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A symmetry-preserving truncation of the two-body light-quark bound-state problem in relativistic
quantum field theory is used to calculate the leading-twist parton distribution amplitudes (PDAs) of
scalar systems, both ground-state and radial excitations, and the radial excitations of vector mesons.
Owing to the fact that the scale-independent leptonic decay constant of a scalar meson constituted
from equal-mass valence-constituents vanishes, it is found that the PDA of a given scalar system
possesses one more zero than that of an analogous vector meson. Consequently, whereas the mean
light-front relative momentum of the valence-constituents within a vector meson is zero, that within
a scalar meson is large, an outcome which hints at a greater role for light-front angular momentum
in systems classified as P -wave in quantum mechanical models. Values for the scale-dependent
decay constants of ground-state scalar and vector systems are a by-product of this analysis, and
they turn out to be roughly equal, viz. ≃ 0.2GeV at an hadronic scale. In addition, it is confirmed
that the dilation characterising ground-state PDAs is manifest in the PDAs of radial excitations
too. The impact of SU(3)-flavour symmetry breaking is also considered. When compared with
pseudoscalar states, it is a little stronger in scalar systems, but the size is nevertheless determined
by the flavour-dependence of dynamical chiral symmetry breaking and the PDAs are still skewed
toward the heavier valence-quark in asymmetric systems.

PACS numbers: 11.10.St, 11.30.Rd, 12.38.Aw, 14.40.-n

I. INTRODUCTION

Scalar and vector mesons are intimately connected.
The vector Ward-Green-Takahashi (WGT) identity, typ-
ically associated with electromagnetic current conserva-
tion, ensures that, in the presence of a nonzero differ-
ence between the current-masses of a given channel’s two
valence-quarks (mq1 6= mq̄2), a scalar vertex, including all
its associated poles (scalar mesons), is indistinguishable
from the longitudinal projection of the related vector ver-
tex. Consequently, notwithstanding the potential com-
plications [1, 2], even light scalar mesons should contain
a measurable component with standard mesonic char-
acter, i.e. generated by a leading-twist quark-antiquark
interpolating field [3, 4].
In the rest frame, the quark-antiquark component

of light-quark scalar mesons is predominantly S-wave
in character [5, 6]. Although this conclusion con-
flicts with notions derived from quantum mechanical
two-body models, which describe scalar mesons as 3P0

states, it should not be surprising because: the class of
contact-interaction theories generate a σ-meson as the
chiral partner of the pion [7, 8], also an S-wave state;
and a vector⊗vector contact-interaction produces Bethe-
Salpeter amplitudes that are independent of q1-q̄2 relative
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momentum [9], in which case orbital angular momen-
tum within the bound-state is greatly suppressed. On
the other hand, a P -wave component in the scalar me-
son grows with increasing current-quark mass, so that
the quark-model description of scalar mesons is valid
for mq1 ,mq̄2 ≫ ΛQCD. Analogously, light-quark vector-
mesons contain both S- and D-wave components of com-
mensurate size, but the D-wave component diminishes
with increasing current-quark mass, so that these states
may be described as 3S1 systems in the heavy-heavy limit
[10]. Consequently, a given scalar meson may be under-
stood as a ∆L = 1 orbital excitation of a related vector
meson when mq1 ,mq̄2 ≫ ΛQCD.
There is at least one significant difference between

scalar and vector mesons, however. Namely, when mq1 =
mq̄2 , vector mesons possess two nonzero decay constants,
one of which describes the bound-state’s leptonic decay,
but the analogous scalar-meson decay constant is identi-
cally zero: fσ ≡ 0. This follows from the WGT identity
and is simply the statement that a JPC = 1−− current
cannot connect a 0++ bound-state to the 0++ vacuum.
These observations translate into the result that whilst
the two leading-twist vector-meson parton distribution
amplitudes (PDAs) possess a nonzero leading Mellin mo-
ment at any finite renormalisation scale, this moment
vanishes for all scalar mesons whose valence degrees-of-
freedom satisfy mq1 = mq̄2 , irrespective of the size of the
common current-mass, large or small. This feature must
entail considerable differences between the leading-twist
PDAs of scalar and vector mesons.
Amongst other things, leading-twist meson PDAs play

an important role in the analysis and understanding
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of hard exclusive processes, such as pseudoscalar me-
son electromagnetic form factors [11–14] and diffractive
vector-meson production [10, 15, 16], and also in the
study of CP -violation via nonleptonic decays of heavy-
light mesons [17–22]. Additionally, they provide deep
insights into the structure of hadron bound-states, re-
vealing, e.g. how mass is distributed [23] and momentum
is shared amongst an hadron’s constituents. Substan-
tial value is therefore attached to their computation in
frameworks with a traceable connection to QCD.
Using QCD’s Dyson-Schwinger equations (DSEs) [24–

27], low-twist PDAs of pseudoscalar- and vector-meson
ground-states and pseudoscalar-meson radial-excitations
have recently been computed [10, 22, 28, 29]; and,
where a meaningful comparison is possible, the results
agree with those determined via numerical simulations
of lattice-regularised QCD [14, 30, 31]. Hence, given
the features highlighted above, we consider it interest-
ing to use this approach to compute the leading-twist
PDAs of scalar-meson ground-states and radial excita-
tions, and the radial excitations of vector mesons, all
constituted from light quarks. The complete body of re-
sults thus obtained should prove useful in both develop-
ing novel insights into hadron structure and constraining
phenomenological applications of hard scattering formu-
lae in a wide variety of processes.
We provide the background for our calculations in

Sec. II, including details of the gap and Bethe-Salpeter
interaction kernels, and a description of the manner by
which we recover PDAs from their Mellin moments. This
leads naturally to the presentation and discussion of re-
sults for the PDAs of a range of 0+ quark-antiquark
systems. The same methods are employed in Sec. III
to analyse the PDAs of radially-excited light-quark vec-
tor mesons. We summarise and outline some future
prospects in Sec. IV.

II. SCALAR MESONS

A. Prelude

All scalar mesons that possess nonzero overlap with
the interpolating field q̄1IDq2, where ID is a 4 × 4 iden-
tity matrix acting on spinor indices, appear as poles
in the Bethe-Salpeter equation whose inhomogeneity is
(1/2)λq1q2ID, where λq1q2 is a matrix specifying the
flavour structure of the system. Denoting the total mo-
mentum flowing into the scalar vertex by P , a pole at
P 2+sM = 0 need not lie on the real-P 2 axis.1 Its real and
imaginary parts provide information about the mass and
width of the state:

√
sM = mM − iΓM/2. The residue

1 We use a Euclidean metric: {γµ, γν} = 2δµν ; γ†
µ = γµ; γ5 =

γ4γ1γ2γ3, tr[γ5γµγνγργσ ] = −4ǫµνρσ ; σµν = (i/2)[γµ, γν ]; a·b =
∑4

i=1
aibi; and Pµ timelike ⇒ P 2 < 0.

at the vertex pole is the scalar meson’s Bethe-Salpeter
amplitude, which has the following form owing to the
requirements of Poincaré covariance:

Γσ(ℓ;P ) = λq1q2ID

[

Eσ(ℓ;P ) + iγ · PFσ(ℓ;P )

+iγ · ℓGσ(ℓ;P ) + σµνℓµPνHσ(ℓ;P )
]

, (1)

where ℓ = (lq1+lq̄2)/2, with lq1 = l+ηP , lq̄2 = l−(1−η)P ,
being the momenta attached to the quark and antiquark
legs, respectively. Owing to Poincaré covariance, no ob-
servable depends on η ∈ [0, 1], i.e. the definition of the
relative momentum.
Attaching propagator legs to the amplitude, one ob-

tains the Bethe-Salpeter wave function:

χσ(ℓ;P ) = S1(lq1)Γσ(ℓ;P )S2(lq̄2) , (2)

where S1,2 are propagators associated with quark flavours
q1,2, respectively. This wave function can be expressed
in a form analogous to Eq. (1), using scalar functions
χE,F,G,H
σ , in which case χE,F

σ are associated with L = 0
and χG,H

σ with L = 1 in the meson’s rest frame [6, 32].
The two simplest projections of the wave function onto

the origin in configuration space are

fσPµ = trZ2

∫ Λ

dl

1
2λ

q1q2γµχσ(ℓ;P ) , (3a)

mσf̃σ(ζ) := ρσ(ζ) = trZ4

∫ Λ

dl

1
2λ

q1q2IDχσ(ℓ;P ) , (3b)

where
∫ Λ

dl
is shorthand for a Poincaré-invariant regulari-

sation of the four-dimensional momentum integral, with
Λ the regularisation scale, and Z2,4 are renormalisation
constants for the quark wave function and scalar vertex,
respectively. The vector projection, Eq. (3a), defines the
scalar meson’s leptonic decay constant, which vanishes
for JPC = 0++ states, whereas the scalar projection,
Eq. (3b), is always nonzero, increasing with renormalisa-
tion scale, ζ, just like the chiral condensate [33].
The leading-twist PDA of a scalar meson is connected

with Eq. (3a), viz.

φσ(x) = trZ2

∫ Λ

dl

δ(n · lq1 − xn · P )

× 1
2λ

q1q2γ · nχσ(ℓ;P ) , (4)

where n is a light-like four-vector, n2 = 0. Thus defined,
the distribution has mass-dimension “one”: given that
for light-quarks the leptonic decay constant is either zero
or small, it does not serve as a useful mass scale; and the
distribution’s Mellin moments can be obtained via

〈xm〉(n · P )m+1 = trZ2

∫ Λ

dl

(n · lq1)m

× 1
2λ

q1q2 γ · nχσ(ℓ;P ) . (5)

As demonstrated elsewhere [34], one can learn what to
expect for the pointwise behaviour of φσ(x) in a theory
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whose interaction is (1/k2)ν vector-boson exchange by
computing the result using

S(p) = [−iγ · p+M ]∆M (p2) , (6)

ρν(z) =
1√
π

Γ(ν + 3/2)

Γ(ν + 1)
(1− z2)ν , (7)

Γσ(l;P ) = ID
M

fπ

∫ 1

−1

dz ρν(z)∆̃
ν
M (l2+z) , (8)

where ∆M (s) = 1/[s + M2], ∆̃M = M2∆M , l+z = l −
(1 − z)P/2. At a renormalisation scale for which P 2 is
negligible, this yields the Mellin moments

〈xm〉ν = 〈x〉mΓ(2ν + 4)Γ(m+ ν + 1)

Γ(ν + 2)Γ(m+ 2ν + 3)
, (9)

corresponding to the distribution (x̄ = 1− x)

φcl
σ (x) = 〈x〉 2ν + 3

2ν + 1

(x− x̄)ν C
ν+
1 (x− x̄)

B(ν + 1, ν + 2)
, (10)

where the first moment sets the mass-scale, C
ν+
1 is a

Gegenbauer polynomial of order ν+ = (ν + 1/2) and
B(u, v) is the Euler β-function.2

Plainly, φcl
σ (x) is odd under x ↔ x̄; and, indeed, this

is a general property of the leading-twist PDA of 0++

systems, i.e. owing to charge-conjugation symmetry:

φ0++(x) = −φ0++(x̄) . (11)

It follows that

0++ : 〈x〉 = −〈x̄〉 , (12)

viz. on average, the valence-quark and valence-antiquark
carry equal but opposite fractions of the bound-state’s
light-front momentum. In addition, Eq. (11) entails

0++ : 〈x〉 = 〈x2〉 , 〈x4〉 = 2〈x3〉 − 〈x〉 , (13)

and a countable infinity of kindred identities, each of
which uniquely determines a given even moment in terms
of some combination of all lower-order moments.
Eq. (12) contrasts starkly with the results obtained for

pseudoscalar- and vector-mesons [10, 28, 29, 34]:

0+− , 1−− : 〈x〉 = +〈x̄〉 . (14)

The analogues of Eq. (13) for a symmetric PDA are

0+− , 1−− : 〈x〉 = 1
2 〈x

0〉 , 4〈x3〉 = 6〈x2〉 − 〈x0〉 , (15)

etc. Pseudoscalar- and vector-mesons are considered to
be S-wave states in the two-body quark model. When
〈x〉 = 〈x̄〉, the PDA peaks at zero relative momentum,

2 Curiously, even for a contact-interaction, the PDA is x-
dependent: φcl

σ (x) = 〈x〉 6(x − x̄). This contrasts with pseu-
doscalar mesons, for which it is x-independent.

so Eq.(12) can be seen to indicate that the valence-
constituents of a 0++ bound-state possess a maximal
amount of relative light-front momentum. It is now a
small step to appreciate that small light-front relative
momentum ensures minimal light-front angular momen-
tum, hinting at S-wave primacy in pseudoscalar- and
vector-mesons on the light-front, whilst maximal rela-
tive momentum promotes maximal angular momentum
and hence points to an enhanced role for P -waves in 0++

bound-states on the light-front.

B. PDAs: computational background

In order to determine the PDAs of light-quark scalar-
meson ground-states and first radial excitations, we use
the direct method introduced in Ref. [28] and exploited
in Ref. [29]. Namely, employing a symmetry-preserving
truncation of the relevant gap- and Bethe-Salpeter equa-
tions [35], we calculate the meson’s Bethe-Salpeter wave
function. With that in hand, one can directly compute
Mellin moments of the associated leading-twist PDA,
Eq. (5), using interpolations of the numerical solutions
for the propagators and Bethe-Salpeter amplitudes. The
distribution itself can be reconstructed from those mo-
ments, following the approach of Refs. [30, 34].
In order to implement this “brute force” approach, a

factor

d (k2r2) = 1/(1 + k2r2)m/2 (16)

is introduced for each 〈xm〉, m ≥ 1. The moment is
then computed as a function of r2, with the values sub-
sequently fitted by a smooth function, which is used to
extrapolate to r2 = 0. This approach typically yields re-
liable results for at least four nontrivial Mellin moments
of each distribution considered herein.
Current-quark masses play a role in our analysis be-

cause they influence the form of the dressed-quark prop-
agator and, consequently, meson Bethe-Salpeter ampli-
tudes. The propagator has the general form:

S(p) = Z(p2, ζ2)/[iγ · p+M(p2)] . (17)

It is obtained from a gap equation that involves a
“seed” current-quark mass, which distinguishes the quark
flavour, and is augmented by a renormalisation condi-
tion. A mass-independent renormalisation scheme is use-
ful, and can be implemented by making use of the scalar
WGT identity and fixing all renormalisation constants
in the chiral limit [36]. Notably, the mass function,
M(p2), is independent of the renormalisation point; and
the renormalised current-quark mass is given by

mζ = Zm(ζ,Λ)mbm(Λ) = Z−1
4 Z2 m

bm. (18)

Like the running coupling constant, the running mass
in Eq. (17) is a familiar concept; and the renormalisa-
tion group invariant (RGI) current-quark mass may be
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inferred via

m̂ = lim
p2→∞

(

1
2 ln[p

2/Λ2
QCD]

)γm

M(p2) , (19)

where γm = 12/(33− 2Nf): Nf is the number of quark
flavours employed in computing the running coupling.
The chiral limit is expressed by

m̂ = 0 . (20)

We work with a renormalisation scale ζ = ζ2 := 2GeV
and employ valence-quark RGI current masses:

m̂u = m̂d = 5.9MeV , m̂s = 137MeV , (21)

which correspond to one-loop evolved values:

mζ2
u=d = 4.1MeV, mζ2

s = 95MeV. (22)

The ratio 2m̂s/[m̂u+m̂d] = 23 is, perhaps, 10% too small
[1], but that is within the error typically associated with
the rainbow-ladder DSE truncation, described below.
In solving the Bethe-Salpeter equation for a given me-

son, we adopt the Chebyshev expansion technique de-
scribed as “Method B” in Ref. [37], i.e. each scalar func-
tion in the associated Bethe-Salpeter amplitude is ex-
panded in terms of Chebyshev moments:

jF (ℓ2) :=
2

π

∫ 1

−1

dx
√

1− x2 Uj(x)F (ℓ2, x;P 2) , (23)

where ℓ · P = x
√
ℓ2P 2 and Uj(x) is a Chebyshev poly-

nomial of the second kind. The Bethe-Salpeter equation
then becomes a matrix of linear equations for the ℓ · P -
independent Chebyshev moments. The accuracy of the
method depends on the number of Chebyshev moments
retained for each function. We keep as many as are nec-
essary (typically five or six) in order to ensure stable
results for all Mellin moments of a given distribution in
those cases for which the signal-noise ratio in the brute-
force evaluation is sufficient for the determination of a
reliable value.
Since our main goal is to highlight a range of qualita-

tive features of ground-state and radially-excited scalar
and vector mesons, it is sufficient herein to employ the
simplest, most widely used approximations to the gap-
and Bethe-Salpeter equations, viz. the rainbow-ladder
(RL) truncation.3 The RL kernels are completely deter-
mined once an interaction is specified; and we use that

3 N.B. Concerning ground-state PDAs, results obtained using RL
truncation can be compared with those produced by the most so-
phisticated approximation currently available, the so-called DB
kernels [38, 39]: despite noticeable quantitative differences, they
agree qualitatively in all respects [22, 34, 40]. Elucidating, RL
truncation forces the scalar part of the quark self-energy, B(k2),
to be unnaturally large at infrared momenta and fall too rapidly
as k2 increases from zero. This feature is transmitted to all
Bethe-Salpeter amplitudes; and such behavior entails large val-
ues for a PDA’s low-order moments, which translates into overly
broadened distributions. Results obtained with DB kernels will
possess less dramatic distortions. This means, e.g. that DB ker-
nels should produce PDAs that are less markedly distorted to-
ward x = 0, 1 than those described herein.

TABLE I. Computed values for selected qualities of scalar
and vector valence-quark-antiquark bound-states: n = 0 la-
bels a ground-state and n = 1, the first radial excitation; the
renormalisation scale is ζ2 = 2GeV; as appropriate, fℓ is ei-
ther the leptonic decay constant in Eq. (3a) or Eq. (30a), and
fζ is either the scale-dependent decay constant in Eq. (3b)
or Eq. (30b). (Rainbow-ladder truncation; mG = 1.1GeV;
isospin-symmetric limit, so uū ∼ dd̄ ∼ uū + dd̄; and all di-
mensioned quantities in GeV.)

JP (qq̄) n mass fℓ fζ

0+ uū 0 0.90 0 0.19

1 1.47 0 0.037

us̄ 0 1.08 0.031 0.18

ss̄ 0 1.23 0 0.16

1− uū 0 1.02 0.19 0.17

1 1.24 0.11 −0.046

introduced and explored in Refs. [41, 42]:

1

Z2
2

G(s) = 8π2

ω4
D e−s/ω2

+
8π2γmF(s)

ln[τ + (1 + s/Λ2
QCD)

2]
, (24)

where Nf = 4 in γm, ΛQCD = 0.234GeV, τ = e2 − 1,
and F(s) = {1 − exp(−s/[4m2

t ])}/s, mt = 0.5GeV.
This interaction preserves the one-loop renormalisation-
group behavior of QCD in the gap- and Bethe-Salpeter-
equations [37], it is consistent with modern DSE and lat-
tice studies [43, 44], and the infrared structure serves to
ensure dynamical chiral symmetry breaking (DCSB) [14]
and confinement, the latter through the violation of re-
flection positivity [45–48].
Notably, as illustrated in Refs. [41, 42, 49, 50], the pa-

rameters D and ω in Eq. (24) are not independent: with
m3

G := Dω =constant, one can expect numerous com-

puted observables to be practically insensitive to ω on
the domain ω ∈ [0.4, 0.6]GeV. We use ω = 0.5GeV and
mG = 1.1GeV, a value chosen so that corrections to RL
truncation may act and draw computed results into line
with empirical values [50]. With this interaction, the RGI
masses in Eq. (21) correspond to the nonperturbatively-
renormalised current-quark masses mu,d(ζ2) = 8.5MeV,
ms(ζ2) = 0.2GeV and generate mass functions with
Mu,d(ζ

2
2 ) = 75MeV, Ms(ζ

2
2 ) = 253MeV.4

Our calculated results for masses and decay constants
associated with the valence-quark-antiquark core of light-
quark scalar mesons are listed in Table I. (We de-
fine all Bethe-Salpeter amplitudes such that the zeroth

4 That these values are larger than usually imagined is a defect of
the RL truncation. It can be overcome by using the more com-
plicated, realistic DCSB-improved (DB) kernels, which employ
a strongly-dressed gluon-quark vertex in the gap equation and
concomitant modifications of the Bethe-Salpeter kernel [38, 39].
As noted above, however, such improvement cannot qualitatively
alter the results herein.
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TABLE II. Mellin moments, 102〈xm〉, of the 0+- and 1−−-
meson leading-twist PDAs computed using the method de-
scribed in connection with Eq. (16) and Fig. 1. The entry “x”
indicates that the extrapolated result is not accurate to bet-
ter than 5% and is therefore discarded. (The Bethe-Salpeter
wave functions are calculated in RL-truncation with a renor-
malisation scale ζ = ζ2. Dimensioned quantities in GeV.)

JP (qq̄) n m = 0 1 2 3 4 5 6

0+ uū 0 0 3.46 3.46 3.03 2.59 2.29 2.10

uū 1 0 0.438 0.438 −0.383 −1.21 −1.78 −2.11

us̄ 0 3.12 5.05 3.99 3.04 x x x

ss̄ 0 0 4.08 4.08 3.52 2.95 2.48 x

1− uū ‖ 1 10.7 5.35 1.31 −0.737 −1.66 x x

⊥ 1 −4.57 −2.29 −5.15 −6.58 −6.88 x x

Chebyshev moment of the dominant Poincaré-covariant
is positive at large-ℓ2.) Notably, the values of the scale-
dependent decay constants are consistent with earlier
DSE calculations [42, 51] and similar in size to those in-
ferred in Refs. [52–54], but, therefore, roughly a factor of
two smaller than the estimates in Ref. [19]. Moreover,
as telegraphed following Eq. (24), the masses of all listed
systems are “inflated” by our choice mG = 1.1GeV, leav-
ing room for corrections to RL truncation, such as meson-
meson final-state interactions, which might sometimes be
considered as introducing a molecular component, to re-
duce the quoted mass and introduce a width [3, 4].5

C. PDAs: ground-state and first radial excitation

One now has in hand all elements necessary for a
computation of the scalar meson leading-twist PDAs
via Eq. (5). Notably, in using RL truncation the
Bethe-Salpeter amplitudes we obtain describe idealised
scalar bound-states, with simple valence-quark struc-
ture and zero width. The observed scalar reso-
nances are more complex [1, 2], but the f0(500),
K∗

0 (800), f0(980), a0(980) systems do contain valence-
quark-antiquark components (whose strength is currently
model-dependent), and these pieces yield the leading-
twist PDA.
We work in the isospin symmeric limit, and the mo-

ments of the ground-state uū ∼ dd̄ ∼ [uū + dd̄] system
are listed in Table II. They were obtained as described
in connection with Eq. (16), a procedure whose reliabil-
ity is illustrated by Fig. 1. In this case we found that
sound estimates could be obtained for m ≤ 6, although

5 Since we use an inflated mass-scale in Eq. (24) to mock-up ef-
fects introduced by improvement of RL truncation, our results
for scalar-meson quark-core decay constants in Table I are un-
likely to increase materially if a more sophisticated truncation is
employed.
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FIG. 1. The uū moments in Table II are the r2 → 0 extrapola-
tions of the curves depicted in this figure: 〈x1〉, black squares;
〈x2〉, red diamonds; 〈x3〉, blue-up-triangles; 〈x4〉, green down-
triangles; 〈x5〉, purple circles; 〈x6〉, orange asterisks. The
curves are [2, 1]-Padé fits to the points depicted. Other fit-
ting forms were also employed, with no material change in the
results.

the signals for the fifth and sixth moments were lost for
r2 . 0.2GeV2. Higher moments showed greater curva-
ture and hence could not readily yield extrapolated re-
sults that were accurate to better than 5%. They were
therefore discarded. We verified that the same results
are obtained using different forms of regulator function
in Eq. (16). It is noteworthy that the first of Eqs. (13) is
recovered nontrivially, viz. the m = 1, 2 moments possess
different sensitivity to r2, but the extrapolation curves
converge to the same point; and the second is satisfied to
better than 0.1%, despite all three moments having been
extrapolated independently. We used a third identity:

0++ : 〈x6〉 = 3〈x1〉 − 5〈x3〉+ 3〈x5〉 , (25)

to aid in constraining extrapolations for the fifth and
sixth moments.
Using the moments in Table II, the PDA of a uū scalar

bound-state may be reconstructed using the method in-
troduced and tested in Refs. [10, 22, 30, 31, 34, 40]. We
write

φσ(x) = [xx̄]α−

zmax
∑

z=0

azσC
α
z (x− x̄) , (26)

where {Cα
z } are order-α Gegenbauer polynomials, α− =

α− 1/2. Notably, for 0++ systems, Eq. (11) entails that
the sum includes only odd Gegenbauer polynomials. We
take zmax = 3; and determine the parameters {α, azσ} via
a least-squares fit that requires the odd (independent)
moments of φσ(x) in Eq. (26) to match those in Table II,
with the results listed in Table III. The associated curves
reproduce the moments with a rms-relative-error of ap-
proximately 2% (ground state) and 0.1% (excited state).
This Gegenbauer-αmethod for reconstructing PDAs con-
verges quickly. Indeed, in known cases an equally small
number of terms is sufficient to accurately reproduce fifty
moments [10, 22, 34, 40]. We therefore expect the point-
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FIG. 2. PDAs, scalar bound-states. Upper panel – uū 0++

channel: ground-state (solid blue) and first-radial excitation
(dot-dashed green). Lower panel – 0++ uū (solid blue),
ss̄ (dot-dashed green) channels; and dotted (black) curve,
conformal-limit distribution in Eq. (10), normalised to ensure
〈x〉 matches that of the uū distribution.

wise forms of our results to be fair representations of the
RL PDAs.
The leading-twist PDAs of the ground and radially-

excited uū 0++ bound-states specified by Eq. (26) using
the parameters in Table III are depicted in the upper
panel of Fig. 2. As suggested by Eq. (10), and in qualita-
tive agreement with Ref. [19], the ground-state PDA has
one zero on 0 < x < 1. On the other hand, following the
pattern described in Ref. [29], the first radial excitation
has two additional zeros in this domain (three zeros alto-
gether). Naturally, in both cases the domains of positive
and negative support are precisely balanced so that the
leptonic decay constants vanish identically, with no tun-
ing required in this symmetry-preserving calculation.6

Pursuing the reasoning in Ref. [29] further, we predict
that at ζ = ζ2, the number of zeros in the leading-twist
PDA of a 0++ bound state is 2n+1, where n is the radial
quantum number. However, under ERBL evolution [11–
13] there is always an ǫñ > 0 and a domain N ñ = {ζ|ζ >
0,ΛQCD/ζ < ǫñ} such that ∀ζ ∈ N ñ, the PDA for each
excitation with n < ñ has only one zero on 0 < x < 1.

6 It is notable that the light-front holographic model reviewed in
Ref. [55] yields φσ ≡ 0 for n ≥ 0, a result in conflict with both
this DSE analysis and sum rules phenomenology.

TABLE III. Fitted parameters that determine the leading-
twist PDAs computed herein via Eq. (26) or (31), as appro-
priate. The entry “0” in columns 5-8 indicates that the as-
sociated parameter’s value is zero, owing to symmetry. (Di-
mensioned quantities in GeV.)

JP (qq̄) n α a0 a1 a2 a3

0+ uū 0 0.869 0 0.300 0 0.0

uū 1 2.65 0 0.455 0 −7.10

us̄ 0 0.887 0.0648 0.309 −0.18 0.0

ss̄ 0 1.36 0 0.671 0 0.0

1− uū ‖ 1 1.17 1 0 −2.60 0

⊥ 1 1.36 1 0 10.2 0

Table II also lists our computed values for the Mellin
moments of the 0++ ss̄ bound-state supported by the
RL truncation, which are reproduced by the function in
Eq. (26) when the parameters in the fourth row of Ta-
ble III are used (0.1% rms relative error). The associ-
ated curve is depicted in the lower panel of Fig. 2, which
provides a comparison between the uū and ss̄ channels
in order to illustrate the current-mass dependence of the
0++ systems. Evidently, with increasing current-mass,
both PDA extrema migrate toward x = 1/2. This sug-
gests that if one considers a 0++ bound-state with mass
mQQ̄, then at any finite renormalisation scale there is a

neighbourhood h = ΛQCD/mQQ̄ ≃ 0 such that:

φQQ̄
σ (x) ∝ mQQ̄

1

2h

[

δ(x− 1
2

+
)− δ(x̄ − 1

2

+
)
]

, (27)

where (1/2)+ := (1/2) + h , and hence 〈x − x̄〉 ∝
mQQ̄, 〈(x − x̄)(2m+1)〉 ≈ 0 ∀m ≥ 1. (Naturally, all
even moments vanish.) The growth in peak-magnitude
of this PDA with mQQ̄ matches that of ground-state
pseudoscalar- and vector-meson PDAs, as may be in-
ferred from Ref. [49].
Computed values for the moments of the us̄ bound-

state are also reported in Table II. They are reproduced
by Eq. (26) when the parameters in the third row of Ta-
ble III are employed. (Here, zmax = 2.) Fig. 3 com-
pares PDAs for the uū and us̄ channels. Considering the
plots of |φ(x)| in the lower panel, the interior minimum
of the us̄ distribution is shifted 30% from x = 1/2 toward
x = 0, which means that in this system the fraction of the
light-front momentum carried by the s̄-quark is greater
than that carried by the u-quark. Albeit a little larger,
the magnitude of this distortion is similar to that ob-
served in all analogous cases [22, 56–59]. Hence here, too,
the flavour-dependence of DCSB determines the strength
of SU(3)-flavour breaking, not the current-quark mass-
difference generated by the Higgs mechanism.
On the other hand, as the heavy-light limit is ap-

proached, one expects any dependence on the heavy
current-mass to factorise so that the leading-twist PDA
approaches a simple, limiting form; something like, e.g.:

φqQ̄(x) ∼ f qQ̄
ℓ

x

x2
w(1− x)3

e−x/[xw(1−x)] , (28)
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FIG. 3. PDAs, scalar bound-states – 0++ uū (solid blue) and
0+ us̄ (dot-dashed green): upper panel, the PDAs themselves;
and lower panel, their absolute values.

where xw is a calculable mass-independent width param-
eter. (Eq. (28) is motivated by analyses in Refs. [60, 61].)
The images in Fig. 3 suggest this is plausible, but the
problem deserves particular attention elsewhere.

III. VECTOR MESONS

Within the framework detailed above, results for the
leading-twist PDAs of ground-state vector mesons are re-
ported in Ref. [10]. Herein we compute PDAs characteris-
ing the first radial excitation of the light-quark vector me-
son. Each 1−− meson possesses two independent leading-
twist PDAs: φ‖(x), φ⊥(x), which describe, respectively,
the light-front fraction of the meson’s momentum carried
by the quark in a longitudinally or transversely polarised
system [62]. The two distinct, associated decay constants
are nonzero and, consequently, the related PDAs might
bear some similarity to those obtainable using quantum
mechanical models. In any event, our results will serve
the purpose of providing benchmarks against which other
approaches can be checked, especially insofar as the con-
sequences of symmetries are concerned.
One must first solve the homogeneous JPC = 1−−

Bethe-Salpeter equation using dressed-quark propagators
obtained with the light-quark mass in Eq. (21) and the
interaction in Eq. (24). (Technical details are provided
elsewhere [63].) Using mG = 1.1GeV, as in Sec. II, this

��� ��� ��� ��� ��� ���
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FIG. 4. Vector meson PDAs: upper panel, longitudinal po-
larisation; and lower panel, transverse polarisation. In both
panels, the solid (blue) curve is the ground-state result, drawn
from Ref. [10], and the dot-dashed (green) curve is the radially
excited state, computed herein.

yields the masses in Table I. Having thus obtained the
Bethe-Salpeter wave function, χν(ℓ;P ), defined as indi-
cated by Eq. (2), one can calculate the Mellin moments
of the two independent distributions:

〈xm〉‖ =

∫ 1

0

dxxm φ‖(x)

= mρtrCDZ2

∫ Λ

dl

[n · lq1 ]m
[n · P ]m+2

γ · nnνχν(ℓ;P ) , (29a)

〈xm〉⊥ =

∫ 1

0

dxxm φ⊥(x)

=
1

3m2
ρ

trCDZT

∫ Λ

dl

[n · lq1 ]m
[n · P ]m

σµνPµχν(ℓ;P ) , (29b)

where ZT is the tensor-vertex renormalisation constant
(see AppendixA of Ref. [10] for details), the trace is over
colour and spinor indices, and our normalisation ensures:

fρ = 〈x0〉‖ , (30a)

f⊥
ρ = 〈x0〉⊥ . (30b)

(The factor of 1/3 in Eq. (29b) was inadvertently omitted
from Eq. (11b) in Ref. [10].) The gauge-invariant quan-
tities fρ and f⊥

ρ are, respectively, vector-meson leptonic
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FIG. 5. Vector meson PDAs: upper panel, the PDAs them-
selves; and lower panel, their absolute values. Legend: solid
(blue) curve, longitudinal projection; and dot-dashed (green)
curve, transverse projection.

and tensor decay constants. The former is a renormal-
isation point invariant, explaining the strength of the
vector-meson → e+e− decay, and the latter vanishes with
increasing ζ. Our computed values for the ground- and
radially-excited-states are listed in Table I.
Using the direct method described in connection with

Eq. (16), we obtained results for the first five moments
of φ‖,⊥. They are listed in Table II, and can be used to
check that the identities in Eq. (15) are satisfied.
The vector meson is an eigenstate of the charge-

conjugation operation with two non-vanishing decay-
constants, so its PDAs take the form

φp(x) = f
p
ρ [xx̄]

α
p
−

zmax
∑

z=0,2,...

azp C
αp

z (x− x̄) , (31)

where p =‖,⊥ and the values of a0p are fixed by Eqs. (30).

With three even (independent) moments known accu-
rately, we choose zm = 2 and determine {αp, a2p} via

a least-squares fit that requires the moments of φp(x) in
Eq. (31) to match those in Table II, with the results listed
in Table III. The associated curves reproduce the mo-
ments with a rms-relative-error of less-than 2%. (In this
case, PDAs of almost equal quality are obtained by fixing
αp = 3/2 and fitting only aα

p

2 : a2‖ = −2.07, a2⊥ = 9.64.)

The computed PDAs of the vector meson’s first radial

excitation are plotted in Fig. 4. At this renormalisation
scale, ζ = ζ2, each exhibits two zeros on 0 < x < 1.
In fact, at ζ2, the number of zeros in the leading-twist
PDA of a 1−− bound-state is 2n, where n is the radial
quantum number. The same things are true of the PDAs
describing the radial excitations of pseudoscalar mesons
[29]. However, whereas the chiral-limit PDA of a radially
excited pseudoscalar meson always has at least two zeros
on 0 < x < 1 [29], in the case of vector mesons, even
in the chiral limit, there is an ǫñ > 0 and a domain
N ñ = {ζ|ζ > 0,ΛQCD/ζ < ǫñ} such that ∀ζ ∈ N ñ, the
PDA for each excitation with n < ñ is positive definite on
0 < x < 1, viz. the PDA is a positive, concave function,
which approaches the conformal limit form (f

p
ρxx̄) under

further ERBL evolution, just like the ground-state PDAs.
In Fig. 5 we provide a different depiction of the vector

meson PDAs. This figure highlights that, as found for
the ground-state, the PDA describing a transversely po-
larised vector meson exhibits greater dilation (is broader)
than that of the longitudinally polarised system. Based
on Refs. [10, 28], we expect this ordering to persist with
increasing current-quark mass.

IV. CONCLUSION

We calculated the leading-twist parton distribution
amplitudes (PDAs) of n = 0, 1, JP = 0+ mesons, where n
is the radial-excitation quantum number, and n = 1, 1−−

mesons, and found that, although bound-states in these
channels are related by vector Ward-Green-Takahashi
identities, their PDAs are very different. In fact, asso-
ciating l = 1 with the scalar systems and l = 0 with
the vector states, then the leading-twist PDAs possess
2n + l zeros on 0 < x < 1. We argued that this is
also true for n ≥ 2 when the PDAs are computed at an
hadronic scale. Notably, too, the dilation characterising
ground-state PDAs is also manifest in the PDAs of radial
excitations.
We also considered the impact of SU(3)-flavour sym-

metry breaking. This is a little stronger in 0+ systems
when compared with 0− states, but the size of the effect
is still primarily determined by the flavour-dependence
of dynamical chiral symmetry breaking, as it is in all
systems studied previously.
It is worth remarking that in comparison with the

leading-twist PDAs of light-quark-antiquark 0+ mesons
computed using sum rules in Ref. [19], our functional
forms are qualitatively in agreement. However, we find
that the decay constants reported therein are too large by
a factor of two. Our predictions for the decay constants
agree with both earlier Dyson-Schwinger equation results
[42, 51] and other estimates made using sum rules [52–
54]. It seems, therefore, that PDAs and decay constants
based on those provided herein should prove valuable in
any future analyses of the nonleptonic decays of heavy
mesons.
We would like to highlight that our results were ob-
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tained using the simplest symmetry-preserving trunca-
tion of the two-valence-body problem. They will not
change qualitatively with the use of a more sophisticated
truncation, but it is nevertheless worth documenting the
quantitative changes, and delivering predictions in future
that may reasonably be considered to be definitive.
Other systems, too, deserve study. For example, it is

straightforward to show, using charge-conjugation prop-
erties, that the leptonic decay constant of JPC = 1+−

mesons must vanish, just like that of scalar mesons, but
the tensor decay constant need not. On the other hand,
for JPC = 1++ mesons it is the other way around, i.e. the
tensor decay constant must vanish, but the leptonic de-
cay constant need not. These features will naturally con-
strain the behaviour of the leading-twist PDAs connected
with the longitudinally and transversely polarised mesons
in the associated, complementary channels to have con-
trasting behaviour:

φ1+−

‖ ∼ φ1++

⊥ ∼ φσ , φ1+−

⊥ ∼ φ1++

‖ ∼ φρ . (32)

These expectations are qualitatively consistent with re-
sults of an existing sum rules analysis [64], but they
should be checked. Light-quark tensor mesons also ap-
pear in the decays of heavy mesons, but little is known
about the shape of their PDAs at the hadronic scale [65],
so the techniques we described herein should also be em-
ployed in the study of tensor bound-states.
It is natural to ask whether our methods can be em-

ployed to study heavy mesons in all accessible quark-
antiquark channels. So far as attainable heavy-heavy sys-
tems are concerned, the answer is “yes, reliably”, because

the rainbow-ladder (RL) truncation is quantitatively ac-
curate for compact states in this limit [66, 67]7 and one
knows how it should sensibly be implemented [28].

On the other hand, one cannot depend upon RL trun-
cation for analyses of the arguably more interesting case
of heavy-light systems. For reasons that are well un-
derstood, connected with an imbalance between the im-
portance of gluon-quark vertex-dressing for light-quarks
as compared with heavy-quarks [24], RL truncation pro-
vides poor results for many qualities of heavy-light sys-
tems [69, 70]. It is anticipated that the use of modern
DCSB-improved kernels will remedy this problem with
the continuum study of these important bound-states,
whose decays provide a crucial window onto the Stan-
dard Model and its possible extensions. However, such
kernels are more difficult to use. It may therefore be
worth searching for a judicious modification of the RL
kernels (as, e.g. in Refs. [71, 72]) so as to obtain semi-
quantitatively reliable predictions for the leading-twist
PDAs of heavy-light systems in the near term.
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[72] M. Gómez-Rocha, T. Hilger and A. Krassnigg, Phys.

Rev. D 93, 074010 (2016).


