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The A(1405) baryon is difficult to detect in experiment, absent in many quark model calculations,
and supposedly manifested through a two-pole structure. Its uncommon properties made it subject
to numerous experimental and theoretical studies in recent years. Lattice-QCD eigenvalues for
different quark masses were recently reported by the Adelaide group. We compare these eigenvalues
to predictions of a model based on Unitary Chiral Perturbation Theory. The UxPT calculation
predicts the quark mass dependence remarkably well. It also predicts the overlap pattern with
different meson-baryon components, mainly 7% and KN, at different quark masses, which might
help in the construction of meson-baryon operators for improved level detection on the lattice. More
accurate lattice QCD data are required to draw definite conclusions on the nature of the A(1405).

PACS numbers: 11.80.Gw,12.38.Gc,12.39.Fe,13.75.J2,14.20.Pt,14.20.Jn

I. INTRODUCTION

The A(1405) has been a controversial state for many
years. In the quark model it is classified as ¢> state be-
longing to the 70- dimensional representation with exci-
tation of one of the quarks to the p state [1]. A pen-
taquark structure ¢*g has also been proposed [2]. Nev-
ertheless, the mass of the A(1405), that is lighter than
the N(1535), and the large spin-orbit splitting between
the A(1405) and A(1520) were difficult to understand in
the quark model picture. The A(1405) has been con-
sidered as a quasibound molecular state of the KN sys-
tem for many years [3], [4]. In fact, there are experi-
mental evidences that the A(1405) resonance, which has
been observed in the 73 invariant mass distribution, is
mostly a KN and/or 7% composite [5-9]. The reason is
that the A(1405) lies just 25 MeV below the KN thresh-
old and has a strong influence in the low-energy KN
data [5, 6, 8, 9]. It should be stressed, however, that
the partial-wave content, and in particular the S-wave,
is difficult to determine close to threshold as demon-
strated recently by the ANL/Osaka [10, 11] and Kent
State groups [12]. See also a recent re-analysis of the
KSU partial waves to extract the resonance content [13].
Better kaon-induced reaction data are needed [14-16].

The A(1405) also played an important role in the so-
called kaonic hydrogen puzzle [5-7, 17-24], which was
resolved through accurate measurements of the 1.5 level
shift of the kaonic hydrogen atom from atomic X-rays
[25, 26]. From these measurements, the K p scatter-
ing length can be extracted (through the Deser For-
mula [27]). A precise determination of the K~ p scat-
tering length requires to include isospin breaking correc-
tions [28].

The accurate kaonic hydrogen measurements by
DEAR and SIDDHARTA [29, 30], together with total
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cross section data and threshold branching ratios, are
successfully described in the framework of chiral SU(3)
coupled-channels dynamics with input based on the NLO
meson-baryon effective Lagrangian [31-38]. Dispersion
relations can be used to perform the necessary resum-
mation of the chiral perturbation theory amplitudes at
any order [39]. In particular, the kaonic hydrogen data
are used to constrain the meson-baryon coupled-channel
amplitudes, giving rise to a more precise determination
of the location of the two poles. Off-shell effects in the
NLO chiral expansion of the effective Lagrangian lead
only to small changes of the pole positions [35]. Impli-
cations of the new data for Kd scattering are discussed
in Refs. [40, 41]. See Ref. [38] for a recent comparison of
approaches.

Since the A(1405) mass lies between the 7 and
K N thresholds, a coupled-channel description is manda-
tory. In fact, all the unitary frameworks based on chi-
ral Lagrangians for the study of the S- wave meson-
baryon interaction lead to the generation of this res-
onance [31, 35, 39, 42-48]. Within the UxPT frame-
work, two poles close to the A(1405) resonance mass ap-
pear [39, 47]. This was also the case in the cloudy bag

model of Ref. [24]. The coupled-channel formalism takes
into account all possible (J P = %7; I = 0) pseudoscalar
meson-octet baryon channels (except for 77’ A whose cou-
pling is supposed to be negligible): KN, 7% , nA and
KE [45, 48, 49]. For example, in Ref. [49] the two states
are found in the complex plane of scattering energy at
Vs = (1390 — 664) MeV and (1426 — 163) MeV. Both
states lie on the same Riemann sheet, with the real parts
of their pole positions above the 7% and below the KN
threshold. In most approaches, the lower state is wider
and couples stronger to the 73 channel, while the upper
state close to the KN threshold is narrower and couples
more to K N. The position and width of the lighter state
is less well determined than for the heavier state [35, 50].

Evidence of the proposed two-pole structure [39, 47]
has been accumulated through the study of different re-
actions. For instance, in Ref. [51], the theoretical study
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of the pp — pKtTA(1405) reaction shows different line-
shapes from the K, m and p-exchange contributions due
to the two-pole structure, and its sum is consistent with
experimental data. Indeed, the two poles associated with
the A(1405) can also be studied by means of different pro-
duction reactions which favor one or the other pole. In
Ref. [52], it is shown that the K~p — 7%7°%0 reaction is
sensitive to the second pole of the A(1405) resonance. In
this process the 70 is emitted prior to the K—p — 70%0
reaction, which gives more weight to the second state.
The model of Ref. [52] reproduces both the invariant
mass distributions and integrated cross sections observed
in the experiment by the Crystal Ball Collaboration [53].
Other reactions to unravel the two-pole structure of the
A(1405) have been proposed in Ref. [54]. The 730 decay
mode of the A(1405) is, in general, clean because there
is no contamination from the ¥(1385). In contrast to
the reaction K~ p — 797959, the reaction 7~ p — K%
studied in Ref. [55] shows a different shape of the res-
onance, and is dominated by the 7% — 7 amplitude,
hence, favoring the lower and wider state. Further evi-
dence for two A(1405) states is found in Refs. [56, 57].
The composite nature of the A(1405) as K N bound state
has been investigated in Refs. [58, 59]. Regge trajecto-
ries of the two poles of the A(1405) have been studied in
Ref. [60].

Recently, the spin and parity of A(1405) were deduced
based on yp — K1 A(1405) reaction data [61] measured
at CLAS, and confirmed to be 1/27 [62]. The lineshape
of the A(1405) differs in the 773~ and 7~ X7 decay chan-
nels as a result of the isospin interference between differ-
ent 7% channels. In Refs. [63-65] the impact of the new
photoproduction data [61] on the pole structure of the
A(1405) has been quantified.

The finite-volume spectrum of the A(1405) was pre-
dicted in Ref. [66] based on a dynamical coupled-
channel model and a chiral unitary approach. The
coupled-channel KN, 7% scattering lengths in the fi-
nite volume were discussed in Ref. [67]. The problem
of multiple thresholds and resonances in finite-volume
baryon spectroscopy was discussed for the example of the
N(1535), N(1650) in Ref. [68]. After this manuscript ap-
peared on arXiv, the A(1405) finite-volume spectrum was
analyzed in Ref. [69].

Recently, the spectrum of excited hyperons became
accessible in ab-initio simulations of QCD on the lat-
tice [70-76]. The determination of meson-baryon phase

shifts has been pioneered for S = 0,JF = %7 in Ref.
[77].

The aim of the present study is to test the two-pole
hypothesis of the A(1405) in the light of the new lattice
QCD data from Ref. [78]. This work is indeed the first
comparison between lattice data and a prediction from
UxPT. For this, we determine the M2-evolution of the
eigenvalues with I = 0, S = —1 and JF = 1/27, using
the lowest order chiral interaction in the finite volume,
for several sets of ground state masses, in particular, the
physical set, and the sets of pion masses used in Ref. [7§]

which are between 170 MeV and 620 MeV. We will study
the properties of the first two states, pole positions, dis-
tances to the KN and 73 thresholds, and couplings to
the meson-baryon components, and compare to the lat-
tice data.

The article is organized as follows. In Section II
we describe the coupled-channel formalism using the
UxPT lowest order potential, to dynamically generate
the A(1405). In Section III, we explain how to calculate
the bound states in the box using the coupled-channel
formalism. Finally, in Section IV and V we present re-
sults and conclusions.

II. THE A(1405) IN THE INFINITE VOLUME

In the chiral unitary approach, the A(1405) resonance
is dynamically generated in s-wave meson-baryon scat-
tering from the coupled channels with isospin I = 0, and
strangeness S = —1, KN, 7%, nA and KZ. The scatter-
ing equation used to study the meson-baryon system is
[39]

T=01-VGPH-ly (1)

where the matrix V is the interaction kernel of the scat-
tering equation, in s-wave given by the lowest order of
chiral perturbation theory (the Weinberg-Tomozawa in-
teraction),

1
Vi;(W) = =C; AR (2W — M; — M;)

y M; + E; Mj + Ej (2)

V. 2M; \/ 2M;
with the channel indices i, j, the baryon masses M, the
meson decay constants f, the baryon on-shell energy E
and the center of mass energy W in the meson-baryon
system. The coefficients C;; are the couplings strengths
to the pseudoscalars (P) and baryons (B) of each reaction

P,B; — P;B; (i,j =1,...,4), determined by the lowest-
order chiral Lagrangian in isospin I = 0,
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All calculations are performed in the isospin limit. The
precision analysis of experimental data requires to take
isospin breaking into account, especially for kaonic hy-
drogen [28]. However, the lattice data of Ref. [78] to
which we will compare neglect isospin breaking as well.
The diagonal matrix GP® in Eq. (1) is the meson
baryon loop function, evaluated using dimensional regu-



larization as [39]
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where m are the meson masses, ¢en, is the three-
momentum of the meson or baryon in the center-of-mass
frame and p is the scale of dimensional regularization
chosen as p = 630 MeV in Ref. [45]. The remaining
finite constants denoted by a;(u) are determined phe-
nomenologically by a fit in order to reproduce the thresh-
old branching ratios of K~ p to mA and 7% observed by
stopped K~ mesons in hydrogen [79, 80]. The a; con-
stants were determined in Ref. [43] using the same aver-
aged decay constant for all the pseudoscalar mesons in-
volved, f = 1.123 f,. The latter relation changes for un-
physical pion masses. Thus, it is more appropiate to use
different decay constants f;, f; in Eq. (2) depending on
which mesons are in the external legs of the pseudoscalar-
baryon interaction, P;B; — P;B;. The decay constants
f=» fK, gy are obtained for unphysical masses using the
SU(3) chiral unitary extrapolation of Ref. [81] as dis-
cussed in the Appendix. That extrapolation was ob-
tained in a fit to decay constants on the lattice at different
pion masses. The subtraction constants found here are
agny = —2.2, arz = —1.6, ayp = —2.5, agz = —2.9.
These values are chosen to produce almost identical am-
plitudes as in Ref. [43] for physical pion masses. In addi-
tion, these values are close to a natural value equivalent
to the three-momentum cut-off of 630 MeV [39]. The
former produce the same description of scattering cross
sections and threshold branching ratios as in the original
Ramos/Oset paper [45]. The reader is referred to that
study for pictures of cross sections and their description
by the model.

It should be stressed that the present model allows
for an exploratory and qualitative study of lattice QCD
eigenvalues. The lattice data discussed later are sparse
and have large uncertainties compared to the experimen-
tal uncertainties. Yet, as discussed in the Introduction,
new experimental data have been produced that are con-
tained in the most recent analyses [31, 35-38]. An update
of the present results, using one of these more quantita-
tive studies would allow to study the impact of experi-
mental data on the finite-volume predictions performed
here, and also to improve the chiral extrapolation as most
of the newer models contain next-to-leading order contri-
butions. For this to provide new insights, the precision
of the lattice data should also improve.

The amplitudes T;; can be analytically continued along
the right-hand cut into the lower W plane (Im W < 0)

by substituting (index DR omitted)

el G W) i Blidem - for Re W > m; + M;
1y = § G0
Gi(W) , else

in Eq. (1) to ensure that the resonance poles closest
to the physical axis are searched for. The residua a',

of the poles factorize channel-wise, a"/; = g,9;, defining
the coupling strengths g; of the resonance to the meson-
baryon channels. The scattering amplitude for the chan-
nels ¢ and j close to the resonance pole at W = W)
can be approximated as T;; ~ g¢;g;/(W — Wy). As in
Refs. [39, 46, 47] the amplitude in the present study ex-
hibits two poles at Wy = (1379 — 714) and (1412 — 207)
MeV. Both poles are situated on the same Riemann
sheet. As the size of the couplings in Table I shows,
the lighter state couples predominantly to the 7% chan-
nel while the heavier state couples stronger to the KN
channel. If the transitions between these channels are set
to zero, the lighter state is still present as a resonance in
the 7% channel while the heavier state becomes a bound
state in the KN channel. This demonstrates that each
pole can be understood as dynamically generated from
the respective channel. The pole position of the A(1670)
is obtained here at Wy = (1672 —18i) MeV. It appears as
a quasi-bound K= state as the large coupling in Table I
indicates.

A. Compositeness and Elementariness

The magnitudes of these couplings provides an idea of
the strength of the coupling between the bound state and
the meson-baryon channel. However, it is known that a
coupling g; to a channel i, that opens far above the state,
might be large although that channel is irrelevant for the
wave function of the state. It is therefore more realistic
to consider the relative weight P, of a channel in the wave

. _ 2 aGlII .
function of a state, Py = — ( g7 i e which fulfills
the identity [82-92], ’
oGH OV
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The above equation can be regarded as the generalized
version of the Weinberg compositeness condition for the
coupled-channel case. Usually, the first term on the right
hand side is identified with compositeness X =1 — Z =
> Prand 2 = — (Zk,l ngij%GzHgl)
ferred to as elementariness. These quantities are c(i)mplex
numbers in general. In the special case of bound states,
X and Z take real values. For bound states, 0 < X <1,
can be interpreted as the probability of the state to be in
any of the considered channels and P; gives the proba-

bility of a particular channel [ to be in the wave function
of the state [58, 86, 89, 90]. In contrast, £, which can

is re-



KN o) nA K= 1-z Z
Wo = 1379 — 7l
gi (lgt])  —0.942.0i (2.2) 2.4—1.9i (3.1) 0.06 + 0.8 (0.8) 0.3 — 0.4i (0.5)

P (|P]) —0.23 — 0.05¢ (0.23) 0.52 + 0.53i (0.74)

—0.014 4 0.005¢ (0.014) —0.002 — 0.004z (0.005) 0.28 +0.47: 0.72 — 0.47:

Wo = 1412 — 201

a (lg¢t)  3.04+0.7 (3.1)
Py ([P]) 0.92 — 0.0098i (0.92)

0.9 — 1.5i (1.7)
—0.15 — 0.15i (0.21)

1.5+ 0.08i (1.5)
0.05 -+ 0.002i (0.05)

~0.2—0.3i (0.3)
—0.0005 + 0.002i (0.002) 0.82 —0.16; 0.18 4 0.16i

Wo = 1672 — 18¢

gi (lgul) 0.4 — 0.7i (0.8) 0.03 + 0.3i (0.3)
Py (|P1]) 0.026 4 0.0037i (0.026) 0.0012 — 0.0028: (0.0031)

—1.140.05i (1.1)
—0.12 4 0.16i (0.20)

3.3 —0.16i (3.4)

0.46 — 0.089: (0.47)  0.37 4 0.0737 0.63 — 0.073:

TABLE I. Coupling constants |g;| to the meson-baryon channels obtained as the residua of the scattering amplitude at the pole
position Wy, and the quantities P;, 1 — Z and Z, discussed following Eq. (5).

be directly related to the derivative of the potential with
respect to the energy, gives the probability that the state
overlaps with a channel not explicitly contained in the
amplitude [58, 86, 89, 90]. When these quantities take
complex values (as for resonances), it is not possible to
interpret them as probabilities but these magnitudes are
rather extrapolations of probability in the complex plane
of the energy [90]. The first term on the right hand side of

Ba. (5). (~Siot i), cavals [ dp(A¥)2, not

[ &®pl{(p|¥)|* [90]. Therefore, one can still interpret P,
as a magnitude that provides the relevance of a given
channel in the wave function of the state.

The quantities P;, 1 — Z and Z are given in Table I
for the three states obtained in the four-coupled-channel
calculation discussed here. The 73 and KN channels
are relevant in the case of the two poles associated to
the A(1405), while the nA and KE channels have more
strength in the square of the wave function related to
the pole of the A(1670). These results are in line with
previous calculations [86, 90, 93].

However, how to interpret the elementariness and
compositeness for resonances is still controversial. Be-
cause the imaginary parts cancel in Eq. (5), the au-
thors of Refs. [90, 93], reinterpret 1 — Z = Re(1 — 2Z)
= Re [ d®p(p|¥)? [90]), as the compositeness of reso-
nances (and the same for Z = ReZ, which is called the
elementariness). In this interpretation, the lower pole of
the A(1405) has a high elementariness, while the second
pole is interpreted as mainly KN composite. Neverthe-
less, in Ref. [92] a new interpretation of these magnitudes
is proposed, i. e., the compositeness is reinterpreted as

X =% la ’%‘W:WO. Within the criterion of Ref.

[92] both poles of the A(1405) would be 7% — KN com-
posites. Other attempts to define the concepts of elemen-
tariness and compositeness in terms of real quantities
that can be associated to probabilities have been done in
Ref. [94]. In any case, the two poles of the A(1405) and
also the A(1670) emerge from the unitarization of the
lowest-order, longest-range interaction. In that sense,

these states can be interpreted as loosely quasi-bound
meson-baryon molecules.

IIT. FORMALISM IN FINITE VOLUME

The loop function G in Egs. (1), (4) can also be eval-
uated with a cutoff [95]. For channel i,

QMZ‘ dmax
GilW) = G35 / PoLW.. (6)
with
LW, §) = @*‘*’ @ ;

2w1 (@i (@) W2 — (@) +ws (@))2 -
where wgi) = /m®2 |7 |? and wéi) = /M®2 |7 |2

are the meson and baryon energies. A formalism of the
UxPT description in finite volume was introduced in
Ref. [96]. Here, we follow the same procedure replac-
ing the infinite-volume amplitude T by the amplitude T
in a cubic box of size L. The finite-volume equivalent of
Eq. (6) reads

W.q) (8)
which is quantized according to
2
7=7, (9)

corresponding to the periodic boundary conditions. Here,
71 denotes the three-dimensional vector of all integers

(7 € Z3). This form produces a degeneracy for the set of

three integers which have the same modulus, ¢ = 4L”2 m

(here ¢ = |g] and m stands for the natural numbers).
The degeneracy can be exploited to reduce Eq. (8) to
a one-dimensional summation using the theta-series of a
cubic lattice at rest [66]. The sum over the momenta is



limited by @maz, such that m.,,e, = % As in the
infinite volume, the formalism should be made indepen-
dent of ¢4, and be related to a(u), the parameter of the
dimensional regularization function loop, GP®. This is

done in Ref. [97], obtaining
li ! E Ii(
Q7nalwn_l)oo ﬁ (-i) q< ( q_)
d<qmaz dmax

lim  6G; , (10)

dmaz >0

Gy =GP 4 2M, x

EGf’R—i—

where the quantity between parenthesis, dG, is finite as
Gmaz — 00. The Bethe-Salpeter equation in the finite
volume can be written as,

T=1-VG&)™'Vv (11)

and the energy levels in the box in the presence of the
interaction V' correspond to the condition

det(1 - V@) = 0. (12)

In a single channel, Eq. (12) leads to poles in the T
amplitude when V=1 = G. As a consequence, an infinite
number of poles is predicted for a particular box size. For
one channel, the amplitude 7" in the infinite volume for
the energy levels (W;) can be written as

T = (G(W;) — G(W;)~ " (13)

which is equivalent to the Liischer formalism up to expo-
nentially suppressed corrections [96].

In the future, lattice simulations will use meson-baryon
operators to extract the eigenvalues in the 7%, KN sys-
tem, and a maximal overlap of these operators with the
wave function of the state is needed. It is desirable to
develop a criterion specifying the relevance of a given
channel for a finite-volume eigenvalue.

In the finite volume, the couplings g; can be formally
computed from the real-valued residua of the amplitude
in the pole position (since Ty ~ grgi/(W — Wp)), close
to a pole). Also, an identity similar to the generaliza-
tion of the Weinberg compositeness condition for coupled
channels discussed in the previous section, Eq. (5), can
be easily obtained by just replacing the meson-baryon
function loop, G, and scattering amplitude, 7', by their
respective functions in the finite volume, G and T', which

are given by Egs. (10) and (11), in Eq. (5),
G,
1=— ar G G - (14
l@W +Z 9k k 191 (14)
W=Wo
: 5 206G
In the next section we evaluate P, = (gl 6W> ,
W=Wo

and Z = — (Zklngk T )W . In the infinite
volume, the P, specify the relative &eig;ht of finding the

channel [ in the wave function [89, 90]. Here, we make a
conjecture, i.e., that the P, carry this meaning over to the
poles of the finite-volume amplitude T of Eq. (13), that
specify the finite-volume eigenvalues. Indeed, Eq. (5)
has the same form for the poles of T, In particular, we

2 8G
g ) as relevance
( LW )y —w,

of channel [ for a given finite-volume eigenvalue. This
information could be used in future lattice simulations to
select suitable meson-baryon operators or to extract the
lattice eigenvalues. Operators of meson-baryon type are
not used in Ref. [78]. In the next section, such operators
are discussed.

interpret the quantity P =

IV. RESULTS
A. Spectrum

The energy levels in a box are evaluated by means of
Eq. (12). Meson and baryon masses are taken from the
lattice simulation of Ref. [78] while the quark mass de-
pendence of fr, fx and f, (not provided in Ref. [78]) are
evaluated through the SU(3) chiral extrapolation of [81]
discussed in the Appendix. The resulting decay constants
are shown in Table II.

Results are shown in Fig. 1 for the first five energy
levels predicted from UxPT (solid lines). The lattice
data of [78] are shown as black dots. They correspond to
a size of the box of around L ~ 3 fm (see Table II). For
the physical point in this figure we also take L = 3 fm.
There is good agreement between the UxPT prediction
of the second energy level and the lattice data for masses
below 400 MeV. For larger masses there are discrepancies
which are discussed later on this section. However, for
the two lowest lattice pion masses, UxPT predicts an
additional level below the 73 threshold, associated with
an attractive mX scattering length. The level is not only
present in common UxPT calculations that all predict
an attractive X% scattering length, it is also found in the
finite-volume version of the dynamical coupled-channel
model of Ref. [66]. In Ref. [66], that represents the
first finite-volume implementation of dynamical coupled-
channel models, the attractive 73 interaction arises from
explicit - and u- channel diagrams. This lowest level is
absent in the lattice simulation of Ref. [78] as Fig. 1
shows. If that finding is confirmed, it represents a serious
challenge for all discussed hadronic models. However,
as the lowest state is a scattering state, maybe it has
simply not been detected in Ref. [78], which relies on
quark operators to extract the finite-volume spectrum.
Level extraction using meson-baryon operators instead
of quark operators could help detecting this scattering
state. Meson-baryon channels that have large overlap
with the various eigenstates are identified later in this
section.

In the chiral extrapolation we include the quark mass
dependences of the decay constants fr, fx, f, but can-



not specify the quark mass dependence of the subtrac-
tion constants «;. To estimate the uncertainties from
this source we vary each subtraction constant a gradu-
ally for increasing pion masses by 5%, 10%, 15%, 20% and
25% corresponding to sets 1 to 5 in Table II respectively.
Also, to account for uncertainties in the chiral extrapola-
tion of the decay constants fr, fx and f,, we vary them
by 5%, for all sets (since we considered here pion mass
dependence). Fig. 1 shows that even with these rather
large changes the predicted levels are still less uncertain
that the values from the lattice simulation. However, the
discrepancy for pion masses larger than 400 MeV per-
sists. We could attribute this to different sources like the
missing NLO in our model, or to the fact that the chi-
ral extrapolation breaks down at high pion masses due
to a genuine component, or that the discrepancies come
from other sources intrinsic to the lattice computation
like underestimated errors.

B. Channel dynamics of levels and poles

In order to understand the role of the meson-baryon
channels in the extracted energy levels, we evaluate the

couplings g;, and the magnitudes P =— (f]f gg}'

B} ) )W:WO7
1—2Z, and Z, of Eq. (14) at the pole position. These
quantities are shown in Table III for the physical mass
(L = 3 fm) and sets 1 to 3 of quark masses shown in Table
IT (at higher masses the chiral prediction becomes very
uncertain and no values are quoted). The part which is
related to the energy dependence of the potential is gen-
erally small, Z ~ 0—0.3, and the weights of the channels
P;’s are between 0 and 1, like in the infinite volume for
bound states. The P;’s are diagrammatically represented
in Fig. 2. Here, the left column of bar diagrams in blue
represents the weights P; of the lowest energy level, while
the following columns represent the levels 2 to 5 with the
same color coding as in Fig. 1. Every level is depicted
for pion masses in the range 170 — 388 MeV from top to
bottom corresponding to sets 1 to 3 in Table II. The 73
channel dominates the lowest level. The relative weights
P, for the nA and KZE are almost zero for the lowest
state and for low pion masses (set 1). This confirms the
discussed property of the P suppressing effectively the
irrelevant channels that open at much higher energies
(compare with the corresponding values for the g; in Ta-
ble III). Also, it is quite natural that the lowest state has
a dominant 7 content, as it is a threshold level below
the 7% threshold associated with an attractive 7% in-
teraction. For larger quark masses, this trend is inverted
and the K N strength becomes larger. On the other hand,
the second energy level (second column in Fig. 2) shows
a significant dominance of the K N component, with §z
and Pf  both larger, if the pion mass is not very high.
Although we cannot identify finite-volume energy eigen-
states with resonances, the KN dominance of the second
eigenstate is in line with the second A(1405) pole being

predominantly generated from the KN channel (cf. Ta-
ble I).

From Fig. 1, is clear that the first two lattice data
points in Fig. 1 correspond to the second energy level,
for which the KN component clearly dominates, while
the third lattice data point could belong to either the
first or second energy level predicted from UxPT. For the
third energy level, both §; and P; are larger for the KN
component, while the 73 channel dominates the fourth
energy level.

In the fifth energy level, these two channels become ir-
relevant, and the coupling strengths to nA and K= dom-
inate. At the physical point, this level is very close to
the real part of the pole position of the A(1670) (cf. Ta-
ble I). In the infinite volume, that resonance appears as
a quasibound K= state with relatively small KN and
w3 branching ratios as Table I shows. The overlap with
the nA channel is not small although the branching ratio
to this channel is only moderate due to reduced phase
space. In the finite volume, the situation is different be-
cause the weight of the K= channel in the wave function,
Py, is reduced as Table 111 shows. At higher pion masses,
the fifth eigenstate stays close to the non-interacting nA
threshold (Fig. 1), while the pole of the A(1670) moves
considerably away from the nA threshold (Fig. 3). It
is thus, not possible to associate the fifth finite-volume
eigenstate with the infinite-volume A(1670) resonance.

We can compare these results with the calculation in
the infinite volume using the formalism described in Sec-
tion IT together with the SU(3) chiral extrapolation ex-
plained before. The results are shown in Fig. 3. Here,
the pole positions in the infinite volume as a function of
the pion mass are depicted. The four lines represent the
7%, KN, nA and KZ thresholds. For masses close to
the physical point, the lowest state is a resonance above
the ¥ threshold. When the mass of the pion increases,
the lower state becomes a cusp, i.e., the pole is close to
threshold, but on a sheet that is not directly accessible
from the physical axis. When the pion mass increases
further, it becomes a bound state. The second pole of
the A(1405) is always below and close to the KN thresh-
old for all pion masses considered. A third state appears
at higher energies. This state couples more to the chan-
nels nA and K=, with larger coupling strength to K=.
This state is identified with the A(1670) [43, 66]. In Ta-
ble IV, we show the comparison between the two lowest
pole positions and coupling constants in the infinite and
finite volume. For the physical pion mass, we have taken
here larger boxes, L = 4 fm. In this table, bz and
brs. denote the distances to the KN and 7% thresholds,
where the negative sign means that the state is above
threshold. For masses below 400 MeV, we observe that
the second state in the finite volume has a dominant K N
component, and is between the 7% and KN thresholds.
It shares these properties with the higher-lying pole of
the A(1405) in the infinite volume. We can understand
the proximity of finite- and infinite-volume states as fol-
lows: the second A(1405) pole is a quasi- bound KN
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FIG. 1. Comparison between the UxPT prediction for the
first five energy levels (solid lines) and the lattice data of
Ref. [78], for the physical set (L = 3 fm) and sets 1 to 5,
as shown in Table II. The errors of our results are obtained
by varying subtraction constants and meson decay constants
as described in Sec. IV. Here, the dashed, dot-dashed lines
represent 7% and K N non-interacting levels respectively (the
first two levels are depicted), while the thick-dotted and dot-
ted lines, show the first nA and K= non-interacting levels,
respectively.

state with little influence from the 73 channel. In the
finite volume, the eigenstate appears therefore almost as
a bound state. In the limit of zero X coupling, the
position of finite- and infinite-volume poles would dif-
fer only by exponentially suppressed corrections scaling
with the binding momentum. On the contrary, the lower
state shows very different properties in the infinite vol-
ume limit and in the box. As discussed, for low pion
masses, the finite-volume state below the 7% threshold
is related to the lower A(1405) pole only insofar, that
it indicates the attractive mX interaction leading to the
generation of the pole in the infinite volume (at a very dif-
ferent position). For high pion masses, the lower A(1405)
pole in the infinite volume limit becomes a bound state,
and then the couplings to all the channels become very
similar to the ones in the box as one can see from Table
IV. However, in this case the masses of the poles are very
far away from the lattice data of Ref. [78] which can be
due to different reasons as discussed before.

Meson-baryon scattering amplitudes for different
pion masses in the infinite volume limit

Finally, we provide the infinite-volume scattering am-
plitudes for strangeness=—1 in Fig. 4. Every row
shows the real (solid lines) and imaginary part (dashed
lines) of the scattering amplitude, Trn_ gns TRN -5
and Trs_rx. The first row shows the amplitude for the
physical pion mass, while the second to fourth rows corre-

spond to pion masses of 170, 282 and 388 MeV (first three
sets in Table II). For the physical set, these amplitudes
are very similar to the ones obtained in the work of Ref.
[43], where we observe the presence of two resonances re-
lated to the two poles near the energy of the A(1405).
For higher pion masses the lighter pole of the A(1405)
first becomes a cusp (third row) and then a bound state
(fourth row). The heavier pole of the A(1405) couples
predominantly to the KN channel as the figure in the
upper left corner shows. As the pion mass increases, the
pole remains close to the KN threshold as a quasi-bound
state.

The fact that the second pole of the A(1405) always
appears close to the KN threshold may be due to the
fact that the kaon mass, which controls the strength of
the KN — KN Weinberg-Tomozawa term, does not
change much, so that the properties of the bound state
also do not experience much variations. In contrast, the
w3 — w3 Weinberg-Tomozawa interaction becomes sig-
nificantly stronger with increasing pion mass, changing
drastically the nature of the lower state from resonance
to bound state.

V. CONCLUSIONS

The quark mass dependence of the energy levels in a

box for the coupled channels with J¥ = %771 =0,5=
—1 has been studied, using the Weinberg-Tomozawa term
from the lowest order xyPT interaction. This dependence
has been compared to the lattice data of Ref. [78] and
extrapolated to the infinite volume. UxPT predicts a
two-pole structure for the A(1405). In the finite volume,
two energy levels close to the 7% and KN thresholds are
found. The second energy level agrees well with the lat-
tice data of Ref. [78] for pion masses below 400 MeV,
in the estimated limit of applicability of the present ap-
proach. This energy level shows a large coupling and
overlap with the KN channel and has similar properties
as the higher pole of the A(1405). The state remains
quasi-bound in the KN channel and close to its thresh-
old, as the pion mass increases. Thus, the lattice data
of Ref. [78] are not in contradiction with the two-pole
hypothesis for the A(1405). Yet, these data proof by no
means that hypothesis. For this, a few remaining obsta-
cles need to be addressed: The first problem is the ab-
sence of the 7% threshold level in the lattice calculation
of Ref. [78], that appears here below the 73 threshold,
indicating an attractive w2 interaction. In the infinite
volume, this attraction leads to the generation of a second
(lighter) pole of the A(1405). This behavior is universal
in UxPT calculations, and also present in some dynami-
cal coupled-channel approaches. Here, we have assumed
that this absence is due to the absence of meson-baryon
operators in the operator base used in Ref. [78]. To pro-
pose suitable meson-baryon operators for the detection of
the threshold level, we have considered the finite-volume
analog of P, that specify the relative weight of a channel



Set L(fm) My MK my My  Ma Ms M= fr [k fn
1 2.99 170.29 495.78 563.97 962.2 1135.8 1181.5 1323.6 94.5 113.2 122.1
2 3.04 282.84 523.26 581.72 1058.7 1173.4 1235.5 1332.8 102.5 116.1 122.3
3  3.08 387.81 559.46 605.97 1150.1 1261.0 1292.4 1377.4 109.5 118.5 122.6
4 3.23 515.56 609.75 638.07 1274.5 1333.4 1353.5 1401.8 116.3 120.6 122.4
5 3.27 623.14 670.08 685.01 1420.3 1434.2 1449.8 1472.4 120.1 121.9 122.6

TABLE II. Pseudoscalar meson decay constants obtained from SU(3) chiral extrapolation with the masses from [78]. Units are

MeV.
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FIG. 2. Weights of the different channels, P,’s (first term on the right hand side of Eq. (14) for the first five energy levels (from
left to right) and pion masses from 170 to 388 MeV (sets 1 to 3 in Table II, from top to bottom).

in a state’s wave function. It turns out that an operator
of the ¥ type is most suited to detect the level in fu-
ture lattice simulations. Indeed, the precise location of
that level would specify the size of attraction in the 73
channel at threshold and help to pin down the location
of the lighter A(1405) pole that is notoriously difficult to
determine. Also, a precise determination of the pole po-
sitions from lattice data requires to populate the region
between the 7% and KN thresholds with more lattice
eigenvalues, using, e.g., moving frames and asymmetric
boxes [98]. Also, higher-order UxPT calculations along
the lines of Refs. [31, 35, 36] will be needed to assess the-
oretical uncertainties in direct fits to future lattice data.
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APPENDIX

SU(3) CHIRAL EXTRAPOLATION

Chiral symmetry is explicitly broken and gives rise to
masses of the quarks wu,d, s different from zero. Then,
the Goldstone bosons acquire masses which at leading
order are related to the chiral condensate and are de-
noted here as Myr, Mox and My,. To one loop, the
masses of the Goldstone bosons carry corrections and
the physical masses can be expressed as a function of
the leading order masses (My), LEC’s (L") and pseu-
doscalar decay constants (f). The following formulas for
the pseudoscalar masses, derived from the SU(3) chiral
extrapolation are taking from Ref. [81], which is based
on chiral perturbation theory [99],

16M2
M2 = M2, |14 pr— B2 4 220K opr — 1y
3 1o
SM2
+ 0% (2L + 2L — L — LE) |, (15)

f3
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FIG. 3. Behavior of the real part of the pole positions, Re Wo, found in the T-matrix in the infinite volume with the M2, for
the physical, and 1 to 5 sets. The numbers in parenthesis indicate the pole positions including the imaginary parts. The lines

show the 7%, KN, nA and KE thresholds.

Infinite volume

Finite volume

Set Channel Channel
Pole |gil birn brs: Pole Al brn brs:
(MeV) KN 7% nA K= (MeV) (MeV) (MeV) KN 7% nA K= (MeV) (MeV)
Phy. 1379-i71 220 3.1 0.8 0.5 56 -48 1322 0.5 06 0.1 0.07 113 9
1412-i119 31 1.7 1.5 0.3 23 -81 1401 2.2 1.0 1.0 0.2 34 -70
1 1369-i64 1.9 29 06 0.5 89 -17 1322 06 09 01 0.1 136 30
1443-i17 26 135 1.32 0.3 15 -91 1417 1.9 0.4 0.9 0.06 41 -65
2 Cusp at 1518.34 64 0 1489 09 12 03 0.3 93 29
1565-i19 25 1.5 14 0.5 17 -47 1541 1.9 03 1.0 0.2 41 -23
3 1671 20 1.3 11 0.6 39 9 1649 14 13 0.7 0.5 61 31
1700-i22 20 16 1.3 0.7 10 -20 1676 1.5 0.1 0.9 0.06 34 4
4 1836 1.9 12 1.7 18 48 33 1829 1.8 12 15 1.5 55 40
1875-128 1.3 1.8 16 1.7 9 -6 1859 09 0.5 0.6 0.09 25 10
5 1998 09 08 19 29 92 75 1997 1.0 09 19 29 93 76
2077-i0.5 2.1 04 0.3 1.1 13 -4 2062 09 0.7 02 0.9 28 11

TABLE IV. Pole positions and couplings of the states |g;| in the infinite (left, A) and finite (right, B) volume for all sets. Note
that for the physical set in the finite volume (“Phy.”) we have taken larger volumes (L = 4 fm) for the values that are shown in
this table. For the other sets of pion masses of Ref. [78], L ~ 3 fm is used. It should be stressed that finite- and infinite-volume
poles cannot be directly identified with each other.

SMZ,
15
(4L} 4 2L% — 2L} — Lg)] :

2
3

M3 = M2y {1 + + (205 — L})
8MZ .

13

2 _ a2
Mn_MM

+

8M2

14+ 2ur — 72
0

4
3Hn + —(2L5 —

f (2M0K + Mg ) (2L§ — LZ)}
0

2 1

2 . “ -
+Mw[ﬁt+yW+3M}
128
+

92 (MOK Mg .)*(3L7 + Lg),
0

Lg)

(16)

with
Mgp
3212 f2

Mgp
p*

wp = P=mK,n. (18)
In the above equations fj is the pion decay constant in
the chiral limit, 47 fy >~ 1.2 GeV, u is the regularization
scale, commonly fixed at u = M,, and L}’s, with ¢ = 1,8,
are the Low Energy Constants which multiply the tree
level diagrams of O(p*) present in the next to leading

order t4(s) term in the xPT expansion of the amplitude



for meson-meson scattering (¢(s) = ta(s) + ta(s) + ...,
tar, = O(p™")).

On the other hand, the decay constants evaluated to
one loop SU(3) x PT, are expressed in terms of the masses

11

at leading order as

4M27T s T 8M2 T
== /o [12uﬂuK+ f20 (L5 + LE) + fSKL4 ,
0 0
(19)
Bur  3ux  3py | 4MG
fKo{l 5
4 2 4 I
AM?
+ Mok (opy 4 L’g)} , (20)
0
ALY AMg, .
o= fo [1 —3uk + f§4 (MG, +2Mg i) + 72 1L
(21)

The L!’s values used here are taken from Fit I of Ref.
[81] to experiment and lattice data (shown in Table 1 of
Ref. [81]).

In order to evaluate the meson decay constants for the
different sets of Table II, first Eqs. (15), (16), (19) and
(20) are evaluated at the physical point (Table II), ob-
taining the values of the four variables, Mor, Mox Mo,
and fo. In these sets of equations, the LEC L% does not
appear. Once these constants are known, L7 is fixed to
obtain the mass of the n at the physical point, given by
Eq. (17). This gives as a result, L7 = —0.423 x 1073,
very close to the one obtained in [81] (—0.43 x 1073).
For fy, a value of 79.2 is obtained, and using the formu-
las of Egs. (15)-(21), we evaluate the My’s and f’s for ,
K and 7 for every set of masses in Table II. The decay
constants obtained are shown in Table II of the Results
Section.
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FIG. 4. Real (solid lines) and imaginary parts (dashed lines) of the meson-baryon scattering amplitude of the four coupled
channels KN, 7%, nA and KZ. From top to bottom, the figures correspond to physical pion mass and sets 1 to 3 of Table II.
The left column corresponds to the Tz n_, g amplitude, the central column corresponds to the transition Tz n_, s and the
right column to Trs—xs.
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