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We discuss the resummation of the Goldstone boson contributions to the
effective potential of the Minimal Supersymmetric Standard Model (MSSM).
This eliminates the formal problems of spurious imaginary parts and logarith-
mic singularities in the minimization conditions when the tree-level Goldstone
boson squared masses are negative or approach zero. The numerical impact
of the resummation is shown to be almost always very small. We also show
how to write the two-loop minimization conditions so that Goldstone boson
squared masses do not appear at all, and so that they can be solved without
iteration.
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I. INTRODUCTION

The relations between vacuum expectation values (VEVs) of Higgs fields and Lagrangian
parameters can be obtained from the effective potential [1]-[5]. It is also a useful tool
to understand vacuum stability [6]-[21]. The effective potential V(¢) is equal to the tree-
level potential, plus the sum of one-particle-irreducible connected vacuum graphs, computed
using field-dependent masses and couplings. In the Standard Model the full one and two
loop contributions to the effective potentials have been computed in ref. [22], with the 3-
loop leading contributions involving the strong and Yukawa couplings found in ref. [23],
and the 4-loop part at leading order in QCD in ref. [24]. In supersymmetry, the 2-loop
effective potential has been found for a general theory in ref. [25], and specialized to the
case of the Minimal Supersymmetric Standard Model (MSSM) in ref. [26], with partial
results previously given in refs. [27-33]

In ref. [23], it was noted that there are two related problems involving the mass square
of the Goldstone boson (G) in Standard Model. One is when G is negative. Due to the
appearance of logarithms of G, Vg is complex. Thus it appears to suffer from an instability
[4] although no physical instability is present. The second problem occurs as G — 0, where
the effective potential suffers from a logarithmic singularity at three loop order and power
law singularity after that [23]. Even though the first problem can be avoided by dropping
the imaginary term by hand and the second problem is not too severe for numerical analysis,
a way to avoid them using resummation was given in [34, 35]; see also [36-38|. In practice
these methods can be applied to any other model in which Goldstone radiative corrections
lead to terms with IR problems in the effective potential.

In this paper, we analyze this problem for the 2-loop MSSM effective potential, which
also suffers from the same problem when the neutral (G°) and charged (G*) Goldstone
bosons are close to zero or negative at a particular value of renormalization scale (). In the
case of the MSSM, the neutral and charged Goldstone boson squared masses are distinct,
and there are two minimization conditions, arising from the first derivatives of the effective
potential (Vog) with respect to the two real neutral Higgs degrees of freedom, denoted v,
and vy in this paper. These minimization conditions both have singularities when G° and
G?* tend to zero, and have imaginary parts when they are negative. In this paper we show
how these problems of principle are avoided by the resummation procedure, so that working
consistently at 2-loop order the Goldstone boson squared masses do not appear at all in the
minimization conditions. In practice, the numerical effect of the resummation turns out to
be very small for almost all choices of the renormalization scale. We illustrate this with a

numerical example.



II. EFFECTIVE POTENTIAL OF THE MSSM

The scalar potential of the Minimal Supersymmetric Standard Model are very much sen-
sitive to higher order corrections, so the minimization conditions for the scalar potential also
depend very significantly on radiative corrections. The complete 2-loop effective potential of
the MSSM has been given in [25, 26]. We follow those works for conventions and notations,
in particular for the Lagrangian parameters (also as specified in [39]) and mixing parame-
ters, and for 1-loop and 2-loop integral functions. Also, we follow the notation of using the

name of a particle to represent its squared mass in formulas, for example

1 1
2= S W = (), (21)
t = yivl, b = ypvg, T =yl (2.2)

The MSSM effective potential can be written as

Vg = v + AV, (2.3)
1 1 1

AV = — vy Ly 1 _ye, 24

V= 1%2" Tieep’ T et T (24)

where V(© is the tree-level MSSM effective potential, expressed as

1
VO = (|l +mi, Jvi + (uf® +miy, )vg — 200,04+ g(g2 +97)(v = v3)”. (2.5)

Here p, the Higgs supersymmetric mass parameter, can have an arbitrary phase. The
Higgs fields also have soft supersymmetry-breaking squared-mass running parameters m%,u,
m%ld, and b. The first two of these are definitely real, and by convention b is taken to
be real at the renormalization scale () at which the effective potential is to be minimized.
There are two gauge-eigenstate complex scalar doublet Higgs fields H, = (H,", H?) and
Hy = (HJ, H}). The electrically neutral components have VEVs v, and vg, which are taken
to be real and positive by convention. In general, V(© also contains a constant vacuum
energy term, necessary for renormalization group invariance [40-42], but we do not include
it here because it plays no direct role in the following.

The gauge-eigenstate fields can be expressed in terms of the tree-level squared-mass eigen-

state fields as
(B (gl amls) o
= + —=1lia + —=h, ’
HY va) V2 \mo) TV a0



and

(1) -n(2)

G° and G* are Nambu-Goldstone fields, and h°, H° A° and H* are the Higgs tree-level
mass eigenstate fields, and v, and v, are the classical fields on which the masses and cou-
plings entering the effective potential depends. The orthogonal matrices that accomplish

the squared-mass diagonalizations are written

S C S C
Rﬁo _ < Bo 50>’ Rﬁi _ < B+ 5i>7 (2.8)

—CBy  SBo —CBy  SB4
Co  Sa

R = ( ) (2.9)
—S4  Co

where we use the abbreviations cg, = cos(fy) and sg, = sin(fp), etc. In the following, we
also write, for example, sy, and ¢y, for sin(2a)) and cos(2«), respectively. Unlike the case
in the ordinary Standard Model, the squared masses of the charged and neutral Goldstone

bosons in the MSSM are not equal at tree level. They are given by

(*+ 9%

1
¢ = |u|2+§<mzu+de g{mHu—de LIz - )P+ 4}, (210
Gt — 2 1 2 9_2
1 q” 1/2
—5{lmiy, —miy, + 5 (0% = DI + (20 + ¢Pvuva)’ | (2.11)

The tree-level squared masses of the other Higgs fields are:

1 (9° +9”) /2
Al = |u|2+§(m%u—l—de 5{ mHu—m%[d T(U —vd)] —|—4b2} , (2.12)
1 g°
H= = |uf* + 5 (miy, +miy,) + = (0 +v3)
1 q” 1/2
o {lmin, —miy, + 5 Wk = v + (20 + e’} (2.13)
1 (9* +97)
WY = |l + SOy, +mig,) + (v +vg)
_l 2 2 2b 2 12 2 1/2 214
Slmin, —miy, + (6 + gl =D + @b+ (0 + 9P’} (214)
1 +
B = uf + Sy, mi) + 0 )



1 1/2
oA, = mi, + (6% + 9wl = 0P + 20+ (6 + Pwa)’} T (215)

The minimization conditions of the full effective potential can be written as

1 Vg 1 Vg
_— - =0. 2.16
20,, 0, 20q Ovg ( )
We define ¢, and ¢4 by
1 0
0y = — AV, 2.17
20, O, ( )
1 0
0g = ——A 2.1
d 2Ud 8’0[1 V, ( 8>
so that at the minimum of the full effective potential
2 2
a4y, 0 A gy — g, (2.19)
Uy,
2 2
v 97 tY
l? iy =2+ 2y — (2:20)

The minimum of the effective potential is not a minimum of the tree-level potential. For
this reason, the angles 3y, and (. for the rotations in the pseudo-scalar and charged Higgs

sector are distinct from each other, and are also different from the angle 5 defined by
tan 8 = v, /vg. (2.21)

Hence it is possible to write an exact relation between 3y and

0g — Oy
cot(28p) = cot(28) + —~ TR (2.22)
An approximate relation can be obtained by expanding in terms of 9, and &,:
0y — 0, 8y — 04)?
tan fy = tanf + ~— 152 + ( o 2 S35t . (2.23)

Similar relations between 4 and [ can be achieved in a similar manner, and give the same

result with the replacement of b by b + g*v,v4/2:

dg — Oy

2 = 2 —_—
cot(28) = cot(28) + 5ot

(2.24)



0y — 04 2 (5u - 5d>2
b+ g?v,vq/2 p 8(b+ g?v,vq/2

tan By = tanf + )2535+... : (2.25)

Substituting egs. (2.19) and (2.20) in egs. (2.10) and (2.11) and expanding in 4, and dg,

_ 2
G = —0us5 — bach — (%876661)835 +..., (2.26)
+ _ 2 2 (5u_5d)2 3
G — 5u86 5dCﬁ 8(b + g2fuufud/2) 825 + c e (227)

Thus, at the minimum of the full 2 loop effective potential of MSSM, the tree-level masses of
the Goldstone bosons are not zero, but can be considered to be of 1-loop order, and unlike
the situation in the Standard Model they are not exactly the same, with the difference
between them being effectively of 2-loop order, with an additional mass suppression when b

is large, as well as a 1/tan® 3 suppression.

III. EXPANSION OF THE 2-LOOP MSSM EFFECTIVE POTENTIAL FOR
SMALL G°, G*+

In this section we consider the leading contributions to the effective potential in an
expansion in small G°, G* in the MSSM. In the DR’ scheme the one loop order correction
to the MSSM potential can be written as

V(G GF) = V(0,0) + £(G°) + 2£(GF), (3.1)

where the 1-loop integral function is defined as

f@) = Z (e —3/2). (3.2

with

In(z) = In(z/Q?) (3.3)

where @ is the renormalization scale. In eq. (3.1), f(G°) + 2f(G*) is the Goldstone bosons

contribution and the terms independent of G° and G* are

2 ~

VID(0,0) = F(R°) + fUH) + f(A%) + 2f(HF) + 23 npf () = 230 f(N;) =43 £(C)
f =1

i=1



—16f(g) = 12f(t) = 12f(b) — 4f(7) + 3f(2) + 65 (W), (3.4)

where the sfermions are called f, with nj = 3 for squarks and 1 for sleptons. At the two
loop order, we find it convenient to expand for small GY and G*, neglecting quadratic terms,

in the form
VG, GF) = V(0,0) + %A(GO)A? + A(GF)AT + %QOGO +QFGT+ ..., (35)
where A, AT, Q°, and QF do not depend on G° or G*, and
A(z) = z(Inz —1). (3.6)

The expressions for V((0,0) and V) (0,0) can be obtained by taking G°, G* = 0 in every
expression that contributes to V) and V) in ref. [25]. We prefer to write in this way
because we want to deal with the Goldstone bosons separately. The logarithmic terms
G'InG°® and G*InG* are included in A(G°) and A(G*). The ellipses represent terms in
higher order of G° and G*.

To obtain the expressions for A AF, Q° and QF, we first expand the 2-loop integral

functions defined in ref. [25] that involve scalars:

fsss(G 2, y) = fsss(0,2,y) + Pss(z,y)A(G) + Res(z,y)G + O(G?), (3.7)
fss(G,x) = A(x)A(G), (3.8)
fres(z,y,G) = frrs(z,y,0) + Prp(z,y)A(G) + Rep(z,y)G + O(G?), (3.9)
frrs(®.9,G) = frps(®.9,0) + Prp(z,y)A(G) + Rep(z,y)G + O(G?),  (3.10)
fssv(G,z,y) = fssv(0,2,y) + Rsv(z,y)G + O(G?), (3.11)
Fys(z,G) = 3A(2)A(G), (3.12)
Fyyvs(e,y,G) = Fyys(2,9,0) + Pov(z,y)A(G) + Ryv(z,y)G + O(G?).  (3.13)
For the P and R functions defined in this way, we find:

Pas(a,y) = 2 =20, (3.14)

Psg(z,z) = 1+ A(x)/x, (3.15)

Prp(z,y) = —2[“(2 - yA(y)}, (3.16)

Prp(z,z) = —2x — 4A(x)?,J (3.17)

Prp(x,y) = —2Pss(w,y), (3.18)



va(l’,y) == 3P55(2U,y), (319)

and

Rs(x,y) = {(z +9)* +2A(2) A(y) — 20A(z) — 2y A(y)

+(x + )10, 2,9) }/(x - ) (3.20)
Rgs(z,2) = —3 —2A(z)/z — A(x)?/2x (3.21)
Rpr(z,y) = —[(z + 9){24()Aly) — 22A(x) — 2yA(y) + (x +y)*}

+2(2* + )10, 2,9)] /(x — )’ (3.22)
Rpp(r,x) = 81+ 2A(z) + 2A(2)* /2 (3.23)
Rpp(r,y) = —2Rss(z,y) (3.24)
Ryy(z,y) = m BA(@)A(y){a® +y* + 62y} — 24ay{zA(z) + yA(y) }

+1day(a® + y?) + 2007y = 3(z — y)*{21(0,0,2) + y1(0,0,y)}

+3(z +9)*1(0, 2,y)] (3.25)
Ryv(0,2) = 14—1 + g[(0,0,x) _ 9’;1;5’3) (3.26)
Rev(z,y) = 5{3(36 ) 1(0,2,y) - 301(0,0,2) + 3A(@)A(y) + 2oy + 47} (3.27)
Rsy(2,0) = —x + 6A(x) (3.28)

Expressions for 7(0,z,y) and I(0,0,z) in the notation of the present paper in terms of
logarithms and dilogarithms can be found in equation (2.26)-(2.28) of [25]. The expansion
of these functions in terms of small G and G* also can be obtained from egs. (2.29)-(2.31)
of the same reference.

[Although they are not needed for the MSSM as discussed in this paper, for the MS
scheme, we find instead for the expansions of the relevant functions defined in eqs. (4.17)
and (4.18) of ref. [25] the results:

Frs(z, Q) = 3A(2)A(G) + 22A(G), (3.29)
fVVS(LL’, Yy, G) = fvvs(x, Yy, O) + pvv(x, y)A(G) -+ Tvv(x, y)G + O(Gz), (330)

where



These could be useful for example in non-supersymmetric two-Higgs doublet models. The
other functions do not differ between the MS and DR’ schemes.]

Hence, one can write the expressions for AY, AT Q0 and QF in terms of the functions
defined above. For the MSSM, we find:

A? = ()\Gvoho)2PSS(AO, ho) + ()\GvoHo)zpsg(AO, HO) + ()\Gogoho)zpss(o, ho)

QO

+(Agogoo)* Pss(0, H®) —|—2|>\Gog+H |? Pss(0, H)

1
+an|)‘Goff’ *Pss(f, ') + )‘GOGOhOh‘)A(h )+ iAGOGOHOHOA(HO)
£

1 -
+§)\GoGoAOAoA(AO) + )\GogOHJerA(H—i_) + Z nf)\GoGofJZ*A(f)
f

+6[Yizgo|* Prr(t,) + 6t(Yaco)* Prr(t, t)
+6|YbEG0|2PFF(b> b) + 6b(YbEGO)2Pﬁ(b’ b)
—|—2|Y7-;GO|2PFF(’T, ’7') + 27’(Y7-;G0)2Pﬁ(’7', ’7')

2
+ Y A2Waia @l Prr(Ci C) + 2 CORY 515 0 Yoo ol Prr(Ci O }

i,j=1

4
+ 3 {IVis,00/* Per(Ni, Nj) + / NiNjRe[ (Y, 5, 00)7) Prr(Vi, Nj) }
ig=1
39>

+AW) +

3(* + ¢7)

1 A(Z) (3.33)

= ()\Gvoho)2RSS(AO, ho) + ()\GvoHo)2RSS(AO, HO) + ()\GoGoho)2R55(0, ho)

+(Agogoro)®Rss (0, H?) + 2| Agog+ - [*Rss (0, HY) + Y nf|Agospn [*Rss(f, f)

£y

+6[Ye0 " Rpp(t, t) 4 6t(Ygeo )’ Rep(t, t)
+6[Yy5001* Rer(b, b) + 6b(Yig60)* Rpp(b, b)
+2‘Y;.;Go‘2RFF(T, T)+ 2T(YT;G0) Ryp(7,7)

2
+ 3 {2era ool Rer(Ci, §)) + 2 CiCiReY 515 0 Yar g ool Brr(Cin C) |
i,j=1 7
4
+ 3 { V5,00 Rer(Ni, Nj) + ) NiN;Re[(Vy, 5, o)1 R (N3, Nj) }
1,j=1

2 2
_l_
—l—g 9

{(CQCBO + 8a5s0) Rsv (H®, Z) + (8aCs, — CaSpy ) Rsv (R, Z)}
92 2 2 +
‘I'E{(Cﬁocﬁi + Sﬁosﬁi) RSV(Oa W) + (Sﬁocﬁi - Cﬁosﬁi) RSV(H aW)} (3'34)
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Ait — |)\hOG4rH7 |2P53(h0, H+) + |)‘AOG+H* |2P35(A0, H+) + |)‘HOG+H* |2P53(H0, H+)
+|)\hOG+G* |2P55’(0, ho) ‘|— |)\HOG+G* |2P53(O, HO) + |Agog+H7 |2P53(0, H+)
- 1

+ Z ”f|)\g+ff~ |2Pss(f> f’) + )\G+H+G*H*A(H+) + 5)\HOHOG+G*A(HO)

N

1 1 -
+§)\h0h0G+G7A(hO> + §>\AOAOG+G7A(AO) + Z nf)\GJFfof“*A(f)

!

+3{|Y%bc+|2 + Y- |2}PFF(757 b) + 6Yac+ Y- Vb Prp(t,b)

2 4
Vv PPer(0,7) + 32 [{ Vs 6-17 + Vom0 P Prr(Cin V)
i=1j5=1
392 3(92 _ gl2)2
AW + S
Wt AT )
2 .12

5
99 2 2Py (0,W) + g* Py (W, 2)) 335
242+ ¢2) (Copva + 55, 0u) {9 vv (0, W) + g Prv (W, Z) (3.35)

A(Z)

OF = | Mgt *Rss(h°, HY) + | A pogr - |*Rss (A%, HT) + Ao - |*Rss(H®, HY)
HAogra-|*Rss(0, h°) + [Agogra-*Rss(0, H®) + [Agog+ - |*Rss(0, HT)

+> i Agi i *Rss(f, ) + 3{|YZbG+|2 + Y- |2}RFF(t> b)
£F
+6Y5,64 Y- VEORER(E, D) + Yo, - |*Rpr(0,7)

2 4 o
+ Z Z [{|(Y5ijG7 |2 + |Y5;NjG+|2}RFF(Cia N])

i=1j=1
— o (92 _ gl2)2
+2Re[Yz g o Vo 5, -1V CilVs Ry (Ci, )| + i gl (0.2)

2

+gz{(ca05i + Sa85i)2Rsv(H0, W) + (SaCmE — COCSBi)2Rsv(hO, W)

+(Sﬁocﬁi - Cﬁosﬁi)ZRSV(AOa W) + (Cﬁocﬁi + Sﬁosﬁi)zRSV(Oa W)}

2,12
m(cﬁivd + Sgivu)z{ngvv(O, W)+ g/2va(VV, Z)} (3.36)

All of the associated couplings appearing above are taken from Section II of ref. [43], using

the following coefficients:

kuho = deO = Cq, kuHO = _kdho = Sa, (337)
kuGO = deO = ngO, ]quO = —]{ngo = ngO, (338)

k‘ug+ = k?dH+ = S84, kuH+ = _de+ = Cpy- (3'39)
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el a0~ -7 G* GE S

FIG. 3.1: The leading contribution at fixed loop order to the effective potential as G°, G* — 0
comes from vacuum diagrams with chains of £—1 one-loop subdiagrams involving heavy particles
connected by £ — 1 Goldstone boson propagators.

At higher loop orders, the singularities in the effective potential as G°,G* — 0 are
derived from diagrams consisting of chains of £ — 1 one-loop subdiagrams connected by ¢ — 1
Goldstone boson propagators, as shown in figure 3.1. In general, the grey blobs in the figure
represent 1-particle irreducible subdiagrams, but the leading contribution as G°, G* — 0 at
any fixed loop order ¢ comes when these are 1-loop subdiagrams. (Beyond the leading order
as G, G* — 0 at a fixed loop order, one must include other diagrams.) The calculation
of this class of diagrams, treating the gray blobs as constant squared-mass insertions, then
reduces down to a 1-loop integration, as described in refs. [34, 35]. For G° G* much less
than the squared-mass scale of the blobs, the contributions to V.g from these classes of

diagrams can be written as
1 &1 n o(n i
5 Y (AN FOE) + 280 FO(GH)] + (3.40)
n=0 """

where n = ¢ — 1 with ¢ denoting the loop order, and f™(G) is the nth derivative, with

fOG) = AG)/2, (3.41)
(@) = In(@)/2 (3.42)
FO(@) = %(—1)"—1(71 _aNE T (forn > 3), (3.43)

and the A’s result from the integrations over heavy 1-particle irreducible subdiagrams. The
charged and neutral Goldstone bosons G° and G* have distinct loop expansions for these

subdiagram quantities:

1 1

A = AY A+ ... 44
1672 1+(167T2)2 2 (3:44)
1 1

A* = AT A+ ... 4
16m2 ! +(167T2)2 2 (3:45)

In the following, we consider only the leading terms in small G° and G* at each loop order,



12

hence the 2-loop contributions A and A3 and higher orders can be neglected. The contri-
butions AY and AF are given above, as they can be read off of the known 2-loop results [the
n = 1 term in eq. (3.40)]. From these, we can predict the leading logarithmic singularities
in the 3-loop effective potential (before resummation) as G°, G* — 0, corresponding to the

n =2 term in eq. (3.40):
1 — 1 —
Ve = Z(A?Y In(G°) + §(Af)2 In(GH) + ... (3.46)
where the ellipses means terms finite as G°, G* — 0. The In(G°) and In(G*) terms here

can be eliminated, along with the leading 2-loop order terms proportional to G°In(G°) and
GFIn(G%), by the resummation described below.

IV. RESUMMATION OF LEADING GOLDSTONE CONTRIBUTIONS IN
MSSM

Omne can now sum the contributions to V.g indicated in eq. (3.40) to all loop orders, with

the result
2
0 A+ FLAT) 4.1
TGO+ AY) (G A + (1)
We have checked that at the minimum of the effective potential, G° + 1617(2 AY = 0 and
G* + 161”2 AE =0, up to terms of 2-loop order, so that eq. (4.1) is 0 and has vanishing first

derivatives there, up to terms of 3-loop order. Therefore, if the effective potential V.g has
been obtained at loop order ¢, then the corresponding resummed effective potential can be

expressed as

N -1 0\n
Vo = Vi + g5 | 160+ 2% = X2 C o)
4 f(Gi + Ai) . § (Ai)nf(n)(Gj:) (4 2)
1672 — nl ' ’

After expanding this equation, there are no terms involving G’InG° and GFInG* at 2-loop
order. The contributions of the different terms involving the Goldstone bosons in the 2-loop

contribution were given in the previous section. From these, we find that the resummed
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MSSM effective potential through 2-loop order can be written from eq. (4.2) as

~ 1
Vg = 1)
it * lon2
1

|
gy [V(2)(O, 0) + 520G + 0*G*

[V(0,0) + £(G° + A%) + 2£(GF + A%)]

, (4.3)

where 2-loop order terms of order G2 have been neglected, as they cannot affect the min-
imization conditions at 2-loop order. In summary, one replaces the 1-loop Goldstone con-
tributions by functions with arguments shifted by the A’s, and sets the Goldstone boson
contributions at 2-loop order to 0, with additional 2-loop terms linear in G and G* (but
with no logarithms of them). The last terms are necessary for the minimization conditions

described in the next section.

V. MINIMIZATION CONDITIONS FOR THE RESUMMED MSSM
EFFECTIVE POTENTIAL

A. Minimization conditions with Goldstone boson resummation

In this section, we consider the minimization condition of the resummed effective poten-
tial, obtained by requiring the vanishing of the derivatives with respect to v, and v, of ‘7;3
in eq. (4.3). We note first that the 1-loop Goldstone terms have no effect, because at the

minimum of \A/eﬁr,
f(G*+ A% =0, f(GF+A%) =0, (5.1)

up to terms of 3-loop order, due to the vanishing of the arguments as noted above. The
derivatives of V1 (0,0) and V®(0,0) can be obtained from the expressions in ref. [25,
26]. The remaining contribution comes from the terms proportional to Q°G° and Q*G*
in eq. (4.3). In these terms, if the derivatives do not act on the Goldstone boson squared
masses, then the result will be proportional to G or G*, and thus is of order 3-loop order,
and can be consistently neglected. We therefore only need the derivatives of G° and G* with
respect to v, and vy, and keeping only the terms independent of 9, and d; when expanded

in terms of them. For these derivatives, we find:

1 9G° 1 0G* 1 9G° 1 9G* 1oy 5
20 = 5 = o5~ = —5- = —= . 2
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Hence, we find that the minimization conditions can be written as egs. (2.19)-(2.20) with:

o = B+ (16;2)239, (5.3)
5y = 16;33” + (16;2)235?, (5.4)
where
AP = 5Ly (0,0), (55)
AV = 2; a(zdv“ (0,0), (5.6)
A® — Q%Haivuv (0,0) — %(92 + g eas (QO —i—QQi) : (5.7)
AP = 2; aid\/@ (0,0) + %(92 +97)eas (O + 20%). (5.8)

In words, this means that one can simply minimize the two-loop effective potential with
all Goldstone boson squared masses replaced by 0, provided that one then includes extra
terms in the 2-loop order part of the minimization condition that are proportional to the
quantities ° and QF provided in the previous section.

Explicitly, we find

AW — % l2A(h°)gii + %A(HO)%HO ;A(AO)?}(SS + A(Hi)aai[j
+§an(f)§—i—gA JON %Cu 6A(t )aaju
+;A(Z)g—i +3A(W) gm , (5.9)

AW — 2%[ A(ho)gii + 1A(H0)%ij + %A(AO)%fj + A(Hi)%l:][;
+§nf~z4<f>—~ - ZA )2 %% a2
_2A(r )ggd + §A(Z)§UZd 3A(W)gm (5.10)

while the 2-loop contributions are straightforward to evaluate using egs. (5.7) and (5.8) but
rather lengthy. In general, the partial derivatives of mixing angles and squared masses,

needed for finding the derivatives and thus the minimization conditions for effective poten-
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tials, can be derived in the following manner. Consider diagonal squared mass matrices

given by
M} = UM*U! (5.11)

where M? is a gauge-eigenstate squared mass matrix and U is a unitary matrix. The
derivatives of the diagonal entries of M3, which are the squared mass eigenvalues, with

respect to any parameter x on which they depend, can be found by doing

OM?
ozr

0 oy
%(MD)M = [U

Ut 1 , (5.12)
with no sum on the repeated index i. In order to calculate the derivatives of the two-loop
effective potential one will also need the derivatives of the mixing angles found in the unitary

matrices denoted U. Those can be found by

0
8_xU = AU, (5.13)
where the matrix A has elements
Ua—MQUT,, M3y — (M3) 4], L#J),
A - (UBLUT [ 1(MB)is — (M), (i # ) -
0 (1=17),

with again no summation on repeated indices. One needs derivatives with respect to both
the VEVs, z = v,, v4.

The preceding minimization conditions do not involve G° or G* at all, but do include
the quantities b, p, m%, , and m7 through the mixing angles a, fy, G+ which enter the
Higgs couplings to other particles and the squared masses of the other Higgs states, h°,
H° A" and H*. One can now choose to eliminate any two of the parameters b, u, m3; ,
and m% _ using the minimization conditions, by expanding in §, and dq4. (This is analogous
to eliminating the negative Higgs squared mass quantity m? in the Standard Model case,
as explained in section IV of ref. [34].) This has the practical advantage that the effective

potential minimization conditions can then be solved numerically without iteration.
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B. Reexpansion to eliminate m%Iu and m%{d

For example, working at the minimum of the effective potential, one can choose to elim-
inate m%{u and m%{d. To do so, it is convenient to define modified tree-level Higgs squared

masses:

A" = 2b/s95, (5.15)
HY = A+ W, (5.16)
—~ o~ 17~ = =
HO h® = 3 [AO + 7+ \/(AO + Z)2 —4A%Z 3| (5.17)

in terms of which the full tree-level squared masses appearing in the formulas above can be

expanded for small ¢, d4:

A" = A — 6,k —bash+ ..., (5.18)

H* = H* —6,c% —das? + ..., (5.19)
~ 1 A — 7

B = B0 — 5(% + 0q) + (04 — 5d)c252(A7_EZ) +..., (5.20)

— 1
HY = H — 5(5u +64) + (0g — 0u)Cop—m——+ . ... (5.21)

We have already seen in egs. (2.22)-(2.25) how to write exact expressions or expansions for
the mixing angles 5y and S+ in terms of the angle # and the radiative corrections 9,, and .

Similarly, we find that

dg — Oy

cot(2a) = cot(2a) + b+ (o2 1 g%)ouva’ (5.22)
where
cot(2a) = Az cot(20) (5.23)
A7 ' '

Thus, all of the parameters of the Higgs sector, namely the squared masses h°, H?, A%, H*
and the angles (y, S+, and « in the effective minimization condition formulas above can be
expanded (in d,, d4) about the modified tree-level values ?LO, H 0 ﬁo, H + @, and 3, which do
not depend explicitly on m%{u or m%{d. After doing this expansion, the quantities involving
0, and 04 from the 1-loop terms can be grouped with the 2-loop terms, and higher-order

terms can be neglected consistently as 3-loop order. Then solving for m%{u and m%ld at the
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minimum of the effective potential can be done without iteration.
The results of the reexpansion described above can be summarized as follows. In the
expressions for AL AY A and AP found in egs. (5.5)-(5.8) above, one makes the

replacements:
(h0, H°, A°, H*) — (h°, H°, A°, H*), (5.24)
a — a, (5.25)
Bo, Br — B. (5.26)

One then should add the following extra terms to the 2-loop parts:

o~

—~ 1 —~ ~ —
Aq(f) N A(2) _ _(g2 + gl2){2025 [Aul)C% + At(il)sg} ].H(A())

“ 16
1+ 2003) + sz afss] [AL + A7) — (A - ASU%@B}E@O)
(1= 2053) — saaca/ss] [AY + A7 + (AL - ASU%%JE@O)}
2 [20 +2) + o] [V + AP ] W(F)
(B = AP (g + ) A2 + [gPe 5 — 293, ACT) /T
(9" + 9) (2535 — caz o/ 50) (s33/ 320) [ACH") — AR/ (H + 1)}, (5.27)
BY - AP + (6 + 9200 [0 + AP W(A)
—[(1 = 2c33) + 53z 5/ ca] [ALY + Ay — (AL — ASU%@B}E@O)
= (14 2653) = sz s/ 5] [AD + A7 + (A - AY) ;ﬁ e ()
g1+ 253) — gPeys] [ADG + AP ()

4
L~ N / n n / T7 T7
+5AY - AN{(8? + 9535 A(A°) [ A° + [gPeap/ch + 29735 ACHT) [H

—(" + ¢ (2555 + e 59/ ) (53 525)[A(H®) = A(R)]/(H° + 1°) }. (5.28)

Then one can solve for mj;, and mj;, realizing the minimum of the effective potential using

egs. (2.19)-(2.20), without iteration.
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C. Reexpansion to eliminate py and b

Alternatively, one could choose to eliminate |u|* and b. Then, the corresponding results

for the tree-level mixing angles are:

5y — 5,
tan(26,) = tan(28) |1 5.29
) = iz 1+ B 529
5y — b,
tan(26,) = tan(28) |1 5.30
an(28:) = tan(28) [ T = W)%] (5.30)
_ tan(25)
tan(2a) = tan(2a) + (6, — o, 5.31
an(20) = tan(2m) + (63 =0.) | (531
where one defines
tan(2m) = tan(28) | —p s ", (532
anleq) = tan m%,d —myy +2Zcys '

and one can expand the tree-level Higgs squared masses around the modified tree-level values
defined by:

A = (my, —miy,) e — Z, (5.33)

H = (my, —my,) e — Z+ W, (5.34)
— 1 _ _
Eﬁf_§L4+Zi¢M%JW—¢f&% : (5.35)

with the results:

A = A% 4 pubu+ pada+ -, (5.36)
H* = H + pubu+pada+ - ., (5.37)
W = 1+ [0, (s3H +puh’) + 60 (EH +pah’ )| /(R . (5.38)
H® = T+ [6, (337 +p,H Mm(ﬁ+mﬂp( E) , (5.39)

where

Dy = s%(l + 20%)/025, (5.40)
Pa = —c%(l + 28%)/025. (5.41)
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Then the effective potential minimization conditions can be expanded in d,, d; about the
modified tree-level values 7’ H A H @, and 3, which do not depend explicitly on b or
1. After doing these expansions, the quantltles involving 9, and ¢4 from the 1-loop terms
can be grouped with the 2-loop terms, and higher-order terms can be neglected consistently
as 3-loop order.

The reexpansion described above can be implemented as follows. In the expressions for
AW AN A® and AP found in egs. (5.5)-(5.8) above, one makes the replacements:

(h%, H, A" H¥) — (A" 0" A" 1), (5.42)
a — a, (5.43)
Bo, Br — B. (5.44)

One then should add the following extra terms to the 2-loop parts:

AP = AP + (6 + g%)eas [ADpu+ A pa| In(A) + 7(9 g 0){
— {[1+ 225 + s2mcp/sp} [AD(SSH + puh’) + AP (GH + pah’) | In(R)

+{[1—2c2a]—szacﬁ/sﬁ} [AD(28° + p, 1) + AP (AR + pT’)|In (H°>}

[ (1+2¢3) + g”ca5] [AVpy + AL pa] In(H™)
%(A“ ADY{(9? + 9)s3,A(A°) [A" + (297835 — 49> Choas] ACH ) [H
+(g* + 97) (2505 — cmcﬁ/sﬁ](saacza/czﬁ)[A(E%—A<H°>1/<H°+E°>}, (5.45)

Q‘D,—\
1
>

1 A R — +
[(12) - 5(92 + 9,2)625 [Ag)pu + Aél)pd} ln(AO) + 7(9 g 0){

— {1 — 2c25) + sawss/ca} [AD(SSH + puh’) + AP (EH' + pah”) ()

~

+{[1+202a] suass /s [AD (S +p %) + AP (R + p,d°)|In (FO)}

{ 1+255 —q cg} {A( pu—l—Ad pd} ln(H )

Fylo
% (AP = AD) {(g* + 9)s3,A(A°) [A° + (297535 + Ag>sheas] ACH ) [H "
g+ 02+ emss/esl(smemf ) AG) — AT/ + T} (540

Then one can solve for b and |u|? using egs. (2.19)-(2.20), without iteration.
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(a) (b)

FIG. 6.1: Diagrams that give the most singular behavior as h’ — 0 for the minimization condition
of the effective potential, at 2-loop order (a) and 3-loop order (b).

VI. SINGULARITIES AND SPURIOUS IMAGINARY PARTS FOR SMALL
AND NEGATIVE A°

It should be noted that there are also singularities in the effective potential for h® — 0,
and in fact these are formally more severe than the singularities coming from G°, G* — 0.
This can be seen, for example, from the diagrams shown in Figure 6.1, which involve only

the h° field. The contribution of the 2-loop diagram to the effective potential is:

1

(2) _ 27(p0 B0 10
Vrig. 6.1(a) — _E()‘hohoho) NN (6.1)
1 1 — —
= 5 o0 75 — 3v/3Ls, — 6 (h) + gln2(h0) , (6.2)
where Lsy = — [27/% dz In[2sin(z/2)] = 0.6766277376 . ... This contribution is finite as h° —

0, but derivatives of it have a squared logarithm singularity. At 3-loop order, the contribution
shown in Figure 6.1 has the form
3) 1 e V3 T7(1,0 72070 l—s ¢
VFig. 6.1(b) — 1—6()\hohoho) 3 2¢(3) — 2v3Lsy[1 + In(h”)] — In"(A”) + gln (h°)), (6.3)
with a cubic logarithmic singularity even before taking derivatives, and other diagrams
leading to quadratic logarithmic singularities. For contributions at L-loop order, we expect

contributions with leading singularities of the form
V) o (Ayopono)* 72 In” (1) / (h)** (6.4)

as h® — 0. Note that the reason these singularities are more severe than for the Goldstone
case is because of the absence of triple Goldstone boson couplings. Furthermore, unlike
diagrams involving Goldstone bosons, such diagrams have no larger mass scale with respect

to which one can expand for small h°. Other diagrams involving h° will involve W and
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Z, which have smaller physical masses than h°, so an expansion in small A’ may not be
appropriate. Methods for resumming non-Goldstone light boson singularities have been
discussed in ref. [35]. Another way of doing a resummation is by taking advantage of the
renormalization group, by simply choosing a scale @) where h° is positive, and not too far
from the physical squared mass. As illustrated by the example in the next section, this
is generally possible, and will be a sensible choice of renormalization scale from the point
of view of perturbative expansions for other physical quantities. (However, note that with
such a choice, the Goldstone boson squared masses could still easily be negative or 0, so
that before resummation of the G° and G* contributions the effective potential would be
complex or singular at its minimum.) The reexpansions described in subsection VB or V C

can also be used to eliminate the problems with h° < 0.

VII. NUMERICAL EXAMPLE

The impact of the resummations described in this paper is typically numerically ex-
tremely small, at least for the minimization of the effective potential, unless one has chosen
a renormalization scale where G° or G* or h° vanishes exactly. To illustrate this, we consider
a benchmark MSSM model with input parameters (with mass scales chosen large enough
to clearly avoid all present bounds from the Large Hadron Collider, and to be roughly
compatible with the h° physical mass near 125 GeV, with tan 3 near 25) at Qo = 2000 GeV:

v, = 172.1 GeV,  vg = 6.88 GeV, (7.1)
my, = —(1500 GeV)?,  mj; = (2000 GeV)?, (7.2)
g=10.6362, ¢ =0.3636, g3= 1018, (7.3)
y, = 0.785, y, = 0.296, y, = 0.256, (7.4)
M; =500 GeV, M, = 1000 GeV, M;z = 2500 GeV, (7.5)
a; = —3000 GeV, a, = —2000 GeV, a, = —1000 GeV, (7.6)
mg, = (2000 GeV)?, m2, = (2100 GeV)?, mj, = (2400 GeV)?, (7.7)
m7, = (2200 GeV)?, m? = (2000 GeV)?, (7.8)
mey, , = my, , =mg , = (3000 GeV)?, (7.9)
mi,, = (2400 GeV)?, m?2 , = (2200 GeV)>”. (7.10)
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bosons hY (long-dashed red line). The modified tree-
level values h° and EO, defined by egs. (5.17) and
(5.35), are visually indistinguishable from each other
and are nearly constant, and are shown as the short-
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Then, we find that the (real part) of the 2-loop MSSM effective potential as given in ref. [26]

is minimized for
p = 1516.44446868 GeV, b= (522.793413744 GeV)z. (7.11)

Then we run the input parameters of egs. (7.1)-(7.11) from )y to a new renormalization
scale (), and require the potential to be minimized again, both using the original method of
ref. [26] and then with the resummation methods of the present paper.

First, shown in Figure 7.1 are the values obtained for sqrt(G°) and sqrt(G*) and sqrt(h°)

at the minimum of the effective potential, as a function of (), where the function

sart(z) = o/l (7.12)

is used in order to plot masses while keeping information about the sign of the squared
mass, while avoiding imaginary numbers. Due to the influence of very heavy squarks, these
tree-level masses are seen to run very quickly. The Goldstone boson masses are visually
indistinguishable from each other, and are slightly lower than the tree-level mass of hY. All
three are negative for ) < 1849 GeV, and deviate very far from 0 (in the case of G® and G*F)
and 125 GeV (in the case of h°). In contrast, the modified tree-level masses h° and 7’ both
remain nearly constant near 89 GeV (and are visually indistinguishable from each other on
the graph). For this reason, a perturbative expansion about either one of these tree-level
definitions, obtained by the re-expansions of the previous section, could be preferred at least
formally. The numerical values of tan 5y and tan S+ at the minimum of the potential are
compared to the running value of tan 8 = v, /vy in Figure 7.2. The values of tan 5y and
tan B4 are visually indistinguishable in the figure, but both deviate significantly from tan 3,
which runs slowly from its nominal value near 25 at y = 2000 GeV.

Despite the large deviations of G° and G* and h° from their physical values, the 2-loop
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which the 2-loop effective potential is minimized. The
input parameters are defined by running (7.1)-(7.11)
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FIG. 7.3: The dependence of the ratio of fimin/run (left panel) and byin /brun (right panel) on the
renormalization scale ). Here “run” means obtained by 2-loop renormalization group running
starting from Qo = 2000 GeV with inputs from (7.1)-(7.11), while “min” means obtained by
applying the effective potential minimization conditions directly at ). The thinnest (green) lines

are obtained with Veg found in ref. [26].

The next thinnest (red) lines were obtained in the

same way, but with GO = G* = 0 set by hand. The thicker (blue) lines were obtained with
the resummed effective potential using egs. (5.3)-(5.8) in egs. (2.19)-(2.20). The thickest (black)
lines were obtained by further re-expanding the minimization conditions to eliminate y and b in
the radiative correction part as described in section V C.

effective potential minimization results are very stable. This is shown in Figure 7.3, which
shows the ratios of the values obtained for pimin(Q)/prun(®Q) and byin(Q)/brun(Q), where

“run” means obtained by running the MSSM 2-loop renormalization group equations [44—

47] starting from Qg with inputs from egs. (7.1)-(7.11), while “min” means all of the inputs

are run to () and then the effective potential minimization conditions are used to find p and

b directly at that scale. The closeness of these ratios to 1 as () is varied is a test of the

robustness of the approximations used.
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Four different version of the minimization conditions are compared in Figure 7.3. First,
the thinnest (green) lines show the results obtained using the real part of the original Vg
found in ref. [26]. By definition, the thinnest (green) curves run through 1 at Q) = Qo = 2000
GeV. We note that although these curves have singularities at G° = 0 and G* = 0, in
practice these singularities are too mild to show up on the plots even for very fine grids
for the data (here we used an increment of 50 MeV for @ in the vicinities of G° = 0,
G* =0, and h° = 0). There are visible kinks near ) = 1823 GeV, corresponding to the
scale at which h° crosses through 0, as discussed in the previous section. The next thinnest
(red) lines show what would be obtained if one simply sets G® and G* to 0 by hand in the
effective potential before minimization. The thicker (blue) line shows the result obtained
from the resummed effective potential minimization, using egs. (5.3)-(5.8) in egs. (2.19)-
(2.20). Finally, the thickest (black) lines show the results obtained after the reexpansion
of the effective potential minimization conditions to eliminate the dependence of the loop
correction part on the parameters p and b, using eqs. (5.42)-(5.46). This allows the effective
potential minimization conditions to be implemented without iteration, and eliminates the
possibility of kinks and singularities where GY, G*, and h° run through 0. We see that in
all cases the dependence on @) for each of the ratios shown in Figure 7.3 is extremely mild,
well under 0.1% in all cases, despite the large magnitudes and @ dependences of the G°, G*,
and h° squared masses. Furthermore, the different ways of implementing the minimization
conditions agree well with each other, again to better than 0.1%.

Similar results are shown in Figure 7.4 for the determination of m%;, and m%, from the
other parameters. In this case, the thickest (black) line is obtained by reexpanding the
resummed effective potential to eliminate the dependence on m¥, and m# , In the radiative
correction part of the minimization conditions, using eqs. (5.24)-(5.28), allowing them to
be implemented without iteration. Again, in all cases the scale dependences are very mild,
and the agreement between different methods of implementing the minimization conditions
is excellent. Therefore, while conceptually important, and practically convenient, the re-
summation and reexpansion does not seem to have a significant numerical effect for the

minimization condition.

VIII. OUTLOOK

In this paper we have showed how to resum the Goldstone boson contributions to the
MSSM effective potential and its minimization conditions. Although the numerical impact
on the minimization conditions is very small compared to the results obtained by minimizing
the non-resummed effective potential, or simply setting G° and G* to 0 by hand, there is a

practical benefit in that one can then reexpand the minimization conditions to implement
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FIG. 7.4: As in figure 7.3, but for m%; and m%,d. Here, the thickest (black) line is obtained by

reexpanding the resummed effective potential to eliminate the dependence on m%{u and m%d in

the radiative correction part of the minimization conditions, as described in section V B

them consistently at 2-loop order without iteration.

In addition, the resummation and reexpansions described here can be systematically ap-
plied to other calculations, for example the pole masses of the ordinary Higgs bosons. The
existence of a Standard Model-like Higgs boson with mass near 125 GeV provides an op-
portunity to confront models with data. There has been a tremendous effort to compute
the physical mass Mo using self-energy diagrammatic methods [48]-[60], the approximation
based on second derivatives of the effective potential [27-33, 61-69], and effective field theory
with renormalization group resummation methods [70]-[77]. (For a recent review of these
approaches, see [78].) The methods described here will allow a full 2-loop self-energy dia-
grammatic calculation of the pole mass Mo, using modified tree-level Higgs couplings and
masses that do not differ greatly from their physical values, while using VEVs that minimize
the full 2-loop effective potential. (Note that the resummations described above do not at-
tempt to address the singularities in the second derivatives of the effective potential, which
are sometimes used to approximate the h° pole mass. Instead, the momentum dependence
of the self-energy diagrams should be kept in order to find the true pole mass.) The results
above can also serve as examples for other models with non-minimal Higgs sectors, such as
the MSSM extended by a singlet, or non-supersymmetric two Higgs doublet models.
Acknowledgments: This work was supported in part by the National Science Foundation
grant number PHY-1417028.
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