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We determine the first correction to the quadrupole operator in high-energy QCD beyond the
TMD limit of Weizsécker-Williams and linearly polarized gluon distributions. These functions give
rise to isotropic resp. ~ cos2¢ angular distributions in DIS dijet production. On the other hand,
the correction produces a ~ cos4¢ angular dependence which is suppressed by one additional power
of the dijet transverse momentum scale (squared) P2.

I. INTRODUCTION

We consider (inclusive) production of a ¢g dijet at leading order in high-energy (small-z) Deep Inelastic Scattering
(DIS) of an electron off a proton or nucleus. The average transverse momentum of the jets is denoted as P and the
transverse momentum imbalance is g. In the “correlation limit” of roughly back to back jets [1] one has P2 > ¢%. In
this limit the leading contribution (in terms of powers of 1/P?) to the cross section can be obtained from Transverse
Momentum Dependent (TMD) factorization. For a recent review of TMD factorization see Ref. [2]. It predicts a
distribution for linearly polarized gluons in an unpolarized target [3, 4] which gives rise to ~ cos 2¢ asymmetries in dijet
production [5-7] and in other processes [8, 9]. The azimuthal angle ¢ is the angle between the transverse momentum
vectors P and ¢'. At small 2 the distribution of linearly polarized gluons ;m(l)(:r7 q?) is expected to be comparable
in magnitude to the conventional Weizsacker-Williams gluon distribution J:G(l)(x, q?) for g% of order the saturation
momentum scale @2 of the target [10]. These could be measured at a future electron-ion collider (EIC) [11]. However,
the experimental collaborations have requested an estimate [12] of (cos4¢) since this may constitute a background
for (cos2¢) which is generated by zh(") (z, ¢2).

Corrections to TMD factorization appear beyond the leading order in 1/P?. In what follows we derive the operator
form of the correction in Egs. (9,10,11), and explicit expressions for the expectation values in a large-N. Gaussian
theory in Eq. (35), and we show that it leads to a new ~ cos4¢ azimuthal harmonic.

The remainder of the paper is organized as follows. In section II we derive the operator corresponding to the
correction to the (leading power) TMD approximation of the quadrupole. In sec. III we use a Gaussian (and large-N,)
approximation to obtain explicit expressions of this correction in terms of the two-point function of the Gaussian
theory. The correction to the dijet cross section is worked out in sec. IV where we also provide a first qualitative
estimate of the magnitude of {cos4¢) relative to (cos2¢). We close with a brief summary in sec. V.

II. EXTRACTING THE AZIMUTHAL ANGULAR COMPONENTS OF THE QUADRUPOLE
OPERATOR

The production of a quark anti-quark dijet at small  in DIS involves the following expectation value of Wilson
lines [1]:

Qx(xlva; x/Q’ x/l) =1+ Sa(c4)($17x2;$/2’x/1) - Sg)(xla $2) - 39(52)(x,27m/1)7 (1)

where

SO (21, 22) = SO (a1 — 22)%) = — (Te Vi(@2)V(21)), ()

c

1 To avoid cluttering of notation we do not write vector arrows on 2d vectors. In this paper essentially all transverse coordinates and
momenta are 2d vectors and their magnitudes are written as |P| or vV P2 etc.



is the dipole S-matrix evolved to light-cone momentum fraction x; we omit this subscript on the (-) field configuration
averages from now on. The field of the target is taken in covariant gauge. Also, x1 and zo denote the 2d transverse
coordinates of the fundamental Wilson lines corresponding to the quark and the anti-quark, respectively. The satu-
ration momentum scale where the fields of the target become non-linear is conventionally defined implicitly through
S (2/Q%) =1/ve.

The quadrupole operator is given by a single trace over four Wilson lines,
1
SW (zy, x93 ah,2)) = N (Tr Vi (22)V(2)VT(2))V (2h)) . (3)

Q. (21, xo; x5, ) vanishes in the coincidence limits 27 — x5 or z) — .
In the so-called “correlation limit” [1, 7] of roughly back to back jets it is useful to introduce

1
U= T1 — To; vzi(leer), (4)

and similar for the primed coordinates. In this limit one expands Q in powers of v and u/,
- . kel .
Q = uw;u;G" (v,0") + ujupu G (0,0") + g uEu G (0,0") F i up G (0, V") 4 (5)

Ref. [7] performed the expansion to order O(uw’) from where one obtains the Weizsicker-Williams (WW) gluon
distribution. It is proportional to

G (v,0) = - NL (TeVI)a,V (0)VI )9V () - ©

This is a two-point correlator of the target field transformed to light-cone gauge and so defines a gluon distribution.
Its Fourier transform,

(@)= -2 e @) (T V)0,V (0) V)0,V () (7)

As Qs

(2m)? (27)?

ON. .. 2 d?v d%
o) = Degray = -2 [ L

can be projected onto its diagonal and traceless parts

ij 1 1 e
rCiyw (,4) = 50 G (x,q%) — 3 <5u - 2qq?> zhM(z,q%) . (8)

The conventional WW gluon distribution a?G(l)(x, ¢?) leads to a dijet cross section which is isotropic in ¢, i.e. in the
angle between the dijet transverse momentum imbalance ¢ and the average transverse momentum P.

In Eq. (8) the distribution of linearly polarized gluons is denoted as xh(l)(:c, ¢?). This function has been computed
within the McLerran-Venugopalan (MV) model of semi-classical gluon fields [13] in Refs. [6, 7], and its QCD quantum
evolution to small-z has been determined in Ref. [10]. A non-vanishing xh" (x, ¢?) gives rise to a ~ cos(2¢) azimuthal
anisotropy of the dijet cross section which is long range in the rapidity asymmetry of the dijet [10].

In this paper we extend the expansion to fourth order in u and/or v’ as indicated in Eq. (5). At quartic order,

Gt (v,0) = 161]VC<T1" [V (©)2:0;V () + (8:0;VT())V (0)] [(0m0. VW)V (') + V(W) 08V ()]) 5 (9)
gumt (o) = =5 41NC<Tr [V (©)8:0;0,V (v) + 3(8:0;V ()0, V ()] VW),V (v)) (10)
Gl (y,0) = -3 41NC (Tr [VI(0)0,V ()] [VT(v))0;0;0mV (V') + 3(0:0; V()0 V (v)]) (11)

These expressions have been simplified by taking advantage of the symmetries in Eq. (5). Their Fourier transforms
are performed as for the WW distribution in Eq. (7) above and the resulting tensors can be decomposed as follows:

2Nc iimn 17km 17km ijkm
G (,07) = BV Ro(w, %) + BB (1, 6°) = B Dol 07) (12)



where

gzgmn(gj’ q2) —_ gz,gmn(x,qQ) + gz;m,n(z,qQ) o ggzg,mn(m,q2) , (13)
lemn == 2[ ( i mn + 5zm5jn + 5_]’!)15177.) ’ (14)
;jmn = (5szmn + 5mnHzg + 51mH]n + 6]TLH’L’HL + 6]mHzn + 5an]m) 5 (15)

ﬁf
gjmn = ( %) mn + 5zm5]n + 6jm51n - (szHmn + HimH]n + Hijzn)) ) (16)

fo

2qiq;

Hij = 57] — q2j . (17)

The function G¥™"(z, ¢%) as introduced in Eq. (13) appears in the dijet cross section, see section IV below.
The projectors are normalized so that 7 = 1 for i = 1,2, 3 and they satisfy

1

P,P; P, P, 37" = \/§P4, (18)
2V 2
1

PP P, P, B = —P*cos2¢ (19)
V2 ’
1

PP, P, P, B¢ = ——P*cosd . (20)

2V/2

Hence, the parity of ; under ¢ — ¢ + 7/2 is (—)* 1.
In what follows we shall focus on ®3(x,¢?) which determines the amplitude of the ~ cos 4¢ contribution to dijet
production,

OIN. .. g
@2(x’q2) - _ Cmgj7nng1jmn($7q2) . (21)
Qs
The first two terms from Eq. (12) only contribute corrections (suppressed by ~ 1/P?) to the isotropic and “elliptic”
(~ cos 2¢) contributions.
Equation (21) is the final result of this section. It expresses the correlation function ®,(z,¢?) which determines the
~ cos 4¢ asymmetry in terms of a combination of correlation functions of Wilson lines written in Egs. (9,10,11).

IIT. GAUSSIAN APPROXIMATION

In this section we compute the correlator ®5(x, ¢?) analytically in the Gaussian and large- N, approximations. The
Gaussian theory is believed to be a good approximation at small x [14] unless, perhaps, the contribution from so-called
“pomeron loops” is large [15]. This has been confirmed explicitly by a numerical analysis [16]. Note, however, that
Ref. [16] did not test configurations corresponding to large v — v" and small u, w’ as required for the present analysis.

At a Gaussian fixed point the theory is defined in terms of the two-point function

GHATU, 2) AT ) = 8 0( — 23) P (27) Ly (22)
L = 94/d22G0(21 —2)Go(22 — 2) , (23)
2k 1 . 1 1

Arr regularizes the long-distance 2d Coulomb singularity and we restrict to 2?Af; < 1. This leads to the dipole
S-matrix

S® (1, 25) = exp (—icFP«xl - m2)2>) : (25)

where

L(r?) =2(L(0) — L(r?)) . (26)



In the large-N, limit Q as defined in (5) can be written in the Gaussian theory as [1, 17]

00 — 14 F[P@i—w)tT(@s—a))] _ o~ F[M(@1—w2)] _ o= F [P(ah—a))] (27)
(@1 — 1) —D(z1 — 29) + D@z — ah) — D(wy — af) (echF[F(zlfm)JrF(a:'sz'l)] N e*CTF[F(anfx/l)JrF(I/z*M)]) ,
D(xy —2)) —T(xy — x2) + T(zg — ab) — T(xh — )

We now express 1, 2, £}, 5 in terms of u, v/, v, v’ and expand in powers of u and u’. The leading contribution at
quadratic order is

i M (r2) r'®(r2)
45 (2) — o (2) (,.2Y12 . .
6357 = (1= 52 0A) (3 ey + 2 sy ) (28)
where
d"T'(r?)
(n)(p2y — =u—_
™ (re) R r=v—uv . (29)
From this one obtains the gluon distributions
2N, 4N, S r@ (2
oh®(a,¢?) = ) =y [l (al ) (1= 59 6)2) T (30)

and

xG(l)(as,qQ) =

b (. 0 4N, S) ol , (9@ (22 r(r2) TQF(Q)(TQ)
(o) = 220 2 [l ol i) (1= 59 6)P) (T + ) -+ 80

S| denotes a transverse area.

In the MV model, in leading log 1/7?A%; > 1 approximation,
Q3
4Cp

1
L(r?) = 2 lo , 32
?) 5 R (32)
where Qs denotes the saturation momentum. Note that the logarithmic factor in I'(r?) ensures that the Fourier
transform of the dipole S-matrix is a power-law at high momentum, rather than a Gaussian; it also leads to a non-
vanishing second derivative of T'(r?) w.r.t. 72 to generate the distribution of linearly polarized gluons, zhM (z, q°):

NS Q*r? 1 1
M (z,¢%) = =< /d J. 1- | 33
e at) = gt [ arl el |1 e (~F 08 )| (33)
IR
N.S Q%r? 1 1
1 2\ c L s
260 = gt [ alel it ) 1= exp (< vow o )| (3)

which has been obtained previously in Refs. [6, 7].
At fourth order in u and/or u’ we find the following additional contribution to Q%:

iC’%F(uQ)F(u’Q) + [1 — [5’(2) (7"2)] 1 {u - B(u2 + u’Q)FS()S;) %

1
/ —
+u-ru r[2

Lu ' TO(r?) ;sz(lﬂ;" W ri®(?) {_ (T(u?) + T(u'?)) ([5@) (ﬂ)} o1y Cﬁ(ﬁ))

(u2 + u’Q)

+ ([5(2)@2)} (14 CrT () - 1) (; (w =)’ TO ) + (u-r— - 7“)21"(2)(7"2)>} . (35)

This is the complete power-suppressed correction to Q¢. The terms proportional to r;7jTmTn Which project onto
~ cos4¢ are

gij,mn

rirjrmrn2<r(2) ) {1 SOy (1+cFr(r2))] , (36)

. 1 7@ (2 1 ..
gljm,n _ gz,jmn _ Tirjrm'r'n ((T)) ( [5(2)( )} > o 5gz],rrm (37)
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FIG. 1: The functions G (¢?), zhV(¢*) and ®2(¢?) in the MV model. These functions determine the amplitudes of the
cos 2n¢ contributions to the dijet angular distributions for n = 0, 1, 2, respectively. See text for details.

and so

gijmn(r) _ gi,jmn +gijm,n _ %gij,mn (38)

e[ o ) () e wrna]

Performing a Fourier transform like in Eq. (7) and projecting with 33 we extract

@2(53,(]2) = - Oé(‘q33] gj ('raqz)

N, S / _
= =5 [ drlJ 5
Taama. @nz ) ArlalirllaDIr]

x [Fﬁ():;";) (1 - [S(2)(7"2)]2) -5 (Fs()g;)f {1 - [5<2>(7~2)r (1 —|—CFF(7"2))H . (40)

For the MV model, specifically,

N, S1 d|r| 2 Q%r? 1
Dy(q?) = —< ndliiyy) % 1 %S Jog ———
2(q ) \/5371_0[3 (27’(’)2 ‘T|3 4(|T| |q|) In L exp 4 0og TQA%R

A2
2 A

5 Q%r? 1 Q%r? 1
— <1 -2 ] 1 5] 41
+ In2 L { exp < 4 ) r2A12R + 4 o8 T2A12R (41)

TAZ
T2 AR

For large ¢ > Q. we have ®5(q%) — (N./v/224ma,) (S /472) Q2. For small Ajg < ¢ < Q, we have ®5(q?) ~
(Ne/aslog Q%/A%R) S1¢* with a coefficient that can be determined numerically.

Figure 1 shows the functions G (¢?), 2h(M)(¢?) and ®3(¢?) in the MV model as written in Eqs. (33,34,41). In
the numerical computations we have replaced 1/r?A%; — e + 1/r?AZ; in the arguments of the logarithms to ensure
that they are > 1 for all r2. Also, we have used Q,/Ar = 20.



IV. DIJET CROSS SECTION IN DIS

At leading order the cross section for production of a ¢¢ dijet in DIS is given by [1]

dom, L A—aaX
d2k1 le d? kQ dZQ

dPu P d* 4
— N 2 + _ .+ _ .t

Xe—iP~(u—u’)—iq~(U—v’) Q(U, u/7 v, U/) Z wgb[l)\ (u) wi"bLA* (’U,/) ) (42)
Aaf

k1 and ko denote the 2d transverse momenta of the quark and anti-quark, respectively, and P = (k1 —k2)/2, ¢ = k1+k».
We assume here that only the dijet is being detected while the azimuthal angle of the electron is integrated over. If
the azimuthal angle of the electron can be measured then the dijet cross section could exhibit a more involved angular
dependence [18].

In the “correlation limit” of roughly back to back jets P? > ¢?. Using the v* — ¢q splitting functions from the
literature, e.g. Ref. [1], and expanding Q to fourth order in u or u’ we obtain

do_"/}Aﬁq(jX
d2k1d21d2k2d22
2 2,
= 2N,aemes (2m)28(zy — 21 — 22) (25 + 27) Au d%u PR A/ ¢ (eju) - VKo(esu')
c¥em€qy v 1 2 2 1 (27_‘_)2 (27‘(’)2 o\€f o\€f
x [stG(q) + et G9 () + wsny G ) + ui G (q)] | (13
dorLA—aaX 2 2 2 d*u d*u’ —iP-(u—u’ /
2kydzy dkydzs = 8Ncaemey (2m)76(2y — 21 — 22)le2€f/ (27)2 (27)? e ( )Ko(GfU)KO(Efu)
x [uG" (q) + unuui G 7 (q) + wiujuru; G (q) + wiujuiui G (q)] (44)

Here, efc = 2120Q? with Q? the virtuality of the photon which is on the order of P2.
The integrals over u and u’ can be performed using the formulas collected in the appendix. The leading (in powers
of 1/P?) contributions proportional to cos 2n¢, for n = 0, 1, 2, can be summarized as

dorA—eaX
d2k1d21d2k2d22
Pt 4t 2¢2 p2 1
f 7
= Qe €0 (T, — 21 — 22) (21 + 25) Priay 2GW(x,¢%) — P4+64;$h(1)(w,q2)0082¢>+0 (P2>
G e, ) coso (15)
———— Py (x, cos
V2(P? 4 ¢%)6 2
doviA—aaX
d2k1d21d2k2d22
=38 25 2 r GO (2, ¢?) + 2h D (z, ¢) cos 26 + O [ —
= Bavstemey0(Ty — 21 — 22) 212265 Preay 2G (@, q") + ah' (@, q7) cos2¢ + O 3

48 P4

t—————Dy(z,¢*) cos4 . 46
\/5<P2+€})6 2(z,q%) 4 (46)
Here, cos¢ = G - P. Note that the contribution ~ cos 4¢ is suppressed by 1/P? relative to the isotropic and ~ cos 2¢
pieces which are due to the G (z, ¢?) and k() (x, ¢>) TMDs.

Finally, we evaluate numerically the following angular averages for a longitudinally polarized photon:

1 zhM(g?) 24 < p? )2 P2(q?)

aGm(@) 1 (= 1) 200 ()

(cos2¢) = = Z%p

(47)

We employ the MV model expressions for G (¢?), zh(V)(¢?), and ®5(g?) derived in the previous section. The
results are shown in Fig. 2 assuming \/P? = 4.5Q,, z = 0.5 and Q? = P2 They confirm that for ¢> < P? the
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FIG. 2: (cos2¢) and {cos4¢) in v + A — q + ¢ dijet production from the MV model. See text for details.

average cos4¢ is substantially less than the average cos2¢ although it may be measurable at a future high-energy
electron-ion collider. For more quantitative estimates it is required, however, to account for small-z QCD evolution
of these functions. This has been done in Ref. [10] for 2G™)(z,¢?) and 2h™)(z,¢?) and needs to be extended to
(1)2 (LIJ, q2)

V. SUMMARY

In this paper we have considered the expansion of the quadrupole operator

1

S el )= —
(1'171'2,.’172,{1}1) Nc

(TrVTi(z2)V (2) VT (27)V(25)) (48)
about the coincidence limits u = 21 —z9 — 0, v’ = 2] — a4 — 0. At quadratic order it becomes a two-point correlator
of light-cone gauge fields [7],

u;u <Tr {V* (v) ;aiV(v)} [VT (v") ;ajV(u’)]> (49)

which defines the Weizsdcker-Williams and linearly polarized gluon distributions. We have extended the expansion to
fourth order in u/u’ which leads to more involved correlators of Wilson lines and their derivatives, c.f. Eqgs. (9,10,11).
Furthermore, we have obtained explicit analytic expressions in a Gaussian, large N, approximation for the specific
correlation function denoted as ®5(z, ¢%). This function gives rise to a ~ cos 4¢ azimuthal harmonic in dijet production.
First qualitative estimates obtained within a specific Gaussian model (McLerran-Venugopalan model [13]) indicate
that (cos4¢) is much smaller than (cos2¢) generated by the distribution of linearly polarized gluons zh™(z, ¢?), at
least in the nearly back to back “correlation limit” P? > ¢2.
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Appendix: Useful Integrals

We start from the well known integral

du ) 1 1
=g exp(—iu - P)Ko(eju) = o= 55— - (A1)
/(27r) 2m P? + €}
Taking a derivative with respect to P; gives
d*u 1 2P
— —iu - P)u; K = A2
/ (2m)? exp(—iu - PuiKo(esu) 2mi (P? 4+ 6?)2 (A-2)

Repeating this procedure one finds

/(27_[_)2 exp(fzu . P)uiquo(efu) = %m [ ij — m (A3)
and
d2u . 1 8 6P, P; P,
For transverse photon polarization we need
d*u 0 d?u 0 1 P
— —iu - P)—K, = - — | — —iu - P) | K = A.
/ (amp P gy Koler) / (2m)? (3uz xp(—du )) oleru) = o oy G’ -
— —iu - P)u; —K = ——— |y =] , A.
/ (2m)? exp(—iu - Plu ouy olesu) 21 P2 + ¢ < P2 +6?‘> (A.6)
d*u ; 0 1 2 AP P,P;
/ (27)2 exp(—iu - P)Uiuj%Ko(GfU) = “mPrap (%Pz +0ul; + 6P — ]D2-|-l€§> , (A7)
1 2

d*u . 0
/ ane exp(—iu - P)u;ujuy a—mKo(efu) =

X <5il6jk + 030kt + 001 — 4

27 (P? 4 €2)2

P;Py6y + P Pibi; + PiPioj + PjPd;, + P Pioi, + PiPojg P,P; PPy,
J +24 1 (A8)
Prye (P21 32
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