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We present improved pQCD predictions for Higgs boson hadroproduction at the Large Hadronic
Collider (LHC) by applying the Principle of Maximum Conformality (PMC), a procedure which re-
sums the pQCD series using the renormalization group (RG), thereby eliminating the dependence of
the predictions on the choice of the renormalization scheme while minimizing sensitivity to the initial
choice of the renormalization scale. In previous pQCD predictions for Higgs boson hadroproduction,
it has been conventional to assume that the renormalization scale µr of the QCD coupling αs(µr) is
the Higgs mass, and then to vary this choice over the range 1/2mH < µr < 2mH in order to estimate
the theory uncertainty. However, this error estimate is only sensitive to the non-conformal β terms
in the pQCD series, and thus it fails to correctly estimate the theory uncertainty in cases where
pQCD series has large higher order contributions, as is the case for Higgs boson hadroproduction.
Furthermore, this ad hoc choice of scale and range gives pQCD predictions which depend on the
renormalization scheme being used, in contradiction to basic RG principles. In contrast, after apply-
ing the PMC, we obtain next-to-next-to-leading order RG resummed pQCD predictions for Higgs
boson hadroproduction which are renormalization-scheme independent and have minimal sensitiv-
ity to the choice of the initial renormalization scale. Taking mH = 125 GeV, the PMC predictions
for the pp → HX Higgs inclusive hadroproduction cross-sections for various LHC center-of-mass
energies are: σIncl|7TeV = 21.21+1.36

−1.32 pb, σIncl|8 TeV = 27.37+1.65
−1.59 pb, and σIncl|13 TeV = 65.72+3.46

−3.01

pb, respectively. We also predict the fiducial cross section σfid(pp → H → γγ): σfid|7TeV = 30.1+2.3
−2.2

fb, σfid|8 TeV = 38.3+2.9
−2.8 fb, and σfid|13 TeV = 85.8+5.7

−5.3 fb. The error limits in these predictions in-
clude the small residual high-order renormalization-scale dependence, plus the uncertainty from the
factorization-scale. The PMC predictions show better agreement with the ATLAS measurements
than the LHC-XS predictions which are based on conventional renormalization scale-setting.

PACS numbers: 14.80.Bn, 12.38.Bx, 13.85.-t

I. INTRODUCTION

The Higgs boson predicted by the Standard Model
(SM) was discovered by ATLAS and CMS Collabora-
tions at the Run I stage of the Large Hadron Collider
(LHC) [1, 2]. This remarkable discovery initiated a new
era of precision studies of Higgs phenomenology. The
specific properties of the Higgs boson are now being
probed in LHC Run II. The comparison of SM predic-
tions with the new data will test the electroweak symme-
try breaking mechanism and probe possible new physics
beyond the SM, as discussed by the LHC Higgs Cross
Section Working Group (the LHC-XS group) [3]. The
details of the hadronic production of the Higgs plays an
important role for understanding this fundamental phe-
nomenology. Experimentally, the first measurements of
the total and differential cross sections for the inclusive
pp → HX production channel, followed by the decays
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H → γγ or H → ZZ∗ → 4l, have been reported by
the ATLAS Collaboration at proton-proton CM colli-
sion energies

√
s = 7 TeV, 8 TeV and 13 TeV [4, 5].

Theoretically, the Higgs hadroproduction cross section
has been calculated up to next-to-next-to-leading order
(NNLO) [6–9]. A state-of-the-art, next-to-next-to-next-
leading order (NNNLO) analysis of the dominant gluon-
fusion production channel has recently been performed in
Ref.[10]. These calculations provide the basis for highly
precise tests of pQCD predictions.

A key requirement of the renormalization group (RG)
is that the prediction for a physical observable must be
independent of the choice of renormalization scheme as
well as the initial choice of the renormalization scale. The
higher-order pQCD predictions for Higgs hadroproduc-
tion are currently based on conventional scale-setting [6–
10], where one assumes the Higgs mass (mH) itself is the
renormalization scale and then varies it over an arbitrary
range – typically [mH/2, 2mH] – in order to ascertain
the scale uncertainty. However, the conventional scale-
setting procedure leads to a dependence on the renormal-
ization scheme and scale which cannot be repaired by a
high fixed-order calculation. A higher order calculation
could soften this scale-dependence to a certain degree,
but it cannot solve the problem. Furthermore, the con-
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vergence of the resulting pQCD series is questionable due
to the presence of divergent renormalon terms of order
n!αn

sβ
n
0 which emerge at higher-orders. The estimate of

the theory uncertainty which is obtained by simply vary-
ing the renormalization scale is also unreliable, since it
only accounts for contributions from higher-order “non-
conformal” terms, while ignoring the contributions from
the “conformal” (β = 0) terms which appear at the same
order. As pointed out in Ref.[11], these problems be-
come even worse for Higgs hadroproduction: If one uses
the conventional error estimate, the calculated higher-
order predictions are systematically outside of the error
bars predicted from the lower-order cross-sections, thus
showing the importance of the conformal terms at the
same perturbative order.

Large “K-factors” and other normalization uncertain-
ties are often observed for many high-energy processes,
indicating poor pQCD convergence; however, one can-
not decide whether the problem is an intrinsic property
requiring a resummed perturbative series or a signal indi-
cating the wrong choice of scales. For example, the cross
section for e+e− → bb̄ near threshold involves gluonic vir-
tuality both of order s and order vrel

2s, where vrel is the
heavy quark relative velocity and s is the e+e− center-of-
mass energy squared [12]. It is generally expected that
one can soften the scheme and scale dependence by in-
cluding higher-and-higher order contributions; optimisti-
cally, this procedure could be relevant for predictions for
a global quantity such as a total cross-section or a total
decay width because of the cancelation of scale errors at
progressively higher orders; however, one does not have
any certainty that one has reliable predictions for cross-
section or decay width at any finite perturbative order;
two examples are presented in Refs.[13, 14]. Moreover,
this procedure will clearly fail for pQCD predictions for
differential observables where multiple renormalization
scales appear, reflecting differing gluon virtualities at dif-
ferent orders and at different phase-space points.

It should be emphasized, that as in quantum elec-
trodynamics (QED), the relevant renormalization scale
is typically different at each order, reflecting the dif-
ferent virtualities of the relevant amplitudes. For ex-
ample, the “increasing-decreasing” behavior observed by
the D0 collaboration for AFB as the tt̄ invariant mass
is increased [15] reflects the fact that the physical scales
(and the effective number of quark flavors nf ) for the
one-gluon and two-gluon s-channel skeleton amplitudes
which contribute to the front-back tt̄ asymmetry are
quite different; this asymmetry is not evident using con-
ventional single-scale renormalization scale-setting, even
by a NNLO QCD calculation – one predicts a monoton-
ically increasing behavior [16]. Thus a renormalization
scale-setting approach which can take into account mul-
tiple physical scales is essential for precise pQCD collider
predictions and for reliable comparisons with the exper-
imental measurements [17, 18].

The recently developed Principle of Maximum Con-
formality (PMC) [19–22] provides an unambiguous way

to eliminate the conventional renormalization scheme-
and-scale ambiguities. The PMC has a solid theoreti-
cal foundation and satisfies the essential property of RG-
invariance [23, 24]. The PMC provides the underlying
principle for the well-known Brodsky-Lepage-Mackenzie
(BLM) method [25] 1; it generalizes the BLM procedure
by shifting all β terms into the scale of the running cou-
pling at all orders, and it reduces to the standard scale-
setting procedure of Gell-Mann and Low (GM-L) [27]
in the NC → 0 QED Abelian limit [28]. As in QED,
separate renormalization scales and effective numbers of
quark flavors nf appear for each skeleton graph, correctly
reflecting their differing virtualities.

The running behavior of a QCD coupling in any renor-
malization scheme is governed by the β-function entering
its RG-equation. The β terms entering a pQCD series can
then be used to determine the optimized ‘physical’ renor-
malized scales of the process. For example one can gen-
eralize the conventional MS dimensional regularization
procedure by simply subtracting ln 4π − γE − δ instead
of ln 4π − γE from the ultraviolet (UV) divergent terms,
thus defining the Rδ scheme [21, 22]. The coefficients
of the δ terms of the pQCD prediction in the Rδ scheme
unambiguously determines the occurrence and pattern of
the β contributions at every order. The β terms are then
systematically eliminated by the PMC by shifting the ar-
gument of the relevant running coupling for each skeleton
graph, thus setting its renormalization scale. After these
shifts, the resulting pQCD series matches that of the cor-
responding “conformal” series with β = 0. Then, after
normalizing the value of the coupling αs(Q) from a mea-
surement at a single momentum transfer Q, the resulting
predictions are scheme-independent at each order.

The scheme-independence of the PMC predictions for
observables is clear for the Rδ-schemes, since the scheme-
related δ-dependent terms are eliminated by PMC scale-
setting procedure at each order [21, 22]. The PMC
predictions for physical observables are thus indepen-
dent of the choice of renormalization scheme, a key re-
quirement of renormalization group invariance. Scheme-
independence is also ensured by the commensurate scale
relations (CSRs) relating different schemes or observables
to each other [29] 2.

In contrast to conventional scale-setting, which as-
sumes a single renormalization scale for all orders, the
PMC scales for each order are generally different due to
the different β-patterns which emerge at each order. As a
byproduct, after applying the PMC, the divergent renor-
malon series such as

∑

n!αn
sβ

n
0 does not appear; the con-

1 A generalization of BLM to higher orders in a renormalization
scale- and scheme- invariant manner in large-β0 limit by using
the Pade approximant has been presented in Ref.[26].

2 An analysis of the CSRs up to high perturbative orders has
been given in Refs.[22]; a detailed PMC analysis of the resid-
ual scheme- dependence of CSRs relating various observables is
in preparation.
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vergence of pQCD is thus greatly improved.
The PMC has been successfully applied to a num-

ber of higher-order processes; a recent review is given
in Ref.[18]. For example, it provides a comprehensive,
self-consistent pQCD explanation for both the top-pair
total production cross-section and the top-pair forward-
backward asymmetry measured by the LHC and Teva-
tron collaborations [13, 30–33]. In this paper we will in-
vestigate whether more precise and more reliable pQCD
predictions for the Higgs boson hadroproduction can be
achieved by applying the PMC.
The remainder of this paper is organized as follows.

In Sec. II, we present the detailed technology needed for
applying the PMC to Higgs boson hadroproduction. In
Sec. III, we present numerical results specific to the LHC.
Sec. IV is reserved for a summary.

II. PMC SCALE-SETTING FOR THE

HADROPRODUCTION OF THE HIGGS BOSON

H1

H2

i

j
Lij

fi/H1
(x1, µf)

fj/H2
(x2, µf)

H
σ̂ij

FIG. 1: Diagrammatic illustration of Higgs boson produc-
tion at hadron colliders, computed from the convolution of
partonic cross-sections σ̂ij with the corresponding parton lu-
minosities Lij .

The cross-section for the production of the Higgs bo-
son in proton-proton collisions, as illustrated in Fig.(1),
can be treated as the convolution of the hard-scattering
partonic cross-section σ̂ij with the corresponding parton
luminosities Lij , i.e.

σH1H2→HX =
∑

i,j

S
∫

m2
H

ds Lij(s, S, µf )σ̂ij(s,M,R), (1)

with the parton luminosity

Lij =
1

S

S
∫

s

dŝ

ŝ
fi/H1

(x1, µf ) fj/H2
(x2, µf ) ,

where the summation indices i, j run over all possi-
ble parton flavors in proton H1 or H2, x1 = ŝ/S and
x2 = s/ŝ. Here S denotes the hadronic center-of-mass
energy squared, and s = x1x2S is the subprocess center-
of-mass energy squared. Each subprocess cross-section
σ̂ij depends on the renormalization scale µr, and the
parton luminosities depend on the factorization scale µf .
We also introduce the useful ratios M = µ2

f/m
2
H and

R = µ2
r/µ

2
f , wheremH is the Higgs boson mass. The par-

ton distribution functions (PDF) underlying the parton
luminosities fi/Hα

(xα, µf ) (α = 1 or 2) describe the prob-
ability of finding a parton of type i with light-front mo-

mentum fraction x = k+

P+ between xα and xα+dxα in the

proton Hα. Furthermore, by setting s = m2
H(S/m2

H)y1

and ŝ = s(S/s)y2 , we can transform the two-dimensional
integration over s and ŝ into an integration over two vari-
ables y1,2 ∈ [0, 1]. These integrals can be performed nu-
merically using the VEGAS program [34].

The pattern of β terms entering a pQCD series consis-
tent with the RG can be identified at each perturbative
order by using the Rδ method [21]; however, for some
processes this identification can be accomplished at low
orders by noting the occurrence of the nf terms which are
associated with β0 and β1. This is the procedure used by
the BLM method. The resulting PMC renormalization
scales, obtained by shifting the arguments of the running
couplings to absorb the β terms at each relevant order,
reflect the gluonic virtualities. Analytic expressions with
explicit nf -dependence up to NNLO level can be found

in Refs.[7, 8], which are calculated using the MS-scheme
and can be directly adopted for our PMC analysis. More
explicitly, the partonic cross-section σ̂ij up to NNLO level
can be written as

σ̂ij(s,M,R) =
π

576v2

[

η
(0)
ij (s,M,R)a2s(µr) + η

(1)
ij (s,M,R)a3s(µr) + η

(2)
ij (s,M,R)a4s(µr) +O(a5s)

]

, (2)

where v ≃ 246 GeV is the Higgs boson vacuum expecta- tion value, as = αs/4π with αs being the strong coupling
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constant. The perturbative coefficients η
(0)
ij , η

(1)
ij and η

(2)
ij

can be written in nf -series as

η
(0)
ij (s,M,R) = cij1,0(s,M,R), (3)

η
(1)
ij (s,M,R) = cij2,0(s,M,R) + cij2,1(s,M,R)nf , (4)

η
(2)
ij (s,M,R) = cij3,0(s,M,R) + cij3,1(s,M,R)nf

+cij3,2(s,M,R)n2
f . (5)

At the LO level,

η
(0)
ij (s,M,R) = 42δigδjgδ(1−m2

H/s), (6)

which shows that only the (gg)-channel is non-zero at
this order. At the NLO level,

η(1)gg (s,M,R) 6= 0 , η(1)qg (s,M,R) = η
(1)
q̄g (s,M,R) 6= 0 ,

η
(1)
qq̄ (s,M,R) 6= 0 , η

(1)
qq′ (s,M,R) = η

(1)
q̄q̄′(s,M,R) = 0,(7)

where q′ may or may not be equal to q. At the NNLO
level, all perturbative coefficients are non-zero; i.e.,

η
(2)
ij (s,M,R) 6= 0. (8)

Analytic expressions for η
(0)
ij , η

(1)
ij and η

(2)
ij can be ob-

tained up to NNLO level from Refs.[7, 8]. It is impor-
tant to note that there are two types of large logarithmic
terms ln(µr/mH) and ln(µr/mt) in the NNLO coefficient

η
(2)
gg (s,M,R). Thus a single guessed scale, using con-
ventional scale-setting, such as µr = mH , cannot elimi-
nate all of the large logarithmic terms. In contrast, PMC
scale-setting deals with such problems, as well as setting
multiple renormalization scales for physical applications
which depend on multiple kinematic variables. Examples
have been presented for heavy-quark pair production via
qq̄ fusion [12] and hadronic Z decays [35]. For example,
the process qq̄ → QQ̄ near the heavy quark (Q) thresh-
old involves not only the invariant variable ŝ ∼ 4M2

Q, but

also the variable vrel
2ŝ which enters the Sudakov final-

state corrections.

By using the pattern determined by the Rδ-scheme
method [21, 22], we can rewrite the nf -series at each
order into a corresponding β term series:

σ̂ij(s,M,R) =
π

576v2

[

rij1,0a
2
s(µr) +

(

rij2,0 + 2β0r
ij
2,1

)

a3s(µr) +
(

rij3,0 + 2β1r
ij
2,1 + 3β0r

ij
3,1 + 3β2

0r
ij
3,2

)

a4s(µr) +O(a5s)
]

,(9)

where β0 = 11 − 2
3nf , β1 = 102 − 38

3 nf , and the coeffi-

cients rijm,n are related to the cijm,n as

rij1,0 = cij1,0, (10)

rij2,0 =
1

2

(

2cij2,0 + 33cij2,1

)

, rij2,1 = −
3cij2,1
4

, (11)

rij3,0 =
1

4

(

−642cij2,1 + 4cij3,0 + 66cij3,1 + 1089cij3,2

)

,

rij3,1 =
1

2

(

19cij2,1 − cij3,1 − 33cij3,2

)

, rij3,2 =
3cij3,2
4

. (12)

The rijm,0 with m=(1,2,3) are scheme-independent con-

formal coefficients, whereas the rijm,n with 1 ≤ n ≤ m ≤
3 are the scheme-dependent non-conformal coefficients
which determine the PMC scales at each order and are
absorbed into the running coupling via the RG-equation.
Following the standard PMC scale-setting procedure,

we obtain the scheme-independent conformal series for
σ̂ij(s,M,R), i.e.,

σ̂ij(s,M,R) =
π

576v2

[

rij1,0a
2
s(Q

ij
1 ) + rij2,0a

3
s(Q

ij
2 )

+rij3,0a
4
s(Q

ij
3 ) +O(a5s)

]

, (13)

where the Qij
m with m = (1, 2, 3) stand for the LO, NLO

and NNLO PMC scales, respectively.

As we have emphasized, the renormalization scales and
the resulting effective number of flavors nf obtained in
pQCD by shifting the β terms into their respective run-
ning couplings are in general distinct at each order, re-
flecting different virtualities of the skeleton graphs of the
subprocesses as a function of phase-space. More explic-
itly, as indicated by Eq.(9), new types of {βi}-terms ap-
pear at each order, indicating different αs-running be-
haviors at different perturbative orders; this also shows
the importance of identifying different renormalization
scales at each order. Furthermore, the PMC scales in
the resulting perturbative series properly absorb all of the
non-conformal {βi}-terms via the RG-equation, thus de-
termining the correct arguments of the strong couplings
at each order; they are given by

ln
(Qij

1 )
2

µ2
r

= −
rij2,1

rij1,0

+
3((rij2,1)

2 − rij1,0r
ij
3,2)β0

2(rij1,0)
2

as(µr)

+O(a2s), (14)
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ln
(Qij

2 )
2

µ2
r

= −
rij3,1

rij2,0
+O(as). (15)

A small residual dependence on the initial scale can ap-
pear in PMC predictions due to the perturbative nature
of the PMC scales; this is caused by the uncomputed
NNNLO terms and the higher order {βi}-terms. Since
there are no {βi}-terms available to set the NNLO PMC

scale Qij
3 , we will, as a rule, set its value to the same

value as the last known PMC scale Qij
2 . In contrast to

the conventional scale-setting procedure where a single
renormalization scale is guessed, the PMC scales are fixed
via the RG-equation, and the resulting residual scale-
dependence is effectively independent of the initial choice
of scale [17]. After PMC scale setting, the remaining con-
formal series with βi = 0 is scheme-independent. The
scheme-and-scale ambiguities are thus effectively elimi-
nated by applying the PMC.
The PMC formulas given above are applicable to all

Higgs hadroproduction channels. The production chan-
nels with (ij) = (gg), (qq̄), (gq), (gq̄), (qq′) and (q̄q̄′)
are distinct and non-interfering, and thus their PMC
scales can be determined independently. As indicated
by Eqs.(6, 7, 8), the different channels contribute to the
hadronic Higgs production cross section at different or-
ders. Thus, up to NNLO level, we can fix two PMC scales
for the (gg)-channel and one PMC scale for the (qq̄)-,
(gq)- and (gq̄)-channels. In the case of the (qq′)- and
(q̄q̄′)-channels, there are no higher-order computations
available which can be used to set their PMC scales; thus
we will set their values as the initial scale µr. Because
the (qq′)- and (q̄q̄′)-channels are negligible in comparison
to the dominant (gg)-channel, their scale uncertainties
will not appreciably affect our final results.

III. NUMERICAL RESULTS AND

DISCUSSIONS

For our numerical computations, we will take the Higgs
mass mH=125 GeV, the top-quark pole mass mt = 173.3
GeV [36], and assume the CT10 set of PDFS obtained by
the CTEQ group [37]. The running behavior of αs(Q

2) at
NNLO order is adopted, and its magnitude is determined
taking the value αs(MZ) = 0.118 used for CT10.

A. General properties of Higgs boson

hadroproduction

We will first compare the pQCD predictions up to
NNLO level for the total Higgs boson production cross-
sections at the LHC at

√
S = 8 TeV by applying conven-

tional and PMC scale-settings, respectively. The results
are presented in Table I, where the cross-sections for in-
dividual production channels are presented and ‘Total’
stands for the sum of the cross-sections up to NNLO

Conventional PMC

(ij) LO NLO N2LO Total LO NLO N2LO Total

(gg) 6.02 7.53 5.21 18.76 6.02 9.58 8.01 23.61

(gq) 0.00 -0.11 -0.31 -0.42 0.00 -0.32 0.21 -0.11

(gq̄) 0.00 -0.08 -0.16 -0.24 0.00 -0.17 0.02 -0.15

(qq̄) 0.00 0.008 0.006 0.014 0.00 0.007 0.007 0.014

(qq + qq′) 0.00 0.00 0.006 0.006 0.00 0.00 0.006 0.006

(q̄q̄ + q̄q̄′) 0.00 0.00 0.001 0.001 0.00 0.00 0.001 0.001

TABLE I: The cross-sections σ
(ij)
m (in units of pb) for Higgs

boson hadroproduction by applying conventional and PMC
scale-settings at the LHC with

√
S = 8 TeV, where m =LO,

NLO and NNLO, respectively. The initial choice of renor-
malization scale and the factorization scale are taken as
µr = µf = mH .
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Qgg
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FIG. 2: Two PMC scales versus the subprocess center-of-
mass energy

√
s for the dominant (gg)-channel. mH = 125

GeV and µr = µf = mH .

level; i.e., σ
(ij)
Total =

NNLO
∑

m=LO

σ
(ij)
m . For uniformity, the initial

renormalization scale and the factorization scale are each
taken as µr = µf = mH . Table I shows that the gluon-
fusion channel provides more than 95% of the contribu-
tion to the Higgs hadroproduction cross-section, whereas
the remaining channels provide small or even negligible
contributions. (The negative values of the gq and gq̄ con-
tributions reflect the fact that they are cross-term con-
tributions.)
Table I shows that before and after applying the PMC,

the pQCD convergence behaves quite differently for the
different production channels. In the case of the (gq)-
channel and (gq̄)-channels, the improvement is obvi-
ous: Their NNLO contributions using conventional scale-
setting are even larger than the NLO contribution; in
contrast, the NNLO contributions become smaller af-
ter applying the PMC. This indicates that the confor-
mal terms in the (gq)-channel or (gq̄)-channel satisfy the
usual requirements of pQCD convergence.
In the case of the dominant (gg)-channel, the pQCD
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convergence does not show explicit improvement at the
NNLO level, even after applying the PMC – in contrast to
our previous PMC applications. This can be explained by
the properties of the two PMC scales Qgg

1 and Qgg
2 . The

LO PMC scale Qgg
1 is fixed to be mH . This is due to the

fact that the non-conformal coefficients rgg2,1(s,M,R) and

rgg3,2(s,M,R) are always accompanied by the logarithmic-

term ln(µ2
r/m

2
H); the elimination of the nonconformal β

terms is thus equivalent to the elimination of these log-
arithmic terms. The LO PMC scale Qgg

1 is fixed to be
mH , independent of the choice of the initial scale. In
contrast, the NLO PMC scale Qgg

2 is determined by the
non-conformal coefficient rgg3,1(s,M,R) which is a func-

tion of the subprocess center-of-mass energy (
√
s). To

show this explicitly, we have displayed the PMC scales
Qgg

1 and Qgg
2 versus the subprocess center-of-mass energy√

s in Fig.(2). Fig.(2) shows that Qgg
2 increases with

√
s;

this is consistent with its QED analog obtained using
the GM-L scale-setting approach. The value of the scale
Qgg

2 in the threshold region is in fact smaller than mH ,
thus yielding large cross-sections at both the NLO and
the NNLO level. One thus obtains significantly larger to-
tal cross-sections in comparison with the rates predicted
using conventional scale-setting.

Table I shows the pQCD convergence for this par-
ticular process is not improved by applying the PMC;
this is caused by the presence of a large conformal term
even at the NNLO order. Thus a NNNLO or higher
calculation is important. A NNNLO computation for
the dominant gluon-fusion channel has in fact been per-
formed [10]; it has a numerically small NNNLO contri-
bution, even using conventional scale-setting, suggesting
improved pQCD convergence at this order. However, the
published NNNLO calculation does not provide the β
terms needed for a PMC analysis, as required for a pre-
cise determination of the PMC scales Qgg

2,3. Nevertheless,
as will be shown in following subsections, we can achieve
precise predictions for the Higgs boson production at the
NNLO level by applying the PMC, regardless of the weak
pQCD convergence of the conformal terms 3.

B. An analysis of renormalization scale dependence

before and after PMC scale-setting

In the following, we will concentrate on the dominant
gluon-fusion production channel. It provides as an ex-
plicit example for illustrating how the renormalization
scale dependence is changed before and after PMC scale-
setting.

3 We emphasize that the purpose of PMC is to solve the renor-
malization scheme-and-scale ambiguities; improved QCD conver-
gence is a natural byproduct due to the elimination of divergent
renormalon terms; however, this does not affect processes with
large conformal terms.

Conventional PMC

µr LO NLO N2LO Total LO NLO N2LO Total

mH/4 9.42 10.64 3.50 23.56 6.02 9.58 8.01 23.61

mH/2 7.43 8.89 4.82 21.14 6.02 9.58 8.01 23.61

mH 6.02 7.53 5.21 18.76 6.02 9.58 8.01 23.61

2mH 4.98 6.45 5.19 16.62 6.02 9.58 8.01 23.61

4mH 4.19 5.58 4.95 14.72 6.02 9.58 8.01 23.61

TABLE II: The gluon-fusion cross-section σ
(gg)
m (in units of

pb) using conventional and PMC scale-settings at
√
S = 8

TeV. The results are given for five choices of initial scale, i..e
µr = mH/4, mH/2, mH , 2mH and 4mH , respectively. In
addition, we take µf = mH .

We list the gluon-fusion cross-sections at
√
S = 8

TeV using conventional and PMC scale-settings in Ta-
ble II for five choices of the initial scale µr = mH/4,
mH/2, mH , 2mH , and 4mH . Table II shows that for

conventional scale-setting, σ
(gg)
Total = 18.76+12.69%

−11.41% pb for

µr ∈ [mH/2, 2mH ], and σ
(gg)
Total = 21.14+11.45%

−11.26% pb for

µr ∈ [mH/4,mH ]. These NNLO predictions are consis-

tent with the NNNLO results within errors [10]: σ
(gg)
Total =

18.90+3.08%
−5.02% pb for µr ∈ [mH/2, 2mH] and σ

(gg)
Total =

19.47+0.32%
−2.99% pb for µr ∈ [mH/4,mH ]. The results show

that by including the NNNLO-terms, the renormaliza-
tion scale uncertainty for total cross-sections can indeed
be improved; e.g., if one takes µr ∈ [mH/2, 2mH ], the
scale uncertainty is reduced from 24% to 8%; and if one
takes µr ∈ [mH/4,mH ], the scale uncertainty is reduced
from 23% to 3%.
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FIG. 3: The gluon-fusion total cross-sections σ
(gg)
Total up to LO,

NLO and NNLO levels versus the initial scale µr by applying
conventional and PMC scale-settings for CM collision energy√
S = 8 TeV.

Fig.(3) shows how the pQCD prediction for the gluon-
fusion total Higgs hadroproduction cross-section changes
as more higher-order terms are included. The initial
scale dependence of the gluon-fusion total cross-section
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σ
(gg)
Total is displayed at LO, NLO and NNLO levels, respec-

tively. The figure shows that using conventional scale-

setting, the LO and NLO total cross-sections σ
(gg)
Total|LO

and σ
(gg)
Total|NLO depend heavily on the choice of µr,

whereas the initial scale dependence of the NNLO to-

tal cross-section σ
(gg)
Total|NNLO becomes smaller. The pre-

dicted value of σ
(gg)
Total|NNLO first increases and then de-

creases with increasing µr; achieving its maximum value
at µr ∼ 14 GeV. The results are consistent with the ex-
pectation that the initial-scale sensitivity is progressively
decreased by performing higher-and-higher order calcu-
lations. In contrast, after applying the PMC, the initial
scale dependence is negligible even at the LO level, since
the LO PMC scale is fixed to be mH , independent of
the choice of µr. At the NNLO level, the resulting total

cross-section is σ
(gg)
Total

∼= 23.61 pb for a wide range of ini-
tial scales µr. This negligible residual dependence on the
choice of the initial renormalization scale for the PMC
predictions is expected, since the PMC renormalization
scales at each order are precisely determined using the
RG-equation.
Furthermore, by analyzing the pQCD series in detail,

we find that the small renormalization scale dependence
of the high-order prediction on the total cross-section

σ
(gg)
Total using conventional scale-setting is caused by cor-

relations of the scale dependence among different orders;
however, the large scale dependence at each order cannot
be repaired by using a guessed scale. As an explanation,
we define a ratio κm to measure the scale dependence of
the gluon-fusion cross-section at each order,

κm =

σ
(gg)
m

∣

∣

∣

µr=mH/2
− σ

(gg)
m

∣

∣

∣

µr=2mH

σ
(gg)
m

∣

∣

∣

µr=mH

, (16)

where the subscript m stands for LO, NLO, NNLO,
and Total, respectively. Applying the conventional scale-
setting, we obtain

κLO = 41%, κNLO = 32%, κNNLO = −7%. (17)

This shows that by using conventional scale-setting, the
scale dependence at each perturbative order is rather
large. The weighted average of those separate scale er-
rors gives a smaller total scale error, κTotal = 24%, which
can be further reduced down to ∼ 8% [10] by including
the NNNLO contributions.
On the other hand, Table II shows that the magni-

tudes of all κm are negligible after applying the PMC,
showing the renormalization scale uncertainties for both
the separate cross-sections at each order and the total
cross-section are simultaneously eliminated.

After applying the PMC, the total cross-section σ
(gg)
Total

is ∼ 26% larger than the one for µr = mH using con-
ventional scale-setting. As shown by Table II, if one sets
µr = mH/2 or µr = mH/4, the conventional pQCD con-
vergence is better than the case of µr = mH , and its total
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FIG. 4: Results for gluon-fusion total cross-section σ
(gg)
Total|n =

n
∑

i=LO

Ci a
i+1
s using conventional scale-setting, where n stands

for LO, NLO or NNLO, respectively. The error bars represent
the prediction for the magnitude of “uncalculated” higher-
order terms which are obtained by varying µr ∈ [mH/2, 2mH ]
or µr ∈ [mH/4, 4mH ] in all “known” lower-order terms.

cross-section is close to the PMC prediction; i.e., within
an error of 10%. Thus, for conventional scale-setting, the
best choice of an effective renormalization scale would be
around mH/2 or mH/4 other than the usually chosen
value of mH . This prescription has already been sug-
gested in Refs.[10, 38, 39]; the PMC thus provides the
explanation for this choice.

C. Predictions for “uncalculated” higher-order

contributions

It is useful to estimate the magnitude of contribu-
tions from “uncalculated” high-order perturbative terms.
Each scale-setting approach has different conventions for
estimating the theory uncertainty.
Under the conventional scale-setting, one usually es-

timates the magnitude of unknown higher-order pQCD
corrections to the Higgs hadroproduction cross-section
by varying the renormalization scale in the range µr ∈
[mH/2, 2mH]. However this ad hoc procedure only gives
a rough estimate of the uncalculated non-conformal β
terms at higher-orders, and it has no sensitivity to the
conformal contributions at the same order which may
have equal importance [17]. As will be shown in the
following, the Higgs hadroproduction cross-section illus-
trates the unreliability of conventional error estimates.
Schematically, we rewrite the gluon-fusion total cross-

section using conventional scale-setting as

σ
(gg)
Total|n =

n
∑

i=LO

Ci ai+1
s (µr), (18)

where n stands for LO, NLO or NNLO, respectively. The
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results are presented in Fig.(4), in which the error bars
stand for the conventional estimate of “uncalculated”
higher-order contributions to the cross-sections, obtained
by varying µr ∈ [mH/2, 2mH] or µr ∈ [mH/4, 4mH] in
all of the “known” lower-order terms. For the conven-
tional case of µr ∈ [mH/2, 2mH ], Fig.(4) confirms the
observation of Ref.[11], which shows that the “true” NLO

cross-section σ
(gg)
Total|NLO together with its error bar, is

outside of the predicted NLO values from the LO calcu-

lation, and the “true” NNLO cross-section σ
(gg)
Total|NNLO,

together with its error bar, is outside of the predicted
NNLO values from the NLO calculation. By taking
µr ∈ [mH/4,mH ], the condition becomes better, but the

“true” NLO cross-section σ
(gg)
Total|NLO together with its er-

ror bar is still outside of the predicted NLO values from
the LO calculation. This shows the conventional way of
estimating the magnitude of “unknown” terms by vary-
ing µr with a certain range is invalid for the gluon-fusion
Higgs production channel at least at the lower orders.
As shown in Table II, the conformal series derived by

applying the PMC shows a weak perturbative conver-
gence up to NNLO level, indicating that the conformal
terms for this particular process are very important, at
least at the NNLO level. This explains why the calcu-
lated higher-order predictions are always outside of the
error bars predicted from the lower-order cross-sections
using conventional error estimates – its higher-order es-
timation does not take into account the large conformal
contributions.
On the other hand, after applying the PMC, the situ-

ation is quite different. The PMC renormalization scales
are determined unambiguously, and they are independent
of the choice of the initial scale. Thus they cannot be var-
ied; otherwise, one would explicitly break RG-invariance,
leading to an unreliable prediction. Thus, the standard
way of predicting unknown higher-order contributions is
not applicable to PMC predictions. Instead, we adopt
a more conservative practice for the error estimate for
PMC predictions [24]; i.e., we will define the PMC error
bar to match the value of the contribution from the last
known perturbative order. More explicitly, after apply-
ing the PMC, the gluon-fusion total cross-section (18)
changes to

σ
(gg)
Total|n =

n
∑

i=LO

C̃i ai+1
s (Qgg

i ), (19)

where C̃i is the ith-order conformal coefficient, and n
stands for LO, NLO and NNLO, respectively. Thus the
PMC estimate of the uncalculated higher-order terms
for an ith-order calculation is ±|C̃iai+1

s (Qgg
i )|MAX, where

both C̃i and as(Q
gg
i ) are calculated by varying the scale

µr ∈ [mH/2, 2mH] and the symbol “MAX” stands for

the maximum value of |C̃iai+1
s (Qgg

i )| within this region.
This procedure is natural for the PMC, since after PMC
scale-setting, the main uncertainty is from the last term
at this order with its unfixed PMC scale. As shown by
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FIG. 5: Results for gluon-fusion total cross-section σ
(gg)
Total|n =

n
∑

i=LO

C̃i a
i+1
s (Qgg

i ) by applying PMC scale-setting; here n

stands for LO, NLO or NNLO, respectively. The er-
ror bar for ith-order stands for a conservative prediction
of “uncalculated” higher-order terms, which is taken as
±|C̃i a

i+1
s (Qgg

i )|MAX.

Eq.(17), the conventional scale errors dominate at each
perturbative order; thus this approach for the error esti-
mate cannot be applied to conventional scale-setting.
The conservative PMC estimates for the “uncalcu-

lated” higher-order terms for the gluon-fusion total cross-
section are displayed in Fig.(5). Because of large con-
formal terms at the NLO and NNLO levels, the pQCD
convergence cannot be greatly improved as is usual the
case; thus the PMC predictions have large error bars.
In contrast to the conventional error estimates obtained
by varying the renormalization scale in the range µr ∈
[mH/2, 2mH] which shown by Fig.(4), Fig.(5) shows the
true values of the higher-order cross sections using the
PMC obtained by defining the error bar to match the
value of the contribution from the last known perturba-
tive order are consistently within the error bars defined
from the lower-order calculation.
As additional higher order terms in pQCD series be-

come available, both the conformal terms and the PMC
scales become more precisely determined, and the pre-
dictive power of PMC predictions will be improved. For
example, for the observables Γ(H → bb̄) and R(e+e−) up
to four-loop level, it has been found that the predicted
error bars from the ‘unknown’ higher-order corrections
quickly approach stability, and the resulting higher-order
PMC predictions are well within the error bars predicted
from the “known” lower-order terms [24].

D. A discussion of the factorization scale

dependence

After applying the PMC, the renormalization scale am-
biguity is eliminated. One of the remaining uncertainties
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is from the choice of factorization scale. The determi-
nation of factorization scale is a separate issue, which
may be solved by matching nonpertubative bound-state
dynamics with perturbative DGLAP evolution [40–42].
Recently, by using the light-front holography [43, 44], it
has been shown that the matching of high-and-low scale
regimes of αs can determine the scale which sets the inter-
face between perturbative and nonperturbative hadron
dynamics [45–47].
In the following illustration, we will adopt the usual

convention of choosing the range µf ∈ [mH/2, 2mH] to
predict the factorization scale dependence.
As is the case for top-pair hadroproduction [33], we

have found that the usual factorization scale dependence
can also be largely suppressed for Higgs hadroproduction
once the renormalization scale is set by the PMC. For ex-
ample, in the case of the dominant gluon-fusion channel
using conventional scale-setting, we obtain,

σ
(gg)
Total|7TeV =

(

14.46+0.90
−0.85

)

pb,

σ
(gg)
Total|8TeV =

(

18.76+1.23
−1.18

)

pb,

σ
(gg)
Total|13TeV =

(

45.32+3.45
−3.50

)

pb,

where µr = mH , the central value is for µf = mH , and
the errors are for µf ∈ [mH/2, 2mH]. In contrast, after
applying the PMC scale-setting, we obtain

σ
(gg)
Total|7TeV

=
(

18.27+0.33
−0.83

)

pb,

σ
(gg)
Total|8TeV =

(

23.61+0.27
−0.94

)

pb,

σ
(gg)
Total|13TeV =

(

56.48−0.65
−1.10

)

pb.

These results show the factorization scale dependence can
be suppressed due to the correlation of the large loga-
rithmic terms involving the renormalization and factor-
ization scales; i.e. lnµ2

r/m
2
H and lnµ2

f/m
2
H .

Tevatron LHC√
S 1.96 TeV 7 TeV 8 TeV 13 TeV 14 TeV

Conv. 0.63+0.13
−0.11 13.92+2.25

−2.06 18.12+2.87
−2.66 44.26+6.61

−6.43 50.33+7.47
−7.31

PMC 0.86+0.13
−0.12 18.04+1.36

−1.32 23.37+1.65
−1.59 56.34+3.45

−3.00 63.94+3.88
−3.30

TABLE III: Scale uncertainties for σggH (in units of pb) using
the conventional (Conv.) versus PMC scale-settings, obtained
by varying µr ∈ [mH/2, 2mH ] and µf ∈ [mH/2, 2mH ]. Here

σggH stands for the sum of the cross-sections σ
(ij)
Total with (ij) =

(gg), (qq̄), (gq), (gq̄), (qq′), respectively.

As a summary, we present total hadronic cross-section
σggH for the Tevatron and LHC in Table III, where the
errors are for µr ∈ [mH/2, 2mH ] and µf ∈ [mH/2, 2mH].
For convenience, we let σggH stand for the sum of the

cross-sections σ
(ij)
Total with (ij) = (gg), (qq̄), (gq), (gq̄)

and (qq′), respectively. The errors are the squared aver-
ages of the ones for all the hadronic production channels.
To compare with the total hadronic cross-sections using

conventional scale-setting, the central values of the PMC
ones are increased by ∼ 37% at the Tevatron, and by
∼ 30% at the LHC for

√
S =7, 8, 13 and 14 TeV, respec-

tively. After applying the PMC, the main uncertainty is
from the choice of factorization scale which is generally
smaller than the uncertainty using conventional renor-
malization scale setting.

E. An estimate of the total inclusive cross-section

for Higgs production at the LHC

In order to compare our PMC predictions with re-
cent LHC measurements on the Higgs boson production
cross-section [4, 5], one must, in addition to the hadronic
channel (σggH), include contributions from other known
production modes, such as the vector-boson fusion pro-
duction process, the WH/ZH Higgs associated produc-
tion process, the associated Higgs production with heavy
quarks, etc. We will let σxH stand for the sum of those
cross-sections. Here x stands for Z+W+tt̄+bb̄+· · ·, and
σEW stands for the electroweak correction; this is neces-
sary for practical comparisons with data.
The prediction for the total inclusive cross-section

(σIncl) for pp → HX production is given by σggH+σxH+
σEW. The value of σxH and σEW are small in compar-
ison to the dominant σggH contribution. For example,

taking
√
S = 8 TeV and mH = 125 GeV, one predicts

σxH = 3.08 + 0.10 pb [3, 4]; the electro-weak correction
up to two-loop level only leads to a +5.1% shift with re-
spect to the NNLO QCD cross sections [48, 49]. Thus,
we directly adopt their values using conventional scale-
setting which have been summarized in Refs.[3, 4, 48, 49]
to do our prediction.

σIncl 7 TeV 8 TeV 13 TeV

ATLAS(H → γγ) [4, 5] 35+13
−12 30.5+7.5

−7.4 40+31
−28

ATLAS(H → ZZ∗ → 4l) [4, 5] 33+21
−16 37+9

−8 12+25
−16

LHC-XS [3] 17.5± 1.6 22.3 ± 2.0 50.9+4.5
−4.4

PMC predictions 21.21+1.36
−1.32 27.37+1.65

−1.59 65.72+3.46
−3.01

TABLE IV: Total inclusive cross-sections (in units of pb) for

Higgs production at the LHC for CM collision energies
√
S =

7, 8 and 13 TeV, respectively. The inclusive cross-section is
defined as the sum σIncl = σggH + σxH + σEW.

We present the predicted PMC total inclusive cross-
section σIncl at the LHC for several CM collision energies
in Table IV, in comparison with recent LHC ATLAS mea-
surements [4, 5], for H → γγ and H → ZZ∗ → 4l decay
channels. The SM results predicted by LHC-XS group [3]
is shown as a comparison. The inclusive cross-section
increases with increasing hadron-hadron collision energy.
To compare with the central LHC-XS predictions [3], our
PMC results are increased by about 21%, 23% and 29%
for

√
S = 7, 8 and 13 TeV, respectively. Because of

the large uncertainty for the ATLAS data, we need more
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data to draw definite conclusion on the SM predictions 4.
The more accurate measurements with high integrated
luminosity for

√
S=13 TeV shall be helpful to test the

PMC and conventional predictions. For the case of the
ATLAS data at 8 TeV [4] which has relatively less exper-
imental uncertainties, the PMC prediction show a much
better agreement with the data. This is clearly shown by
Fig.(6), in which a comparison of our present NNLO con-
ventional and PMC predictions for σIncl with the ATLAS
measurements at 8TeV is presented.

F. Estimates of the fiducial cross section

σfid(pp → H → γγ)

The ATLAS group has measured the “fiducial cross
section” (σfid) for the process pp → H → γγ at different
collision energies [50]. The measurement utilizes inte-

grated luminosity 4.5fb−1 for
√
S = 7 TeV, 20.3fb−1 for√

S = 8 TeV, and 3.2fb−1 for
√
S = 13 TeV, The fiducial

cross-section σfid can be written as

σfid(pp → H → γγ) = σInclBH→γγA, (20)

where A is the acceptance factor, whose values for dif-
ferent collision energies are [50], A|7TeV = 0.620± 0.007,
A|8TeV = 0.611±0.012 and A|13TeV = 0.570±0.006. The
BH→γγ is the branching ratio of H → γγ. By using the
Γ(H → γγ) with conventional scale-setting, the LHC-
XS group predicts BH→γγ = 0.00228 ± 0.00011 [3]. A

4 A recent ATLAS measurement for
√

S = 13 TeV gives [52],
σIncl = 59.0+9.7

−9.2(stat.)
+4.4
−3.5(syst.) pb, which shows a better

agreement with our present PMC prediction.

detailed PMC analysis for Γ(H → γγ) up to three-loop
levels have been given in Ref.[51]. Using the formulae
given there, we obtain Γ(H → γγ)|PMC = 9.34 × 10−3

MeV for mH = 125 GeV. Using this value, together with
Higgs total decay width ΓTotal = (4.07 ± 0.16) × 10−3

GeV [3], we find BH→γγ |PMC = 0.00229± 0.00009.
Thus the main differences together with their theoret-

ical errors for the fiducial cross-section σfid is due to the
different predictions for the inclusive cross-section σIncl

mentioned in the last subsection.

σfid(pp → H → γγ) 7 TeV 8 TeV 13 TeV

ATLAS data [50] 49± 18 42.5+10.3
−10.2 52+40

−37

LHC-XS [3] 24.7± 2.6 31.0 ± 3.2 66.1+6.8
−6.6

PMC prediction 30.1+2.3
−2.2 38.3+2.9

−2.8 85.8+5.7
−5.3

TABLE V: The fiducial cross section σfid(pp → H → γγ) (in

units of fb) at the LHC for CM collision energies
√
S =7, 8

and 13 TeV, respectively.
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FIG. 7: Comparison of the PMC predictions for the fiducial
cross section σfid(pp → H → γγ) with ATLAS measurements
at various collision energies [50]. The LHC-XS predictions [3]
are presented as a comparison.

The PMC predictions for the fiducial cross section
σfid(pp → H → γγ) at the LHC for CM collision energies√
S =7 TeV, 8 TeV and 13 TeV are shown in Table V

and compared with ATLAS measurements [50] and the
LHC-XS predictions [3] are presented. The PMC fidu-
cial cross-sections are larger than the LHC-XS ones by
∼ 22%, ∼ 24% and ∼ 30% for

√
S =7 TeV, 8 TeV and

13 TeV, respectively. Table V shows no significant differ-
ences between the measured fiducial cross sections and
the SM predictions within the current experimental un-
certainties. However, a better agreement of PMC predic-
tions with the measurements at

√
S = 7 TeV and 8 TeV

can be obtained. This performance can be clearly shown
in Fig.(7), which presents the comparison of PMC predic-
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tions for σfid(pp → H → γγ) with the ATLAS measure-
ments for various CM collision energies. The forthcoming
more precise measurements with higher integrated lumi-
nosity at the LHC will be important for testing the PMC
theoretical predictions.

IV. SUMMARY

We have predicted the Higgs boson hadroproduction
cross-section using PMC scale-setting. The PMC pro-
vides a systematic, rigorous way to set the renormal-
ization scales for high-energy process at each order of
perturbation theory. The PMC satisfies renormaliza-
tion group invariance; i.e., PMC predictions do not de-
pend on the choice of renormalization scheme used to
regulate ultraviolet divergences and have minimal sensi-
tivity to the initial scale choice. The PMC reduces in
the NC → 0 Abelian limit to the standard Gell-Mann
Low scale-setting method used for precision predictions
in quantum electrodynamics. Thus the PMC treats the
renormalization of all three field-theoretic components of
the Standard Model and Grand Unification consistently.
After applying PMC scale-setting, the large renor-

malization scale and scheme uncertainties for the Higgs
total and individual hadroproduction cross-sections are
simultaneously eliminated. As an example, Table II
shows that if one uses conventional scale-setting, the
predicted NNLO pQCD cross section from the domi-
nant gluon-fusion channel at

√
S = 8 TeV varies as

σ
(gg)
Total = 18.76+12.69%

−11.41% pb for the range of renormaliza-

tion scale choices µr ∈ [mH/2, 2mH], and has the un-

certainty σ
(gg)
Total = 21.14+11.45%

−11.26% pb for the wider range

µr ∈ [mH/4,mH ]. In contrast, after applying the PMC,

we obtain the NNLO prediction σ
(gg)
Total

∼= 23.61 pb for
µr ∈ [mH/4, 2mH ]. The independence of PMC predic-

tions on the choice of the initial renormalization scale
is a feature of the PMC since the renormalization scales
of the running QCD coupling at each order of perturba-
tion theory are fixed, consistent with its renormalization
group equation.

By combining the relevant Higgs boson production
modes and taking the electroweak corrections into con-
sideration, reliable pQCD scheme- and scale-independent
predictions for the inclusive pp → H production cross-
sections can be obtained by using the PMC. The pre-
dicted inclusive cross-section increases with increasing
hadron collision energy. In comparison with the LHC-
XS predictions using the guessed scale µr = mH , the
scale-fixed PMC predictions are increased by about 21%,
23% and 29% for

√
S =7 TeV, 8 TeV and 13 TeV, re-

spectively, showing good agreement with the latest LHC
ATLAS measurements, especially for measurements at√
S =7 TeV and 8 TeV.

We also predict the fiducial cross section σfid(pp →
H → γγ): The SM predictions using the PMC given in
Table V are observed to agree with measurements within
the current experimental uncertainties; the agreement of
PMC predictions with the measurements at

√
S = 7 TeV

and 8 TeV is especially clear. The results demonstrate
that the PMC eliminates a major theoretical uncertainty
for pQCD predictions, thus increasing the sensitivity of
the LHC to possible new physics beyond the SM.
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