. They can be mapped onto each other using equations of motion, integration by parts, field redefinitions,
and Fierz transformations [17]. We use the SILH basis and retain only those operators relevant for Higgs physics at
the LHC [2]. The effective Lagrangian truncated to dimension 6 reads

LEFT = LSM +
cH
2Λ2

∂µ(φ† φ) ∂µ(φ† φ) +
cT

2Λ2
(φ†
←→
D µ φ) (φ†

←→
D µ φ)− c6λ

Λ2
(φ† φ)3

+
ig cW
2Λ2

(φ† σk
←→
D µφ)DνW k

µν +
ig′cB
2Λ2

(φ†
←→
D µ φ) ∂ν Bµν

+
ig cHW

Λ2
(Dµ φ†)σk (Dν φ)W k

µν +
ig′cHB

Λ2
(Dµφ†) (Dν φ)Bµν

+
g′2cγ
Λ2

(φ† φ)Bµν B
µν +

g2
scg
Λ2

(φ† φ)GAµν G
µν A

−
[ cu

Λ2
yu (φ† φ)(φ† · QL)uR +

cd
Λ2

yd (φ† φ)(φQL) dR +
c`
Λ2

y` (φ† φ)(φLL) `R + h.c.
]
. (3)

Here, g = e/sw, g
′ = e/cw, and gs stand for the SM gauge couplings and λ denotes the usual Higgs quartic. The

dimension-6 Wilson coefficients ci are defined with a universal suppression of 1/Λ2 rather than the ad-hoc prior of
1/v2 or 1/m2

W in the original proposal. The notation of the individual operators follows the notation for the Wilson

coefficients, for example OT ∼ (φ†
←→
D µ φ) (φ†

←→
D µ φ).

B. v-improved matching

Whenever we discuss the validity of effective Lagrangian approaches we need to keep in mind that the matching
of the individual Wilson coefficients to a given full model is not defined uniquely. This is particularly true when the
matching scale is not far from the scale at which the electroweak symmetry is broken. A hierarchy of scales Λ � v
certainly justifies that we define an effective action by integrating out all heavy states in the unbroken phase 〈φ〉 = 0
and truncate that action only including terms up to the order 1/Λ2. The Wilson coefficients are by construction
independent on the light field masses and low-scale parameters. In this ideal world of new physics governed by a
single, very large energy scale, the default matching is free from ambiguities and leads to a rapidly converging effective
field theory.

However, at hadron colliders, the numerator compensating the inverse powers of Λ can be any parameter with
the appropriate mass dimension, including the partonic collider energy or masses induced by electroweak symmetry
breaking. In addition, the relevant heavy mass scale does not have to be a Lagrangian parameter in some interaction
basis, it can also be particle masses induced by other mechanism than electroweak symmetry breaking. Examples
are vector fermion masses or supersymmetric partner masses, which receive dominant contributions from some heavy
Lagrangian parameter, but subdominant effects from the electroweak vev. In this case, electroweak symmetry breaking
will in general induce additional scales Λ ± gv from the new physics couplings to the Higgs. The default operator
expansion in the unbroken phases removes all contributions of the type v/Λ from the definition of the matching scale
and from the dimension-6 Wilson coefficients. If these corrections should be non-negligible it will fail to capture

∗ For LHC processes this statement is signature-dependent, because particles appearing, say, in the s-channel are much easier to resolve
than particles in the t-channel. Similarly, particles appearing in loops are much harder to resolve than particles appearing at tree level.
Clearly, any statement considering the quantitative validity of an effective Lagrangian needs to take these differences into account [11].



4

features of the full model. In that case, we can adapt the details of the matching scheme to enhance the level of
agreement between the effective Lagrangian and the full model [11].

In our tree level analysis, we account for v-induced effects in two ways [11]: first, the matching scale Λ is not
identified with a Lagrangian mass parameter in the unbroken phase, but with the mass of a physical particle. The
masses of the heavy states can lead to more than one heavy scale, with the splitting generated by the electroweak
vev. In this case, Λ is identified with the lightest new state by default.

Second, we allow for corrections suppressed by v/Λ in the Wilson coefficients. On the full model side we express
the relevant observables in terms of model parameters in the mass-eigenstate Lagrangian, i.e. in terms of masses and
mixing angles of the physical states. In this way, one effectively includes corrections from some higher-dimensional
operators of the form Od=6+n ∼ Od=6 × (φ†φ)n, where the Higgs doublets appear as v-insertions in the broken phase.
Given the fact that this resummation is only partial, the actual increase in accuracy will depend on the model, the
number of scales involved, and the specific quantity we are looking at. For electroweak precision observables the
improvement is generally remarkable, as will be shown in section II.

We use the name v-improvement for the combination of these two steps. It is worth emphasizing that the v-
improved prescription does not introduce additional free parameters, nor does it break any symmetries of the original
Lagrangian. In that sense, it describes an equivalent effective Lagrangian. The v-improved matching of a linear
realization of electroweak symmetry breaking is also different from the non-linear realization, because we still require
that the Higgs boson forms a weakly coupled doublet with the Goldstone bosons.

C. Broken-phase matching

While the v-improvement described above is sufficient to systematically improve the agreement between the full
model and the dimension-6 approximation, additional complications arise for loop-induced processes. As mentioned
above, the functional approach to the effective Lagrangian is straightforward if the heavy sector can be fully separated
from the light fields and integrated out in the path integral. In the case of mass eigenstates affected by mixing of
heavy and a light field components, the functional approach needs to be extended [18, 19] or diagrammatic methods
can be used for the matching between the full theory and the effective Lagrangian [20]. As described in Sec. I A we
use standard perturbation theory to compute a set of renormalized 1PI Greens functions to determine the Wilson
coefficients order by order in the electroweak gauge coupling and in the mass dimension.

For the case of EW precision observables we rely on the renormalized one-loop gauge boson vacuum polarizations
in the UV complete model,

Π
(R)
V V (p2) = ΠV V (p2)− (p2 −m2

V ) δZV + δm2
V . (4)

The contributions to the un-renormalized ΠV V may be a combination of light, heavy, and mixed light-heavy field
loops. All UV divergences are absorbed by the mass and wave function counter terms δm2

V , δZV . In this expression

we take the limit of large heavy masses and expand Π
(R)
V V (p2) in powers of v/Λ.

In complete analogy, we compute ΠV V as a function of the Wilson coefficients in the effective Lagrangian. Also
here we can have two types of contributions: light particle loops including effective couplings induced at tree level,
and tree-level insertions of loop induced operators. While the former are in general UV divergent, the latter include
the relevant counter terms of the Wilson coefficients. Finally, we identify the two renormalized expressions for the
Greens function and determine the finite parts of the renormalized Wilson coefficients. We will illustrate for our
different examples how this matching procedure based on Greens functions leads to additional contributions to the
Wilson coefficients compared to the functional approach.

From the field theory point of view, it is interesting to compare this approach to a leading-log resummation: the scale
dependence ci(µ) is the key element which relates the high-scale and low-scale regimes in the effective Lagrangian. We
always start with the effective Lagrangian in the unbroken high-scale phase and for instance integrate out the gauge
invariant and separately renormalizable heavy sector/heavy fields. Then we match the effective Lagrangian to the full

model at the intrinsic heavy mass scale Λ =
√

2λ2 v2
s . To get to the physically relevant energy scales we can either

evolve the running Wilson coefficients to the low scale below electroweak symmetry breaking; or we introduce explicit
counterterms for the Wilson coefficients entering the low-scale Greens functions, mixing the different dimension-6
operators. Both ways consistently extend the effective Lagrangian to the broken phase and have to lead to the same
predictions — to leading-log accuracy in the first case and exactly to fixed order in the second.
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Figure 1. Generic Feynman diagrams for the weak boson self-energies using a dimension-6 effective Lagrangian [21]. The shaded
dots denote the dimension-6 operators.

II. OBLIQUE ELECTROWEAK PRECISION PARAMETERS

Effects of new physics on the electroweak gauge sectors can be approximately described in terms of oblique param-
eters. The two most relevant parameters constraining large classes of models are

αem

4s2
wc

2
w

S =

[
−Π′γγ + Π′ZZ −Π′γZ

c2w − s2
w

cwsw

]
−
[
· · ·
]

SM

αemT = [ΠWW −ΠZZ ]− [· · · ]SM . (5)

The self energies Π(′) are evaluated at zero momentum transfer and can be defined by the dimension-4 Lagrangian

L = LSM −
Π′γγ

4
FµνF

µν − Π′WW

2
WµνW

µν − Π′ZZ
4

ZµνZ
µν −

Π′γZ
4
FµνZ

µν

−ΠWW m2
WW

+
µ W

−µ − ΠZZ

2
m2
ZZµZ

µ , (6)

using the standard definitions of the field strengths after electroweak symmetry breaking. Some contributions to Π(′)

are already induced through Standard Model loops, which are removed through the above definition of the parameters
S and T .

The self energy diagrams are by definition evaluated at zero momentum transfer, which means that the only scales
which enter are the weak gauge boson and Higgs boson masses and, in case of new physics contributions, the masses
of the new particles.

A. Effective Lagrangian

The definition of the oblique parameters Eq.(6) and some terms in the effective Lagrangian of Eq.(3) are similar in
structure. Comparing them we see that new physics effects in the dimension-6 Lagrangian contribute to the Π(′) in
two ways: First, loop-induced dimension-6 operators directly contribute to S and T at tree level. Some corresponding
Feynman diagrams are shown in Fig. 1. The corresponding Wilson coefficients are of the order αem, and we have
to include the appropriate counter terms to renormalize the Wilson coefficients. In the operator basis of Eq.(3) the
Wilson coefficient cT is responsible for T , while a combination of cB and cW generates a non-zero S parameter,

αemT

∣∣∣∣∣
tree insertion

= cT
v2

Λ2
, S

∣∣∣∣∣
tree insertion

= 4π
v2

Λ2
(cW + cB) . (7)

Second, we can insert operators generated at tree level into Standard Model one-loop diagrams, as shown in Fig. 1.
These operators obviously only exist for models where there are relevant electroweak Wilson coefficients induced at
tree level. In that case their contributions to S and T are also of order αem/Λ

2. To illustrate their structure we look
at a generic tree-level-induced Wilson coefficient cH . The two relevant self energy contributions for T in the limit of
zero momentum transfer have similar structures,

ΠWW =
αem cHv

2

16πs2
wΛ2

[
3∆ε − 4 log

m2
h

µ2
+

5

2
− m2

h

2m2
W

+ log
m2
W

µ2
− 4m2

W −m2
h

m2
h −m2

W

log
m2
h

m2
W

]
ΠZZ =

αem cHv
2

16πs2
wc

2
w Λ2

[
3∆ε − 4 log

m2
h

µ2
+

5

2
− m2

h

2m2
Z

+ log
m2
Z

µ2
− 4m2

Z −m2
h

m2
h −m2

Z

log
m2
h

m2
Z

]
, (8)
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with ∆ε ≈ 2/(4 − n) describing the ultraviolet divergence. This divergence needs to be absorbed by renormalizing
the Wilson coefficients cT in the tree-level relation in Eq.(7). The counter term of cT or, alternatively, its anomalous
dimension can be linked to cT –cH operator mixing at one loop and is of the form δcT ∝ αemcH . Altogether, the
ultraviolet poles cancel and all contributions combine to a finite contribution

αemT

∣∣∣∣∣
weak loops

=
3αem cHv

2

16πs2
wm

2
W Λ2

[
m2
Z m

2
h

m2
h −m2

Z

log
m2
h

m2
Z

− m2
W m2

h

m2
h −m2

W

log
m2
h

m2
W

]
, (9)

which breaks custodial symmetry. The explicit logarithms induced by the weak-scale loops are of the kind log(mh/mV )
with V = W,Z, and mh = 126 GeV denoting the Standard Model Higgs mass. They are indicative of the aforemen-
tioned violation of custodial symmetry: while at tree level cH does not violate custodial symmetry, at loop level it
can mix with the other Wilson coefficients like cT through its anomalous dimension. The resulting contribution to
the T parameter will then be proportional to the logarithm of the scale splitting.

As discussed in Sec. I C, at this order in perturbation theory we need to include both, weak-scale loops combined with
tree-level operators and tree-level diagrams with loop-induced operators. They arise at the same level of perturbation
theory from the same dimension-6 Lagrangian. In contrast, a finite contribution to U only occurs once we include
operators of higher mass dimension. The renormalization scale of Wilson coefficients is naturally chosen to be of the
order of the electroweak scale, µ ∼ mW ∼ mZ ∼ mh ∼ v. In our numerical evaluation we fix µ = mW . For high-
scale matching, the renormalization scale dependence defines a leading-log approximation of the Wilson coefficients in
terms of αem log(Λ/mW ) [22]. This implies that dimension-6 contributions to both oblique parameters have leading
contributions of the kind

αemT ∼ cj(µ = mW )
αemv

2

Λ2
log

Λ2

m2
W

∼ αemS , (10)

as well as sub-leading contributions without this, often not very large, logarithm.

B. Higgs singlet extension

A Higgs singlet extension or (renormalizable) Higgs portal is defined by the extended scalar potential

V (φ, S) = µ2
1 (φ† φ) + λ1 |φ†φ|2 + µ2

2 S
2 + λ2 S

4 + λ3 |φ† φ|S2 . (11)

It contributes to the oblique parameters in both ways described in Sec. II A because of the linear coupling of the
heavy scalar to the light Higgs doublet, L ⊃ λ3vsS φ

†φ, with 〈S〉 = vs/
√

2 [23]. The interplay between the tree-level
insertion of loop-induced operators and the loop-insertion of tree-level-induced operators is the reason why this model
is interesting to study. The Higgs portal coupling λ3 induces a finite mixing angle angle [11]

tan2(2α)

4
=

1

4

(
λ3vvs

λ2v2
s − λ1v2

)2
v�vs≈ λ2

3

4λ2
2

v2

v2
s

≈ λ2
3

2λ2

v2

m2
H

≈ s2
α with m2

H ≈ 2λ2 v
2
s , (12)

from the interaction eigenstates to the two mass eigenstates h and H. All approximations indicated by ‘≈’ are leading
in terms of v2/Λ2. Explicit contributions from the new scalar are proportional to s2

α ≡ sin2 α, while the modified
contribution from the Standard Model Higgs come with c2α − 1 = −s2

α. This means that the oblique parameters have
the particularly simple leading behavior [10, 15]

S ≈ s2
α

12π

(
− log

m2
h

m2
Z

+ log
m2
H

m2
Z

)
≈ λ2

3

24πλ2

v2

m2
H

log
m2
H

m2
h

T =
−3s2

α

16π s2
wm

2
W

(
m2
Z log

m2
H

m2
h

−m2
W log

m2
H

m2
h

)
≈ −3λ2

3v
2

32π s2
w λ2m2

W

(
m2
Z

m2
H

− m2
W

m2
H

)
log

m2
H

m2
h

. (13)

While decoupling is guaranteed by the suppressed mixing angle sα ∝ 1/mH , we notice the additional logarithms
log(mH/mh), which delay the decoupling of the heavy scalar. In the absence of a large hierarchy of scales we will see
that the matching of the full theory to the truncated Lagrangian is not uniquely defined. For each of the benchmark
models in Tab. I we evaluate the S and T parameters from the full model and from the effective Lagrangian, considering
different setups:
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• LL-L: leading-log, loop-induced Wilson coefficients, where we limit ourselves to the tree-level insertion of loop-
induced operatorsOT andOB,W in the leading-log approximation [24]. Because for testable models the logarithm
log(Λ/mW ) cannot be too large, we expect this approximation to not work too well. If we choose the matching

scale as Λ =
√

2λ2v2
s we find the Wilson coefficients

cT (µ)

Λ2
= − 3αews

2
wλ

2
3

32πc2wλ2Λ2
log

Λ2

µ2

cB,W (µ)

Λ2
=

λ2
3

192π2λ2Λ2
log

Λ2

µ2
. (14)

As discussed before, the logarithmic structure of cT,B,W follows from the specific way of breaking custodial
symmetry.

• LL-TL: leading-log, loop-induced Wilson coefficients plus weak-scale loops, where we add the tree-level induced
operator OH to the weak-scale loops. These correspond to the SM-like Higgs mediated contributions to the
gauge boson polarization, with rescaled Higgs–gauge boson couplings. In addition to the Wilson coefficients
given in Eq.(14) we find

cH
Λ2

=
λ2

3

2λ2Λ2
. (15)

• LL-TLv: v-improved leading-log, loop-induced Wilson coefficients plus weak-scale loops, where we adjust the
matching procedure to include v-induced terms [11]. The matching scale is shifted to the mass of the new state,
Λ = mH . In addition, we express the full model predictions in terms of the mixing angle cα, so the corresponding
Wilson coefficients become

cH
Λ2

=
2(1− cα)

v2

cT (µ)

Λ2
= −3αews

2
w (1− cα)

8πc2w v
2

log
m2
H

µ2

cB,W (µ)

Λ2
=

1− cα
48π2 v2

log
m2
H

µ2
. (16)

The explicit scale suppression is now replaced by the dependence on the mixing angle with 1−cα ≈ λ2
3v

2/(4λ2
2v

2
s),

neglecting higher powers of v/vs. This modification with respect to the default matching is equivalent to
resumming part of the higher-dimensional Higgs vev insertions.

• BP-TL: broken-phase matching, loop-induced Wilson coefficients plus weak-scale loops, where unlike in the LL-
TL scheme we now perform the matching with the full operators in the broken phase. The matching based on
Greens functions does not change the Wilson coefficient cH entering at tree level, but the loop-induced operators
which until now are only included with their leading logs. Choosing the default matching scale Λ =

√
2λ2v2

s we
find

cT (µ)

Λ2
= − αews

2
wλ

2
3

32πc2wλ2Λ2

(
−5

2
+ 3 log

Λ2

µ2

)
cB,W (µ)

Λ2
=

λ2
3

576π2λ2Λ2

(
−5

2
+ 3 log

Λ2

µ2

)
. (17)

Compared to the LL-L result in Eq. (14), we obtain a finite term −5/2 at order O(v2/Λ2) as the genuine
contribution from the explicit broken-phase matching.

• BP-TLv: v-improved broken-phase matching, loop-induced Wilson coefficients plus weak-scale loops, where
we apply the v-improved matching prescription to the BP-TL setup. Both the explicit matching and the
v-improvement can now be regarded as strategies to incorporate vev-dependent corrections to the default
ideal(ized) effective theory. Combining all improvements we find for the Wilson coefficients

cT (µ)

Λ2
= −αews

2
w(1− cα)

8πc2wv
2

(
−5

2
+ 3 log

m2
H

µ2

)
cB,W (µ)

Λ2
=

1− cα
144π2v2

(
−5

2
+ 3 log

m2
H

µ2

)
. (18)

This result systematically includes the numerically relevant corrections of order v/Λ to the usual matching
scheme.

In Tab.I we introduce a set of benchmark points for the Higgs portal scenario, defining two trajectories in mH for
given tanβ = 10 and sα = 0.1 or sα = 0.3. The self-couplings are related to the mixing angles through

s2
α =

m2
h − 2λ1 v

2

m2
h −m2

H

; tan2 β =
v2
s

v2
=
m2
h +m2

H − 2λ1v
2

2λ2 v2
. (19)
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mH sα tanβ Λ =
√

2λv2s λ1 λ2 λ3 cHv
2/Λ2

LL-TL BP-TLv
S1 300 0.1 10 298.8 0.13 7.1×10−3 1.2×10−2 6.9×10−3 1.0×10−2

S2 700 0.1 10 696.6 0.16 3.9×10−2 7.5×10−2 9.5×10−3 1.0×10−2

S3 300 0.3 10 288.6 0.18 6.6×10−3 3.4×10−2 6.5×10−2 9.2×10−2

S4 500 0.3 10 668.8 0.46 3.6×10−2 2.2×10−1 9.2×10−2 9.2×10−2

Table I. Benchmark points for the Higgs portal. The Wilson coefficient cH is given in the default and the v-improved schemes.
All mass scales are given in GeV.

In the well-known decoupling limit [25] the two angles are related as s2
α ∼ 1/(1 + tan2 β) and for example give sα → 0

together with β → π/2.
In Table II we evaluate the S and T parameters for the full model and confront the results with the different

matching schemes. Default, leading-log matching in the unbroken phase (LL-L) essentially does not reproduce the
full model, and even v-improvement (LL-TLv) still leads to a poor agreement with the full prediction. The most
accurate BP-TLv setup agrees with the full model typically within a few per-cent. However, we also find sizable
discrepancies of up to O(30)% for the points S1 and S3, where the relatively low heavy singlet mass ruins the scale
hierarchy.

In Fig. 2 we show the decoupling of the oblique parameters for the Higgs portal model and its different dimension-6
approximations. From Eq.(13) we know that both parameters will approach zero in the decoupling limit with a
quadratic power suppression, softened by a logarithm log(mH/mh). The leading power suppression arises through the
mixing angle α. To reflect this dependence we keep λ1,2 constant and vary the heavy Higgs mass mH . Our starting
configuration is the benchmark point S4 with sα = 0.3, tanβ = 10, and mH = 300 GeV. We then decouple the heavy
scalar by increasing the physical mass eigenvalue mH . The lower sub-panels in Fig. 2 correlate the variation of the
two mixing angles, which obey s2

α = 1/(a+ b tan2 β), with a, b being functions of mh and λ1,2. In this situation, the
very heavy extra scalar is almost entirely singlet-like, and acquires its large mass through the intrinsic singlet scale
|µ2
s| ∼ λ2 v

2
s .

For the S parameter we first observe that not all of the effective Lagrangian approximations give the correct
decoupling pattern. Skipping the naive LL-L for now, we see that the leading-log approximation together with the
weak-scale loops LL-TL as well as its v-improved counter part LL-TLv significantly disagree with the full model
towards large values of mH . The situation only improves once we employ a broken-phase matching in our BP-TL
scheme, further enhanced significantly in its v-improved version BP-TLv. This tells us that contributions beyond the
plain dimension-6 truncation lead to more accurate results only if the complete O(v) dependence is included. The
fact that the simple LL-L approach agrees very well with the full model has to be considered accidental, and we will
look at it again below.

Next, we notice that the effective Lagrangians describe the T parameter significantly worse, in particular for small
values of the heavy Higgs mass mH . The reason is its enhanced sensitivity to the relative splittings between mW , mZ ,
and mh, whereas S really only depends on mZ . Among the different approximations we still see that only BP-TLv
really describes the decoupling accurately, in complete analogy to the S parameter. Unlike for the S parameter, the
naive leading-log approximation LL-L exhibits a poor performance, as expected.

The distinguishing feature of the oblique parameters in this model is their delayed decoupling because of the
additional logarithm. To study this logarithmic behavior we show the three different definitions of the dimension-6
predictions compared to the full model for fixed sα in Fig. 3. In the upper panels we show the S parameter for the

full model LL-L LL-TL LL-TLv BP-TL BP-TLv

S

S1 6.22× 10−4 4.79× 10−4 6.26× 10−4 9.15× 10−4 4.74× 10−4 6.94× 10−4

S2 1.13× 10−3 1.08× 10−3 1.29× 10−3 1.37× 10−3 1.08× 10−3 1.14× 10−3

S3 5.60× 10−3 4.43× 10−3 5.83× 10−3 8.41× 10−3 4.38× 10−3 6.38× 10−3

S4 1.01× 10−2 1.04× 10−2 1.23× 10−2 1.26× 10−2 1.03× 10−2 1.05× 10−2

T

S1 −8.30× 10−4 −1.39× 10−3 −8.07× 10−4 −1.18× 10−3 −3.67× 10−4 −5.41× 10−4

S2 −1.93× 10−3 −3.14× 10−3 −2.34× 10−3 −2.49× 10−3 −1.74× 10−3 −1.85× 10−3

S3 −7.47× 10−3 −1.28× 10−2 −7.32× 10−3 −1.09× 10−2 −3.14× 10−3 −4.97× 10−3

S4 −1.74× 10−2 −3.00× 10−2 −2.22× 10−2 −2.29× 10−2 −1.63× 10−2 −1.70× 10−2

Table II. Predictions for S and T in the singlet extension for the full model and the different effective Lagrangian setups. The
benchmark points are defined in Tab. I.
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Figure 2. Dependence of S (left) and T (right) on the heavy scalar mass mH ≈ Λ towards decoupling. We fix the self-couplings
λ1,2 and compute the mixing angles α and β following Eq.(19) from the varying heavy Higgs mass. The small panels give sα
as a function with tanβ = vs/v. The red bar indicates the S4 benchmark point from Tab. I.

two different mixing angles. Following Eq.(12) a larger mixing angle corresponds to a weaker scale hierarchy v/vs.
The benchmark points of Tab. I correspond to the minimum and maximum mH values.

Again skipping the LL-L setup for the S parameter for now, we start with the standard leading-log LL-TL scenario.
While for small mH this matching scheme seems to agree very well with the full model, at larger mH we see that this
agreement is accidental: increasing the hierarchy of scales and reducing the size of the perturbative parameter (in and
beyond the logarithm) makes things significantly worse. This is a clear indication that the leading-log approximation
of the Wilson coefficients fails. v-Improving the matching procedure for these leading-log terms in the LL-TLv scheme
actually worsens the agreement between the full model and the dimension-6 approximation. For both mixing angles
it overshoots the full model description by around 50% for low mH and 20% for high mH . As mentioned above,
this suggests that in spite of a coincidentally good agreement of the LL-L scheme with the full model the leading-log
approximation to the S parameter fails systematically. The behavior of the LL-L curve for sα = 0.3 confirms this
picture, because it crosses the full model curve rather than approximating it towards larger mH .

Extending the full LL-TL scheme to include some v-dependent terms through broken phase matching has a sizeable
effect on the effective Lagrangian prediction, as was noted also in Ref. [26]. However, it again does not lead to a
significant improvement of the mH dependence, either. Only the full set of operators computed without the leading-log
approximation and including v-induced effects through v-induced matching in the broken phase leads to an agreement
of the full model with the effective Lagrangian at 10 ... 15% for low mH and at 2 ... 4% for large mH . A crucial
consistency check is the appropriate log-modulated decoupling behavior towards large mH values, which we only
observe for the BP-TLv approach.

Moving on to the T parameter we observe a similar behavior. First, unlike in Fig. 2 we do not observe any curves
turning over. Instead, we see that this feature is driven by a very poor description of the logarithmic structure in
many of the effective Lagrangian approaches. As expected, the LL-L approach now fails badly, adding the weak loops
does not improve the too steep dependence on mH , and v-improvement alone does not help either. Instead, only the
properly matched and v-improved BP-TLv scheme leads to an acceptable description of the delayed decoupling of the
heavy scalar.

As for the two different ways to improve the matching, we see that v-improvement by itself does not improve the
agreement between the dimension-6 approximation and the full model. This illustrates the presence of different orders
in the perturbative and the effective Lagrangian expansions: v-improvement resums a subset of d > 6 contributions in
(v/Λ)d−2. When computing quantum corrections, this approach is only meaningful if we first ensure that no equally
relevant higher-order terms in the perturbative expansion are neglected. Applying v-improvement combined with full
broken-phase matching indeed reconciles the dimension-6 results with the full model.



10

300 400 500 600 700

m
H
 [GeV]

6.0×10
-4

8.0×10
-4

1.0×10
-3

1.2×10
-3

1.4×10
-3

Full
LL-LL
LL-TL
LL-TLv
BP-TL
BP-TLv

S parameter

sinα = 0.1

tanβ = 10

S1I

300 400 500 600 700

m
H
 [GeV]

6.0×10
-3

8.0×10
-3

1.0×10
-2

1.2×10
-2

Full
LL-LL
LL-TL
LL-TLv
BP-TL
BP-TLv

S parameter

sinα = 0.3

tanβ = 10

S3I

300 400 500 600 700

m
H
 [GeV]

-3.0×10
-3

-2.0×10
-3

-1.0×10
-3

Full
LL-LL
LL-TL
LL-TLv
BP-TL
BP-TLv

T parameter

sinα = 0.1

tanβ = 10

S1I

300 400 500 600 700

m
H
 [GeV]

-2.0×10
-2

-1.0×10
-2

0.0

Full
LL-LL
LL-TL
LL-TLv
BP-TL
BP-TLv

T parameter

sinα = 0.3

tanβ = 10

S3I

Figure 3. Dependence of the S (upper panels) and T (lower panels) parameters on the heavy scalar mass mH ≈ Λ for two
choices of mixing angles. Because the mixing angle is kept constant in each panel we only see the logarithmic modulation of
the decoupling, shown for example in Eq.(13). The red bar indicates the benchmark points S1 (S4) from Tab. I.

C. Scalar top partners

New colored scalar particles are, strictly speaking, not an extension of the SM Higgs sector, but they can lead to
interesting modifications of the LHC observables. We consider a scalar top-partner sector mimicking the stop and
sbottom sector of the MSSM. Its Lagrangian has the form†

L ⊃ (Dµ Q̃)† (DµQ̃) + (Dµ t̃R)∗ (Dµ t̃R)− Q̃†M2
Q̃L

Q̃ −M2
T̃R
t̃∗R t̃R

− κLL (φ · Q̃)† (φ · Q̃)− κRR (t̃∗Rt̃R) (φ† φ)−
[
κLR t̃

∗
R (φ · Q̃) + h.c.

]
. (20)

Here, Q̃ and t̃R are the additional isospin doublet and singlet in the fundamental representation of SU(3)C . The

singlet state b̃R is assumed to be heavier and integrated out. This leaves us with three physical degrees of freedom,
the scalars t̃1, t̃2 and b̃ = b̃L. The reminiscent underlying R-parity precludes any linear coupling involving the heavy
fields. Thus there are no contributions to the oblique parameters proportional to a tree-induced Wilson coefficient

† Unlike for example in Ref.[11] we now define κLR with a mass dimension, because its potential suppression scale is not uniquely defined
once we include different loop-level matching schemes.
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inside weak-scale loops. The non-Higgs scalar mass matrix has the formM
2
Q̃L

+ κLL
v2

2
κLR

v√
2

κLR
v√
2

M2
T̃R

+ κRR
v2

2

 . (21)

After diagonalization we can write the physical top partner masses such that they reflect the scale hierarchies of the
effective Lagrangian,

m2
t̃1

= M2
Q̃L
c2t̃ +M2

T̃R
s2
t̃ +

v2

2

(
κLLc

2
t̃ + κRRs

2
t̃ +

√
2κLR
v

s2t̃

)
≈M2 +

v2

2

(
κLLc

2
t̃ + κRRs

2
t̃ +

√
2κLR
v

s2t̃

)

m2
t̃2

= M2
Q̃L
s2
t̃ +M2

T̃R
c2t̃ +

v2

2

(
κLLs

2
t̃ + κRRc

2
t̃ −
√

2κLR
v

s2t̃

)
≈M2 +

v2

2

(
κLLs

2
t̃ + κRRc

2
t̃ −
√

2κLR
v

s2t̃

)
m2
b̃

= M2
Q̃L
≈M2 , (22)

where st̃ = sin θt̃ and ct̃ = cos θt̃, etc. The stop mixing angle itself also depends on M and the κj , but we keep it
in Eq.(22) in the interest of a compact formula. Also shown are the simplified results when assuming a single heavy
mass scale M ≡ MQ̃L

= MT̃R
. Independently of this approximation, the physical mass eigenstates exhibit a mass

splitting of O(v2/M2) after electroweak symmetry breaking. A detailed description of the model can be found in the
Appendix of Ref. [11].

Assuming, in addition, small mixing st̃ � 1 we can approximate the mass spectrum as

m2
t̃1
≈M2 +

κLLv
2

2
m2
t̃2
≈M2 +

κRRv
2

2
m2
b̃

= M2 . (23)

In that limit the oblique parameters have a particularly simple analytical form,

αemT ≈
κ2
LLv

2

64πs2
wm

2
W

v2

M2
≈

(
m2
t̃1
−m2

b̃

)2

16πs2
wm

2
Wm

2
b̃

and S ≈ −
m2
t̃1
−m2

t̃2

12πm2
b̃

. (24)

Just as for the portal model, in the following we numerically test different approaches to the dimension-6 operator
matching for a set of benchmark points given in Tab. III. Unlike for the Higgs portal model, there is no logarithmic
term log Λ/µ in the scalar top partner model at one-loop level. The relevant matching schemes are:

• SP1: default matching, in which the full model is matched to the dimension-6 effective Lagrangian in the
unbroken phase, and assuming degenerate heavy masses M ≡ MQ̃L

= MT̃R
[15]. As an example, we show the

Wilson coefficient contributing to the T parameter,

cT
Λ2

=
1

4(4π)2M2

[
κ2
LL −

κ2
LR κLL
2M2

+
κ4
LR

10M4

]
. (25)

The approximate form for T shown in Eq.(24) arises already from the first term or in the limit κLR → 0.

• SP2: non-degenerate masses, where the heavy fields are integrated out following Ref. [13, 18], allowing for two
different mass scales MQ̃L

6= MT̃R
. For cT we find

cT
Λ2

=
κ2
LL

4(4π)2M2
Q̃L

− κ2
LRκLL
2(4π)2

[
−5M2

Q̃L
M2
T̃R

+M4
Q̃L
− 2M4

T̃R

2M2
Q̃L

(M2
Q̃L
−M2

T̃R
)3

+
3M4

T̃R

(M2
Q̃L
−M2

T̃R
)4

log
M2
Q̃L

M2
T̃R

]

+
κ4
LR

2(4π)2

[
10M2

Q̃L
M2
T̃R

+M4
Q̃L

+M4
T̃R

2M2
Q̃L

(M2
Q̃L
−M2

T̃R
)4

+
3M2

T̃R
(M2

Q̃L
+M2

T̃R
)

(M2
T̃R
−M2

Q̃L
)5

log
M2
Q̃L

M2
T̃R

]
. (26)

This form reduces to Eq.(25) in the limit of one mass scale only.
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• SPv: v-improved matching, where the two heavy scales MQ̃L
and MT̃R

are traded for mt̃1
≈ mb̃ and mt̃2

,
respectively. We then find

cT
Λ2

=
κ2
LL

4(4π)2m2
t̃1

− κ2
LRκLL
2(4π)2

[
−5m2

t̃1
m2
t̃2

+m4
t̃1
− 2m4

t̃2

2m2
t̃1

(m2
t̃1
−m2

t̃2
)3

+
3m4

t̃2

(m2
t̃1
−m2

t̃2
)4

log
m2
t̃1

m2
t̃2

]

+
κ4
LR

2(4π)2

[
10m2

t̃1
m2
t̃2

+m4
t̃1

+m4
t̃2

2m2
t̃1

(m2
t̃1
−m2

t̃2
)4

+
3m2

t̃2
(m2

t̃1
+m2

t̃2
)

(m2
t̃2
−m2

t̃1
)5

log
m2
t̃1

m2
t̃2

]
. (27)

which has same functional for as in Eq.(26). In this expression the two left-handed masses mt̃1
and mb̃ can be

used interchangeably.

• BP1: broken-phase matching, in which case the Wilson coefficients are derived through explicit matching in the
broken phase, assuming a single degenerate heavy scale M . We here obtain

cT
Λ2

=
1

640(4π)2M2

{
5(19κ2

LL + 10κLLκRR + 3κ2
RR)− 15(3κLL + κRR)

κ2
LR

M2
+ 8

κ4
LR

M4

+

[
20(κLL − κRR)(3κLL + κRR) + 5(κLL + κRR)

κ2
LR

M2
− 9

κ4
LR

M4

]
c4t̃

+5

[
(κLL − κRR)2 + (5κLL − κRR)

κ2
LR

M2

]
c8t̃ +

κ4
LR

M4
c12t̃

}
. (28)

As in the expression for the masses in Eq.(22) the appearance of the mixing angles leads to an additional implicit
dependence of on mass matrix parameterM and κj , which we keep in the interest of a compact formula. However,
this additional dependence obscures the link to the simple form of cT in Eq.(25). The new terms appearing
through broken-phase matching, as compared to Eq.(25) are proportional to st̃ and hence suppressed for weakly-
coupled scenarios. This is different from the Higgs portal case, where broken-phase matching captures finite
terms without an extra suppression at small mixing, Eq. (17). This difference can again be explained by the fact
that scalar partner effects occur though loops, whereas for the Higgs portal both tree-level and loop-induced
operators co-exist.

• BPv: v-improved broken-phase matching, where two separate heavy scales mt̃1
and mt̃2

are included. For cT ,

we compute the 1PI two-point Greens function combination ΠWW (0)− c2w ΠZZ(0) in the full model, expand in
powers of v/MQ̃L

and v/MT̃R
separately, and match to the dimension-6 effective Lagrangian result. Then we

replace MQ̃L
and MT̃R

by mt̃1
and mt̃2

and introduce κ̃LL = c2
t̃
κLL + s2

t̃
κRR and κ̃RR = s2

t̃
κLL + c2

t̃
κRR. The

result is lengthy, but we can illustrate its main features by retaining the leading dependence on the splitting
(m2

t̃2
−m2

t̃1
)/m2

t̃2
,

cT
Λ2
⊃

(m2
t̃2
−m2

t̃1
)

2560 (4π)2m4
t̃2
v4

{
56κ4

LR − κ2
LRm

2
t̃2

[240κ̃LL + 48κ̃RR] +m4
t̃2

[
295κ̃2

LL + 90κ̃LLκ̃RR + 15κ̃2
RR

]
− 4

[
12κ4

LR − κ2
LR(5κ̃LL + 11κ̃RR)m2

t̃2
+ 5(−15κ̃2

LL + 2κ̃LLκ̃RR + κ̃2
RR)m4

t̃2

]
c4t̃

+
[
−24κ4

LR + 16κ2
LR(13κ̃LL + κ̃RR)m2

t̃2
+ 5(9κ̃2

LL − 10κ̃LLκ̃RR + κ̃2
RR)m4

t̃2
)c8t̃

]
+ κ2

LR

[
16κ2

LR + 12(κ̃LL − κ̃RR)m2
t̃2

]
c12t̃

}
, (29)

• BPv’: The definition of BPv above is based on the assumption that st̃ is small. If that is not the case, one
arrives at a more accurate result by performing the expansion of the full model directly in terms of v/mt̃1

and
v/mt̃2

, while keeping the power counting st̃ ∼ O(v/M) and mb̃ −mt̃1
∼ O(v). One then finds

cT
Λ2

=
1

16π2v4

[
3s4
t̃

(
m2
t̃1

+m2
t̃2

+
2m2

t̃1
m2
t̃2

m2
t̃2
−m2

t̃1

log
m2
t̃1

m2
t̃2

)

+
3s2
t̃
(m2

b̃
−m2

t̃1
)

m2
t̃2
−m2

t̃1

(
3m2

t̃2
−m2

t̃1
−

2m2
t̃2

m2
t̃2
−m2

t̃1

log
m2
t̃1

m2
t̃2

)
+

(m2
b̃
−m2

t̃1
)2

m2
t̃1

]
(30)

Note that Eq.(30) is consistently of order O(v2/M2) as required by the EFT approach.
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MQ̃L
MT̃R

κLL κRR κLR mt̃1
mt̃2

mb̃ θt̃ cT v
2/Λ2

SP1 SPv BPv BPv’
P1 500 500 -0.34 0.00 0.58 490 500 500 -0.01 4.23×10−5 4.41×10−5 4.40×10−5 4.40× 10−5

P2 500 500 0.066 2.89 74.5 500 580 500 -0.15 1.35×10−6 5.69×10−6 2.76×10−6 1.38× 10−6

P3 490 500 0.1 0.1 0.1 493 503 490 -0.0017 3.71×10−6 3.82×10−6 3.82×10−6 3.82× 10−6

P4 450 500 0.1 0.1 0.1 453 503 450 -0.00036 3.71×10−6 4.52×10−6 4.52×10−6 4.52× 10−6

Table III. Benchmark points for the scalar partner model, where all masses are given in GeV.

For our numerical analysis, we again define some benchmark points in Tab. III. For P1 we assume a single heavy
mass scale M and small mixing angle θt̃, leading to mild mass splittings between the physical heavy-quark partners;
for P2 we also use a single heavy mass scale M but a larger mixing angle from a stronger coupling to the Higgs sector;
P3 and P4 both have non-degenerate top partners driven by non-degenerate heavy mass scales in the unbroken phase,
MQ̃L

6= MT̃R
. For these two scenarios the mixing angle is tiny.

In Tab. IV we show the S and T parameters for the different matching schemes and each of the benchmark points.
In general, the effective Lagrangian succeeds in reproducing the full results when the new physics is weakly coupled
and relatively heavy, e.g. for P1. Small mass splittings m2

t̃1
− m2

t̃2
� M2

T̃R
are compatible with the assumption

of a single heavy scale in the default matching setup. In this weakly-coupled, small mixing regime the v-improved
corrections have a tiny numerical impact. A challenge for the effective Lagrangian is a larger mass splitting. This
occurs in the unbroken phase when MQ̃L

6= MT̃R
. In this case, illustrated by P3 and P4, v-improvement corrects for

these O(m2
t̃1
−m2

t̃2
) key effects in the oblique parameters (24). On the other hand, the use of v-improvement becomes

less straightforward for the case of large mixing, as illustrated by P2. The SPv and BPv schemes, which are based on
the assumption that the 1̃ and 2̃ are closely aligned with the Q̃ and t̃R states, differ drastically from the full model.
On the other hand, the BPv′ scheme, based on a direct expansion in 1/mt̃1,2

reproduces all benchmark scenarios very
well. Thus it is important to note that the principle of v-improved matching is not uniquely defined, but its optimal
implementation needs to be worked out separately for each specific model.

In Fig. 4 we see that all matching schemes essentially follow the expected decoupling behavior at the few per-cent
level. Differences appear from the way the different schemes account for the non-degenerate top partner masses.
Enhancing the mass splitting leads to significantly larger deviations from the full model for effective Lagrangian
setups where only one single mass scale is assumed.

Furthermore, we observe a remarkable contribution from the vev-dependent contributions of dimension greater
than six, included via v-improvement; for our parameter choices they flip the sign of the deviations from the full
model. Such a systematic positive (negative) offset can be understood by the comparably weaker suppression of the
v-improved Wilson coefficients, which scale as inverse powers of the physical masses ci ∼ 1/m2

t̃i
, one of them being

lighter than the intrinsic heavy mass scales. A similar trend is observed for the scalar singlet effective Lagrangian in
Fig. 2, although the behavior there is affected by logarithmic modulations and sensitive to the additional v-improved
replacement λ2

3/(2λ2)→ 2(1− cosα).
The additional improvement from broken phase matching is barely visible for each of the scenarios. This is due to

the fact that in the scalar top model there are no contributions with both heavy particles and SM particles in the
loop, in contrast to the Higgs singlet model. For the mixed heavy-light loops, the broken-phase matching leads to
important differences due to the non-negligible mass of the SM gauge and Higgs bosons.

As complementary information we show the MT̃R
-dependence of the Wilson coefficients cT in Fig. 5. We now

compare the different matching schemes to the BPv choice, which includes broken-phase matching, v-improvement,

full model SP1 SP2 SPv BP1 BPv BPv′

S

P1 0.11× 10−2 0.11× 10−2 0.11× 10−2 0.11× 10−2 0.11× 10−2 0.11× 10−2 0.11× 10−2

P2 −0.15× 10−3 −0.13× 10−3 −0.13× 10−3 −0.34× 10−3 −0.58× 10−3 −0.60× 10−3 −0.15× 10−3

P3 −0.32× 10−3 −0.31× 10−3 −0.31× 10−3 −0.32× 10−3 −0.31× 10−3 −0.32× 10−3 −0.32× 10−3

P4 −0.38× 10−3 −0.31× 10−3 −0.38× 10−3 −0.38× 10−3 −0.31× 10−3 −0.38× 10−3 −0.38× 10−3

T

P1 0.55× 10−2 0.54× 10−2 0.54× 10−2 0.56× 10−2 0.54× 10−2 0.56× 10−2 0.56× 10−2

P2 0.18× 10−3 0.17× 10−3 0.17× 10−3 0.78× 10−3 0.17× 10−3 0.35× 10−2 0.18× 10−3

P3 0.49× 10−3 0.48× 10−3 0.48× 10−3 0.49× 10−3 0.48× 10−3 0.49× 10−3 0.49× 10−3

P4 0.58× 10−3 0.48× 10−3 0.48× 10−3 0.58× 10−3 0.48× 10−3 0.58× 10−3 0.58× 10−3

Table IV. Predictions for S and T in the scalar partner extension for the full model and the different effective Lagrangian
setups. The benchmark points are defined in Tab. III.
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Figure 4. Deviation of S and T from the full model prediction as a function of MT̃R
. We consider two mass splittings

∆M ≡ MT̃R
−MQ̃L

= 10 GeV (left) and 50 GeV (right). The red marks indicate the benchmark points P3 and P4 from
Tab. III.

and non-degenerate heavy mass scales. The lower panels illustrate the consistent evolution of the top partner mixing
angle towards the decoupling limit. Again, for matching prescriptions assuming a single heavy scale we observe
deviations rapidly increasing with the scale separation ∆M .

As alluded to above, large mass splittings are the most serious obstacle in constructing an accurate effective
description of the heavy scalar partner sector, in particular when they emerge in the broken phase via large couplings
κi. For Fig. 6 we introduce a mass splitting in the broken phase with mt̃1

+ ∆M = mt̃2
= mb̃ = M , where M sets a

common mass scale of the heavy gauge eigenstates MQ̃L
= MT̃R

= M , and ∆M is generated primarily through the

v-induced κLL term in Eq.(22). We consider three different values for M and a mixing angle θt̃ = −0.01. For each
value of ∆M we show the relative deviation of the effective Lagrangian prediction from the full model in the left and
center panels. The right panel shows the corresponding variation of the couplings κj . In general, decoupling leads to
decreasing discrepancies between the full model and the effective theory. With increased Higgs couplings, the mass
splittings and thus the deviations increase. Interestingly, the observed departures show some systematic behavior,
with default matching underestimating and v-improved matching overestimating the full model results. This can be
understood as follows: in the limit of small mixing st̃ and small mass differences ∆M , the results for the T parameter
in full model, the default matching (SP1), and the v-improved broken-phase matching (BPv) can be approximated as

αemTfull =
(m2

t̃2
−m2

t̃1
)2

8πs2
wm

2
W (m2

t̃1
+m2

t̃2
)

+O
(
st̃, (∆M)4

)
αemTSP1 =

(m2
t̃2
−m2

t̃1
)2

16πs2
wm

2
W m2

t̃2

+O
(
st̃, (∆M)4

)
αemTBPv =

(m2
t̃2
−m2

t̃1
)2

16πs2
wm

2
W m2

t̃1

+O
(
st̃, (∆M)4

)
. (31)

Due to the mass splitting mt̃2
− mt̃1

> 0, one thus obtains TSP1 < Tfull < TBPv in the scenario in Fig. 6. Similar
relations hold for the S parameter.
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Figure 5. Wilson coefficient cT as a function of the heavy partner mass MT̃R
. The different curves show the relative deviation

between the different setups relative to BPv. We consider two mass splittings ∆M ≡MT̃R
−MQ̃L

= 10 GeV (left) and 50 GeV

(right). The red marks indicate the benchmark points P3 and P4 from Tab. III. The decoupling behavior of the stop mixing
angle is shown in the lower sub-panels.

Thus both SP1 and BPv deviate from the full model due to v-induced effects, which in this case are not captured
by the v-improvement, but are intrinsic to the EFT expansion itself.

III. HIGGS DECAY TO PHOTONS

While LHC observables in general are dominated by tree-level effects from new physics, there are a few select
operators where loop-level modifications can make a difference. These include the Wilson coefficients cγ and cg, since
also in the Standard Model they are generated only at the loop level. This is why in many parametrizations these
Wilson coefficients are scaled differently [3]. As part of our analysis of loop effects, we include contributions to the
decay h→ γγ of the SM-like Higgs from electrically charged heavy states in the loop. For example, a charged scalar
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Figure 6. Relative difference (Sfull − SEFT)/Sfull (left) and (Tfull − TEFT)/Tfull (center) as a function of the mass splitting
between the scalar partners. The mixing angle is fixed to θt̃ = −0.01. The right panel shows the couplings to the Higgs sector,
with κLR given in units of GeV. The red bar locates the benchmark point P1 from Tab. III.
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can be added to the Standard Model contributions, which stem from heavy fermions and the W -boson,

L ⊃ −ghγγ
4v

Fµν Fµν H with ghγγ = gSM
hγγ −

αem

π
CSQ

2
S

ghSSv

2m2
S

AS(τS)

= −αem

π

 ∑
f=t,b,τ

CfQ
2
f Af (τf ) +AW (τW ) + CSQ

2
S

ghSSv

2m2
S

AS(τS)

 . (32)

Here, Fµν is the abelian photon field strength, and Cf and CS include potential color factors, distinguishing for
example charged Higgs bosons from scalar top partners. The Af,W,S(τ) are loop functions [27], which for on-shell
Higgs decays can be expanded in the ratio 1/τj = m2

h/(4m
2
j ),

Af (τ) =
2

3
+

7

45 τ
+

4

63τ2
+

52

1575τ3
+O

(
1

τ4

)
,

AW (τ) = −7

2
− 11

15 τ
− 38

105τ2
− 116

525τ3
+O

(
1

τ4

)
,

AS(τ) =
1

6
+

4

45 τ
+

2

35τ2
+

64

1575τ3
+O

(
1

τ4

)
. (33)

As is well known, the size of the loop–induced contributions increases with the spin of particle in the loop, and vectors
contribute with opposite sign from fermions and scalars (assuming a positive coupling to the Higgs boson). Finally,
the τ dependence relative to the low–energy limit τ →∞ is different as well,

Af (τ)

Af (∞)
≈ 1 + 0.06

m2
h

m2
f

,
AW (τ)

AW (∞)
≈ 1 + 0.05

m2
h

m2
W

,
AS(τ)

AS(∞)
≈ 1 + 0.13

m2
h

m2
S

, (34)

with the largest mass-dependent corrections for a scalar loop. Following this lead we will study two models with
additional scalars in this section.

A. Effective Lagrangian

In terms of the effective dimension-6 Lagrangian defined in Eq.(3) the effective Higgs–photon interaction is described
by the single operator Oγ . It is generated within the Standard Model and by possible new physics particles at one
loop. The corresponding Wilson coefficient is normalized such that the effective hγγ interaction becomes

L ⊃ − 1

4v

(
gSM
hγγ − cγ

16π αemv
2

Λ2

)
Fµν Fµν H (35)

This coupling generates a modified h→ γγ decay width of

Γ(h→ γγ) =
m3
HGF

32π
√

2

∣∣∣∣gSM
hγγ − cγ

16π αem v2

Λ2

∣∣∣∣2 . (36)

As long as we are mostly interested in on-shell Higgs decays to photons, there is little to learn from the kinematics
of the two photons. We therefore describe new physics effects as well as differences between the full model and the
dimension-6 approximation in terms of

εγγ =
Γγγ
ΓSM
γγ

− 1 =

∣∣∣∣gSM
hγγ − cγ

16π αem v2

Λ2

∣∣∣∣2∣∣∣gSM
hγγ

∣∣∣2 − 1 . (37)

Notice that for decay processes that are loop-induced in the full model, such as h → γγ or h → γZ, there are no
additional contributions to εγγ . Effects from mass pole residue modifications or shifts in the SM input parameters,
dubbed residue εR and parametric εP corrections in Ref.[15], contribute to higher orders in the effective Lagrangian.
Similarly, the leading new physics contributions do not modify the decay kinematics, hence there is no effect from
the phase space integration. All these aspects, combined with our conservative choice of benchmark points mean
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that, unlike for production-side contribution from effective Lagrangians [12] we can linearize the new physics effects
in Eq.(37) without ruining the effective Lagrangian approach altogether.

Since in the following we focus on additional scalars we can combine Eq.(32) and Eq.(35) to arrive at the general
structure of the matching condition

cγ
Λ2

=
CS Q

2
S

32π2

ghSS
v

AS(τS)

m2
S

≈ CS Q
2
S

192π2

ghSS
v

1

m2
S

, (38)

where, as usual, we will study the definition of the matching scale Λ and the treatment of terms suppressed by v/Λ
for different new physics models.

B. Higgs doublet extension

The Higgs portal model discussed in Sec. II B is not well suited to study new physics effects in Higgs decays to
photons. The reason is that the additional state is not charged and therefore does not contribute to the loop-induced
coupling. Therefore, we here instead consider an extended Higgs sector with a second doublet. It is convenient to
work in the so-called Higgs basis with the scalar potential [28]

V (H1, H2) = Y1H
†
1 H1 + Y2H

†
2 H2 + Y3

(
H†1 H2 + h.c.

)
+
Z1

2

(
H†1H1

)2

+
Z2

2

(
H†2H2

)2

+ Z3

(
H†1H1

)(
H†2H2

)
+ Z4

(
H†1H2

)(
H†2H1

)
+

[
Z5

2

(
H†1 H2

)2

+
(
Z6H

†
1 H1 + Z7H

†
2 H2

)
H†1 H2 + h.c.

]
. (39)

In this basis only the H1 doublet develops a vev, 〈H1〉 = v, while 〈H2〉 = 0. In terms of the mass eigenstates, the
Higgs doublets can be expressed as

H1 =

 G+

v + h+ iG0

√
2

 H2 =

 H+

H + iA0

√
2

 , (40)

and mapped back onto the generic basis {Φk} through the rotation(
H1

H2

)
=

(
cβ sβ
−sβ cβ

) (
Φ1

Φ2

)
, (41)

where now both of the doublets develop a non-zero vev 〈Φk〉 = vk/
√

2, with v1 = vsβ , v2 = vcβ . In the Higgs basis
all quartic couplings are SO(2)–invariant. The corresponding internal symmetries of the model can be thought of as
rotations in a Higgs flavor space. The relation

sβ−α cβ−α = − Z6 v
2

m2
H −m2

h

(42)

neatly separates the decoupling limit mH � v,mh [29] from alignment without decoupling, Z6 → 0 [30].
In general, there exist two sources of new physics contributions to the decay rate h→ γγ. First, the SM-like Higgs

couplings to the W -boson and the heavy fermions are shifted through the rotation of the Higgs mass eigenstates by
an angle α and the rotation of the vevs by an angle β. Second, a charged Higgs loop mediates the effective Higgs-
photon coupling following Eq.(32). In our analysis we will focus on the alignment setup, removing the shifted SM-like
couplings from our analysis of the Higgs–photon coupling. The only remaining effect then is the charged Higgs loop
contribution. For the two-Higgs-doublet model the loop contribution from the charged Higgs is mediated by the triple
scalar coupling

ghH+H− =
1

v

(
m2
h + 2m2

H± −
2m2

12

sβcβ

)
= vZ3 with m2

H± = Y2 +
Z3v

2

2
, (43)

up to corrections of O(c2β−α). The dimension-two coefficient Y2 generates the heavy doublet mass scale in the gauge-

symmetric phase. In the more familiar basis parameters [31] it is given by Y2 = m2
11 c

2
β + m2

22 s
2
β + m2

12 s2β . It also

gives the default matching scale in the unbroken phase, Λ2 = Y2.

As always, we illustrate different matching schemes, attempting to systematically improve the agreement between
full model and dimension-6 Lagrangian:
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• SP1: default matching, where the full model is matched to the dimension-6 effective Lagrangian in the unbroken
phase. Following the general structure of Eq.(38) and assuming the matching scale Λ2 = Y2, we find the relevant
Wilson coefficient

cγ
Λ2

=
Z3

192π2

1

Y2
. (44)

• BP1v: v-improved broken-phase matching, where we obtain cγ from the (derivative of the) 1PI photon Greens
function in the full model and the effective Lagrangian setups, expanding both sides of the identity to O(v2/Λ2),
and identifying the matching scale Λ with the charged Higgs mass

dΠγγ

dp2

∣∣∣
p2=0

=
dΠEFT

γγ

dp2

∣∣∣
p2=0

=
8 s2

wm
2
W

Λ2
cγ ⇒ cγ

Λ2
=

Z3

192π2

1

m2
H±

. (45)

As above, we compute the deviation in the Higgs-photon coupling εγγ , defined in Eq.(37), in the full model and in
the different matching setups. Two benchmark points defined in Tab. V represent two complementary regimes: The
first point D1 features a weakly coupled scenario, where the physical heavy Higgs masses are driven by the doublet
mass Y2. The second point D2 is strongly coupled, and a sizable fraction of the heavy Higgs mass is generated by non-
decoupling contributions proportional to v. Both scenarios satisfy all theoretical and experimental constraints on the
model, in particular the charged Higgs mass limits from direct searches [32] and flavor observables [33]. Additionally,
in the alignment limit the lightest CP-even mass eigenstate exactly mimics the properties of the SM Higgs, and
therefore is in excellent agreement with the LHC data.

The alignment condition fixes α = β − π/2. In this limit, without any mixing between the two doublets, it makes
no difference whether cγ is obtained via explicit matching or by integrating out the heavy doublet in the unbroken
phase with standard functional methods [34].

Since the Higgs couplings to fermions play no role here, we do not need to choose a specific setup for the Yukawa
couplings. Also, with no loss of generality, we may assume all heavy Higgs companions to be mass-degenerate.

We show results for the full model and its two different matching schemes in Tab. V. First, for the full model we
see that taking into account the squared term ∝ c2γ in Eq.(37) has no measurable effect, because the charged Higgs
effects in general hardly reach the per-cent level. Note that if we attempt to define a benchmark point with order-one
deviations from the Standard Model, this picture will of course change, and we would have to adapt our approach [12].

For the weakly interacting benchmark point D1, the full model prediction is quite accurately reproduced by the
effective Lagrangian in either of the two matching schemes. For the strongly interacting point D2 the charged Higgs
contributions are driven by sizable v-mediated couplings. The deviations in εγγ are one order of magnitude larger
than in D1, and the squared terms in cγ gain a little more relevance. The large values of Z3, along with the sizeable
split between the default matching scale

√
Y2 and the charged Higgs mass, explain the sizeable difference between the

full model and SP1 matching. On the other hand, broken phase matching, BP1v, leads to significant improvement
over SP1.

C. Scalar top partners

As a second example, we consider the toy model extending the Standard Model by a set of scalar top partners,
introduced in Sec. II C. In the spirit of minimal flavor violation, we assume that only the scalar top partners, but not
the bottom partner, have sizeable Higgs couplings,

ghγγ = −αem

π

 ∑
f=t,b,τ

Cf Q
2
fAf (τf ) +AW (τW ) +

∑
t̃

Ct̃Q
2
t̃

ght̃ t̃ v

2m2
t̃

AS(τt̃)

 . (46)

mH mA mH± tanβ m2
12

√
Y2 Z3 εγγ

full model SP1 BP1v
D1 350 350 350 2 4.9× 104 338.6 0.27 6.62(60)× 10−3 6.95× 10−3 6.50× 10−3

D2 350 350 350 1.5 2.8× 104 231.2 2.36 5.85(76)× 10−2 6.56× 10−5 5.75× 10−2

Table V. Benchmark points and predictions for εγγ , as defined in Eq.(37), in the 2HDM model and its different matching setups.
All masses are given in GeV. For the full model, the digit in brackets accounts for the square of the charged Higgs contribution.
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Figure 7. Wilson coefficient cγ as a function of the heavy partner mass MT̃R
. The different curves show the relative deviation

of the different effective Lagrangian predictions relative to the most accurate setup BPv. We consider two mass splittings
∆M ≡ MT̃R

−MQ̃L
= 10 GeV (left) and 50 GeV (right). The red marks indicate the benchmark points P3 and P4 from

Tab. III. The decoupling behavior of the stop mixing angle is shown in the lower sub-panels.

The heavy top partners couple to the Higgs boson through the off-diagonal entries in their mass matrix,

ght̃1 t̃1
v

= κLL c
2
t̃ + κRR s

2
t̃ +

κLR√
2v
s2t̃ and

ght̃2 t̃2
v

= κLL s
2
t̃ + κRR c

2
t̃ −

κLR√
2v
s2t̃ . (47)

Along the lines of Eq.(35) we can relate the Higgs–photon couplings in the dimension-6 Lagrangian to the full top
partner model as

cγ
Λ2

=
1

24π2v

[
ght̃1 t̃1
m2
t̃1

AS(τ1) +
ght̃2 t̃2
m2
t̃2

AS(τ2)

]
. (48)

To see how accurately the full model prediction for the Higgs-photon coupling εγγ is approximated by effective
Lagrangian we consider the same matching setups as in Sec. II C:

• SP1: default matching, in which the full model is matched to the dimension-6 effective Lagrangian in the
unbroken phase at Λ = M . We assume a common heavy spectrum MQ̃L

= MT̃R
≡M [15],

cγ
Λ2

=
1

144π2M2

[
κLL + κRR −

κ2
LR

M2

]
. (49)

• SP2: non-degenerate masses, where we work again in the unbroken phase, but integrate out non-degenerate
heavy fields with MQ̃L

6= MT̃R
separately [13, 18]

cγ
Λ2

=
1

144π2

[
κLL
M2
Q̃L

+
κRR
M2
T̃R

− κ2
LR

M2
Q̃L

M2
T̃R

]
. (50)

• SPv: v-improved matching, which starting from the above result is defined through the replacements MQ̃L
→

mt̃1
, MT̃R

→ mt̃2
, κLL → κ̃LL, and κRR → κ̃RR

cγ
Λ2

=
1

144π2

[
c2
t̃
κLL + s2

t̃
κRR

m2
t̃1

+
s2
t̃
κLL + c2

t̃
κRR

m2
t̃2

− κ2
LR

m2
t̃1
m2
t̃2

]
. (51)

• BP1: broken-phase matching, in which case the Wilson coefficients are derived through explicit matching in the
broken phase. For a single heavy mass scale M we find

cγ
Λ2

=
1

144π2M2

[
κLL + κRR −

κ2
LR s

2
2t̃

M2

]
. (52)
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Figure 8. Predictions for εγγ , as defined in Eq.(37), as a function of the heavy partner mass MT̃R
. The different curves show

the relative deviation between the full model and the effective theory predictions for the different setups. The partner couplings
to the Higgs bosons at fixed to weak κLL, κLR, κRR = 0.1 (left) and moderate κLL, κLR, κRR = 1 values (right). The red mark
indicates the benchmark points P4 from Tab. III.

• BPv: v-improved broken-phase matching, where the different heavy scales in

cγ
Λ2

=
1

144π2

[
c2
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κRR

M̃2
L

−
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LR s

2
2t̃
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+
s2
t̃
κLL + c2

t̃
κRR

M̃2
R

−
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LR s

2
2t̃

2M̃4
R

]
(53)

are now given by

M̃2
L = M2

Q̃L
c2t̃ +M2

T̃R
s2
t̃ → m2

t̃1
c2t̃ +m2

t̃2
s2
t̃

M̃2
R = M2

Q̃L
s2
t̃ +M2

T̃R
c2t̃ → mt̃1

s2
t̃ +m2

t̃2
c2t̃ . (54)

For these different matching setups we compute the modifications to the Higgs-photons coupling εγγ , as defined
in Eq.(37). We use the same benchmarks as in Sec. II C for the results shown in Tab. VI. The digit in parentheses
indicates the change when we add the square of the scalar partner loops. The numerical results are similar to those
of the oblique parameters in Sec. II C. The very mild offsets between the simple v-improved setup SPv and the full
broken phase matching scheme BPv can be attributed to the θt̃-suppressed contributions in BPv. On the other hand,
in contrast to the oblique parameters, we find hardly any effect from a non-degenerate spectrum with large mixing.
This is related to the diagonal structure of the electromagnetic coupling, which implies that, unlike cW,B,T, the one-
loop contributions to Πγγ do not feature a simultaneous exchange of different mass states. Our effective Lagrangian
result for cγ therefore agrees very with the full model, even for the strongly-coupled scenario P2.

In Fig. 8 we study the decoupling behavior of εγγ as a function of the heavy partner mass MT̃R
. We consider

a weakly-coupled scenario with κLL, κLR, κRR = 0.1, as in benchmarks P3 and P4, and compare it to the case
of κ ∼ O(1). We find that the dimension-6 approximation gives an excellent approximation to the full model for
M & 400 GeV for weak couplings and M & 600 GeV for strong couplings. A comparably more dramatic breakdown
of the effective Lagrangian appears for M . 400 GeV in the strongly-coupled case. Large couplings combined with
a small scale separation render the default matching approach inadequate, whereas the v-improved matching agrees
with the full model within less than 1% down to M ≈ 250 GeV. In contrast to the oblique parameters, no delayed

εγγ full model SP1 SP2 SPv BP1 BPv
P1 0.565(6)× 10−2 0.538× 10−2 0.538× 10−2 0.560× 10−2 0.538× 10−2 0.560× 10−2

P2 −0.354(1)× 10−1 −0.466× 10−1 −0.466× 10−1 −0.349× 10−1 −0.469× 10−1 −0.356× 10−1

P3 −0.324(4)× 10−2 −0.319× 10−2 −0.325× 10−2 −0.322× 10−2 −0.319× 10−2 −0.322× 10−2

P4 −0.355(5)× 10−2 −0.319× 10−2 −0.356× 10−2 −0.352× 10−2 −0.319× 10−2 −0.352× 10−2

Table VI. Predictions for εγγ in the scalar partner model and the different effective Lagrangian setups described in the text.
The benchmark points are defined in Tab. III. The digit in brackets accounts for the squared of the scalar partner loops.
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decoupling is encountered even for large v-induced mass splitting. As mentioned above, this is due to the fact that
the two scalar top partner eigenstates do not mix in the hγγ loops.

Some other characteristic trends already encountered in the electroweak precision analysis are again visible in
εγγ : first, the sign of the deviation flips between the default EFT truncation and the v-improved matching, where
the latter reproduces the full model predictions much more accurately. Second, the broken-phase corrections from
explicit matching are again negligible since there are no mixed heavy-light loops in the scalar top partner model. For
the weakly coupled scenario in the left panel of Fig. 8, we observe unexpectedly good agreement between the SP2
matching, without v-improvement, and the full model. However, this turns out to be simply a numerical coincidence,
as can be seen by inspecting the relatively poor performance of SP2 in the scenario in Fig. 8 (right).

IV. SUMMARY

To justify using an effective Lagrangian, for example truncated at dimension six, we need to either show that
higher-dimensional contributions are negligible, or that the effective Lagrangian reproduces the features of classes of
complete models. In the second case, the appropriate matching procedure can play a key role, in particular if we
integrate out particles right around the scale of electroweak symmetry breaking, i.e. at a scale where the structure of
the Lagrangian changes significantly.

While there is some freedom in defining formally valid matching schemes, they are not on equal standing from a
practical viewpoint. For instance, at tree level it is known that taking into account terms of the order v2/Λ2 in the
definition of the matching scale and in the matching condition can make a sizeable difference [11]. In this paper we
have systematically studied possible improvements in the matching procedure at the one-loop level, considering the
oblique electroweak parameters S and T , as well as the Higgs decay width to photons. For extended scalar sectors
we have confirmed three ways to systematically improve the matching procedure of a dimension-6 Lagrangian with
linearly realized electroweak symmetry breaking:

1. v-improving the matching scale and matching condition by expressing them in terms of the (lightest) integrated-
out particle mass and mixing angles will improve the agreement with the full model, both at tree level and at
loop level;

2. determining the matching condition based on Greens functions in the broken phase and including the appropriate
v-suppressed terms can lead to a systematic improvement, if combined with v-improved matching;

3. properly taking into account several new physics scales, if present, to avoid issues with mass splittings induced
in the unbroken as well as in the broken phase.

Simple and convenient matching schemes based on leading logarithms [22, 35], in contrast, are not useful for any
kind of precision physics. Altogether we have introduced an appropriate matching procedure around the scale of
electroweak symmetry breaking, systematically including v-induced effects. We note that it is always possible to find
better agreement between full models and the effective with the help of v-improvement, but the appropriate form
of the v-suppressed terms depends on the model, the number of scales involved, and may be guided by the specific
observable we consider. In particular for the LHC the freedom to optimize the matching procedure will be the key to
defining a usable effective Lagrangian approach.
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T. Corbett, O. J. P. Éboli, J. Gonzalez-Fraile and M. C. Gonzalez-Garcia, Phys. Rev. D 87, 015022 (2013); W. F. Chang,
W. P. Pan and F. Xu, Phys. Rev. D 88, no. 3, 033004 (2013); B. Dumont, S. Fichet and G. von Gersdorff, JHEP 1307,



22

065 (2013); C. Y. Chen, S. Dawson and C. Zhang, Phys. Rev. D 89, no. 1, 015016 (2014); J. Ellis, V. Sanz and T. You,
JHEP 1407, 036 (2014); A. Azatov, C. Grojean, A. Paul and E. Salvioni, Zh. Eksp. Teor. Fiz. 147, 410 (2015) [J. Exp.
Theor. Phys. 120, 354 (2015)]; C. Englert, Y. Soreq and M. Spannowsky, JHEP 1505, 145 (2015); J. Ellis, V. Sanz and
T. You, JHEP 1503, 157 (2015); H. Blusca-Mato and A. Falkowski, arXiv:1602.02645 [hep-ph].

[2] G. F. Giudice, C. Grojean, A. Pomarol and R. Rattazzi, JHEP 0706, 045 (2007); R. Contino, M. Ghezzi, C. Grojean,
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