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QCD with gauge group SU(Nc) flows to an interacting conformal fixed point

in three spacetime dimensions when the number of four-component Dirac fermions

Nf � Nc. We study the perturbative stability of this fixed point via the ε-expansion

about four dimensions. We find that when the number of fermions is lowered to

N crit
f ≈ 11

2 Nc + (6 + 4
Nc

)ε, a certain four-fermion operator becomes relevant and the

theory flows to a new infrared fixed point that may be either massless or massive. F-

theorem or entanglement monotonicity considerations complement our ε-expansion

calculation.
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I. INTRODUCTION AND SUMMARY

Quantum chromodynamics in three spacetime dimensions (QCD3) with gauge group

SU(Nc) flows to an interacting conformal fixed point when the number of fermion flavors

Nf � Nc. In this paper, we define QCD3 in terms of Nf four-component Dirac fermions in

the fundamental representation of SU(Nc). As the number of fermion flavors is decreased

towards Nc, the infrared (IR) fate of the theory is less clear. At what point N crit
f (Nc) ≡ N crit

f ,

if any, does the theory confine or alternatively flow to a new non-trivial IR fixed point? In

this note, we report new progress on this question obtained through an ε-expansion about

four spacetime dimensions.

The logic of our approach goes as follows. To leading order in the ε-expansion, the QCD3

βg-function for the gauge coupling g,

βg = −1

2
εg +

1

48π2
(2Nf − 11Nc)g

3 +O(g5), (1)

has a non-trivial perturbative zero at g2
∗ = ( 24π2

2Nf−11Nc
)ε when Nf >

11
2
Nc and ε� 1 [1]. The

βg-function in Eq. (1) indicates that this “large-Nf fixed point” disappears for Nf <
11
2
Nc.

However, it is possible that the large-Nf fixed point is destabilized earlier by operators

that are irrelevant for Nf > N crit
f > 11

2
Nc, but become relevant for smaller Nf . If such

“dangerously irrelevant” operators exist (and there is no fine tuning), they necessarily result

in the flow to a new IR fixed point that may be either massive or massless.

Under the assumption that the quadratic (mass) perturbations are zero, we find that a

linear combination of four-fermion operators (described in Sec. III) becomes relevant as the

number of flavors is lowered towards

N crit
f (Nc) =

11

2
Nc +

(
6 +

4

Nc

+O(N−2
c )
)
ε+O(ε2). (2)

In particular, for SU(2) and SU(3) gauge groups, we find N crit
f (2) = 11 + 8ε and N crit

f (3) =

33/2 + 7ε to leading order in the ε-expansion. For large Nc (with fixed ratio Nf/Nc ∼ 1),

the estimate in Eq. (2) coincides with that obtained from examination of βg. However, we

see that the large-Nf fixed point is destabilized earlier than might a priori be expected at

finite Nc.

Previous work has used the 1/Nf expansion to study the stability of QCD3. A solution

to the Schwinger-Dyson equations suggests that the theory is driven into a phase in which
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the fermions acquire a mass at Nf = 128
3π2

N2
c−1
Nc

[2]. For QCD3 with gauge group SU(2), a

theory which appears in the study of algebraic spin liquids and theories for high-temperature

superconductivity [3], [4] estimates that a particular linear combination of four-fermion

operators becomes relevant when Nf < 6. While the 1/Nf expansion directly accesses three

dimensions, the ε-expansion provides a complementary estimate valid for Nf ∼ O(1).

Our work is inspired by recent studies of three-dimensional quantum electrodynamics

QED3 [38] [5–9], in particular the studies via the ε-expansion [10–12]. (QCD3 may be viewed

as a particular ultraviolet completion of compact QED3.) In these works, it is found that

the analogous large-Nf QED3 fixed point [13, 14] becomes unstable for some 1 ≤ Nf < 10.

It is important to understand both in QED3 and QCD3 whether dangerously irrelevant

operators drive the theory into a massive phase or to a new massless fixed point [15] (see

[16] for work in this direction in a closely related theory). We also mention progress on

utilizing the conformal bootstrap ([17] provides a pedagogical introduction) to study QED3

[18] and QCD4 [19] and leave possible studies of QCD3 to future work.

We stress that our work is only valid within perturbation theory. We ignore non-

perturbative effects – in the form of monopole operators added to the effective action –

that need not preserve the symmetries of the perturbative expansion. Such operators can

have important effects on the IR behavior of the theory. Monopole operators in QCD3 have

recently been studied within the 1/Nf expansion [20]. It would be interesting to generalize

the study of monopole operators in QED3 within the ε-expansion [21] to QCD3.

To complement our study of QCD3 via the ε-expansion, we use F-theorem [22–24] or

entanglement monotonicity [25–29] considerations to constrain the possible IR dynamics.

Following [29], we show in Sec. IV that QCD3 admits the flow to a particular massive phase

(described in Sec. II) when there is a solution NF
f (Nc) ≡ NF

f to the equation,

NF
f NcFdirac +

N2
c − 1

2
log
(πNF

f

4

)
− N2

c −Nc

2
log(2π)− log(G2(Nc + 1)) = 2(NF

f )2Fboson,

(3)

for fixed Nc where G2(z) is the Barnes function satisfying G2(Nc+1) = 2!3! · · · (Nc−2)(Nc−

1)!. The constants Fdirac = log(2)
2

+ 3ζ(3)
4π2 and Fboson = log(2)

8
− 3ζ(3)

16π2 are the 3-sphere free energies

of a four-component Dirac fermion and real scalar boson with ζ(x) being the Zeta function.

The left hand-side of Eq. (3) is valid to O(1/Nf ) [27]; consequently, any solution NF
f –

signifying the critical number of flavors for which a flow from QCD3 to a massive phase is
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possible – should be understood to be an estimate valid within the 1/Nf expansion. For

SU(2) and SU(3) gauge groups, we find NF
f (2) ≈ 7 and NF

f (3) ≈ 12, in close agreement

with previous studies of QCD3 via the 1/Nf expansion [2, 4].

NF
f (and the estimates for the critical number of flavors obtained earlier via the 1/Nf

expansion [2, 4]) is roughly half the value of N crit
f that we find using the ε-expansion in

Eq. (2) extrapolated to ε = 1. There is no contradiction here, as the domain of validity of

the two expansions need not overlap. Furthermore, NF
f and N crit

f , strictly speaking, have

different meanings: NF
f signifies when QCD3 is allowed to flow to a massive phase, while

N crit
f denotes the point where a particular four-fermion operator becomes relevant. It is

conceivable that the four-fermion operator that is found to destabilize the large-Nf QCD3

fixed point within the ε-expansion instead drives the theory to a non-trivial IR fixed point

for some range of NF
f < Nf < N crit

f before the massive phase becomes available for Nf ≤ NF
f

(other possibilities, e.g., the extension of the massless phase to Nf = 1, exist as well).

The remainder of this note is organized as follows. In Section II, we frame our study of

QCD3 within the ε-expansion and summarize our conventions. In Section III, we present

our calculation of the anomalous dimensions of the four-fermion operators in QCD3 from

which we derive an estimate for N crit
f . In Section IV, we discuss the estimate of NF

f obtained

from F-theorem considerations. We conclude in Section V. There are two appendices that

provide further details used in the calculation of Section III: Appendix A contains the matrix

of anomalous dimensions for the four-fermion operators that we study; Appendix B provides

details of the argument that there is no mixing of operators that vanish on-shell into those

that do not.

II. QCD3 PRELIMINARIES

We study QCD in three spacetime dimensions via the ε-expansion about four dimensions.

For convenience, we generally refer to QCD in 4 − ε dimensions with ε > 0 as QCD3. We

take QCD3 to have gauge group SU(Nc) and Nf four-component Dirac spinors Ψn (n =

1, . . . , Nf ) in the fundamental representation of SU(Nc). Our aim is to better understand

the IR dynamics of the theory as Nf is varied for fixed Nc.
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In 4− ε dimensions, the QCD action,

S =

∫
d4−εx

(
Ψ̄i(/∂ − ig /Aata)Ψ− 1

4
F a
µνF

µν
a

)
, (4)

where F a
µν is the field strength of the gauge field Aaµ and {ta} are the generators of SU(Nc)

(the sum over a is understood; the sum over the flavor index n and color indices are sup-

pressed). As usual /∂ ≡ ∂µγ
µ and /Aa ≡ Aaµγ

µ, and Ψ̄ ≡ Ψ†γ0 for γ-matrices satisfying

{γµ, γν} = 2ηµν with ηµνηµν = 4 − ε (see [1] and references therein for a discussion of

γ-matrices in non-integral dimension).

In four dimensions (ε = 0), the QCD Lagrangian enjoys the global chiral symmetry

SU(Nf )× SU(Nf )× U(1) in addition to the discrete spacetime symmetries of charge con-

jugation, time-reversal, and parity. In three dimensions (ε = 1), the “chiral symmetry” is

enhanced to SU(2Nf ); the parity operation becomes reflection along one spatial coordinate

with the other two discrete transformations unchanged. The enhancement of the global sym-

metry can be understood by writing the Nf four-component Dirac spinors in terms of 2Nf

two-component spinors Ψn =
(
ψn ψn+Nf

)T
. Given our interest in the three-dimensional

theory, we will think of the global symmetry of Eq. (4) as SU(2Nf ).

For ε > 0, the gauge coupling g acquires positive mass dimension (at the classical level)

and consequently flows towards strong coupling in the IR. For ε = 1, this flow can be

reliably studied via the 1/Nf expansion. The leading order in the ε-expansion βg-function

for the gauge coupling – given in Eq. (1) – indicates a non-trivial perturbative fixed point

for sufficiently large Nf � 11
2
Nc and ε > 0. In fact, this “large-Nf fixed point” persists

and remains perturbative for 0 < ε � 1 as long as Nf >
11
2
Nc. The large-Nf fixed point

is the extrapolation to three dimensions of the free fixed point of the IR free phase of

four-dimensional QCD. (A higher-order study in the ε-expansion is required to address the

behavior of the theory for Nf <
11
2
Nc and ε > 0 where the zero of βg at g2

∗ is lifted.) Thus,

the ε-expansion furnishes an alternative method by which to study QCD3 with Nf ∼ O(1).

The fate of this large-Nf fixed point as Nf is lowered is the subject of this paper

and previous studies [2, 4]. One hypothesis is that SU(2Nf ) is spontaneously broken to

SU(Nf )×SU(Nf )×U(1) as Nf is lowered beyond some critical value (the simplest scenario is

one in which the discrete symmetries are preserved). In (three-dimensional) two-component

spinor notation, this symmetry breaking can be achieved by a non-zero vacuum expectation

value of ψ̄nψn− ψ̄n+Nf
ψn+Nf

. The precise dynamics that might give rise to such a symmetry
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breaking is not currently understood, although estimates based upon the 1/Nf expansion

([9] and references therein) and the ε-expansion [10] in QED3 indicate that a four-fermion

operator can become relevant as Nf is lowered and thereby precipitate the symmetry break-

ing. However, such higher-body operators need not result in symmetry breaking; they could

instead generate the flow to a new non-trivial fixed point.

In Sec. III, we extend a previous study [10] of four-fermion operators in QED3 to QCD3

using the ε-expansion. We thereby determine the critical number of flavors N crit
f (Nc) ≡ N crit

f

below which a certain linear combination of four-fermion operators becomes relevant and

destabilizes the large-Nf fixed point. Unfortunately, we are unable to determine the endpoint

of the resulting renormalization group (RG) flow; we do not know whether the four-fermion

operator leads to the spontaneous breaking of SU(2Nf ) or if a new non-trivial IR fixed

point is achieved. We leave a more detailed investigation of this important question for

further study. However, we can use the F-theorem to determine when spontaneous symmetry

breaking becomes possible and do so in Sec. IV.

III. DANGEROUSLY IRRELEVANT OPERATORS IN QCD3

In this section, we calculate the anomalous dimensions of SU(2Nf ) symmetry-preserving

four-fermion operators. We begin with a summary of our Feynman rules and then discuss

the calculation.

A. Feynman rules

In the computations outlined in this section, we work in Feynman gauge, which is imple-

mented by adding the standard gauge-fixing term to the QCD3 action Eq. (4),

Lgauge fixing = − 1

2ξ
(∂µAaµ)2. (5)

Feynman gauge is defined as fixing ξ = 1. This results in a gauge boson propagator,

Dµν,ab(p) = =
−iηµν
p2

δab, (6)

where a and b are gauge group indices. Our fermion propagator,

Gmn,ij(p) = =
i/p

p2
δmnδij, (7)
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is obtained directly from the action, where m,n are flavor indices and i, j are color indices.

Similarly, the fermion-gauge boson vertex is

= igγµtaδmn (8)

where the flavor indices m (n) are attached to the in-coming (out-going) fermion lines.

B. Four-fermion operators

Following the intuition of [4, 9, 10], our interest will be in four-fermion operators. In the

three-dimensional theory, one can construct at most four linearly independent four-fermion

operators which share the symmetries of the action and, therefore, can mix under the RG.

In two-component spinor notation, these are

OV = (ψ̄iσ
µtaijψj)(ψ̄kσµt

a
klψl) (9)

OA = (ψ̄it
a
ijψj)(ψ̄kt

a
klψl) (10)

OV ′ = (ψ̄iσ
µtaijψl)(ψ̄kσµt

a
klψj) (11)

OA′ = (ψ̄it
a
ijψl)(ψ̄kt

a
klψj), (12)

where i, j, k, l are color indices, the Pauli σ-matrices furnish the (minimal) Clifford represen-

tation in three dimensions, and parentheses indicate spinors with contracted flavor indices.

One can check that other possible four-fermion operators, such as (ψ̄iσ
µtaijT

Bψj)
2, where

the {TB} are the generators of the SU(2Nf ) flavor group, can be constructed from linear

combinations of these four operators.

To translate these operators into the language of four-component spinors in 4 − ε di-

mensions, we note that in three dimensions, γ[µγνγρ] (the square bracket denotes anti-

symmetrization over the indices µ, ν, ρ) is proportional to the identity. Thus, insert-

ing the “identity” into OA and OA′ and using the fact that (γ[µγνγρ])αβ(γ[µγνγρ])γδ =

(γµγ5)αβ(γµγ5)γδ in four dimensions, we can write down the four-component spinor ana-
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logues of these operators in 4− ε dimensions,

OV = (Ψ̄iγ
µtaijΨj)(Ψ̄kγµt

a
klΨl) (13)

OA = (Ψ̄iγ
µγ5t

a
ijΨj)(Ψ̄kγµγ5t

a
klΨl) (14)

OV ′ = (Ψ̄iγ
µtaijΨl)(Ψ̄kγµt

a
klΨj) (15)

OA′ = (Ψ̄iγ
µγ5t

a
ijΨl)(Ψ̄kγµγ5t

a
klΨj). (16)

We see immediately that the first two of these operators are the square of the vector and

axial currents (thus the subscripts V and A). The remaining two operators consist of the

two alternate ways of forming color singlets.

While the above operators can generally mix among themselves under the RG, other

operators sharing their engineering dimension of 6− 2ε which are invariant under the same

symmetries can mix with them as well. One can construct at most two such operators that

are linearly independent. We choose them such that they are proportional to the classical

equations of motion resulting from Eq. (4) and, therefore, vanish on-shell:

OEoM,1 = (ψ̄iγ
µtaijψj)(

1

g
[Dν , F

µν,a]− ψ̄iγµtaijψj) (17)

OEoM,2 =
1

g
[Dν , F

µν,a](
1

g
[Dν , F

µν,a]− ψ̄iγµtaijψj). (18)

Our choice of operators in Eqs. (17) - (18) is motivated by the absence of mixing into the

operators in Eqs. (13) - (16) under the RG. See Appendix B for further details on the

argument that establishes this result.

C. Anomalous dimensions

In order to determine whether there exists a linear combination of the operators in Eqs.

(13) - (16) and (17) - (18) which become relevant at some N crit
f (Nc), we study the matrix of

anomalous dimensions γ for these operators to leading order in the ε-expansion evaluated

at the large-Nf fixed point. Because the operators which vanish on-shell cannot mix under

the RG into the operators which do not, we know that γ is a block triangular 6× 6 matrix

γT =
g2
∗

16π2

 A 0

B C

 , (19)
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FIG. 1: The diagrams contributing to the renormalization of the four-fermion operators in Eqs.

(13) - (16) at one-loop. The dot indicates the insertion of a four-fermion operator.

where we work with the transpose for convenience. The matrix A corresponds to the mixing

of the four-fermion operators in Eqs. (13) - (16) amongst themselves, and is therefore 4× 4.

The upper-right block is 0, as it corresponds to the mixing of the operators in Eqs. (17)

- (18), which vanish on-shell, into the four-fermion operators. Finally, the blocks B and C

respectively correspond to the mixing of the four-fermion operators into the operators which

vanish on-shell and the mixing of the operators in Eqs. (17) - (18) into themselves. They

are nonzero in general.

Because γ is block triangular, it will suffice to focus only the block A, as its eigenvalues

will also be eigenvalues of γ as a whole. This means that we can neglect the mixing of four-

fermion operators into the operators which vanish on-shell, a fact that greatly simplifies our

computation.

The block g2∗
16π2A of the anomalous dimension matrix can be computed from the diagrams

in Fig. 1 and is given in Appendix A. Note that in computing these diagrams we take

the external fermion legs in these diagrams to be on-shell. g2∗
16π2A has four eigenvalues that

correspond to the anomalous dimensions (of the four linear combinations) of four-fermion

operators that diagonalize the RG flow. Two of these eigenvalues are positive and two

are negative in the regime we are studying, Nf >
11
2
Nc. In the large-Nf limit, in general
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one positive and one negative eigenvalue go to zero, while the remaining two asymptote to

positive and negative nonzero values. See Figure 2 for a plot of these anomalous dimensions

for SU(2) gauge group.

Destabilization of the large-Nf fixed point can only occur when one of the negative

anomalous dimensions η(Nf , Nc; ε) renders its corresponding operator relevant. This occurs

when

∆ + η(Nf , Nc; ε) < 4− ε, (20)

where ∆ = 6− 2ε is the engineering dimension of four-fermion operators in 4− ε spacetime

dimensions. Thus, we obtain the condition that an operator is relevant when

η(Nf , Nc; ε) < −2 + ε. (21)

The large-Nf fixed point becomes unstable when the number of flavors is lowered past the

value N crit
f at which this inequality is saturated by at least one eigenvalue η. SinceA is a 4×4

matrix, obtaining a value of N crit
f analytically is difficult and would likely be unenlightening.

Therefore, we estimate N crit
f by diagonalizing A and solving η(N crit

f , Nc; ε) = −2+ ε for N crit
f

given many fixed values of Nc and ε � 1 [39]. We fit the result to a linear function of ε

for each value of Nc, a very good approximation for ε � 1. We then fit these results as

functions of Nc. From this we find that the first eigenvalue of A saturates the bound in Eq.

(21) when Nf is lowered to

N crit
f ≈ 11

2
Nc +

(
6 +

4

Nc

+O(N−2
c )

)
ε+O(ε2). (22)

This is an approximate result for the number of flavors below which the fixed point becomes

unstable. Eq. (22) implies, in particular, that as Nc becomes larger, N crit
f nears the boundary

of the QCD4 conformal window, Nf = 11
2
Nc; this point marks the boundary above which

the one-loop beta function of four-dimensional QCD admits an IR free phase (as a function

of Nf for fixed Nc).

It is an open question as to the fate of the three-dimensional theory for Nf ≤ N crit
f . It

is possible that the theory flows to the three-dimensional version of the Banks-Zaks fixed

point [30] – which appears at two-loops in four-dimensional QCD – before the theory becomes

asymptotically free (with respect to the first quantum correction to βg) and chiral symmetry

is presumably broken. To gain a better understanding of when symmetry breaking can occur

for Nf < N crit
f , in the next section we present an upper bound on the number of flavors below

which chiral symmetry can be maximally broken using the F-theorem.
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η[Nf ,Nc=2;ϵ=0.3]

FIG. 2: The eigenvalues of the block g2∗
16π2A of the anomalous dimension matrix corresponding to

the mixing of the four-fermion operators in Eqs. (13) - (16) amongst themselves. Here we take the

gauge group to be SU(2) and ε = 0.3. The large-Nf fixed point of QCD3 becomes unstable when

the most negative eigenvalue drops below approximately −2 + 0.3 = −1.7.

IV. F-THEOREM AND ENTANGLEMENT MONOTONICITY

In the previous section, we determined the critical value of N crit
f (Nc) below which a

potentially-destabilizing four-fermion interaction became relevant using the ε-expansion. We

now consider a complementary perspective from which to assess the fate of QCD3 as the

number of flavors is lowered. We use the F-theorem [22–24] or entanglement monotonicity

[25–29] – valid for conformal field theories in three spacetime dimensions – to determine the

maximal number of flavors NF
f (Nc) below which the large-Nf QCD3 fixed point may flow

to a particular phase in which the fermions acquire a mass, following the idea presented in

[29]. In short, for Nf > NF
f , the large-Nf fixed point is stable to symmetry breaking; for

Nf < NF
f , the instability becomes available.

Our analysis assumes a pattern of symmetry breaking in which the possible dynamically-

generated fermion masses preserve the SU(Nf ) × SU(Nf ) × U(1) ⊂ SU(2Nf ) subgroup
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of the global flavor symmetry, consistent with [31]. (Other types of symmetry breaking

are possible, however, they will not be considered here.) Goldstone’s theorem says that the

spontaneous symmetry breaking SU(2Nf ) 7→ SU(Nf )×SU(Nf )×U(1) results in 2N2
f (real)

massless scalars. Asymptotic freedom then implies that the Goldstone bosons saturate the

low-energy field content.

The F-theorem admits RG flow from QCD3 to the (massive) Goldstone phase when

FQCD3 > FGoldstone, (23)

where FQCD3 and FGoldstone denote the free energies of the two theories on the 3-sphere. The

values of these 3-sphere free energies can be found in [27]:

FQCD3 = NcNf

( log(2)

2
+

3ζ(3)

4π2

)
+
N2
c − 1

2
log
(πNf

4

)
− Nc(Nc − 1)

2
log(2π)

− log(G2(Nc + 1)) + . . . ,

FGoldstone = 2N2
f

( log(2)

8
− 3ζ(3)

16π2

)
, (24)

where the . . . represent additional contributions to FQCD3 that are expected to begin at

O(1/Nf ). G2(z) is the Barnes function satisfying G2(Nc + 1) = 2!3! · · · (Nc − 2)(Nc − 1)!.

A plot of FQCD3 for the gauge group SU(2) and FGoldstone is given in Figure 3. We see

that FGoldstone > FQCD3 for Nf ≥ 8, while the Goldstone phase becomes available for smaller

Nf .

We have not found it possible to analytically solve for the point at which the inequality

in Eq. (23) is saturated. However, we can estimate NF
f as a function of Nc by numerically

minimizing |FQCD − FGoldstone| for many values of Nc and fitting the result [40]. This yields

the estimate

NF
f ≈ 4.24Nc − 0.35. (25)

This estimate is very good for large values of Nc, for which it gives
|FQCD3−FGoldstone|

FQCD
≈ 0.1%.

It is somewhat worse for smaller values of Nc. For example, for the gauge groups SU(2)

and SU(3),
|FQCD3−FGoldstone|

FQCD3
≈ 5% and 2% respectively. For these gauge groups, we find

NF
f (2) ≈ 7.7 and NF

f (3) ≈ 12.1 without performing any fitting.

Because the 1/Nf expansion was required to obtain FQCD3 above, it is useful to consider

alternative means of estimating the large-Nf QCD3 3-sphere free energy. (It would be

interesting to generalize to QCD3 the technique used in [11] to compute FQED3 within an
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Nf

2

4

6

8

10

12

F[SU(2)]

FQCD3

FGoldstone

FIG. 3: The free energies FQCD3 (blue) and FGoldstone (yellow) for SU(2) QCD3 as functions of the

number of fermion flavors Nf . Notice that they cross at NF
f ≈ 7.7. Note that the origin is placed

at Nf = 2.

ε-expansion about four dimensions in order to provide a more direct comparison to N crit
f

computed in the previous section.) One option is N = 2 supersymmetric QCD3 (SQCD3)

whose 3-sphere free energy can be found exactly using localization techniques [32]. The

SQCD3 free energy provides an upper bound on the large-Nf QCD3 free energy since the

former flows to the latter under suitable deformation. Unfortunately, we do not find a lower

value of NF
f (Nc). For example, for SU(2) and SU(3) gauge groups, we find NF

f (2) ≈ 13 and

NF
f (3) ≈ 18 using N = 2 SQCD3.

We remark that it is not helpful to use the 3-sphere free energy of the decoupled UV

limit of QCD3. The reason is that N2
c − 1 (abelian) gauge fields do not define a conformally

invariant theory in three dimensions. Their free energy scales logarithmically with the radius

of the 3-sphere and, therefore, diverges at long wavelengths [27].

V. DISCUSSION

In this paper, we utilized the ε-expansion about four spacetime dimensions to estimate

an upper bound on the number of flavors below which the large-Nf QCD3 is destabilized.
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This was done by finding the number of flavors, Eq. (22), at which a certain linear combi-

nation of four-fermion operators becomes relevant. In addition, we used the F-theorem or

entanglement monotonicity to estimate in Eq. (25) when the large-Nf fixed point admits

the spontaneous symmetry breaking SU(2Nf ) 7→ SU(Nf )× SU(Nf )× U(1).

Our computations in Sec. III were done entirely at the one-loop level. It would be of

great interest to study this problem out to two-loops in the future. This might enable one to

develop an understanding of the fate of the Banks-Zaks fixed point [30] in four-dimensional

QCD when it is continued to three dimensions.

The possible applications of QCD3 range from the physics of high-temperature (four-

dimensional) QCD [33] to theories of high-temperature superconductivity [3] as well as to

magnetic systems [4] and parton descriptions of the quantum Hall effect [34]. We hope that

our work may be helpful to such applications.
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Appendix A: Anomalous Dimension Matrix

Computing the diagrams in Figure 1, we obtain the block of the anomalous dimension

matrix in Eq. (19) corresponding to the mixing of the four-fermion operators in Eqs. (13) -

(16) with themselves
g2
∗

16π2
AIJ , (A1)
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where I, J = V,A, V ′, A′. The entries of this matrix are

AV V =
16

3
T2(F )Nf +

38

3
C2(F )− 10

3
C2(G)− 5 (A2)

AV A = 6(C2(F ) +
1

2
) (A3)

AV V ′ = 5(1 +
1

Nc

) (A4)

AV A′ = 3(1− 1

Nc

) (A5)

AAV = 6(C2(F ) +
1

2
) +

8

3
(C2(F )− 1

2
C2(G)) (A6)

AAA = 10(C2(F )− 1

2
)− 2C2(G) (A7)

AAV ′ = AV A′ (A8)

AAA′ = 5(1 +
1

Nc

) (A9)

AV ′V = 5(1 +
1

Nc

) +
16

3
(C2(F )− 1

2
C2(G))Nf +

8

3
T2(F ) (A10)

AV ′A = AV A′ (A11)

AV ′V ′ =
16

3
(C2(F )− 1

2
C2(G))Nf + 10C2(F )− 2C2(G) +

8

3
T2(F )− 5 (A12)

AV ′A′ = AV A (A13)

AA′V = 3(1− 1

Nc

) +
8

3
T2(F ) (A14)

AA′A = AAA′ (A15)

AA′V ′ = AV A (A16)

AA′A′ = 10(C2(F )− 1

2
)− 2C2(G) (A17)

where T2(F ) = 1
2
, C2(F ) = N2

c−1
2Nc

, and C2(G) = Nc (F and G are the fundamental and

adjoint representations of SU(Nc) respectively).

To give the reader an idea of how these matrix elements are computed, we describe a

sample calculation. Consider the operator λVOV , where OV is given in Eq. (13). The

Feynman rule for an insertion of this operator is

= iλV γ
µ
αβt

a
ijγµ,γδt

a
kl (A18)

where α, β (i, j) and γ, δ (k, l) are the spinor (color) indices associated with the fermion line

above and below the dot respectively. As an example of a one-loop insertion of this vertex,
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consider the second diagram in Figure 1. This diagram is proportional to

(γµγνγρ)αβ(γργνγµ)γδ(t
atb)ij(t

bta)kl. (A19)

where we’re suppressing the logarithmic divergence. We’ll first consider the products of

gamma matrices. Using the identity

γµγνγρ = ηνργµ − ηµργν + ηµνγρ − iεµνρσγσγ5, (A20)

we obtain (using the shorthand (γµγνγρ)αβ(γργνγµ)γδ ≡ γµγνγρ ⊗ γργνγµ)

γµγνγρ ⊗ γργνγµ = γµ ⊗ γνγνγµ − γν ⊗ γµγνγµ + γρ ⊗ γργµγµ

−iεµνρσγσγ5 ⊗ γργνγµ (A21)

= (2D − (2−D))γµ ⊗ γµ + (i)2εµνρσερνµδγσγ5 ⊗ γδγ5 (A22)

= (3D − 2)γµ ⊗ γµ + (D − 1)!γµγ5 ⊗ γµγ5, (A23)

where in the second and third lines we used

γµγµ = D (A24)

γµγνγµ = (2−D)γν (A25)

εµνρσερνµδ = −(D − 1)!δσδ, (A26)

where D = 4− ε. We now move on to the product of the gauge group generators. Here we

will use the commutator

[ta, tb] = ifabctc (A27)

and the identities

taijt
a
kl =

1

2
(δilδkj −

1

Nc

δijδkl) (A28)

ifabctbtc = −1

2
C2(G)ta. (A29)

We therefore have

(tatb)ij(t
bta)kl = ifabctcij(t

bta)kl + (tbta)ij(t
bta)kl (A30)

=
1

2
C2(G)taijt

a
kl +

1

2
tamjt

a
nl(δinδkm −

1

Nc

δimδkn) (A31)

=

[
1

2
C2(G)− 1

2Nc

]
taijt

a
kl +

1

2
tailt

a
kj (A32)

= C2(F )taijt
a
kl +

1

2
tailt

a
kj, (A33)
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where the first term results in mixing into OV and OA, and the second term results in mixing

into OV ′ and OA′ . The remaining diagrams can be computed analogously.

Appendix B: RG Mixing with Redundant Operators

In computing eigenvalues of the anomalous dimension matrix γ in Section III, it was

of great use to select a basis of operators {OI} such that γ is block-triangular. This was

done by selecting two operators which vanish upon use of the classical equations of motion

(the contributions of higher-dimension operators are assumed irrelevant). Such operators

are called redundant [35]. We argue in this appendix that redundant operators in general

do not mix into operators which are not redundant under the RG. Much of the argument in

this section has overlap with that in [36, 37].

A redundant operator is defined as an operator for which infinitesimal variations in its

coupling can be eliminated from the action by way of a redefinition of the fields {Ψi} in the

theory [35]. Such an infinitesimal field redefinition of a field Ψi takes the form

Ψi 7→ Ψi + εF (Ψj, ∂Ψj, ...) (B1)

where F is some continuous function of the fields in the theory and their derivatives. The

change in the action under this variation is therefore

δS = ε
δS

δΨi

F (Ψj, ∂Ψj, ...). (B2)

Thus, an operator O with coupling λ is redundant if under λ 7→ λ+ δλ

δS

δλ
= −

∑
i

δS

δΦi

Fi(Ψj, ∂Ψj, ...) (B3)

for some subset {Φi} of the fields. Thus, redundant operators are operators which vanish

on-shell (i.e. δS
δΨ

= 0).

As an aside, we can generalize the concept of a redundant operator to that of a redun-

dant parameter. A redundant parameter Ω in a theory (not necessarily just the coupling

constant associated with a single operator) is redundant if δS
δΩ

takes the form of Eq. (B3),

meaning that variations in Ω can be canceled by a field redefinition. A redundant operator is

therefore an operator with a coupling constant which is a redundant parameter. Redundant

parameters in general cannot affect observables like S-matrix elements, masses, charges, and
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anomalous dimensions at a RG fixed point. Redundant parameters can, however, appear in

RG-dependent quantities like beta functions; a procedure for their removal has been achieved

in [36, 37].

The special case of a redundant operator is particularly well behaved since, to satisfy

Eq. (B3), this operator must vanish on the equations of motion, so an infinitesimal field

redefinition can always remove it from the bare action (up to the Jacobian of the redefinition

and a shift in the source of the field being redefined, both of which we will discuss below)

provided that it is irrelevant. Thus, such operators cannot renormalize operators which

are not redundant (note that the converse need not be true). Below, we will give a rough

argument for this for the case of interest, SU(Nc) QCD in 4− ε dimensions.

We will be interested in the mixing of dimension-6 (under four-dimensional power count-

ing) operators under the RG which are invariant under the symmetries of the action in Eq.

(4). As in Sec. III B, when choosing a basis of these operators, we choose two redundant

operators, one of which is (suppressing color indices)

OEoM,1 = J µ
V (

1

g
[Dν , Fµν ]− JV,µ). (B4)

This is the operator in Eq. (17) written in terms of the vector current J µ,a
V = Ψ̄γµtaΨ with

gauge group indices suppressed. The second operator OEoM,2 may be handled similarly. The

term in the Lagrangian associated with this operator can be written as

L ⊃ λEoM,1J µ
V

δS

δAµ
. (B5)

It is certainly true that any change in λEoM,1 under the RG can be removed by way of a field

redefinition, but we are primarily interested in the other dimension-6 operators that are not

redundant, so we must remove λEoM,1 from the bare action in order to keep beta functions

of other couplings from depending on it. This is possible because OEoM,1 is irrelevant and

so its coupling λEoM,1 is naturally proportional to two powers of the inverse cutoff 1/Λ2. We

then perform the infinitesimal field redefinition

A′µ = Aµ − 1

Λ2
J µ
V (B6)

which eliminates OEoM,1 from the bare action and prevents us from having to worry about

its effect on the running of non-redundant couplings in the theory. Of course, under the RG,

OEoM,1 can be generated, but, again, it can always be removed in this way at each step in
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the RG procedure. The point is that because it can be eliminated by way of an infinitesimal

field redefinition, λEoM,1 cannot contribute to the renormalization of other, non-redundant

couplings.

Note that the above redefinition of the gauge field will introduce a Jacobian in the path

integral which can be neglected (it can be generally interpreted as introducing ghosts which

we can for all intents and purposes ignore). There is also an additional term of the form

1
Λ2JµJ µ

V , where Jµ is the source of Aµ, that appears when we take into account source

terms, but this term does not affect the four-fermion correlation functions we are primarily

interested in. Further discussion can be found in [36].
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