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On the space of non-Gaussian fields with single-clock bispectra

Bekir Baytas∗ and Sarah Shandera†

Institute for Gravitation and the Cosmos, The Pennsylvania State University, University Park, PA 16802, USA

We develop a mathematical construction of non-Gaussian fields whose bispectra satisfy the single-
clock inflation consistency relation. At the same order that our basis for bispectra recovers the two
simplest single clock templates, we also find a third orthogonal template which has the single clock
squeezed limit, peaks in folded configurations, and has very small coupling in the equilateral limit.
We explore the map between templates and operators in a very general Lagrangian for single-clock
fluctuations and find no significant overlap between the new template and models in the literature.
We comment on the physical implications of this conclusion. Our findings add support for the
idea that both theory and data driven considerations will be best served if next generation non-
Gaussianity constraints are made in a basis that uses the degree of coupling between long and short
wavelength modes as an organizing principle.

PACS numbers:

I. INTRODUCTION

The expectation for interesting threshold levels of non-
Gaussianity comes from our current understanding of the
space of likely models for inflation and the primordial
fluctuations. The Planck satellite bounds demonstrate
that the fluctuations are very close to Gaussian [1], but
the constraints have not crossed the theoretically inter-
esting threshold to rule out entire classes of physics be-
yond single field slow-roll [2]. Future constraints on non-
Gaussianity will continue to test various inflation scenar-
ios but can also have implications for our understand-
ing of the universe that are independent of the origin of
the fluctuations. A particular part of the non-Gaussian
space, the coupling between long and short wavelength
fluctuations, is of interest from both of these viewpoints.
Purely from a statistical perspective, coupling between
long and short wavelength modes introduces additional
cosmic variance in the map between observations and
theory [3–14]. We call this super cosmic variance since it
comes from non-Gaussian coupling of the observed modes
to the unknowable super-horizon modes. From the infla-
tionary theory perspective, the presence or absence of
this coupling is a tool to qualitatively distinguish the
number of degrees of freedom relevant for generating the
inflationary background and fluctuations: In so-called
‘single-clock’ models, short and long wavelengths are
decoupled, so that fluctuations in any post-inflationary
patch have intrinsic correlation functions1 entirely de-
termined by the background at the moment the fluc-
tuations exited the horizon [17–24]. The amplitude of
long wavelength fluctuations is irrelevant. But, if fluctu-
ations of a light degree of freedom other than the ‘clock’
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1 The intrinsic correlations may be different from correlations an

observer at a particular point sees, due to projection effects [15,
16].

field contribute to the observed curvature perturbations,
long-short mode coupling generically occurs [8, 14, 25–
32, 62, 63]. Interesting coupling between long and short
wavelength modes can occur at any order in correlation
functions, beginning with the bispectrum (Fourier space
3pt function). The consistency relations for single clock
inflation require, among other things, that the bispec-
trum in the squeezed limit (kl ≡ k1 � k2 ≈ k3) depend
no more strongly on the long wavelength mode than 1/kl.
Requiring such a scaling in the “initial conditions” for the
hot big bang universe (even without a dynamical model
for generating it) ensures that these bispectra lead to
no additional cosmic variance uncertainties in the power
spectrum of the perturbations.

The importance of long-short mode coupling, both as
a discriminator of inflationary scenarios and as a source
of cosmic variance relating observations to theory, sug-
gests that it be used to organize model-independent tests
of non-Gaussianity. Such an approach was developed for
the bispectrum by Byun and Bean in [33], who demon-
strated that such a basis efficiently covers a wide range
of inflationary models in the literature. (There are other
basis proposals, either overlapping or complementary to
this one, and organized by other considerations [34–36]).
They also found a basis template with the single-clock
degree of long-short mode coupling but that was not well
covered by the two standard single-clock templates. Since
that work, the space of templates from single-clock in-
flationary Lagrangians has continued to grow, eg [37],
and the implications of cosmic variance consequences
of mode-coupling have been developed [7–14]. In addi-
tion, the Planck satellite’s tightest constraints on non-
Gaussianity were published [1], and the focus for the
next generation of constraints on single-clock scenarios
has turned to Large Scale Structure surveys [38, 39].

Looking toward the future of non-Gaussianity con-
straints, in this paper we revisit the relationship between
elements in a mathematical basis for non-Gaussian fields
and the set produced by inflation. We are particularly
motivated by asking whether or not a detection of a shape
satisfying the single-clock consistency relation rules out
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multi-source scenarios. At one level, certainly not: know-
ing the form of one correlation function in a non-Gaussian
field implies nothing about the shapes of the other cor-
relation functions. In particular, there exist trispectra
that generate equilateral shape bispectra in biased sub-
volumes through long-short mode-coupling [12]. These
cannot be single-clock models, but they would be en-
tirely consistent with the detection of an equilateral bis-
pectrum2. However, even without cosmic variance from
higher order correlations, we can ask whether every bis-
pectrum that has the single-clock scaling in the squeezed
limit can be generated (naturally or not) by single-clock
inflation. The templates for single-clock inflation contain
additional signatures of inflationary physics in momen-
tum configurations away from the squeezed limit, so by
constructing a basis and focusing on templates so far not
in the literature we might hope to either “reverse engi-
neer” interesting single-clock inflation scenarios or find
some additional physical limits on what they can pro-
duce.

To address the relationship between the space of bis-
pectra with no super cosmic variance and single-clock in-
flation models, we begin in the next section by generating
non-Gaussian fields as non-linear, non-local functionals of
a Gaussian field. The field will be fully specified (so all
correlation functions can be computed and the field can
be numerically generated), and one can add new terms
order by order to control the details of higher order cor-
relations. We focus on the first non-linear term, which is
quadratic in the Gaussian field and so gives a tree-level
bispectrum. We generate the space of fields by charac-
terizing the quadratic term according to the number of
inverse derivatives allowed per field, and then restrict the
set by requiring the squeezed limit of the bispectrum di-
verge no more strongly than 1/kl. We call this set the
super cosmic variance free set since there is no signifi-
cant long-short mode coupling. At the same order that
this procedure recovers the two simplest single clock tem-
plates, we also find a third, orthogonal bispectrum that
peaks in folded configurations and has very small cou-
pling in the equilateral limit. We map this expansion
to the bispectral basis of the Byun and Bean and find
that our set of templates at that order can be expressed
as a linear combination of theirs. We then examine in
detail the relationship of the additional, “folded-only”
template to a very general effective Lagrangian for single-
clock fluctuations (Section III). We find that the folded-
only template is still not found in the single-clock litera-
ture and discuss the reasons for small overlap in various
cases. We conclude in Section IV with some discussion
of the implications of these results and how they can be
extended.

2 Such an effect may be detectable through constraints on higher
order correlations, but requires sufficiently precise constraints of
more general correlations, which will be challenging.

II. GENERATING SUPER COSMIC VARIANCE
FREE MODELS

In this section, we first review a procedure to generate
an expression for a non-Gaussian field with a bispectrum
that matches the equilateral template. Then we show
how the procedure may be generalized to non-Gaussian
fields with the other standard (“orthogonal”) template
proposed for single-clock inflation. In the process we will
uncover an additional bispectral template that also has
the single-clock squeezed limit.

A. Constructing a non-Gaussian field with an
equilateral bispectrum

The lowest order statistic that is zero for a Gaussian
field but non-zero more generally is the three-point func-
tion. Assuming the non-Gaussian field Φ is homogeneous,
the bispectrum B(k1,k2,k3) is defined by

〈Φ(k1)Φ(k2)Φ(k3)〉 = (2π)3δ3(k1 + k2 + k3) B(k1,k2,k3) .
(1)

We also restrict to isotropic bispectra. In a generic single-
clock inflation model, the form of the bispectrum need
not be particularly simple. However, the bispectra of
many models can be well approximated by “templates”
built from a sum of terms that are each simple prod-
ucts of the three momenta [33, 34, 40]. For example, the
equilateral template is:

Bequil(k1, k2, k3) = 6fequilNL A2
Φ

[
−
(

1

k3
1k

3
2

+ 2 perm.

)
− 2

(k1k2k3)2
+

(
1

k1k2
2k

3
3

+ 5 perm.

)]
. (2)

We have assumed a scale-invariant power spectrum for

simplicity, with amplitude A2
Φ = k3PΦ(k), and fequilNL is

the amplitude parameter of the bispectrum, defined at
the equilateral point in momentum space (k1 = k2 = k3).
Notice that even though the individual terms in the tem-
plate have as many as 3 powers of a particular mo-
mentum in the denominator, in the squeezed limit (e.g.,
k1 ≡ kl � k2 ≈ k3 ≡ ks) the entire template scales like:

lim
kl�ks

Bequil ∝
1

klk5
s

+ . . . (3)

To write an expression for a non-Gaussian field Φ (the
Bardeen potential after reheating) with a bispectrum
that matches the equilateral template we use a series
of nonlocal functionals of a Gaussian random field φ(x)
[12, 41]:

Φ[φ(x)] = φ(x) + fNLΦ2[φ(x)] + . . . (4)

where the subscript on Φ2 indicates the term is quadratic
in the Gaussian field. Including higher order terms Φn
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would add tree-level (n+1) point functions to the model.
Since a quadratic term that is local in the Gaussian field,
Φ2(x) = [φ(x)]2, gives a bispectrum that diverges as 1/k3

l
in the squeezed limit, we must allow Φ2(x) to be non-
local in order to reduce the degree of divergence. So, we
consider

Φ2(x) = ∂α3(∂α2φ∂α1φ)(x) , (5)

where the αi can be negative and the derivative is defined
by

∂nφ(x) ≡
∫

d3k

(2π)3
knφ(k)eik·x . (6)

We will restrict consideration to scale-invariant bispectra,
which imposes the requirement α1 + α2 + α3 = 0.

To find the form of Φ2 that generates a bispectrum
for Φ matching the equilateral template in Eq.(2), notice
that there are individual terms in the template that di-
verge as 1/k3

l , 1/k2
l , and 1/kl. Each of these terms can be

recovered from the ansatz Eq.(5) by considering |αi| ≤ 2.
In addition, individual terms that diverge more strongly
than 1/k3

l can be avoided by requiring α1, α2 > 0. The
quadratic term that satisfies those restrictions is [12, 41]

Φ2[φ(x)] = [a1φ
2 + a2∂

−1(φ∂φ) + a3∂
−2(φ∂2φ)

+a4∂
−2(∂φ)2]− [E.V.] . (7)

where −[E.V.] indicates that the expectation values of
the terms should be subtracted.

To see the bispectrum generated by this quadratic
term, it is easiest to first write the general non-Gaussian
field in Fourier space (Fourier transform of Eq.(4)):

Φ(k) = φ(k) +
fNL

2!

∫
d3p1

(2π)3

∫
d3p2 [φ(p1)φ(p2)

−〈φ(p1)φ(p2)〉]N2(p1,p2,k)δ3(k− p1 − p2) (8)

where the kernel N2 is symmetric in the first two entries.
Then the bispectrum is easily computed:

B(k1, k2, k3) = fNLPφ(k1)Pφ(k2)N2(k1, k2, k3) + perm.
(9)

where Pφ(k) is the power in the Gaussian field. For the
quadratic term in Eq.(7), the kernel is

N2(p1, p2, k) = 2a1 +a2
p1 + p2

k
+a3

p2
1 + p2

2

k2
+ 2a4

p1p2

k2
.

(10)
Not every part of the parameter space covered by the
four-parameter kernel N2 in Eq.(10) above is well be-
haved. In particular, consider the power spectrum in-
cluding the (1-loop) non-Gaussian contribution:

〈Φ(k)Φ(k′)〉 = (2π)3δ(k + k′)

[
Pφ(k) + 2f2

NL

×
∫
d3pPφ(p)Pφ(|k− p|)N2

2 (p, |k− p|, k)

]
(11)

The last two terms in the kernel, Eq.(10), scale like (p/k)2

in the limit p � k and so give loop contributions that
diverge in the UV. This divergence can be removed by
requiring a3 + a4 = 0. After insisting on good behavior
of the loop term (logarithmic divergences only), bispec-
tra from the kernel N2 can still have squeezed limits that
diverge like k−3

l , k−2
l , or k−1

l . Restricting to bispectra
that are consistent with the single-clock degree of diver-
gence requires that the coefficients of both the k−3

l and

the k−2
l contributions vanish. These conditions lead a

unique solution, which (with a choice of normalization)
corresponds to the equilateral template

Equilateral Bispectrum :

a1 = −3, a2 = 4, a3 = 2, a4 = −2 . (12)

Notice that terms a2 and a3 give identical contributions
to the shape of the bispectrum. However, they differ in
their contributions to the 1-loop power spectrum and so
both terms are required to both recover the equilateral
template and keep the power spectrum well-behaved.

B. Obtaining the single-clock orthogonal template

The equilateral template is not sufficient to cover the
space of single-clock inflation models that are equally
natural within even the simplest effective field theory of
single-clock fluctuations [42]. A second template with
squeezed limit proportional to 1/kl but distinct from the
equilateral template in other momentum configurations
was proposed in [40]. (See also the proposal in [43].)
We will show the orthogonal template in Eq.(18) below,
but the most important point for our purposes in this
section is that the orthogonal bispectrum contains terms
with up to four powers of any single momentum in the
denominator, i.e., k1/k

3
2k

4
3. This suggests that quadratic

terms in the field expansion with a less restrictive set of
αi may generate bispectra with the single-clock squeezed
limit but otherwise very little overlap with the equilat-
eral template. Allowing |α3| ≤ 3 does not generate any
new solutions, but |α3| ≤ 4 will be sufficient.

For our goal of searching for new bispectra consistent
with single-clock, we can of course consider |α3| arbitrar-
ily large. However, as we will see below, even at the
same order necessary to recover the orthogonal template
we will already find one new shape. For this paper, we
will restrict our analysis to considering in detail this new
shape and its relationship to models in the literature.

To derive additional factorizable bispectra with the
single-clock squeezed limit, we add the following
quadratic terms to those in Eq.(7):

a5∂
−3(φ∂3φ), a6∂

−3(∂φ∂2φ)

a7∂
−4(φ∂4φ), a8∂

−4(∂2φ∂2φ), a9∂
−4(∂φ∂3φ)

a10∂
2(∂−1φ)2, a11∂

−4(∂−1φ∂5φ) (13)

The terms in the last line come from allowing α1, α2 ≥
−1. When we restricted to |α3| ≤ 2, allowing α1, α2 < 0
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only generated terms in the bispectrum that were the
same as those generated by the four terms in Eq.(7) (or
that were more divergent than 1/k3). And, since negative
values of α1, α2 lead to terms with 1-loop contributions to
the power spectrum that diverge in the infra-red rather
than the UV those terms also would not change the loop
constraints. So, including them would have been redun-
dant. However, because the power spectrum goes like
1/k3, when we are interested in terms in the bispectra
that go as four or more powers of a single momenta the
α1, α2 < 0 terms do give new functions of momenta at
this order. (Table (II) in the Appendix shows a complete
list of quadratic terms, including α1, α2 < 0 organized by
the bispectra they generate to illustrate these redundan-
cies.)

Now, in this new set we need to introduce new con-
straints which avoid the divergences in the one-loop cor-
rection to the power spectrum

a5 + a6 = 0,

a7 + a8 + a9 + a11 = 0

2a10 + a11 = 0 . (14)

where the first two conditions ensure the UV divergence
in the loop integral is no more than logarithmic and the
last condition does the same for the IR divergence. Fi-
nally, after again imposing that in the squeezed limit the
bispectrum diverges no more strongly than 1/kl, there
are four linearly independent (and non-trivial) solutions
for the {ai}

{ai} = {{−3, 4, 2,−2, 0, 0, 0, 0, 0, 0, 0},
{1, 0, 0, 0, 0, 0,−2, 2, 0, 0, 0},
{1,−1, 0, 0, 0, 0,−1, 0, 1, 0, 0},
{1, 0, 0, 0, 0, 0,−2, 0, 0,−1, 2}}

(15)

The kernelsN
(i)
2 , each corresponding to the ith solution

from the list above, are

N
(1)
2 (k1, k2, k3) = −6 + 4

k1 + k2

k3
+ 2

k2
1 + k2

2

k2
3

− 4
k1k2

k2
3

N
(2)
2 (k1, k2, k3) = 2− 2

k4
1 + k4

2

k4
3

+ 4
k2

1k
2
2

k4
3

N
(3)
2 (k1, k2, k3) = 2− k1 + k2

k3
− k4

1 + k4
2

k4
3

+
k1k

3
2 + k2k

3
1

k4
3

N
(4)
2 (k1, k2, k3) = 2− 2

k4
1 + k4

2

k4
3

− 2
k2

3

k1k2
+

2

k4
3

(
k5

2

k1
+
k5

1

k2

)
(16)

where the first line (N
(1)
2 ) is again the kernel for the equi-

lateral template. Notice that the fourth kernel is actually
less divergent than the equilateral template and is just
proportional to 1/k6

s in the squeezed limit. We label the
bispectra generated by each of these kernels as

Bi(k1, k2, k3) ∝ Pφ(k1)Pφ(k2)N
(i)
2 (k1, k2, k3) + perm.

(17)

Now we can show that this space of solutions is suffi-
cient to cover the standard orthogonal template [40]:

Bortho(k1, k2, k3)

forthNL A2
Φ(k)

= (1 + p)

[
6

(
1

k1k2
2k

3
3

+ 5 perm.

)
− 6

(
1

k3
1k

3
2

+ 2 perm.

)
− 12

k2
1k

2
2k

2
3

]
− 6 p

27

[
−
(

k2
1

k4
2k

4
3

+ 2 perm.

)
+6

(
k1

k3
2k

4
3

+ 5 perm.

)
− 15

(
1

k2
1k

4
2

+ 5 perm.

)
− 18

(
1

k3
1k

3
2

+ 2 perm.

)
+ 20

(
1

k1k2k4
3

+ 2 perm.

)
+12

(
1

k1k2
2k

3
3

+ 5 perms.

)
+

6

k2
1k

2
2k

2
3

]
(18)

where p ' 8.52. The first term in square brackets (mul-
tiplied by the factor (1 + p)), is just the usual equilateral
template and the second term with a factor of p itself has
the correct single-clock behavior in the squeezed limit.

This template can be expressed in terms of the bispectra
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generated by the kernels we found above:

Bortho =

(
10p

9
+ 1

)
B1 −

(
10p

9

)
B2

+

(
10p

3

)
B3 +

(
p

9

)
B4 (19)
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FIG. 1: S1(x2, x3) ∝
(k1k2k3)2B1(k1, k2, k3)
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FIG. 2: S2(x2, x3) ∝
(k1k2k3)2B2(k1, k2, k3)
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FIG. 3: S3(x2, x3) ∝
(k1k2k3)2B3(k1, k2, k3)

At this point, we have sufficient terms to recover the
two standard templates, but do we have anything new?
To answer this question we need to define the overlap be-
tween two bispectra. This depends on the similarity be-
tween the dimensionless “shapes”, S(k1, k2, k3), defined
by

Si(k1, k2, k3) = (k1k2k3)2 Bi(k1, k2, k3)

NfNLA2
φ

, (20)

where N is a normalization factor. Although it is stan-
dard in the literature to define N in the equilateral limit,
here we are insisting only on a non-vanishing squeezed
limit, and in fact two of our kernels as defined above
vanish in the equilateral limit. So, we instead normal-
ize in the squeezed limit. The choice of normalization is,
however, irrelevant for comparing any two terms and is
irrelevant for expressions involving only the bispectrum.
The exact expression for each shape is given in the Ap-
pendix, Eq.(A8), and they are plotted in Figures 1-4.

0.0
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0

2
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S4 H x2 , x3 L

FIG. 4: S4(x2, x3) ∝
(k1k2k3)2B4(k1, k2, k3)

We can now compare two shapes using the cosine in-
troduced by [44]:

cos θ =
S1 · S2

(S1 · S1)1/2(S2 · S2)1/2
, (21)

where the dot product can be simplified to a two di-
mensional integral (from three) as the shape is invariant
under rescaling of K = k1 +k2 +k3. Defining k2/k1 = x2

and k3/k1 = x3 gives

S1 · S2 =

∫
triangle

dx2dx3 S1(x2, x3)S2(x2, x3) . (22)

The domain of integration can be restricted using rota-
tional invariance and the triangle inequality. Since di-
vergences occur in some shapes at the boundary of the
parameter space (when x2 = 0 or 1) we consider a slightly
restricted domain, (0.01 ≤ x2 ≤ 0.99, 1 − x2 ≤ x3 ≤ 1).
Table I shows the correlation coefficients between our
four shapes. (Note that if one is interested in a more
specific question like the degree to which the bispectrum
measured from the cosmic microwave background can
distinguish shapes, the definition of the scalar product
should be modified with an appropriate weighting func-
tion in the integral [34].)

S1 S2 S3 S4

S1 1 0.74 0.38 0.30
S2 1 −0.33 −0.41
S3 1 0.99
S4 1

TABLE I: The overlap between the shapes associated
with the four linearly independent kernels with the

single-clock squeezed limit.

The table shows significant overlap between S3 and
S4, so we expect that our basis includes just one addi-
tional shape with very little overlap with the standard
equilateral and orthogonal templates. We express this
new shape by searching for a linear combination of the
shapes associated to B1, B2, and B3 with minimal cosine
with both the equilateral and orthogonal templates. This
procedure gives cos(Bnew, Bortho), cos(Bnew, Bequil)} .
O(10−2) for

Bflat−only = 0.486B1 − 0.484B2 + 0.998B3 (23)
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(We have written this in terms of the bispectrum rather
than the shape functions, so it is independent of normal-
ization convention for the individual shapes associated
with the Bi. To understand the shape above qualita-
tively, we plot it in both 3D (Figure 5) and as a contour
plot (Figure 6).

0.0

0.5

1.0

x2

0.0 0.5 1.0

x3

0.0

0.5

1.0

Bflat-onlyHx2,x3L

FIG. 5: This is the 3D plot of
the flat-only shape
Sflat−only(x2, x3) ∝

(k1k2k3)2Bflat−only(k1, k2, k3)

FIG. 6: Contour
plot of the flat-only

shape.

The graph peaks along flattened configurations x2 +
x3 = 1 and has essentially very small amplitude away
from that line, including at the equilateral point. We la-
bel it “flat-only” to emphasize both where it peaks and
the small equilateral amplitude. Below, we will compare
this shape in detail with a variety of single-clock models,
but the fact we will find low overlap is perhaps already
not surprising: because the shape is nearly zero away
from the flat limit, its cosine with other shapes is pre-
dominantly a function of the behavior only along the flat
limit. For reference in the next section, note that the
oscillation along the line x2 +x3 = 1 can be well approx-
imated by

Sflat−only(1, x2, x3 = 1− x2) ≈ 0.86

−Sin
[
(1 + x2 − x3)

(π
2

)]
. (24)

This simple oscillatory behavior turns out not to be an
easy feature to find. For reference, the cosine of the flat-
only shape with the local shape is about 0.5.

C. Comparison with previous work

Although our approach and motivation were rather dif-
ferent, it is interesting to note that our results can be
mapped to terms in the basis constructed by Byun and

Bean [33]. We have constructed a non-Gaussian field
while they focused on a basis for bispectra. The system
of constraints we are solving is different since we have
several field terms that produce the same polynomials
in the bispectrum, and additional constraints on the be-
havior of UV loops. In both their basis and ours, one
has to choose some order to truncate the list of terms
considered, and truncating at the appropriate order to
recover the single-clock orthogonal template turns out to
give a set of four linearly independent solutions in either
case. Appendix A shows in detail the relationship be-
tween these approaches and the results. Byun and Bean
similarly computed cosines and identified the existence
of a shape (SBB

4 in Appendix A) that had cosines of 0.07
and 0.8 with the equilateral and orthogonal templates,
respectively. So, this shape is not well covered by the
two standard templates. Although SBB

4 itself only has
cosine of about 0.1 with the flat-only shape, it is an es-
sential ingredient in the linear combination of the Byun
and Bean basis that is equivalent to the flat-only shape.

In the next section, we examine in detail the relation-
ship of this flat-only shape to the shapes that can be pro-
duced by single-clock Lagrangians, including some natu-
ral shapes proposed after [33] appeared.

III. COMPARING TO SINGLE-CLOCK
INFLATION

The bispectra for fluctuations from single-clock infla-
tion can be organized as an effective field theory (EFT)
for the fluctuations of the ‘clock’ field about the assumed
Friedmann-Robertson-Walker background metric. The
simplest version of this effective theory was originally
proposed in [22] and can be extended to impose addi-
tional symmetries on the fluctuations (eg, Galileon sym-
metry) [43, 45] or to consider cases where slightly more
complex physics may be relevant. Then one may con-
sider, for example, higher order extrinsic curvature terms
[46], a discrete rather than continuous symmetry for the
fluctuations (resonant non-Gaussianity) [47–50], dissipa-
tive effects in the inflationary background [51] or the pres-
ence of more than one scale suppressing the higher deriva-
tive terms [37]. (Extensions that break the single-clock
nature of the model, for example allowing non-Bunch-
Davies initial states [52] or to include some possible mul-
tiple field scenarios [53] are also possible.) The various
single-clock scenarios generate bispectra which all share
the same squeezed limit scaling but can be sufficiently
different functions away from that point in momentum
space that they can be observationally distinguished. We
begin by reviewing the minimal EFT, which is well cov-
ered by the equilateral and orthogonal templates alone.
We then consider the additional bispectra that have been
proposed by allowing richer, but still effectively single
clock, physics to see where the folded-only shape could
be generated. For more detailed discussions and deriva-
tions of single-clock actions and the symmetry arguments
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underlying its structure (emphasizing a variety of points),
see also [54–57].

A. The lowest order terms in the effective theory
of perturbations

The effective field theory of single clock fluctuations
assumes a background solution for the metric that is ho-
mogeneous and isotropic, but time-dependent, so that it
is primarily characterized by the time evolution of the
Hubble scale, Ḣ. Since this background solution to Ein-
stein’s equations breaks time-translation invariance by
assumption, there is a propagating scalar degree of free-
dom that, in a gauge where the matter sourcing the time
evolution is homogeneous on equal-time surfaces, is just
a metric fluctuation [42]. In “single-clock” models, this
adiabatic mode is the only physical scalar fluctuation and
can be considered as the Goldstone mode related to the
breaking of time translation symmetry. Written as a
standard scalar mode of mass dimension one, the fluc-
tuation π is related at lowest order to the usual scalar
curvature perturbation conserved outside the horizon, ζ,
by π = −ζ/H. (And ζ = 5/3Φ, where Φ is the mat-
ter era Bardeen potential.) In the limit where all back-
ground quantities are slowly evolving, and all higher or-
der derivative terms are suppressed according to dimen-
sion, and the coupling to other metric degrees of freedom
is negligible, the action for the Goldstone mode up to
leading cubic terms is [40, 42]:

S =

∫
dx4√−g

[
− M2

PlḢ

cs

(
π̇2 − c2s

1

a2
(∂iπ)2

)
+
ḢM2

Pl

c2s
(1− c2s)π̇

1

a2
(∂iπ)2

−ḢM
2
Pl

c2s
(1− c2s)

(
1 +

2

3

c̃3
c2s

)
π̇3 + · · ·

]
, (25)

where cs is the speed of sound of the fluctuations and
c̃s is the dimensionless parameter of order of unity. The
form of the cubic terms can be understood from Lorentz
invariance together with the requirement that the dom-
inant interactions of π when the background is nearly
time-translation invariant should be those that are in-
variant under π → π + c (so every π field should carry a
derivative). Furthermore, each π carries only one deriva-
tive; terms with more derivatives should be suppressed
by powers of H/Λ where Λ is a mass scale > H.

Since there are two independent terms in the La-
grangian above, it is natural to expect that the space of
linear combinations of those two terms can be described
by (at most) two independent templates. It will be im-
portant for the rest of our discussion to note that the
bispectra from the individual operators are not necessar-
ily the orthogonal elements of the basis. In fact, in the
Lagrangian above the three-point functions generated by
the individual cubic operators π̇(∂iπ)2 and π̇3 both have

high overlap with the equilateral template (cosines & 0.9)
and with each other (cosine ∼ 0.97), but low overlap
with the orthogonal template (cosines . 0.3). So, it is
possible to find a range of values of c̃3 where the bis-
pectra from linear combinations of the operators have
very low overlap with the equilateral shape. Specifically
when c̃3 = −5.4 (and cs � 1) the bispectrum is almost
exactly the orthogonal shape. In other words, the or-
thogonal template has been designed to have very small
overlap with the equilateral shape, and to cover the ‘gap’
in the single-clock models that have low overlap with the
equilateral template [40]. Since our new template has
very small cosine with both of the orthogonal basis el-
ements that cover the space of shapes corresponding to
these operators, we expect it to have low overlap with
any linear combination of the operators themselves, and
with any linear combination of the two templates. This
can be checked explicitly, and Appendix B contains fur-
ther details about cosines between a test shape and linear
combinations of reference shapes.

Clearly, the space of orthogonal shapes that appear
equally natural at the lowest order in this effective field
theory do not appear at the same order in our basis for
the field, or in a basis for bispectra organized around
the maximal degree of divergence of individual polyno-
mial terms: the equilateral shape is the unique solution
for terms that have no more than three powers of an
individual momenta in the denominator, while both the
orthogonal and flat-only shapes appear when we allow
up to four powers. So, as a first step in searching for
the flat-only shape, we might ask if it is generated by
higher order operators (or a fine-tuned linear combina-
tion of them). This is discussed next, in the context of
physical reasons one might be interested in terms with
more derivatives.

B. Beyond the minimal EFT: terms with more
derivatives

An important part of the restriction to just two cubic
terms above came from the assumption that all higher
derivative cubic terms (terms with more than one deriva-
tive acting on a π field) were suppressed compared to
those appearing in Eq.(25). However, there may be rea-
sons why some terms with more derivatives may be nat-
urally enhanced. For example, [43], examined the action
that comes from imposing approximate Galilean symme-
try instead of a shift symmetry

π → π + bµx
µ + c (26)

with bµ and c are constant. The set of terms which are
independent and respect the Galilean symmetry are

Galilean: O1 = π̈3, O2 = π̈(∂iπ̇ −H∂iπ)2,

O3 = π̈(∂i∂jπ)2 − 2Hπ̇π̈2 + 3H3π̇3 (27)

There are three independent terms here, which may all
have coefficients of the same order. However, we still do
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not find significant overlap with the flat only shape: the
first two operators give bispectral shapes very close to
those from the original two cubic operators in Eq.(25),
and although the third does have a peak in the flat
limit at x2 = x3 = 1

2 , it is still very nearly a lin-
early combination of the equilateral and orthogonal tem-
plates [43]. Just for completeness, we check the relation-
ship between the bispectrum generated by these opera-
tors, and linear combinations of pairs of the operators,
and our flat-only shape and find no significant overlap,
| cos(Bflat−only, BOGalilean

)| . 0.1.
A second way to enhance the importance of some addi-

tional higher derivative cubic terms in the effective action
was recently proposed by [37], and does require additional
template shapes distinct from the orthogonal and equi-
lateral templates. The physics introduced here is to allow
two different mass scales (Λ, Λ′ > H) suppressing higher
derivative terms so that the relative size of the terms is
not purely a function of number of derivatives. In partic-
ular, suppose the general form of the cubic interactions
is

L′3 =
1

(Λ′)n−m−1
∂n−mπ3, L3 =

1

(Λ)n−1
∂nπ3 (28)

where Λ′n−m−1 > Λn−1/Hm. Now some terms with
more derivatives may generate correlations with an am-
plitude as large as terms with fewer derivatives. Imposing
technical naturalness and searching for the set of opera-
tors that generate bispectra with small overlap with the
equilateral and orthogonal templates, [37] find that the
space of technically natural models can be well covered
with the addition of templates corresponding to two new
operators:

Two scales: O1 =
...
π (∂i∂jπ)2, O2 =

...
π (∂iπ̈)2 (29)

Because of the spatial derivatives in these cubic terms,
the resulting shapes are proportional to one or two pow-

ers of the dot product of two momenta (eg, ~k2 · ~k3) and
do have oscillations along the line x2 + x3 = 1. Us-
ing the exact bispectra from these operators, we com-
pute the cosines between these higher derivative shapes
and our flat-only template. We find some overlap, but
not enough to conclude that we can replace the flat-only
template with these shapes:

cos(Bflat−only, BO1
) = 0.36

cos(Bflat−only, BO2
) = 0.47 (30)

Essentially, these shapes have too much structure (more
turning points) along the flattened limit to be our shape.
(See Figure 2 of [37] for plots of these shapes.) Although
[37] did not give an explicit form for factorizable tem-
plates for the shapes above, this result also means that
we expect to recover these shapes only if we extend our
formalism to allow even higher powers of inverse deriva-
tives.

The two shapes above were chosen to be relatively or-
thogonal to the each other and to the equilateral and

orthogonal shapes, so we do not expect that considering
linear combinations will lead to a higher cosine. Indeed,
we have checked that the flat-only shape has small over-
lap with all linear combinations of pairs of operators from
the set of the equilateral, orthogonal, and the two higher
derivative shapes here. Although we have not checked if
there is any physical motivation for considering this case,
we note that the highest cosine we find (≈ 0.57) is with a

linear combination of OGal.
3 from Eq.(27) and Ohigh. deriv.

2

from Eq.(29).
We can also check if the flat-only shape arises from

higher derivative terms without worrying about whether
the amplitude is naturally enhanced or not. Indeed, there
are some higher derivative operators that are known to
produce bispectra that peak in the folded configuration.
For example, as emphasized by [46] the set of operators

π̇(∂i∂jπ)2, ∂2
i π(∂j∂kπ)2, (∂i∂jπ)(∂j∂kπ)(∂k∂iπ)

which are related to variations in the extrinsic curvature
of equal time surfaces, generate bispectra have high over-
lap with the “flattened” template [43]

Bflattened ∝ 0.6

[
16

9k1k2k4
3

+
k2

1

9k4
2k

4
3

− 1

k2
1k

4
2

+ perms.

]
+

[
1

k3
1k

3
2

− 1

k1k2
2k

3
3

+ perms.

]
+ 2(1.6)

1

k2
1k

2
2k

2
3

.

(31)

Actually, even a special choice of parameters in the sim-
plest EFT (c̃3 = −6) is also well-approximated by this
template. That means this template can be expressed
as a linear combination of the equilateral and orthogonal
templates and so it is not surprising to find small overlap
with the flat-only shape:

cos(Bflat−only, Bflattened) = 0.003

Again, this shape is in the family covered by the local
and orthogonal templates, so considering it with linear
combinations of the other shapes above should not lead
to high overlap with the flat-only template.

C. Beyond the minimal EFT: terms suppressed by
time-dependent coefficients

In the previous sections we considered terms in the
action for fluctuations that were precisely invariant un-
der a shift π → π + c by including only terms with at
least one derivative on each π field and by assuming the
coefficients of each term were exactly constant. In gen-
eral, this symmetry is weakly broken and it is natural
to expect some time-dependence in the coefficients, and
some terms with no derivatives acting on π. However,
the amplitude of these terms should in general be sup-
pressed by slow-roll parameters. Their signal can be max-
imized by imposing physics where the action for π must
instead remain invariant under a discrete shift symmetry,
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π(t, ~x) → π(t, ~x) + 2π/ω. Now although it is still true
that terms with no derivatives acting on π must be mul-
tiplied by time derivatives of the background evolution,
those terms can scale with factors of a large parameter
ω/H � 1. The discrete symmetry gives rise to “reso-
nant” effects in the correlation functions [47–50, 64] as
the amplitude of Fourier modes is enhanced as they are
stretched through k/a(t) ≈ ω. As the name implies, the
bispectra from models in this class have oscillatory fea-
tures and are scale-dependent, but still satisfy the consis-
tency condition for sufficiently squeezed configurations.
Our flat-only shape is scale-invariant and only has oscil-
lations along the flat line (with K = k1 + k2 + k3 con-
stant). Still, could it be a good approximation to a more
complex shape [58]?

To see that the answer is no, note that the dominant
terms in the resonant shape are

Sres(k1, k2, k3) = sin

(
α ln(K/k∗)

)
+

1

α
cos

(
α ln(K/k∗)

)∑
i 6=j

ki
kj

, (32)

where α(= ω/H) sets the wavelength of the oscillation
in log(k) space and the reference scale k∗ effectively sets
the phase. Note that the resonant shape depends only
on the scalar sum of momenta K ≡ k1 + k2 + k3 and
so does not contain any oscillation along the folded line
x2 +x3 = 1, K =constant. We find little overlap between
our folded-only shape and the resonant shape for a range
of parameter values.

The physics that gives this dominant resonant shape
also causes deviations from the Bunch-Davies vacuum
that generically contains terms that depend on k̃j =
K − 2kj (as do more general bispectra from models
with small sound speed together with deviations from
non Bunch-Davies initial states [59, 60]). In principle,
these pieces could have larger overlap with the folded-
only shape, although they are again scale-dependent and
need not satisfy the single-field consistency relation on
intermediate scales. The proposed template for folded
resonant non-Gaussianity is [49]

Sfold. reson. = e−C
3/5(1+x2−x3)/2 sin

[
C

(
(1 + x2 − x3)

2
+ ln(x3/x∗)

)
+ φ

]
+ 2 perm. (33)

However, varying parameters in this ansatz we again find
no more than modest overlap with the flat-only shape,
C(Sflat−only, Sfold. reson.) ∼ 0.3. We have included this
shape with two parameter choices (one chosen to max-
imize its individual cosine with the flat-only shape, the
other to match the central oscillatory feature along the
flat line) in checks of linear combinations (together with
the three Galilean operators and the seven and nine-
derivative operators from the previous section). We find
that adding these shapes does not increase the cosines
among this set any further. The folded resonant tem-
plate has more structure in the corners of the parameter
space (i.e, x2 = 0, 1), and away from the flat limit, than
the flat-only template does, and we suspect this is driving
the small cosine. (There is also small overlap with the
‘enfolded template’ [59], which does not have the single-
clock squeezed limit, and does not have an oscillation
along the flat line.)

Finally, we have checked the cosine between the flat-
only shape and 35 higher order terms that contain one π
with no derivatives, finding cosines generally in the range
of 0.5− 0.6, but we have not examined all linear combi-
nations to rule out the possibility that flat-only shape is
a fine-tuned linear combination of some operators.

D. Beyond the minimal EFT: dissipative effects

Although the flat-only shape could still be fine-tuned
member of the space of operators considered in the pre-
vious two subsections, it may also be that its structure
is a clue that it can only be naturally generated by some
physics that is a more non-trivial change to the original
EFT. One example of such physics was considered by
[51], who added dissipative effects to the effective field
theory, generated by extra degrees of freedom that do
not change the single-clock nature of the model [61] but
that do change the dynamics of inflation by directly cou-
pling to the clock around or before the time the modes
we observe cross the horizon. Although [51] did not sys-
tematically study all possible non-Gaussianities from this
rich class of models, the examples they did examine in
detail peak on the equilateral configuration and around
x2 ' x3 ' 1/2, with no oscillation along the flat limit.
We again found only modest overlap comparing to a cou-
ple of example shapes from [51]. If these properties are
general, which seems physically reasonable, it seems un-
likely that the flat-only shape is a typical member of that
class of models.
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IV. DISCUSSION

In this work we have constructed a set of non-Gaussian
fields built from non-local real space expressions up to
second order in Gaussian field, and by expanding the sec-
ond order term in the number of inverse derivatives. We
restricted to fields with tree-level bispectra that couple
short and long wavelength modes no more strongly than
single-clock inflation does. Long wavelength background
modes from these bispectra just act like curvature and so
the coupling introduces no additional cosmic variance in
the locally observed power spectrum. At the same order
that we recover the familiar equilateral and orthogonal
templates, we also find we can construct a third ‘flat-
only’ shape with negligible overlap with those two. The
shape is characterized by primarily coupling modes in
flattened triangle configurations (and very little in the
equilateral limit). In addition, it has a simple oscillation
along the flat line.

We systematically investigated physics that can en-
hance terms beyond the minimal, lowest order shapes
in the effective field theory of single-clock fluctuations
including multiple ways to enhance terms with more
derivatives and terms where one π carries no deriva-
tives. We also computed cosines between the flat-only
shape and typical suppressed terms with more or fewer
derivatives. Finally, we looked at some shapes produced
by non-trivial modifications of the background dynam-
ics (dissipation). We found that none of these cases had
the structure to naturally provide the oscillation along
the flat-only limit that the template has. This all sug-
gests that the flat-only shape may not describe any ‘nat-
ural’ single-clock model so far in the literature. We have
checked a subset of linear combinations of single-clock
shapes, but we have not been exhaustive. The shape
could potentially be constructed from a fine-tuned com-
bination of these standard effects, in which case it is
not clear whether behavior along the flat limit indica-
tive of any particular physics. It is also possible that the
flat-only shape occurs naturally in a model that is not
single-clock, but whose bispectrum accidentally realizes
the symmetries associated with single-clock inflation. It
would be interesting to try to reverse-engineer a model
that generates this shape.

The broader context for this work is a better under-
standing of how best to frame constraints from data on
the space of possible non-Gaussian correlations. We have
taken the point of view that the degree to which long
modes are coupled to short modes is the most important
qualitative feature and used that as an organizing prin-
ciple. At any order, the space of fields whose bispectra
have no appreciable cosmic variance from mode coupling
must be greater than or equal to the space of shapes
(natural or fine-tuned) from single-clock inflation. The
details of the bispectrum away from the squeezed limit
carry information about the physics of the model beyond
its single-clock nature, and possibly even about whether
the single-clock squeezed limit could be accidental.

Rather than finding a basis for the bispectrum, we have
used a basis for the non-Gaussian field. This is useful be-
cause the field can be numerically realized. However, in
the case where we expand only to the first non-Gaussian
term and insist that it generates no cosmic variance in
lower order correlation functions, correlations at differ-
ent orders are only related via loop corrections. And,
as we have shown by comparison with the earlier work
of Byun and Bean [33], there is sufficient degeneracy in
going between the bispectrum shape and the field that
loop corrections can always be satisfied. In other words,
the correlation functions are pretty much decoupled and
one may as well construct a basis for each order inde-
pendently. But, when we expand the space of allowed
correlations to include significant mode-coupling, the re-
lationship between correlations at different orders is very
informative (think, eg, of the non-Gaussian halo bias)
and so constructing the field rather than the bispectrum
alone is a better approach. As we showed in [12], mode
coupling from higher order correlation functions can be
entirely consistent with the presence of a bispectrum that
has the single-clock (no cosmic variance) squeezed limit.

Finally, we note that the existing literature suggests
that it would be worthwhile to continue this procedure
of constructing the quadratic term to higher order in in-
verse derivatives. One can continue to compare to the
construction of Byun and Bean, and the natural single-
clock bispectra proposed in [37] should be recovered. it
would be interesting to compare the number total num-
ber of orthogonal, super cosmic variance free shapes con-
structed this way to the number so far discussed in the
single-clock inflation literature.
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Appendix A: Correspondence with basis functions
for bispectra of Byun and Bean

Byun and Bean [33] introduced a set of basis
functions, {Kn}, that describes nearly scale-invariant
bispectral shapes (recall shape S is proportional to
(k1k2k3)2B(k1, k2, k3)) with various levels of divergence
in the squeezed limit. The Kn are symmetrized, separa-
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ble polynomials of momenta

Kn(k1, k2, k3) ≡ 1

Nn

(
kp1k

r
2k
s
3 + perms.

)
, (A1)

where n labels the particular triple of (positive and neg-
ative) integers {p, r, s} and Nn is the number of distinct
permutations. We will restrict to exact scale-invariance
of the power spectrum and bispectrum for simplicity, so
p+ r + s = 0. Byun and Bean started labeling with the
constant shape

K0 = 1 (A2)

and then considered sets of polynomials grouped ac-
cording to the minimum power of momenta appearing,
R = −1,−2,−3, etc. There are six additional terms up
to R = −2 divergence:

K1 =
1

6

(
k3

k1
+ 5 perms

)
, K2 =

1

3

(
k2

1

k3k2
+ 2perms

)
K3 =

1

3

(
k1k2

k2
3

+ 2 perms

)
, K4 =

1

6

(
k2

1

k2
3

+ 5 perms

)
K5 =

1

6

(
k3

1

k2k2
3

+ 5 perms

)
, K6 =

1

3

(
k4

1

k2
2k

2
3

+ 2 perms

)
(A3)

Byun and Bean then find four linear combinations of

these shapes that have the same squeezed limit as the
equilateral template

SBB
1 = −2K0 + 6K1 − 3K2 (A4)

SBB
2 = K0 + 3K3 − 3K4 (A5)

SBB
3 = K2 + 2K3 − 2K5 (A6)

SBB
4 = 2K3 −K6, (A7)

where SBB
1 is the equilateral template.

In our expansion of the non-Gaussian field, the number
of operators that can generate a term in the bispectrum
associated with {Kn} [33] is equal to the number of dis-
tinct entries in {p, r, s}. This redundancy allows us to
cancel loop divergences in the first non-Gaussian correc-
tion to the power spectrum. The relationship between
{Kn}, all possible terms in Φ2(x) that can generate that
shape in the bispectrum, and the coefficients {ai} of the
set of terms used in the body of the paper is shown in
Table II. Some terms in Φ2(x) are truly redundant for
our purposes here, and so we did not include them (they
are marked with an × in the last column of the table).

After imposing loop constraints, we imposed that
the bispectrum is no more divergent than k−1

l in the
squeezed limit and found four linearly independent so-
lutions (Eq.16) that generate shapes

S1(k1, k2, k3) =
1

2

(
k1

k2
+ cyc

)
− 1

2

(
k2

1

k2k3
+ cyc

)
− 1 (A8)

S2(k1, k2, k3) =
1

4

(
k2

3

k1k2
+ cyc

)
− 1

4

(
k3

1

k2
3k2

+ cyc

)
+

1

2

(
k1k2

k2
3

+ cyc

)
(A9)

S3(k1, k2, k3) = −
(

k2
1

k2k3
+ cyc

)
+

1

2

(
k1

k2
+ cyc

)
+

1

2

(
k3

1

k2
3k2

+ cyc

)
− 1

2

(
k2

2

k2
3

+ cyc

)
(A10)

S4(k1, k2, k3) =

(
k2

1

k2k3
+ cyc

)
−
(

k3
1

k2
3k2

+ cyc

)
+

(
k4

1

k2
2k

2
3

+ cyc

)
. (A11)

A little bit of algebra shows that these shapes are related
to those of Byun and Bean by

SBB
1 = 2S1, (A12)

SBB
2 = −S1 + S3 + 2S2 (A13)

SBB
3 =

4

3
S2, (A14)

SBB
4 =

4

3
S2 −

1

3
S4 . (A15)

Although it is maybe not immediately obvious that the
procedure for constructing non-Gaussian fields ΦNG(x)
with 1/kl squeezed limit bispectra would lead to the same

results as constructing bispectral shapes only, studying
the structure of the loop constraints shows that the re-
dundancy between Kn and Φ2(x) is exactly enough to
be sure the loop constraints are always satisfied. Notice
that this is not the case for shapes that correspond to
bispectra with 1/k2

l divergence: K0 corresponds to only
one field term, which does not have good loop behavior.
So, although K0 appears to be a fine basis element at the
level of bispectral shapes, we should not take ∂−2(∂φ)2 as
a basis element of the quadratic term for a well-behaved
non-Gaussian field.
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Kn {p, r, s} Φ2(x) {ai}
K0 (0, 0, 0) ∂−2(∂φ)2 – – {a4}
K1 (−1, 0, 1) ∂−1(φ∂φ) ∂−2(φ∂2φ) ∂−3(∂φ∂2φ) {a2, a3, a6}
K2 (−1,−1, 2) φ2 ∂−3(φ∂3φ) – {a1, a5}
K3 (−2, 1, 1) ∂−4(∂2φ)2 ∂−1(∂2φ∂−1φ) – {a8,×}
K4 (−2, 0, 2) ∂−4(∂3φ∂φ) ∂−2(∂−1φ∂3φ) ∂−1φ∂φ {a9,×,×}
K5 (−2,−1, 3) ∂−4(φ∂4φ) ∂−3(∂−1φ∂4φ) ∂(φ∂−1φ) {a7,×,×}
K6 (−2,−2, 4) ∂2(∂−1φ)2 ∂−4(∂−1φ∂5φ) – {a10, a11}

TABLE II: The set of terms in the real space field expansion, Φ2(x) that correspond to each polynomial Kn (see
Eq.(A1)) appearing in the shape of the bispectrum. The different Φ2(x) terms on a given horizontal line result in
redundant terms in the shape of the bispectrum but contribute differently to the lowest order non-Gaussian (loop)

contribution to the power spectrum. The conditions of a well-behaved loop correction in general introduce
constraints among terms corresponding to different from Kn. However, some Φ2(x) terms are truly redundant even
once loops are considered (eg, they come with unconstrained coefficients) and so are not needed. The last column

lists the labels ai we used in the main text, where × indicates the term was redundant for our purposes and so was
not included.

Appendix B: Checking the flat-only shape against
linear combinations of operators

For the simplest single-clock models, it has been estab-
lished that the equilateral and orthogonal templates are
sufficient to cover essentially all of the parameter space
of Lagrangians with the two cubic operators shown in
Eq.(25), at small cs and with c̃s an order one number.
Since the flat-only shape has very little overlap with ei-
ther of those templates and they have very little overlap
with each other, it is reasonable that the flat-only shape
will have small overlap with any bispectrum generated
by the simplest single-clock Lagrangian.

However, as we compare the flat-only shape to vari-
ous other operators in the more general single-clock La-
grangian, it is useful to keep in mind that small overlap
with individual operators does not automatically imply
small overlap with all linear combinations of operators.
For example, the orthogonal template has small overlap
with the bispectra from both the π̇3 and π̇(∂iπ)2 op-
erators (cosines of −0.31 and 0.09, respectively). But,
because the bispectra from those operators have high
overlap, there is a range of linear combinations of the
two where the part of the shapes that are the same ef-
fectively cancel, leaving a shape with very high overlap
with the orthogonal template.

Although we have not made an exhaustive check of
the flat-only template against all possible linear combi-
nations of operators, it is straightforward and not too
computationally intensive to compare at least a subset
of possible linear combinations by brute force. For ex-
ample, consider a test shape, St, that is to be compared
to linear combinations from a list of reference shapes,

S
(i)
ref . Take two shapes from this basis, S

(1)
ref and S

(2)
ref and

consider the shape made by a linear combination

SLC = aS
(1)
ref + bS

(2)
ref . (B1)

If both the test shape and all reference shapes can be

normalized in the same way (say, to 6 in the equilateral
limit as is often done), then a+ b = 1. The cosine of the
test shape and the linear combination is then a function
of just one free parameter:

Cos(St, SLC) =
aSt · S(1)

ref + (1− a)St · S(2)
ref

|St||SLC|
(B2)

where |St| =
√
St · St. Notice that a = 0, 1 correspond to

the cosines of the test shape with the individual reference
shapes, and the linear combination asymptotes to SLC ∝
S

(1)
ref −S

(2)
ref for large ±a. So, only a relatively small range

of a (eg, −10 . a . 10) needs to be examined.

For example, taking the orthogonal template as the
test shape and the bispectra from operators π̇3 and
π̇(∂iπ)2 for the reference shapes, this technique uncov-
ers the set of linear combinations that have high overlap
with the orthogonal template. If the cosine of the test
shape with the all possible pairs of the reference shapes
does not show any significant increase over the cosines
of the test shape with the individual reference shapes,
it is unlikely that any more complicated linear combina-
tions will lead to a high cosine. If a linear combination
does result in a significantly higher cosine, one can add
that linear combination to the set of reference shapes
and again check cosines between the test shape and pair-
wise linear combinations of the reference shapes. We re-
port in the text the various linear combinations of shapes
from operators that we have checked using this method.
Moreover, we generalize Eq.(B2) to test the overlapping
degrees between the flat-only shape and the linear combi-
nation of standard set of local, orthogonal and equilateral
templates and the pairs of this set, which do not exceed
∼ 0.6. This implies that the flat-only shape is not highly
constrained by these three shapes.
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