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We derive formalism for determining 2+ .7 — 2 infinite-volume transition amplitudes from finite-
volume matrix elements. Specifically, we present a relativistic, model-independent relation between
finite-volume matrix elements of external currents and the physically observable infinite-volume
matrix elements involving two-particle asymptotic states. The result presented holds for states
composed of two scalar bosons. These can be identical or non-identical and, in the latter case, can
be either degenerate or non-degenerate. We further accommodate any number of strongly-coupled
two-scalar channels. This formalism will, for example, allow future lattice QCD calculations of the
p-meson form factor, in which the unstable nature of the p is rigorously accommodated.
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I. INTRODUCTION

Theoretical predictions of hadron structure are entering a new era. The precise determination of form factors for
stable hadronic states is already well underway [1-4] and resonant form factor studies are not far behind. Indeed, the
first lattice QCD (LQCD) calculations of resonant J — 2 and 14+ — 2 transition processes were published less than
a year ago.! These studies considered v* — 77 [5] and v*m — 77 [6] transitions. In Ref. [6], the Hadron Spectrum
Collaboration determined the v*m — 7w amplitude for a range of energies and for various virtualities of the external
photon. The resulting fit was analytically continued to the p-pole, thereby giving a first principles determination of
the v*m — p form factor. This result illustrates that resonance properties beyond masses and widths can be obtained
from LQCD. Encouraged by the growing progress in this field, we present here the formalism needed to study generic
2 + J — 2 transition processes in LQCD. This will make it possible to determine elastic form factors of resonances
as well as various two-to-two transition amplitudes. Before describing the formalism derived in this work, we briefly
motivate it in the context of LQCD studies of multi-particle observables.

In numerical LQCD the theory is placed in a finite, discretized Euclidean spacetime. For simple observables, such
as single hadron masses and space-like form factors, truncation and discretization of spacetime and restriction to
Euclidean time have little effect on the extracted observables. For matrix elements of two-or-more-hadron states, by
contrast, these modifications have significant consequences. The first issue is that, in a compactified spacetime, it is
no longer possible to define asymptotic states. Thus the QCD eigenstates that arise in finite- and infinite-volume are
fundamentally different. In addition, LQCD calculations can only provide numerical results for Euclidean correlators
with nonzero statistical uncertainties. For such results, the analytic continuation required to access Minkowski-time
transition amplitudes is an ill-posed problem (see for example Ref. [7]).

It turns out that one can overcome these issues in certain cases by deriving model-independent relations between
finite- and infinite-volume observables. For example, the finite-volume energy spectrum of two- [8-18] and three-
particles [19-22] can be used to determine, or at least constrain, infinite-volume scattering amplitudes. In the two-
particle sector, this formalism has made it possible to determine scattering amplitudes in channels with resonances
from numerical LQCD [23-36]. By parametrizing and analytically continuing the scattering amplitudes into the
complex energy plane, some of these investigations also offer systematic determinations of resonance pole positions.

The present work is based in an idea closely tied to the relation between finite-volume energies and scattering
observables, namely that finite-volume matrix elements can be used to extract infinite-volume matrix elements with

*e-mail: rbriceno@jlab.org

fe-mail: hansen@kph.uni-mainz.de

1 Throughout this work, n + J — m labels a process with n incoming and m outgoing stable hadrons in the presence of an external
current J.
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FIG. 1: Shown are types of subdiagrams that distinguish 2 + 7 — 2 from the simpler 1 + J — 2 processes. These include
(a) divergent diagrams associated with intermediate particles going on-shell and (b) two-particle loops with an insertion of the
external current. The latter lead to a new finite-volume function, investigated for the first time in this work. This new object
is defined in Eq. (60) and discussed in detail in Appendix B.

two-particle asymptotic states [5, 12, 13, 16, 17, 37-43]. The latter are referred to throughout this work as transition
amplitudes. In earlier work we have derived the relation needed to map finite-volume matrix elements to arbitrary
1+ J — 2 processes [42, 43|, thereby summarizing and generalizing previous studies. It was partly this formalism
that made the calculation of the v*7 — w7 amplitude possible [6]. In this article we demonstrate how this formalism
can be extended to extract 2 + J — 2 transition amplitudes. In the context of our field theoretic analysis, these
transition amplitudes, which we collectively denote W, are defined as the sum of all infinite-volume Feynman diagrams
with four external hadron legs and one external current [see Fig. 5 below].

Although the study of 2 4+ J — 2 systems bears similarities to that of 1 + 7 — 2, the former is significantly more
complicated for two reasons. The main new sources of complication are summarized in Fig. 1. First, the infinite-
volume 2 + J — 2 amplitude, W, possesses kinematic singularities that are absent in 1 + J — 2 systems. These
are due to diagrams in which a single hadron propagator connects a 2 — 2 scattering amplitude, which we denote
M, with a 1 + J — 1 transition amplitude, labeled w [see Fig. 1(a)]. A divergence occurs if external kinematics
are chosen to put the intermediate propagator on-shell. This divergence has nothing to do with bound-states but is
instead due to the possibility of arbitrarily long lived intermediate states between physically observable sub-proceses.

The second complication in the finite-volume study of 2 + 7 — 2 systems is that the summands of finite-volume
loops include terms with two poles that share a common coordinate. These singularities arise from two-particle loops
in which the current couples to one of the two-particles in the loop, possibly injecting energy and momentum [see
Fig. 1(b)]. The new singularity structure leads to a new type of finite-volume function which is absent in studies
of two-particle scattering and 1 + J — 2 transitions. The issues of singularities in the infinite-volume transition
amplitude, W, and new pole structures in the finite-volume loops are in fact closely related. Understanding how to
accommodate these new features is the primary focus of this work.

As the derivation presented in this article is lengthy, we think it helpful to summarize our main result here. We
derive a relation between two-to-two finite-volume matrix elements, denoted by (E.,,,Py, L|J(0)|E,,,P;, L), and
the two-to-two transition amplitude, labeled W(Py,p, P;, k). The finite-volume matrix element is defined using a
local current J(z), evaluated at the origin for concreteness. This current is sandwiched between two finite-volume
states, each labeled by energy FE,, total momentum P and box size L. In this work we only consider cubic finite
spatial volumes with periodic boundary conditions. The subscript n on the energy is included since the finite-volume
spectrum is discrete, so it is convenient to label states with an index. We work throughout with unit normalized
states satisfying

<En7P7L|EnaP7L> =1. (1)

The transition amplitude, W(Py, p, P;, k), is defined diagrammatically in Fig. 5(a) and in terms of infinite-volume
matrix elements in Eq. (13). Physically it measures the amplitude for a given two-particle instate to transition into
a given two-particle outstate, mediated by the local current 7. W depends on a total of four on-shell four-momenta,
P; — k and k are the on-shell momenta of the incoming particles and Py — p and p those of the outgoing. The
momentum inserted by the current is given by Py — P;. A consequence of the momentum insertion is that the
finite-volume spectrum can be different between the initial and final states. In particular, the value of P defines the
symmetry group of the finite-volume system, so that the groups describing in- and outstates can be different.

Our main result does not directly relate (E,,, Py, L|J(0)|E,,, Pi, L) to W(Py,p, P;, k) but instead relies on two
intermediate quantities Wqr and Wy, g¢. The procedure from matrix element to observable is summarized by

<Enfan7L|x7(O)|En”PzaL> — WL,df;ab;@’m/;fm(vaPivL) — Wdf;ab;é’m’;ém(PfaP)i) — Wab(vapa Pivk)a (2)

see also Fig 2. Here we have introduced the channel indices a and b, which denote the particular incoming and
outgoing particle pairs within the multi-channel system. We have also indicated here that the two intermediate
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FIG. 2: Inputs needed to extract 2 + J — 2 transition amplitudes using this formalism. In the first step one determines
the infinite-volume, divergence-free transition amplitude Wys. Unlike the full transition amplitude, this quantity is a smooth
function, which can be decomposed in harmonics and truncated at low energies. In a second step the divergence free quantity
is combined with on-shell 1 + 7 — 1 amplitudes as well as M, to determine the physical observable.

quantities, Wy, qf and Wye, carry two sets of spherical harmonic indices, while the final quantity does not. This
distinction is discussed in detail in the course of the derivation. We now summarize each step towards extracting the
observable, W, and in doing so give definitions for the two intermediate quantities.

The relation between the finite-volume matrix element and Wy, 4¢ takes the form of a trace over the al/m index
space

2
<Enf,Pf,L\J(O)|Eni,Pi,L)’L = %Tr [R(En,”Pi)WL7df(F)i,Pf,L)R(EnjuPf)WL7df(Pf,Pi,L):| . (3)
*2 = F2 — P? s below the lowest multi-particle
threshold. If this kinematic restriction is satisfied then the equality holds up to exponentially suppressed corrections
of the form e~™% where m is the physical mass of the lightest scalar in the theory. As already mentioned, the trace
is over the direct product of angular-momentum and channel space, labeled by spherical harmonic indices ¢, m and a
channel index a. The matrix R(E,, P) is the residue of a known function at the pole associated with the finite-volume
state, and is defined in Ref. [43] as well as in Eq. (83) of Sec. IV below. It depends only on the on-shell two-to-two
scattering amplitude together with a known volume-dependent function. Thus, if the finite-volume matrix element on
the left-hand side of Eq. (3) and also the on-shell scattering amplitude, M, have been determined then it is possible
to constrain Wr, 4¢.

The second step in Eq. (2), the conversion to Wy, is then achieved using

This relation is only valid if the center of mass (CM) frame energy, E}? =

Wr.at(Py, Bi, L) = Wai (P, Pi) + M(Py) [G(L) - w](Py, Pi) M(F;). (4)

In this step all remaining L dependence is removed leading to Was(Py, P;), which we describe as an infinite-volume,
divergence-free transition amplitude. The second term in Eq. (4) encodes the finite-volume effects of the double poles
[shown in Fig. 1(b)]. It is a product of three matrices, M(P}), [G(L) - w] and M(FP;), each of which have two sets
of alm indices. These three separate factors can be understood clearly in the context of Fig. 1(b), the first and last
denote the on-shell two-to-two amplitudes that arise from the left and right two-to-two insertions. The factor between
these, [G(L) - w], combines the finite-volume effects of the double pole, G(L), with the coupling to the 1+ 7 — 1
transition amplitude, w. The precise definitions of these quantities are given in Egs. (11), (34), (60) and (61) below.
We stress that the difference between Wy, 4¢ and Wyr only depends on the on-shell values of M and w.



The final step in the derivation is to relate Wy to the standard two-to-two transition amplitude, WW. The precise
relation, given in Eq. (108) below, has a complicated appearance due to the use of various indices. However, the basic
idea is straightforward. Wys is defined by subtracting the long-lived singularities [shown in Fig. 1(a)] from the full
transition-amplitude. The subtraction is shown schematically in Fig. 7 below. The subtracted terms have a simple
structure, given by the product the on-shell two-to-two amplitude M with the on-shell 147 — 1 transition amplitude,
w, separated by a simple pole. The pole has the same divergence as the intermediate propagator in Fig. 1(a). Thus,
if War has been determined using Eqgs. (3) and (4), then one can add back in the poles using Eq. (108) to reach the
experimentally observable transition amplitude.

As is common in this type of formalism, the combined angular-momentum and channel space of the matrices in
Eq. (3) is formally infinite dimensional. Thus the result can only be made useful by truncating the observables to
some finite-dimensional subspace. Such a truncation is well motivated at low energies, where the lowest partial waves
are dominant, provided that the quantities in question are smooth functions of their directional degrees of freedom.
This is true for w, M and Wy¢, and truncating these leads to simplified, useful expressions, as we demonstrate in
Sec. VI. As we also discuss in that section, truncating W directly is not justified due to the singularities in that
quantity.

We add two cautionary remarks about angular-momentum truncation. First note that neglecting higher partial
waves is somewhat subtle in this system due to the many different infinite-volume observables involved. While it is true
that w, Wy¢ and M all scale as p”f/ for small momenta, it is important to remember that the physics governing the
three quantities is different. In particular, in certain channels the QCD phase shifts are suppressed for a momentum
range that goes well beyond the p“‘[ regime, so that truncation of M works especially well. It may nonetheless be
the case that higher-wave contributions from w and Wys are important, and introduce a background on the target
partial wave that one aims to extract.

Second, we stress that the matrix R provides no truncation. This matrix encodes the linear combination of
infinite-volume angular-momentum states that reproduces a particular finite-volume state. In order to implement the
finite-volume boundary condition, an infinite-tower of angular momentum states with unsuppressed coefficients must
be combined. This is discussed, for example, in Ref. [40].

To gain a better understanding of R it is useful to consider the free theory, M = 0. In this case the finite-volume
two-particle states can be defined by interpolating two particles and then summing over degenerate states according
to the symmetry group of the finite-volume. For example, for vanishing total momentum (P = 0) and for a single
channel of nonidentical but degenerate scalars, the first excited state is given by summing over the six choices of
back-to-back momenta with magnitude k* = 27/L

1 ~
|E1, L) = 7 S B EY). (5)
Lk*/(2m)=1

This state can be easily decomposed into states with definite angular momentum

|E1)L> :ZAZM‘E17€7m>7 (6)

m

where
1 . 1 . .
Ao = VAT—=> Y (E*) . Ey, 0, E—/dﬂ»*Y’;nk*E7k*. 7
¢ ﬂ\/ézka() |1m>m i Yo (K7)| B, K7) (7)

Numerical evaluation shows that the first few non-vanishing coefficients,

{Aoo, Au s, Aso, Ao a4, Ac0. -~ } = {V6,V105/4,1/147/8, —V/273/8,1/39/32, - - }, (8)

are not suppressed with increasing ¢. As already mentioned, these are precisely the coefficients contained within R
evaluated in the non-interacting limit

. . Agl7m/ Az,m
/\1/%130 R£’7m/;€,m,(E17 0) - W ' (9)

We finally comment that the issue of partial-wave contamination is avoided in the K — w7 formalism of Lellouch
and Liischer since the kaon state only overlaps the S-wave two-pion state [37]. The issue is present in any formalism
involving matrix elements for which multiple partial waves are nonzero, i.e. the one-to-two systems studied in Refs. [40,
42, 43] as well as the present work.



FIG. 3: An example of a disconnected diagrams, which correspond to quantum corrections to the current’s vacuum expectation
value (VEV). The “V” labels explicitly depict that the loops must be evaluated in a finite volume. Although the disconnected
diagram must also be evaluate using finite volume Feynman rules, its finite volume effects are exponentially suppressed and
ignored in the present work. The fully dressed propagators are defined in Fig. 4(c). R' and £ denote generic infinite volume
functions. By defining a new current in which the constant VEV is subtracted, we ensure that such disconnected diagrams are
perfectly cancelled by the counterterms. Such diagrams are thus not considered in the present work.

One additional minor issue arises in this system, which is not present in studies of one-to-two transitions. This is
the possibility of disconnected diagrams, in which the current does not couple to the remaining particles, for example
that shown in Fig. 3. Such diagrams are only present if the current has vacuum quantum numbers with no energy
and momentum insertion. In this case the current may have a nonzero vacuum expectation value (VEV). The VEV
receives divergent quantum corrections which must be cancelled by counter terms and so generally its value cannot
be determined by the low-energy theory. Instead it must be fixed non-perturbatively from the underlying theory, and
then enforced in the low-energy theory via a renormalization condition. Having determined the vacuum expectation
value, one can also define a VEV-free current via

J'(x) = J(x) - (017 (0)]0). (10)

For J’ the renormalization condition is simply that all disconnected diagrams are cancelled identically by the counter
terms to ensure (0|7'(0)|0) = 0. In this work we assume that such a subtraction has been performed, and thus neglect
disconnected diagrams such as that shown in Fig. 3. This argument relies on the fact that in all such disconnected
diagrams, the particles in the loops attached to the current cannot simultaneously go on-shell. This means that the
finite-volume corrections to these diagrams are exponentially suppressed, and so the subtraction defined in infinite
volume is sufficient to remove all disconnected diagrams, also from the finite-volume correlators.

The relation between finite- and infinite-volume two-to-two matrix elements has already been studied in various
contexts. In Ref. [44], Detmold and Flynn give a relation between finite-volume matrix elements of n-bosons and
infinite-volume low-energy coefficients. This work expands the finite-volume matrix elements in powers of 1/L, keeping
terms through O(1/L5). In Refs. [16, 41] the authors use two different effective field theories (EFTs) to find a relation
between finite-volume matrix elements and infinite-volume observables in the lowest partial wave. This is done to all
orders in the strong interaction. While [41] uses an all-orders expression for the vertex coupling the hadrons with the
given external current, [16] only keeps a finite order of the low-energy coefficients. In the present article we present
an all-orders, model-independent relation between finite- and infinite-volume quantities.

Ref. [41] focuses on resonances and in particular on analytically continuing transition amplitudes to the resonance
pole. The authors of this work develop a scheme that combines the continuation with the removal of finite-volume
effects. Unlike our approach this reference takes a linear combination of matrix elements to cancel the difficult
diagrams involving the 1 + 7 — 1 insertions. The work also relies on multiple volumes to provide a fit that leads to
analytic continuation. Our result is complimentary to this approach: it has the advantage of giving a direct constraint
for the physically observable transition amplitude from each finite-volume matrix element and energy. It does so by
explicitly treating the effects of 1 + J — 1 insertions and this leads to complications in the result and derivation.
Furthermore, our result completely encodes the reduction of rotational symmetry, by accommodating partial wave
mixing in accordance with the symmetry group of the system (octahedral group or little groups thereof). We also
extend earlier derivations by accommodating any number of two-scalar channels, with identical or non-identical
particles with arbitrary interactions.

In addition to laying the foundation for the study of matrix elements of hadronic resonances, we envision that this
result will have an impact in extracting other phenomenologically interesting quantities. One prominent example is
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FIG. 4: (a) The scattering amplitude, M, is defined as the sum over all on-shell, amputated four-point diagrams. This can be
written in terms of the Bethe-Salpeter kernel (b) and the fully-dressed single body propagator (c¢). The Bethe-Salpeter kernel
is given by the sum of all amputated four-point diagrams which are two-particle irreducible in the channel carrying the total
energy and momentum. This quantity is useful in the present context because, for the kinematics we consider, the difference
between its finite- and infinite-volume form is exponentially suppressed in the box size. The same is true for the fully dressed
propagator.

related to the parity violating contribution to the two-nucleon scattering amplitude. It has been over half a century
since Lee and Yang first suggested the possibility of parity non-conservation in the weak interaction [45], which was
confirmed expermentially shortly thereafter by Wu et al. [46-50]. Modern day experimental [51-60] and theoretical
[61-65] studies have given attention to parity violating two-nucleon processes, where the strong interactions are most
precisely understood. These include proton-neutron fusion, p+n — d+y, and elastic proton scattering, p+p — p+p.

There has been a great deal of theoretical progress in parametrizing low-energy parity-violating processes in terms
of parity-conserving scattering parameters and the N + Jp — N7, Nt + Jp — Nm and NN + Jp — NN transition
amplitudes, with Jp being the parity violating part of the weak hamiltonian.? The first attempt to study such
processes in LQCD was made by Wasem in Ref. [68], where an exploratory calculation of N — N7 was performed.
This has inspired the CalLat Collaboration to begin efforts to determine all relevant matrix elements directly from
LQCD. Recognizing that two-to-two scattering phase shifts and their derivatives are needed to relate finite- and
infinite-volume matrix elements, CalLat has recently given the first determination of nucleon elastic scattering in
higher partial waves, up to £ = 3 [69]. This study relied on the the two-nucleon finite-volume formalism derived in
Refs. [70, 71].3

A final application of great interest would be the study of two-particle QCD states in fixed background fields.
Recently the NPLQCD collaboration exploited the use of auxiliary fields to determine the np — dv cross section [75]
and magnetic moments of light nuclei [76]. This approach used the fact that, at unphysically heavy quark masses, the
ground state of the channels considered are deeply bound and exponentially suppressed finite-size effects can be safely
ignored. In order to use the auxiliary field method for scattering states, and to account for the finite-size effects of
shallow bound states (such as the deuteron), the formalism presented here and subsequent extensions will be needed.

The remainder of this article is organized as follows: In the following section we describe the infinite-volume
quantities that enter this work. These include the 2 — 2 scattering amplitude, M, the 1 + J — 1 transition
amplitude, w, and the 2 + J — 2 transition amplitude, W, as well as the divergence-free amplitude, Wys. In Sec. III
we derive two identities needed to analyze the finite-volume two- and three-point correlators. These correlators are
used to access the relevant finite-volume matrix elements. In Sec. IV we use the first identity and review how to express
the finite-volume two-point correlator in terms of infinite-volume quantities and finite-volume kinematic functions.
Then, in Sec. V, we derive the analogous expression for the three-point correlator and reach our final result, Eq. (3).
In Sec. VI we describe various simplifying limits of our general result and also discuss subduction into irreducible
representations of the finite-volume symmetry groups. We conclude in Sec. VII. In Appendices A and B we give
important details about the finite-volume functions that enter our main result.

2 We point the reader to Refs. [66, 67] for recent reviews on the topic.

3 NPLQCD has also recently performed a thorough study of S-wave nucleon elastic scattering in Ref. [72]. In it the authors expands on
their previous efforts [73, 74], by placing the first constraint of the tensor nuclear force via lattice QCD.

4 In Ref. [77], Detmold and Savage used EFT methods to study two-nucleon states in the presence of an auxiliary field. Combining the
work presented there with this general formalism could lead to an EFT-independent formalism for auxiliary fields in finite volume
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FIG. 5: (a) The 247 — 2 transition amplitude is defined as the sum of all 2+ 7 — 2 amputated diagrams and can be written
in terms of the (b) 14+ J — 1 transition amplitude, (c¢) the weak kernel, and the QCD kernels and fully-dressed propagators
defined in Fig. 4.

II. INFINITE VOLUME 2+ J — 2 AMPLITUDES

In this work we present the relation between finite-volume matrix elements of two-particle states and infinite-volume
2 + J — 2 transition amplitudes. We derive this relation using a generic, relativistic, scalar quantum field theory.
Specifically we analyze the low-energy properties of finite-volume correlators in such a theory by summing a skeleton
expansion to all orders in perturbation theory using the techniques developed by Liischer [8, 9] and Kim, Sachrajda,
and Sharpe [12]. The analysis does not require defining a specific Lagrangian or power-counting scheme and is in this
sense very general. We stress that, because we are interested in low-energy correlator properties, we work with fields
that correspond to the low-energy degrees of freedom of the theory. For application to QCD, for example, meson
and hadron fields, rather than quark fields, should be used. In the present article we only consider (pseudo)scalar
particles, so that the applicability within QCD is limited to states composed of QCD-stable (pseudo)scalar mesons.

As we show in Secs. IV and V below, it turns out to be possible to group all finite-volume effects into known kinematic
functions and to express the finite-volume correlator in terms of these functions together with infinite-volume on-shell
observables. The finite-volume correlator can also be expressed in a spectral representation, by inserting a complete
set of finite-volume states between fields. Equating the diagrammatic and spectral representations gives the relation
between finite-volume matrix elements and transition amplitudes that we are after.

The infinite-volume quantities that emerge in our derivation are the on-shell 2 — 2 scattering amplitude, M, the
on-shell 1 + 7 — 1 transition amplitude, w, and the on-shell, divergence-free 2 + J — 2 transition amplitude, Wys.
We now explain each of these in some detail.

The scattering amplitude, M, is a standard infinite-volume observable, which can be decomposed into definite
angular-momentum contributions. For a system with NV open two-particle channels, each angular-momentum compo-
nent can be expressed in terms of N(N + 1)/2 scattering phase shifts and mixing angles. The scattering amplitude
appears both in the quantization condition for the finite-volume energy spectrum [8-10, 12-14, 16-18] and in the
relation between finite-volume matrix elements and infinite-volume transition amplitudes. This has already been
demonstrated in studies of 1 + J — 2 [12, 13, 17, 37, 39-43] and 0+ J — 2 [5, 42] transition processes.

In the context of our field-theoretic analysis, M arises as the sum of all infinite-volume, amputated 2 — 2 Feynman
diagrams, evaluated on-shell. This infinite series is organized in a skeleton expansion built from Bethe-Salpeter kernels
connected by pairs of fully-dressed propagators [see Fig. 4]. The Bethe-Salpeter kernels are defined as the sum of all
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FIG. 6: Shown are divergent contributions to the (a) 3 — 3 scattering amplitude and (b) 2 + 7 — 2 transition amplitudes.
Both of these are associated with an intermediate hadron going on-shell, equivalently propagating for an arbitrarily long time.
For the 2 + J — 2 transition amplitudes, these divergences are only present if the 1 + 7 — 1 subprocess is possible.

amputated four-point diagrams, which are two-particle irreducible in the s-channel (s-channel 2PI) [see Fig. 4(b)].
Here s = —P? refers to the Mandelstam variable. In other words the kernels are two-particle irreducible with respect
to propagator pairs carrying the total energy-momentum. Alternatively, the kernels are defined by Fig. 4(a) directly.
Given that the scattering amplitude on the left-hand side equals the sum of all four-point diagrams, one can infer
which diagrammatic pieces must be included in the kernels. Note that it is only possible to accommodate all topologies
by also using fully-dressed propagators [see Fig. 4 (c)]. The motivation for this expansion is to explicitly display all
intermediate states which can go on-shell, given the restriction that the total energy lies below the lowest three- or
four-particle threshold. In the analysis of the finite-volume correlator, all power-law finite-volume effects are due to
such on-shell intermediate states.

We now turn to the 1+ .7 — 1 transition amplitude, which we denote w. This is given by an infinite-volume matrix
element of an external local current, 7, between one-particle states

wag’bQ(Pf — k; R — k) = <Pf — k, 0,2|L7(0)|]3z — k, b2> s (11)

where (Py — k,a2| and |P; — k,b2) are infinite-volume single particle states with the first entry indicating the on-
shell four-momentum and the second indicating particle flavor. These are assumed to have standard relativistic
normalization

Py — k,a2|P; — k,a2) = 2waar(21)283 (P — P;), 12
f f f

where wyor = /(Py — k)2 +m2, is an example of notation used extensively below. The 1 + J — 1 transition
amplitude can also be defined as the sum of all diagrams with one incoming and one outgoing scalar, both amputated,
together with one insertion of the current [see Fig. 5(b)]. In contrast to the 2 — 2 scattering amplitude, this transition
amplitude does not contain any on-shell intermediate states for the kinematics that we consider. For this reason the
difference between the finite- and infinite-volume versions of the 1 + 7 — 1 amplitude are exponentially suppressed.

The remaining infinite-volume quantities that appear in our formalism are the 2 4+ J — 2 transition amplitude,
W, together with a subtracted, divergence free transition amplitude, Wys. The former quantity, W, is a standard
infinite-volume observable which may be expressed as a matrix element

Wab(Pfap7 szk) = <Pf,p,a,out|j(0)|Pl-, kvbv in> . (13)

Here we have introduced |P;, k,b,in) as a two-particle in-state with P; denoting total four-momentum, k the four-
momentum of the particle with mass m;; and b denoting particle flavor. Of course both k and P; — k must be on-shell
four-vectors in this asymptotic state. Similar definitions hold for the two-particle out-state. As with the single particle
states, these are assumed to have standard relativistic normalization. YW can also be expressed, in direct analogy to
the scattering amplitude, as the sum of all infinite-volume, on-shell, amputated 2 — 2 Feynman diagrams with a
single insertion of the external current included at all possible locations [see Fig. 5]. As compared to M, the skeleton
expansion for W includes two new functions in addition to the Bethe-Salpeter kernel.

The first of these is the 1+ 7 — 1 transition amplitude discussed above [see Fig. 5(b)]. When used in the skeleton
expansion for W this quantity must be extended to off-shell four-momenta. The second new function in the expansion
for W is an extension of the Bethe-Salpeter kernel, defined as the sum of all 2 — 2, s-channel-2P1I diagrams with an
insertion of the external current [see Fig. 5(c)]. We will refer to the latter as the weak Bethe-Salpeter kernel. In EFTs
it is common to replace these kernels with a finite number of low-energy coefficients that are expected to reproduce
the dominant effects of the interactions. The EFT insertions are typically referred to as one- and two-body currents.
In this work, we make no approximation on the functional form of these building blocks. Instead we take them to be
general functions, assuming only that they are smooth and slowly varying.

Although the scattering amplitude only has poles when the energy of the particles coincides with a bound state,
the transition amplitude has other kinematic singularities. This is reminiscent of the 3 — 3 scattering amplitude as
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FIG. 7: Shown is the diagrammatic definition of the divergence free transition amplitude, Wg¢. This is written in terms of the
full transition amplitude, W [defined in Fig. 5(a)], the 1+ — 1 amplitude [defined in Fig. 5(b)] and the scattering amplitude
[defined in Fig. 4(a)]. The dashed cuts indicate that a simple pole is used in place of the propagator and that adjacent quantities
are evaluated on-shell.

discussed in earlier work by one of us [19, 20]. For both the 2+7 — 2 and 3 — 3 systems, the physical, infinite-volume
scattering observable is known to diverge at certain kinematics due to arbitrarily long lived intermediate states. For
three-to-three scattering the divergence arises from a diagram with two pairwise scatterings and a single internal
propagator, see Fig. 6(a). If the external kinematics are chosen to put the intermediate propagator on shell then the
amplitude diverges. Similarly, in the case of two-to-two scattering with an external current, the two-to-two amplitude
diverges due to diagrams where the current is attached to an external leg. The divergence occurs when the external
momenta are tuned such that the internal propagator, attached to the current, goes on-shell, see Fig. 6(b).

Also common between the 2 + 7 — 2 and 3 — 3 systems is that, in each case, the observable of interest includes
physically observable subprocesses. In the case of 3 — 3 scattering this is the 2 — 2 amplitude, and in the case
of 2+ 7 — 2 it is the 1 + J — 1 subprocesses, as well as the 2 — 2 amplitude. These subprocesses completely
dictate the form of the divergences exhibited in Fig. 6. Thus, by constraining them separately, one can determine
a subtraction which renders the observable of interest finite. Indeed, it turns out that the finite-volume spectrum
directly depends on these finite functions, in which the long range divergences have been subtracted off. In the case
of three-to-three scattering the subtracted quantity introduced in Ref. [19] is denoted Kq¢ 3 and in the present work
we denote the subtracted 2 + 7 — 2 amplitude by Wys. We stress that, since the modifications contain only known
subprocesses with on-shell kinematics, once the infinite-volume, divergence-free quantity is determined, one can add
back in the long-distance piece to obtain the full, model-independent result.

In Fig. 7 we give the diagrammatic definition of Wys and the explicit form is given in Eq. (106) of Sec. V below. This
turns out to be much more straightforward than the definition of K4¢ 3. For W, the only divergences that arise are
those due to the tree-level graph of Fig. 6(b). Thus the subtraction needed to convert W to Wy is a simple product
of on-shell scattering amplitude M, the 1 + J — 1 transition amplitude, w, and a simple pole. By contrast, the
definition of KCg¢ 3 involves an integral equation, associated with the need to remove a more complicated singularity
structure in the three-particle analysis.

In the following sections we analyze the finite-volume correlator to show how it can be written in terms of M, w,
War as well as two types of finite-volume functions. We postpone the detailed derivation of this to Sec. V. To arrive
at the final result, we must first understand how to evaluate the momentum sums that arise in the finite-volume
correlators. This is done in Sec. III. In Sec. III A we review the necessary steps for evaluating the standard finite-
volume two-particle loops already studied in Refs. [12]. In Sec. III B we evaluate the new type of loop which arises
from the nonzero values of the 1+ 7 — 1 amplitudes. We arrive at two identities, Eqs. (24) and (62), which are then
applied to reduce the finite-volume correlators.

III. LOOP FUNCTIONS IN FINITE VOLUME

The main result of this work, Eq. (3), follows directly from our analysis of two- and three-point correlation functions
defined in a finite, cubic, spatial volume with periodic boundary conditions. In this section we derive the necessary
tools to rewrite such correlation functions in a useful form. The finite-volume three-point function closely resembles
the infinite-volume transition amplitude, Fig. 5. One can arrive at the finite-volume correlator from the transition
amplitude by evaluating all loops in a finite volume (summing rather than integrating loop momenta) and attaching
interpolating operators to the external legs. A diagrammatic representation of the three-point function is given in
Fig. 8 below. Examining Fig. 5 (or Fig. 8 below) makes clear that we must evaluate two classes of finite-volume loops,
those with and without the 1 + J — 1 subprocess.

Defining L to be the linear extent of the spatial volume, we recall that the periodic boundary conditions constrain
the momenta of individual particles to be discretized, satisfying p = 27n/L, where n € Z3. It is for this reason
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FIG. 8: Shown is the full two-to-two three-point function. The one-particle propagators and Bethe-Salpeter kernel are defined
in Fig. 4. The 1+ J — 1 and weak kernels are defined in Fig. 5. The overlap factors with the source and sink, Bf and A
respectively, will be defined in Sec. IV.

that spatial loop momenta are summed rather than integrated. The time-components of all momenta continue to
be integrated since we take the coordinate time direction to have infinite extent. In this section we are interested
in evaluating the difference between finite-volume (summed) and infinite-volume (integrated) two-particle loops. We
will see that the summands arising from such loops result in power law, 1/L™, corrections to

LR

ke(2n/L)Z

Generally speaking, if the function f(k) is smooth (infinitely differentiable), one can show that this difference vanishes
for large L faster than any power of L~™". As discussed extensively in the literature, this has an interesting physical
consequence: power-law finite-volume corrections appear only in diagrams where the intermediate particles can go
on-shell. The number of particles that can simultaneously go on-shell depends on the energy of the system as well
as the masses of the asymptotic degrees of freedom. In this work, we restrict our attention to energies where only
two-particle states can go on-shell. Consequently, O(L™™) corrections emerge only from two-particle intermediate
states. In the context of QCD, the neglected exponentially suppressed corrections take the form O(e~™=L), where
my is the pion mass. Thus the formalism derived here can only be applied to systems satisfying m,L > 1.

As already mentioned above, in the analysis of finite-volume two- and three-point correlators there are two classes
of subdiagrams that give rise to power-law corrections. The first correspond to standard two-particle s-channel loops
[see Fig. 9]. This was first studied in Refs. [8-10, 12, 13] and we review the result in Sec. IITA. We stress that the
finite-volume loops adjacent to the weak Bethe-Salpeter kernel [defined in Fig. 5(c)] are also accommodated using the
more standard two-particle loops.

The second class of subdiagrams is specific to three-point correlators for systems with 1+ .7 — 1 subprocesses. The
presence of 1+ 7 — 1 subprocesses in the intermediate loops and the resulting new class of power-law corrections is
the central complication addressed in this work. These effects were first pointed out in Refs. [16, 41]. In Sec. IIIB we
find a parametrization-independent expression for such finite-volume diagrams which accommodates any number of
two-scalar channels with identical or non-identical particles, which, in the latter case, can have either degenerate or
non-degenerate masses.

A. Loop function without 1+ 7 — 1 contributions

In this subsection we consider the standard s-channel two-particle loop with no 1+ 7 — 1 subprocesses. With the
exception of minor notational differences, this closely follows the derivation presented in Ref. [12] and also discussed
in our previous works [42, 43]. We are interested here in the difference between finite- and infinite-volume expressions,
which we refer to throughout as the finite-volume residue. We work with the Euclidean metric, p?> = p? + p2. With
this convention the free scalar propagator is given by

1
A free(p) = P m (15)
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@ - - = —L(P) F(P,L) R(P)

FIG. 9: As discussed in the text, the difference between the finite- and infinite-volume two-particle loops can be written using
the finite volume matrix F(P, L), Eq. (25), left- and right-multiplied by the on-shell endcaps £ and R'.

We label the fully dressed propagator as A(p), with the “free” subscript removed
Ai(k) = [atae = ora@pel ) (16)

where @ is the single particle interpolating field. We choose ® with unit wave-function renormalization so that
A and Agee coincide at the pole. For the energies of interest, the difference between the finite- and infinite-volume
propagators is exponentially suppressed, and we thus use the infinite-volume propagator throughout. To accommodate
any number of two-particle channels, we introduce a channel label, a. Quantities that depends on the channel, will
receive a subscript a. For single-particle quantities we must specify the particle in the given channel. We do so with
the labels al and a2. For example, the al propagator will be defined as A (k).

We now proceed to analyze the general sum-integral difference

N.
FrL = Zga
a=1

where &, is the symmetry factor of the ath channel, equal to 1/2 if the particles are identical and 1 otherwise.
L,(P,k) and R} (P, k) are generic functions which we require to be smooth for total energy below the lowest lying
three- or four-particle threshold. In the following section the Bethe-Salpeter kernel and weak kernels will appear in
place of these functions. Since the endcap functions are smooth, we find that O(L~") corrections arise only from the
singularity of the single particle propagators.

To identify these power-law contributions, we first perform the integral over ky. We do this by closing the contour
in the upper-half of the complex k4 plane. The closed contour encircles a single particle pole at ks = iw,1, where
wa1 = V/m?2; + k2, as well as an infinite tower of branch cuts associated with multi-particle states. However, as is
demonstrated in Refs. [8, 9], the contributions from the latter are smooth functions of k and thus result in exponentially
suppressed corrections when one acts with the sum-integral difference. This leaves us with the sum-integral difference
on the single-particle pole

2

% zl /% La(P,k)Aa1 (k) Aaz(P — k)R (P, k), (17)

N
= 1 Ay (P — k)
= o |7 Lo(P -k k)—=—RI(Pk : 18
Fi=do |3 | ear -k SR (15)
a=1 1=1wa1
Next we use the fact that Ao (P — k) evaluated at k4 = iw,; has a single-particle pole of the form
—[2wa2(E — wa1 —waa +i€)] 7t where wae = /(P — k)2 + m2, and where we have introduced the physical total energy
in the moving frame E = —iP,. Indeed the difference between A, and this single particle pole is a smooth function
which results in an exponentially suppressed contribution to Fr,. We reach
Yo 1 1
Fr==) &|= Lo(P—kk RL(P — K,k : 19
R L o N e i (UL (19)

The final step in reducing 7, is to replace L,(P — k, k) and R} (P — k, k) with projected forms, in which P —k and
k are both on-shell four-vectors. This is justified because the difference between on- and off-shell values vanishes with
the pole, resulting again in a smooth piece that can be neglected in the sum-integral difference. To define the on-shell
projection we first introduce k’; as the spatial part of the four-vector (w¥;, k) which is reached by boosting (wq1, k)
with boost velocity —P/E. In other words, k; is the momentum of particle one in the two-particle CM frame. We

use this new coordinate to define new functions

Lo(PX) = Lo(P — k, k) . REPX) =RIP -k k) . (20)

ka=iwag1 ki=iwq1
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The functions only differ in the frame used to define momentum coordinates. We next note that P — k is on-shell if
and only if [k;;| = k! = ¢} where ¢} is defined via

\/q*2+mal+\/q*2+m (21)

where we have introduced E* for the center of mass (CM) frame energy, satisfying E*2 = E? -P? = —P? —P?=_p2,
Thus, the on-shell projection is effected by replacing k* — ¢* in R, and L£!. The resulting functions depend only on

~ %
k, and E* and it is convenient to decompose in spherical-harmonics, defining

La(P,giky) = > VAT Yo (k,) Latm(P), RI(P, ¢k, Z\f Yo (k)R (P). (22)
m

At this stage we encounter a subtlety with the on-shell projection. As we have already stressed, the difference
between the functions £, and R}, appearing in Eq. (19) and the on-shell projections of Eq. (22) vanishes for £ —wq; —
wa2 = 0. As a result no power-law finite-volume effects appear from the one-particle pole in such an on-shell/off-shell
difference. However the on-shell functions of Eq. (22) do have singularities near k), = 0, due to the unit-vector varying
rapidly in this region. These singularities, which are unphysical and were introduced by our projection, generate
artificial power-law finite-volume effects if the on-shell functions are directly substituted into Eq. (19). This motivates
us to define a modified on-shell projection

Loon(PC) ZW( >Y£m( an(P) Rho(PK) ZF(“)Y* (KR!, (P (23)

We have presented a number of closely related definitions involving £, and R} and so we think it is helpful to
summarize these before giving our final form of F;. To avoid repetition, we describe all steps in terms of £, only.
Beginning with £,(P — k, k), we first performed the k4 integral and found that only the term with k4 = iw,; gave
power-law finite-volume effects. In this way one of the two four-vectors in £, was put on-shell. We next defined
a coordinate change to introduce £, (P, k) in Eq. (20). This put us in position to define the on-shell partial wave
contributions Laem (P) in Eq. (22). Finally we used these to define £, o, in Eq. (23). Only this final quantity has
both desired properties of being everywhere smooth and only depending only on on-shell values of L,.

Finally we replace Lo (P — k,k)R(P — k, k) — Laon(P, k)R oo (P k) in Eq. (19), and deduce

]:L = —ﬁalm(P)Faém;a’Z’ (P L)R "'m (P) = _‘C(P)F(P’ L)RT(P)’ (24)

where the matrix elements of F(P, L) are defined as

1 AT Yy (k)Y (K, kY
Faern;a/e/,rn/(P’L) Edaa'fa [E’,i] ™ fn( a) Zm( a) - (a) . (25)

2wa12wa2 (E — wa1 — waz + i€) \ ¢

In Appendix A we give an alternative form of F' that is more convenient for numerical evaluation.

B. Loop function with 1+ 7 — 1 contributions

In this section we evaluate the finite-volume loop with a 1 + 7 — 1 subprocess. Once again, we are interested in
the difference between the finite- and infinite-volume expressions,

Ne

gL = Z [l; ¥‘| /%Ij: ,Ca(Pf, k)Aal(lﬂ) [AGQ(Pf — k)’u)agybg(Pf — k,Pl — k)AbQ(PrL — k)]Ri(PZ,k) + (]. — 2),
a,b=1

(26)

where wqa p2 (Pr — k; P; — k) will play the role of the 1+.7 — 1 contributions in the finite-volume correlator analysis of
the next section. We explain the (1 <+ 2) contribution in the paragraph after next. Note here that, since the external
current can insert momentum, the incoming and outgoing two-particle states may have different momenta, which we
label P; and P;.

Before starting the analysis of G, we comment here on how the expression given above can be used to efficiently
handle our general set-up with identical or non-identical scalars, possible non-degeneracy in the latter case, and also
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with any number of open two-scalar channels. Observe that we have included two channel indices, a and b, to label
separately the two-particle pairs appearing before and after the current. Of course the first particle, labeled al, is not
attached to the current and therefore cannot change. We will see below that it is convenient to nonetheless think in
terms of two two-particle channels, and to identify al = b1 so that labels can be exchanged to simplify expressions.
Further, we require that the set of open channels used here is identical to that used for the simple loops in the previous
subsection. This requires extending w by defining wg2 32 = 0 for all channels a and b which do not contain a common
particle (or which contain particles that simply do not couple to the current). Similarly we may need to include zeroes
in the channel-space matrices for the Bethe-Salpeter kernel, to accommodate channels that only couple with the weak
current. In short, always using the same (maximal) channel space and setting kernels to zero where necessary greatly
simplifies the expressions that appear.

Along these same lines we note that not all possible cases can be accommodated using only 1 + 7 — 1 transitions
that couple to the particles labeled a2 and b2. For example, suppose that a given pair of channels a and b have exactly
one particle in common, and therefore only admit a single such transition. Then we are free to label the non-identical
particles a2 and b2. However, when these channels are coupled to a third channel, ¢, then transitions such as wq1,c1,
wp2,c1 can arise. In addition, even in a two-channel system, if the particles are non-identical but the two channels
are, then separate wg1 51 and wg2 p2 transitions can arise. The most straightforward way to accommodate all possible
scenarios is to include all four 1 + J — 1 transitions wg1,p1, Wa1,62, Wa2,b1, and We2 p2 and define these to vanish as
required. One subtlety with this approach is that redundant, identical contributions arise in channels with identical
particles. These can be easily removed with symmetry factors, as we show below. In the following we first restrict
attention to channels with a single wg2,2 coupling. We then show how the remaining terms can be easily included in
our final result, Eq. (62) below.

As in the previous subsection, we first perform the k4 integral and discard the smooth contributions to reach

Ne
gr=>_ l[}g zl o La(Py, k) [Da2(Pr = k)wazs2(Pr — ki Pi — k) Aua(P; — k) R} (P, k) . (27)

a,b=1 2wa1 ka=iwa1

In order to reduce the remaining expression, we once again use the fact that the poles of the integrand give rise to all
power-law scaling in the sum-integral difference. Unlike Eq. (17), this sum has two poles due to the two remaining
propagators and for this reason it is more difficult to identify how all power-law contributions depend only on on-shell
quantities.

To demonstrate this on-shell dependence nonetheless, we first define on-shell projections of w2 p2 (P — k; P, — k).
This proceeds exactly as in the previous subsection, by first defining a new coordinate system for the 1 + 7 — 1
amplitude. In contrast to above, however, here we have two frames to choose from. We thus define both (w}, , ki ¢)

and (wjy;, ky;) by boosting (we1,k) by —Pf/E; and —P;/E; respectively. This allows us to introduce
Waz,p2( Py, Ky 15 Piy k) = waz p2(Pr — k; P — k) . (28)
k4:iwa1

Here we have treated the k dependence in Py — k differently from that in P; — k as this will be convenient in the
following steps. Continuing as above, we now define on-shell spherical-harmonic components

wa2,b2(Pf>q:§ff<af;Pivqgil;bi) =dm Z mef(f(af) wa2,b2;é’m’;€m(Pf7Pz‘) Yém(f(bi)a (29)
' m’ Lm
waz,b2(Pr. K5 Piy g k) = VAT Y wazpooftsem (Pr K 53 Pi) Yom (Ky;) (30)
L,m
waz,b2(Pr, 4 Ko ps P ki) = VAT > Y (Ko p) Waz p2im o (Pr; Pi Kpy) (31)
o.m!

Here we have introduced ¢;; and ¢ Iz defined via

;= \Jai2 +miy a2+ miy. (52)
B = \/QZ? +mgy + \/qéfc +mZs . (33)
In Eq. (30) the subscript “off” indicates that the final state is off-shell, whereas in Eq. (31) it refers to the initial

state. All remaining coordinates are on-shell. We comment that these definitions are very similar to those of Eq. (22)
above. The main difference is that we now have two sets of coordinates and have included the possibility that one set
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is off shell while the other is on shell and decomposed in harmonics. We are now ready to give the various on-shell
projections which are also smooth near kj;, k;, ; = 0

k* V4 . . k* 4
Wa2,b2,0n,on = 4m Z (Zf) }/[Tm’(kaf) waQ,bQ;Z’m’;ém(Pfa Pl) }/Zm(kbz) (T) ) (34)
vmrem \daf Qy;
e (kN

Wa2,b2,0ff,on = V 4 Z waZ,bZ;OH;Zm(Pf7 ka; Pz) }/Em (kbz) < iz) ) (35)

l,m bi

i\ . )

Wa2,b2,0n,0ff = V 4 Z <q*f> Yzjm/ (kaf) wa2,b2;€’m/;off(Pf; Pi7 kbi) . (36)

o m! af

Here we have included a pair of subscripts drawn from “on” and “off” on each quantity, indicating whether the
incoming and outgoing coordinates are on- or off-shell.

Unlike in the previous subsection, we cannot replace wq2 2 in Eq. (43) with any of these quantities directly. The
problem is the double pole structure. Here we explain in detail how to circumvent this challenge. We first rewrite the
partially off-shell w as

Wa2,b2 (Pf - kv Pz - k) = Wa2,b2,0n,0n + [5w]a2,b2,off,on + [’w(s]aQ,bQ,on,off + [5w5]a2,b2,oﬁ,of‘f ) (37)
k4=iwa1
where
[6w]a2,b2,off,on = Wa2,b2,0ff,on — Wa2,b2,0n,0n ; (38)
[wé]aQ,bQ,on,off = Wa2,b2,0n,0ff — Wa2,b2,0n,0n » (39)
[6wa]a27b27off,oﬁ = Wqa2,b2 (Pf -k P — k) + Wa2,b2,0n,0n — Wa2,b2,0ff,on — Wa2,b2,0n,0ff - (40)
k4:iwa1
Similarly we rewrite the endcap functions as
La(va k) = La,on + LCSu,off ) (41)
k4:iwa1
,R’lt (P’H k) = ,R’Z,on + 6RZ,OH : (42)
k4:iw,,,1

where L, on and R}: on are defined in Eq. (23) above and where the definitions of £, o and 5RZ off can be trivially
inspected from the f)receding equations. 7

The utility of this notation is that any function with a § on the left (right) side, vanishes precisely when the pole
on the left (right) diverges. Thus we can rewrite Gy, as

N,
< 1 .
G = i Z: Sou (£ + L6)a [Dazg + Syl [w + 0w + wd + 6w] 45 4y [Diai + Si] [RT + R, (43)
a,b=1 L | a
N. T -
N | ! 1 T
- ab=1 L? ¥ 2wWa1 (ﬁaD“waaZwDbzsz

n {[L + £8)o [Dazs + S5] [w + 6w 43 5 — LaDaz fww,w} DyiR] (44)
+ L,Dazy {[w + w0 45 4o [Do2i + Si [RT + R, — waQ,bQDbZiRZ} ) )

where we have introduced
1
72Wa2f(Ef — W1 — Waaf +i€)
_ 1
T 2wpi(By — wpt — wpzi +d€)

Da2f =

Sf = AaQ(Pf - k)|k4:iwa1 B

Si = Apa(P; — k)‘mziwal -
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with waap = \/(Pf — k)2 +m2, and wy; = /(P; — k)? + mi,. Note that Sy and S; are smooth, by construction, in
the vicinity of the single-particle pole.

In Eq. (43) we have simply substituted our definitions and in (44) we have discarded smooth terms and arranged
the remaining terms according to the number and type of poles. We have left the “on” and “off” labels implicit to
reduce clutter, and note that £,R" and w in the above expressions are completely projected on-shell. Similarly the
incoming (right-side) coordinates of dw and the outgoing (left-side) coordinates of wd are on-shell. Thus, Eq. (44)
makes explicit the fact that poles, together with sum-integral differences, project the neighboring functions on-shell.

We simplify further by rewriting the terms in curly braces in Eq. (44). At this stage we also return to the completely
general case in which all possible 1+ .7 — 1 couplings are included. This means that we sum over wg1p1, Wa1p2, Wa2b1
and wgop2, with the understanding that some of these will vanish in most cases. We define

Ne

[LAw]0qs = Z {ﬁa (Aal(Pf — k)Wa1,p2,0ft,0n + Da2(Pf — k)wa2,b2,off,on)
a=1
— Laon (Da1fwa1,b2,on,on + Da2fwa2,b2,on,on) (47)
+ L, (Aa1(7€ — P + Pf)Wai pi,0ff,on + Da2(k — P + Pf)wa2,b1,off,on)
— L4 ,0n (ﬁalfwal,bl,on,on + Da2fwa2,bl,on70n):| ,
Ne
Sat[wART], = |:(wa2,b1,on,offAb1(-Pi — k) + Wa2,b2,0n,0 A2 (P — k)>RZ
b=1
- (waQ,bl,on,onDbli + wa2,b2,on,0nDb21‘>RZ,on (48)
+ (wal,bl,on,oHAbl(k — P+ P;) + Wa1,52,0n,088p2(k — Py + Pi))RZ
- (wa1,b1,on,on5b1i + wa1,b2,on,onpb2i>73;on] ,
where we have introduced
_ 1
Dars = %o (B — Warf — Waz + i€) (49)
Dui == 2wp1 (E; — w:u — Wy + i€) (50)
with
oz = \/(Pi — K2 +m2y . Ty =/(Py — Py + k)2 4 m2,, (51)
waE\/(Pffk)2+m§2, wbliz\/(PifPerk)ermgl. (52)

All other terms appearing in Eqgs. (47) and (48) can be obtained by switching the labels associated with the particle
coupling to the external current with that of the spectator. For example Dys; is defined as

_ 1
Dy = — _ 53
& 2Wp2i (E; — Whai — We1 + te€) (53)

where

G = \/(Py — k)2 +m3, G = /(P — Py + )2 4, (54)

Note that these expressions are valid for all types of channels and further accommodate all possible couplings to w.
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FIG. 10: Shown is the diagrammatic representation of Eq. (55), depicting a two-particle loop with an external current coupling
to one of the intermediate particles. The first term on the right-hand side represents the finite-volume residue from the double
pole, in which both the endcaps and the one-body current are projected on-shell. In the second and third terms, both in square
brackets, only the momenta on one side of the current are on-shell. The careful analysis in the main text ensures that we have
captured all power-law effects without overcounting.

Substituting these definitions, we reach

N. 1
-5 3 a& Lszj

a,b=1s,t=1,2

1 1 1
© a . - T 55
I3 ¥‘| 20a1 {[E w]bédf} |: 2Wb2i(Ei — Wy — Weai + Z€):| Rb70n ( )

1 1 1
T3 o *~a,on |— A Ta .
I3 zj] 2wa1 L, { 2wa2p(Ey — wa1 —wa2f+i€)} {5df[w RT] }

Here we have also explicitly shown the form of the remaining poles. The symmetry factors £, and &, are included
because, in the case of identical particles, the first term is overcounted. Finally, we have included particle indices s, t
which are summed over 1 and 2. The slashed notation indicates the particle not labeled by the index, for example for
s =1 then ¢ = 2. This result is diagrammatically depicted in Fig. 10.

The quantities [LAw]ydaqr and dqr[wART], in Eq. (55) are smooth functions which include off-shell coordinate
dependence arising from the first two terms in Eqgs. (47) and (48). However since these factors only appear in terms
with a single pole, we may proceed as in the previous subsection and replace them with on-shell projections. As
explained previously, this is justified because the difference between on- and off-shell functions vanishes at the pole
resulting in a smooth summand with a negligible sum-integral difference. We define

1 Waqs,bt;on,on 1 +
2wasf(Ef — Wag — Wasf —+ ’iE) 2wa¢ 2wbn—(Ei — Wyt — Whti + ie) b,on

La,on

(CAwloat(Pr, Prsgivleys) = Vim Y [[LAwdur| | (Pr.Py) Yom (ki) (56)
Lm
bas[wART(Py, P,y fhog) = Var Y [balwdRY.| (PrP) Vi, (k). (57)
£,m sk

As above, due to singularities near ky;, k, , = 0, we cannot substitute this directly but instead take

N\ £
(CAWar(Py. Pk) — Var Y [[CAwlsdac| | (Pr. ) Yo (ky) <qb> , (58)
4m m bi
« l
baslwARYo(Pr, Prk) — Var Y [barlwARY|  (Pr.P) Y, (ki) <qf> : (59)
lm m af

We reach our final form for G;, by substituting these projections for the endcaps as well as Eqs. (34)-(36) into
Eq. (55) and grouping the spherical-harmonics into the finite-volume quantities. For the second and third terms this
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FIG. 11: Depicted is the diagrammatic representation of the two-point correlation function in a finite volume for energies
where only two-particle states can go on-shell. Although not explicitly shown in the diagram, we accommodate any number of
two-particle channels. B and A denote the creation and annihilation operators respectively. The kernels and propagators are
defined in Fig. 4.

results in factors of F, defined in Eq. (25) above. For the first term, a new quantity arises

szzfmf,a’f/fm’f;b’Eém;,bKimi (Pf7 Pi? L) =
Bu Oy | LAYy o)V, (ap) (ke N ATy (i) Vi, (i) (ki (60)
aa’Tbb/ L3 ¥ 2wa¢ 2wasf (Ef — wa¢ — wasf + ie) qu 2wbt,- (El — wbt — Whti + ie) q;i '

It is further convenient to introduce notation that contracts a tensor with four sets of channel and spherical-harmonic
indices with a tensor that has two,

(G(L) - wlatympeim, (PrP) =Y €a€sGatymy artmtims beom, (Prs P L) Warstrvemisem: (PriPr) . (61)
s,t=1,2
This leads to a compact result for Gy,
G = L(Py)[G(L) - w](Py, P)R(P;) — L(Py)F(Py, L) {Sar[wART(P;) } — {[LAw]dac(Py)} F(P;, L)RY(P;).  (62)

In Appendix B we describe how to reduce the function G to a form which is more amenable for numerical evaluation.
This analysis also shows that G is a well defined function which is finite away from the free-particle poles.

IV. TWO-BODY TWO-POINT FUNCTION

In this section we review the derivation of the two-point correlation function. We closely follow Refs. [12, 17, 43].
The first two of these developed the necessary tools to study the pole of the finite-volume correlation functions
involving any number of open channels and generic masses. The third demonstrated how one may interpret the
overlap factors of the interpolating operators.

When defining a momentum space correlator one has the choice to project either the source or sink or both operators
to the desired total momentum. We choose to project the sink and so define

CL(P) = /L dz e [T A@B O)0)] | (63)

where A and B are two-body interpolating operators defined in position space. This is the definition of the correlator
that is most easily represented diagrammatically. Another convenient definition is one where the source and sink are
both projected to a definite spatial momentum and time,

Cu(as — ya,P) = / dx / dy e [T A@)B )]0)] (64)

This definition is more closely related to that used in numerical lattice QCD calculations.
We begin by rewriting Cr, (x4 — y4, P) by inserting a complete set of finite-volume states

Cules =i P) = [ dx [ dy P09 0TA@B 0] (65)
= /LdX/Ldy e P (x=y) Z |:<0|.A(-/I;47X)|En;P;L>:|L [(EmP,L|BT(y4,y)|O>}L, (66)
- /de/Ldy 7 e Eur ) (0L A(0) B, P )| [(En PLLIBYO)10)] (67)

= I8Y e Pnpnleau) {<0|A(0)|Em P, L)] ) [<En, P, L|BT(0)|0>] r (68)

n
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The []; notation makes explicit that the states and operators have been defined in a finite volume. This spectral
decomposition is used in analysis of lattice QCD calculations, to access the finite-volume spectrum and matrix
elements.

To give meaning to these quantities in terms of infinite-volume observables, we proceed to evaluate Cp(P) using
finite-volume Feynman diagrams as depicted in Fig. 11. To reduce these we use Eq. (24) to separate finite- and
infinite-volume quantities. Indeed for the two-point correlator it is possible to group all infinite-volume diagrams into
two types of infinite-volume quantities. The first type consists of infinite-volume matrix elements

Zﬁm(P) = <0|A(O)‘_iP4aPaa7€a m, 1H> ) (69)
B}y, (P) = (—iPy,P,b, 0, m’ out|BT(0)]0). (70)

Here |E,P,a, ¢, m,in) and (E,P,b, ¢, m,out| are in and out states that have been projected onto the ¢ partial wave.
These are related to the states used in Eq. (13) above by

Pk, a,in) = VAT > Yy m(k,:)|—iPsi, Pi,a, £,m, in), (71)
Lm

(Pf, k,b,out| = Var > Vi, (kyp)(—iPa g, Py, b, £,m, out] (72)
£m

The second type of infinite-volume quantity which appears is the 2 — 2 scattering amplitude, which can also be
decomposed into definite angular momentum states. In the single channel case each angular-momentum component
of the scattering amplitude is directly related to the scattering phase shift, d,, via

_8rET 1

P)=——F—. 73
Me(P) &q* cotdp —i (73)

For general coupled channels the relation is more complicated [17]
iMy(P) =P [Sy(P) —I]P". (74)

where for N open two-particle channels Sy is a unitary N x N matrix with N(N + 1)/2 real degrees of freedom, I is
the NV x N identity matrix, and

1
P= \/ﬁdiag (\/§1QT7\/§2q§7-~-’\/qu7v) . (75)

We view the b — a scattering amplitude, M, as a matrix in the same afm space on which A* and B are defined
Maé’m’;b[m(P) = 5m'm6Z’ZMab,Z(P)7 (76)

with no sum on ¢ here.

With these matrices in hand we are ready to give the final result for the finite-volume correlator. We do not derive
the expression for the momentum-space finite-volume correlator here, but simply state the result which is derived in
Refs. [12, 17]

Cr(P) = Cx(P) — A*(P) B*(P). (77)

F-1(P,L) + M(P)

The finite-volume correlator has poles whenever

1
) 78
FI(P.L)+ M(P) (")
has a divergent eigenvalue, or equivalently whenever [16, 17]
det[F~Y(P,L) + M(P)] =0. (79)

This is the standard quantization condition for any number of two-boson channels in a finite volume [8-10, 12, 13].
This has also been generalized to systems with arbitrary spin in Ref. [18], but here we restrict our attention to scalar
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particles. Having determined Cp(P), we can obtain Cf (x4 — y4, P) by performing a Fourier transform in P, and
multiplying by a factor of L3 [12, 17]

P, .
Cr(wg —ys,P) = L° / %elﬂ(m_m)cﬂp) ; (80)
Y
dPy 1
_ 73 4 iPy(rs4—ys) _A* *
L /7277 e [COO(P) A*(P) Fi(P.IL) +M(P)B (P)} , (81)
_ Z e—E71,P,L($4_y4)L3A* (En; P)R(En, P)B*(En, P) : (82)

where R(E,,,P) is residue of the matrix in Eq. (78) at the nth energy pole

R(E,.P)=  lm [_(m + B g L% el P)} . (83)

This is a matrix in angular momentum and channel-space, which mixes different partial waves due to the breaking of
continuous rotational symmetry in a cubic finite-volume.

Finally, by equating Eqs. (82) and (68), we reproduce the relation between finite- and infinite-volume matrix
elements

OLAO) B, P, 1] (B, P LIBHO0)0)] | = 75 A (B PYR(E,, P)B* (B, P) (84)

In Ref. [42] we demonstrated how to use this relation to determine 1+ 7 — 2 and 0 + J — 2 transition amplitudes
from finite-volume matrix elements of local currents. However the trick used to extract these quantities fails for
2 + J — 2 transition amplitudes as explained in that reference. Thus in Sec. V we directly consider three-point
correlators and, using the techniques presented in Ref. [43], we derive the main result of this work.

V. TWO-BODY THREE-POINT FUNCTION

In this section we present an analysis of finite-volume three-point correlators. As in the case of two-point correlators
discussed above, two closely related definitions of the correlation functions will be used. We begin with

CF (P, Py) = / d'ay e, e 100 P [OT A ) T (0B (@)|0)] (85)
L
where A and BT are the same interpolating operators defined in the previous section, and J is a local current. We
contrast this with
C?37*(xf4 — Ya,Ys — T4, Pi, Py)
- / dxy dxs dy e Pr0s ) PO s [(OT A T ()8 ()[0)]

_L3/dPZ4/de4 iPf(xya4—ya) 1P(Zl4 TZ4)02—>2(P Pf) (86)

As above, the second form of the correlator is most convenient for spectral decomposition

C%—)?(fo —Y4,Ys — Tiq, P, Pf)
=r° Z e Enp(@ra=ya) o= En, (ya—wi4)

Ni,nf

x {<0\A(0)|Enf,Pf,L>L[<Enf,Pf,L|,7(0)|Em,P,;,L>L{<Em,Pi,L|BT(0)|0>L. (87)

The matrix elements [(O\A(O)|Enf Py, L>} and {(E,LI.,Pi7 L|BT (0)|O>} are the same as those appearing in Eq. (84).
L L

In order to give a physical interpretation to the third matrix element, [(Enf JPs, L|IT(0)|E,,, Ps, L)} , we now evaluate
L

the finite-volume three-point correlator diagrammatically.
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(2)
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FIG. 12: Shown is the finite-volume (a) three-point correlation function and (b) the infinite volume transition amplitude, both
in the absence of 1 4+ J — 1 subprocesses.

A. Three-point functions and matrix elements: (a) For theories without 1+ 7 — 1 contributions

As a warm up, we first examine the three-point correlation function for transitions with no 14+ — 1 subprocesses.
Although most processes involve such contributions, there are interesting examples where these are not allowed. One
prominent case is parity violation in proton-proton scattering (see Ref. [61] and references within). Here we do not
give details about how such systems arise, we simply envision a generic system where the weak interaction does not
couple to single-particle states. In other words a system for which Eq. (11) vanishes

Waz2(Pf — ki Py — k) = (Py — k,a2|7(0)| P — k,b2) = 0. (88)

In this subsection we show that, given this assumption, one can readily generalize the derivation of Ref. [43] to find
a relation between finite- and infinite-volume matrix elements. The result is given in Egs. (94), (95) and (98) below.
In the following subsection we include all possible interactions, in particular 1 + 7 — 1 contributions, and show how
this changes the relation. The results for this more complicated case, summarized in Egs. (119)-(121), are the main
results of this paper.

As discussed in Sec. II, in the diagrammatic representation of the three-point function one must include all terms
which have a single insertion of the weak current but any number of insertions of the strong-interaction vertices.
As usual in this type of analysis, one can reduce the complexity of diagrams by identifying a skeleton expansion
that explicitly displays all power-law finite-volume effects, but groups terms with exponentially suppressed volume
dependence into kernels. For the three-point correlator defined in Eq. (86) and given the assumption of no 1+7 — 1
contributions, only two types of kernels are needed. The first is the standard Bethe-Salpeter kernel, discussed in
Sec. II. The second kernel, which includes the weak insertion, is referred to as the weak kernel. It is defined as
the sum of all connected diagrams with four hadronic external legs and one current insertion, which are two-particle
irreducible in the s-channel. In Fig. 12(a) we show how to express the full correlator in terms of these two building
blocks.

We stress the similarities between this skeleton expansion and that of the two-point correlation function shown
in Fig. 11, which was reviewed in the previous section. The only distinction is the presence of the weak kernel. In
fact, the finite-volume loops that appear here have the same structure as those studied previously. One may thus
use Eq. (24) to determine the finite-volume correction to all of the diagrams appearing in Fig. 12(a). In performing
the separation between the finite- and infinite-volume terms, various important quantities emerge. First we recover
the same objects that arise in the two-point correlator. These are the infinite-volume matrix elements A and B*, the
infinite-volume 2 — 2 scattering amplitude, M(P), and the finite-volume function, F, defined in Eq. (25). In addition
we identify new infinite-volume quantities which contain the weak insertion. We will see below that, although “weak
endcap factors” do arise (like A and B* but with a weak current insertion) these play no role in our final result.
Thus only one important new quantity appears, the fully-dressed infinite-volume 2 + J — 2 transition amplitude,
WYB(P;, P;) (see Fig. 12(b)). Note that W¥B(P;, P;) is a matrix in combined angular-momentum and channel

space with matrix elements Waefm[ blymy (
- FooiMe;
different angular-momentum states and both the strong and weak interactions can couple the different channels.

Finally, we have introduced the notation 1B to stress the absence of 1 + J — 1 subprocesses.

Py, P;). This matrix is not diagonal since the external current can couple
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Evaluating the correlation function to all orders in the strong interaction, one finds

252.¥B(p py— A*(P, 1 1B _ 1
o = A e ey T Y R D T M)
where once again we have left implicit the summed angular-momentum and channel indices, and where the ellipses
denotes contributions that do not contribute to the Fourier transform that we perform in the next step. These
unimportant terms include the infinite-volume correlation function as well as terms where the weak current is attached
to either A or B*. The expression for the right-hand side of Eq. (89) is straightforward to understand. For each
two-particle state one obtains a factor of [F'~!(P;, L) + M(P;)]~" and the two states are then coupled by the infinite-
volume transition amplitude. To be able to compare this representation of the correlation function to Eq. (87) we
must perform two Fourier transforms, one each in P; 4 and Py 4. In each transform we pick up the residues of all poles
defined by det[F'~1(P, L)+ M(P)] = 0. The neglected terms in which the weak current couples to either A or B* will
contain only one factor of [F~1(P, L) + M(P)]~!. Thus although they contribute to one contour integral they do not
contribute to the other and thus not to our final result.
Using Eq. (86) we arrive at our final expression for the mixed-time-momentum correlator, in the absence of 1+7 — 1
subprocesses

77 Y (wpy — ya,ys — 254, Pi, Py) = LP Yot (@5.4794) = Fn, (ya=2i.4)

ni,nf

X A*(Eyn,,Ps) R(E,,,P;) WYB(P;, P) R(E,,,P;) B*(E,,,P;).  (90)

B*(P) +---, (89)

We are now ready give an expression for [(Enf,Pf, L|J(0)|Ey,, Py, L>} . Equating Egs. (87) and (90) one finds

LA*(Enfanv) R(Enfva) W]/B(vaPi) R(EnivPi) B*(EniaPi)
Le (OLAO)|En, Py L) [(En, Py LIBH0)[0)]

(Eny Py LT (0)| By, P L) = (91)

Here we have used that the parametrically different time dependence allows one to match the coefficients term by
term. We now stress an important point common to all analyses of this type. The momentum-space form of the
correlator, Eq. (89), is only valid if Py and P; satisfy

—P?=-P}-P’=E>-P’=E"2 < A%, (92)

where A is the lowest lying three- or four-particle threshold not accounted for in our formalism. For this reason, even
though the expression contains an infinite tower of poles, the poles for which —P? = E*2 > A2 suffer from neglected
power-law corrections, due to on-shell multi-particle intermediate states. We can nevertheless formally perform the
contour integral to reach Eq. (90), but with the caveat that only the terms with E,, satisfying the criterium above
include all power-law finite-volume effects. Still we can unambiguously match these terms between Eqgs. (87) and (90).
This leads to Eq. (91) which is valid up to e~™L provided that E; E; ;< A, where m is the lightest particle mass
in the spectrum.

In order to simplify the right-hand side of this equation, we use an observation made in our previous work [43].
The residue matrices, R, have only one nonzero eigenvalue and can thus be written as an outer product

R(En,, Pj) = NEE! (93)
where E; is understood as a column vector in our combined angular-momentum and channel space.
We now apply this identity, first in the case where the initial- and final-channel spaces are the same and the incoming
and outgoing states have the same energy and momentum. Then the denominator can be replaced using Eq. (84),
1 A*(E,,P) R(E,,P) W¥B(P,P) R(E,,P) B*(E,,P)
L L3 A*(E,,P)R(E,,P)B*(E,,P)

= %)\ET W¥B(P, P)E

(B0 P, L|T(0)| ., P, L)

_ %Tr [W¥B(P,P) R(E,.P)] . (94)

If the initial- and final-channel spaces are distinct or if the current injects energy or momentum, we must multiply
the denominator of Eq. (91) with its complex conjugate to be able to use Eq. (84). Following similar steps as above
one finds

_ 1l [R(EWPZ») WYB(P, Py) R(E,,, P;) WYB(P;, Pi)} . (95)

2
<E’ﬂf7Pf7L|‘-7(O)|Eni7Pi7L>)L 6
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Of course these equations must be consistent when E,, = E, ;= En,

<E,L,P,L|j(0)|En,P,L>E - % Tr [R(EH,P) WYB(P, P) R(E,,P) W¥B(P, P)} (96)

= %,\2 Ef W¥B(P, P) EEf W¥B(P, P)E
— (ng Tr [w ¥B(p, p) R(En,P)D . (97)

We have implicitly assumed equivalent channel spaces here by using the same E for the initial and final states.

Finally we comment that the absolute sign of matrix elements are not physical observables, so the lack of sign
information in Eq. (95) does not directly imply missing physical information. However, the relative sign between
matrix elements is observable. To access this, we evaluate the matrix elements of two distinct currents J, and J,
between the same initial and final states. This leads to two versions of Eq. (91) with different transition amplitudes
W, and W, on the right hand side. Taking the ratio of these two equalities we find [see also Ref. [42]]

[(Bn P UT-ONE PO D) a5, Bp) R
[(En,-,Pf7L|\7y(0)\Eni,Pi,L>L A*(E,,, Ps) R

(En,,Py) WB (P, P)

(Enf’Pf) Wy]/B(Pf’ Pl)

(Em ) Pl) B* (Eni 5 Pz)

R
R
Xt R(En, . P) W (Pr, P)) R(En,, P:) x|

= , (98)
Xt R(En, . Py) W)Y (P, P,) R(E,,, P;) X!

where x; and x s are two generic vectors in our combined angular-momentum and channel space. These can be freely
chosen at the user’s convenience.

We close this subsection by commenting that Eq. (95) closely resembles our 1 + 7 — 2 result [43]. One can in fact
reproduce the 1 + 7 — 2 result from Eq. [43] by replacing R(E,,, P;) with the appropriate one-particle propagator
residue 1/(2E,,). In this limit, the residue becomes a one-dimensional matrix in angular momentum and channel
space. Thus the trace above is converted to a product of a row-vector, a matrix, and a column vector, all defined in
the combined angular momentum and channel space of the outgoing particle pair. In the next subsection we see that,
in the presence of 1 + J — 1 contributions, the expression for the two-body matrix element deviates substantially
from that for the 1 + J — 2 system.

B. Three-point functions and matrix elements: (b) For general theories including 1 + .7 — 1 contributions

Having worked through the three-point function in the absence of a 1 + J — 1 subprocesses, we now proceed to
determine the more complicated and realistic scenario. As discussed extensively in Secs. II and III B, this case is
complicated by the appearance of singularities in the infinite-volume transition amplitude and by new finite-volume
functions. The important distinction between the full three-point correlation function, Fig. 8, and the simplified
version without a 1 + 7 — 1 amplitude, Fig. 12, is the presence of finite-volume two-particle loops with the current
coupling to one of the particles in the loop. This is depicted in Fig. 10 and the separation of finite-volume effects
for these sections of diagrams is given by Eq. (62). The task of this section is to break all of the diagrams of Fig. 8
into finite- and infinite-volume parts and then to sum the terms into a useful expression. To achieve this we must use
Eq. (62) for the two-particle loops with the weak insertion and must dress this expression on both sides by a series of
finite-volume two-particle loops scattered by Bethe-Salpeter kernels. This same series also dresses the weak kernel as
discussed in the previous section.

In the analysis of the previous subsection, we argued that the only diagrams with poles in both E; and E; are
those with at least one factor each of F/(P;, L) and F(Py,L). In the present case, however, other types of poles arise
due to the presence of the current and the corresponding finite-volume function, G(L). For example, the sum of all
terms with no insertions of F/(P;, L) and F(Py, L) and exactly one insertion of G(L) gives

CL2(Pi, Py) = A*(Py) [G - w] B*(P) + - . (99)

Note that this term has poles in both E; and Ef at the energies of two free particles in finite volume. If this term is
Fourier transformed in isolation it will give Euclidean-time exponentials which decay according to these free-particle
energies. As we see below, these poles cancel against poles in the terms not yet considered.
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We now combine this with the set of all terms which have some number of insertions of either F(P;, L) or F'(Py, L)
but not both. These sum to give

CL7%(P;, Py) = CEpp(Pi, Pp) + -+ (100)

1
F=H(P;, L) + M(F)

M(Py) |G- w] B*(P;),  (102)

CLEb (P, Py) = A*(Py) [G - w] B*(P;) — A*(Py) [G - w] M(P) B*(P) (101)

~ AP MOy

where the subscript FP stands for free poles. Here the first term has free particle poles in both E; and E, the second
has interacting and free poles in F; and free poles in Ey, respectively, and the third is as the second but with Ej
and E; exchanged. Thus the Fourier transform of all three terms gives unphysical time dependence. This will be
cancelled by the final set of important terms, to which we now turn.

We now include those terms which have at least one insertion of both F'(P;, L) and F(Py,L). Focusing first on
those which have exactly one factor of each, we find that four types of terms can appear between the two F' factors

1. terms described by infinite-volume diagrams where the 1+ .7 — 1 transition amplitude is inserted between two
Bethe-Salpeter kernels in an integrated two-particle loop,

2. terms described by infinite-volume diagrams which include the weak current via a weak Bethe-Salpeter kernel,
inserted in some chain of strong-interaction Bethe-Salpeter kernels,

3. terms in which a factor of G(L) separates the initial and final states,

4. terms described by infinite-volume diagrams where the 1 + 7 — 1 transition is directly adjacent to one of the
F' insertions.

Looking to Eq. (62) above, we see that this final class of terms necessarily contains an insertion of dq¢. Recall that
this denotes a subtraction of the long distance poles that we have discussed throughout. This is shown explicitly
in Egs. (47) and (48) above. Thinking of dqf as an operator which encodes the instruction to remove this on-shell
divergence, it is convenient to extend the definition to act as the identity on any diagram that does not contain a
current coupling to an external leg. Then the result for all terms with one factor each of F(P;, L) and F(Py,L) can
be written

CE2 (P, Pr) = A" (Pp)[=F(Pr, )| (8aW(Pr, P)das + M(Py) [G - w] M(P))[=F(P, L)|B*(P) +---,  (103)
= A"(Py)[=F (P, L)W as(Py, Py, L)[=F (P;, L)|B*(F;) + - - -, (104)

where
Weat(Py, iy L) = War(Py, Pi) + M(Py) [G(L) - w)(Py, ) M(Py), (105)

Watsabsermsem (P, Pi) = [8atWap (P, Pi)(sdfb/ (106)

m’;lm *
We have left the indices implicit on all terms in Eq. (105).

The definition of Wy¢ in terms of the d4¢ operator is very compact, so we now take some time to explain this
quantity in detail by relating it to the standard 2 + J — 2 transition amplitude, WW. The first step is to contract
with spherical harmonics

Wdf;ab(Pfap7 —P7§7 k) = 477}/;771' (p:f)wdf;ab;é’m’;fm(Pfy Pz)er,maA{ln) . (107)

Note that we have defined the quantity on the left-hand side with all vectors in the finite-volume frame. As is apparent
from the expression on the right-hand side, all vectors are on-shell, meaning that the true degrees of freedom are only
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E;S, E: p. ¢ and l;zz We next add back in the long distance poles to reach the standard transition amplitude

Wab(Pf7p7 Puk) = Wdf;ab(Pf7p7B7k) (108)
v ~ % A % Vi
k*, . f 47'('}/2/ m’ (ka’f>1/l*m (ka’f) ]{;*, I ~
- a/4 Y, /A* Maa"/m"'m’P oJ s L of a’sb2; mmP,PlYmk
E T g1, (paf) B4 ,Zf f( f) q:/f] 2Wu,’sf(Ef — wQ[}é ~ Warsy T 26) q:;/f w sb2;0rm ;b ( f ) Y4 ( b’L)

ZI ~ % *

k*/f ! 47T}/—llfm/f (ka’f)yz;mf (ka’f)
q;/f 2@afsf(Ef—wa/sf—wa/¢+ie)
Z; 1,177'}/>’/< /(f)*/)Y (f)*/) * &
A % p?;/ £im} bi) L lim; b’ pb’i ~ ¥
— /4Y>';/ w, T4 Plon ! Pl /P P C M/ PY k
fb TY g1, (paf) a2b’t;f’'m ,Zimi( I z) {q{;j 2wb/ti(Ei — wb/t i + ZG) q;/i b b,Zlml.l,m( z) lm( ln)

¢ 1% ATYS (D) Yeim, (Dii) .
* ~ % Py Lm/\Eb'i imi \Fb/q Prs
- fb’47r1/€’m’(_paf>wa1b’t;€’m’;lgmé (Pfa PL) |:qZZ:| o |:qi7'
b'i b’

wwrr = /Py K2t my,  war =K 4 m2,, (109)
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where

Waro = \/(]_:’i—k)Q—i-7’ng,27 Warlf = \/(Pf—Pi—l—k)Q—Fmi/l, (110)
Wy = \/(Pz —p)%+mi,, wp1 = 4/p? + miy (111)
Wy = \/(Pf —P)2+mpy,  Wyiu= \/(Pi —Py+p)2+mp,. (112)

Note that the bars over omegas denote exchanging k -+ P; — P; +k or p — P; — Py + p. This notation is required
to denote the separate terms arising from the current attaching to each external leg. These definitions are closely
related to those of Egs. (51) and (52) above, but here with p in place of k in certain cases.

Here we have also introduced various starred momenta k*, p* and ¢*, with various subscripts and other decorations.
Some of these quantities have been introduced above, but we review the entire set here. We first recall that g, g s
the magnitude of CM frame momentum for one of the particles with masses m,/1 and mg/2 and total four-momentum
Py [see also Eq. (32)]. This is distinct from k7, ;, which is the magnitude of the spatial part of (w}/,, kg s), given
by boosting (was1¢, Py — k) with boost velocity —P¢/E;. The direction of kz,f also appears in the second and third
lines of Eq. (108), inside some of the spherical harmonics. We stress that both incoming mesons in channel b, with
momenta k and P; — k, are on-shell. This means that if we boost these with —P;/FE; then the magnitude of each
particle’s spatial momenta is kj;, = ¢;;. This is a constraint on k that must be satisfied in Eq. (108). However in
the discussion of &, ; and ¢, ; we are using different masses (those of channel o’ instead of b) and a different boost
(—Py/Ey instead of —P;/E;). For this reason, generally k% p # qup- The two coincide only when the pole in the

second line of Eq. (108) diverges. We have also introduced EZ, ¢ and Ea,f. As with the barred omegas, the bars here
indicate that k is to be exchanged with Py — P; 4+ k. These new quantities are thus the magnitude and direction,
respectively, of (w:,zf,EZ,f), given by boosting (wa2f, Py — P; + k) with boost velocity —P;/E;. At this stage we
have completely specified all momenta in the second and third lines of Eq. (108). The definitions in the remaining
lines are the same, but with ¥’ in place of a’, p in place of k and 7 and f everywhere switched.

In Eq. (108), sums over the intermediate channels, a’ and b, as well as the particles in the primed channel, s and
t, are understood. We recall that wgsp is defined for all channels but must vanish if the channels do not contain a
common particle, or if the 1 + 7 — 1 transition does not couple the channels. Given this convention, the form of
Eq. (108) is valid for all types of channels, for identical and non-identical particles. In the case of identical particles,
the two one-body currents wg1p1 and weope are identical functions, but both terms must be included since the external
particles carry distinct momenta. However the sum over s and t still counts each of these contributions twice and for
this reason the symmetry factors must be included to remove the redundancy. It is unfortunate that the definition
takes such a complicated form, given that the basic idea [shown in Fig. 7] is straightforward. The main sources of
complication are the two-different frames and the need to include ratios of k*/¢*, to avoid spurious singularities near
k* =0.

The quantities defined in Egs. (105) and (106) are central to the main result of this paper. The first of these, Wy, 4,
can be directly extracted from finite-volume matrix elements using Eq. (120) below. To convert this to the physical,
infinite-volume, two-to-two transition amplitude, W, two steps are needed. First one uses Eq. (61) and (105) to go from
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Wy ar to the divergence-free infinite-volume quantity Wge. This requires evaluating G(L), as outlined in Appendix B,
and combining this with on-shell values of M and w. Finally to go from Wy¢ to the physical observable, W, one must
add back in the poles as dictated by Eq. (106). As with the evaluation of the G(L)-dependent term, this requires
knowledge of on-shell M and w. Together with Eq. (120) below, this prescription represents a model-independent,
relativistic-field-theory approach for determining W from finite-volume observables.

To complete our calculation of C#72(P;, Pf) we must now include all terms which contain any number of factors
of F(P;,L) and F(Pys,L). Given Eq. (104), this modification is trivially implemented in analogy to the case of the
previous subsection. Combining terms we reach our final result for the momentum-space, finite-volume correlator

1 1
4% Py, P;
F=1(P;, L) + M(Py) L.t (Py )Ffl(Pz-,L) + M(P)

CLip (P, Pr) = A*(Py) B*(P;), (114)
where the subscript IP stands for interacting poles. Here the ellipses denotes contributions that have no poles in
either F; or Ey (or both) and thus do not contribute to the Fourier transform that we perform in the next step.

We now argue that only the poles from [F~1(P;, L) + M(P;)]~! and [F~(Py, L) + M(Pf)]~! inside C’%YPZ(PZ-, Py)
contribute in the Fourier transform. This is because all free-particle poles cancel between the two terms in Eq. (113).
For example if both F; and E; are near free-particle poles then

CEB(PLPy) — A%(Py) [G-u] B*(P) = A(P)) (G u] M(P) 055" (P)
! (115)
AP MU (6wl B (P)
s _AN(Py) [G - w] BY(P). (116)
and
CERR (P Py) — A°(P) s Wi Py, ) 15 B (R) = A°(Py) (G- B (P (117)

resulting in perfect cancellation between the terms. Similar cancellations occur if one of either E; or E¢ is near a free
pole and the other near an interacting pole.

We deduce that the Fourier transform of Eq. (113) is given by summing over the residues from the poles of
[F~'(P;, L) + M(P;)]~" and [F~'(Py, L) + M(Py)]~" inside of C}73(P;, Pr) only. This is exactly the prescription
used in the Fourier transform of the previous subsection where W ¥B has no poles and the full contribution with E;

and Ej poles has the form of C7 75 (P;, Py). Tt follows that all of the Fourier transformed results from the previous

subsection [Eq. (90) on] can be used here with the simple modification W ¥B — Wy, 4¢. For example from Eq. (91)
we obtain the master equation for two-body matrix elements

o iA*(Enfva) R(Enf,Pf) WLvdf(Pf’ Ra L) R(EnMPZ) B*(ETLMPZ)
T 76
L [(OLAO)IEo, Py D) [(Bn, P LIBHOI0)]

(Eny Py, LT (O)|En Piy L] (118)

Following the steps taken in deriving Eqgs. (119) and (120) this can be used to derive the relation between the finite-
volume matrix elements of an external current and Wy, q¢. In the case of equivalent in and out channel spaces, with
no energy or momentum inserted by the current, we find

[(En,P,L|j(O)\En,P,L>L - %Tr Wr.at(P, P,L) R(E,,P)] . (119)

In the case of non-equivalent states we reach

1
=—Tr [R(Em, Pl) WL7df(}DfL', Pf, L) R(Enf,Pf) WLydf(Pf, R, L)] . (120)

2
(Eny Py LT (0)| B0, Piy L] =

Finally we find the ratio of matrix elements of two currents satisfies,

[(Einf,Lljx(O)lEm,Pi,LﬂL Xy R(Bny, Py) Weara(Pr, P, L) R(Ey,, Pi) X!

[(Enf,Pf7L|jy(0)\En1,Pi,L>L X} R(En;, Py) Wrary(Py, Py L) R(Ep, Py) X}

(121)
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where, as above, x; and Xy are general vectors in the space of R.

Unlike the result in the absence of 1+ 7 — 1, Eq. (120) no longer resembles the 1+ .7 — 2 result of Ref. [43]. The
nonzero value of w leads to the definition of a new object, Wy, q¢, which includes the desired infinite-volume quantity
War as well as finite-volume effects. One can nonetheless recover the 1+ .7 — 2 result from Eq. (120), by first setting
w = 0 and then taking the steps discussed in the last paragraph of the previous subsection.

Finally, we reemphesize that the matrices appearing on the right-hand side of Egs. (118)-(121) are formally infinite
dimensional. To apply this result in the analysis of a LQCD calculation, it is necessary to truncate these to a
finite subspace. This is justified at low-energies where the contributions from higher angular-momentum states are
suppressed. More precisely w, M, and Wy are all smooth functions, which should induce a uniformly convergent
partial wave expansion. As mentioned above, truncating an expansion of W would not be justified due to long distance
singularities. We discuss this truncation and other simplifying limits in the next section.

VI. SIMPLIFYING LIMITS

In this section we consider various simplifying limits of the general result, derived in the last section. We begin by
taking the energies considered to be very close to the lowest two-particle threshold. In this case, the infinite-volume
quantities w, M and Wys are all dominated by their S-wave values. We thus drop all higher partial waves in the
matrices Waip1,00m/em (Pr, Pi)y Mavyermem (P) and Wag.ab.ermem (P, P;). The second consequence of near-threshold
energies is that only the lowest two-particle channel is open. In discussing this system it is convenient to introduce
the shorthand

w11 (Py, P;) = watpt;00,00(Pr, F5) 5 (122)
M(P) = Map0000(P) , (123)
Wat (Py, Pi) = Wat,abi00,00(Pr, Pr) - (124)

We comment here that, for a scalar form factor, symmetry and on-shell constraints guarantee that w only depends
on (P; — P;)? and thus not on k. In this case, the truncation of w to the S-wave is exact. Since all matrices have
reduced to one dimensional, the trace may be dropped from Eq. (120)

1
= —R(En,, Pi)Wr at(Pi, Py, LYR(Ey, , Py )Wr ae(Py, Pi, L) . (125)

2
<Enf,Pf,L|\7(0)\Eni,Pi7L>‘L ==

In addition, the residue matrix R simplifies significantly

-1

R(En,P) = [8‘2 (F~Y(P,L)+ M(P))} =— [/\/12(13)5E (F(P,L)+ M™!(P)) , (126)
E=E, E=E,
* ) —1
= _gst* {SinQ(S o216 oF (COt ¢d + cot 5):| p , (127)
. @ s | 9 (a4 -
T [aE (0 +5)L_En ) (128)

where F' = Fy00.500 is understood and where we have introduced the S-wave Liischer pseudophase

9_ReF(P,L). (129)

cot ¢ = Lo h

Here we have also used the relation between scattering amplitude M and scattering phase shift §, given in Eq. (73)
above. Substituting this result for R into Eq. (125) and rearranging gives

e~ Wy 4t (P, Py, L)efiaf} {671‘5"' Wr at(Py, P, L)efi&}

8TEG 8xE* [ O 0
qff q; € aEﬂf E;=E; ., aEv

We thus see that a naive Lellouch-Liischer-like proportionality factor arises between the finite- and infinite-volume
quantities. Since the right-hand side of this expression is manifestly pure real, this result also suggest a Watson-like

(130)

2
(¢d+5)} L6’<Enf,Pf,L\j(0)|Eni,Pi,L>
Ei=E;n L
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theorem for Wy, 4¢, namely that its complex phases are the strong scattering phases associated with the incoming and
outgoing two-particle states.
Finally the relations between Wy, 4¢, War and W reduce to

1 M(Pf)?UQQ(Pf,Pi)M(Pi)
P P; = — ¢ | =
W(Ey,p Bis k) = Wrar =& [L3 Z: ] 2w 2wy 2wy, (B — wi — whp +i€) (B — wy —

wy; + i€)

i M(Pf)wu(Pf,Pi)M(Pi)
L3 40 | 2w52w) p2w1,(By — wip — wy + i) (B — wy; — wy + i€) (131)

_M(Py) w1 (P, Py) wa (P, P;)
! 20J1f(Ef7w1f7w2+i€) QWQf(Effwlwaf+i€)

P;, P; Py, P,
B { w11 (Py, P;) ' _ w22£f ) . ]M(Pi)7
2(.017;(Ei — W1 — W2 + 16) 2LU21(E1 — W1 — Wy + ZE)

£

where £ is required to avoid double counting in the case of identical particles. The top two lines here give the expression
for War in terms of Wy, q¢ and the reduced form of M[w - G]JM. In comparison to our general result, this gives a
relatively simple prescription for accessing the physical observable, WW. We stress here that the result does not imply
finite-volume poles in W. The relation is only valid at the energies of the interacting spectrum, which generally differ
from those of the free theory.

We emphasize also that the S-wave-only approximation has not been applied directly to W and that doing so would
not make sense. The poles in Eq. (131) still depend on directional degrees of freedom, so that the full 2 + 7 — 2
transition amplitude receives contributions from all angular momenta. This is expected, since the long distance
parts guarantee that all partial waves give important contributions, even arbitrarily close to the lowest threshold.
By working with a truncation only on w, M and Wys we have reached a solvable system, without requiring the
ill-motivated truncation of W directly.

Next, it is instructive to take the non-interacting limit on our truncated result, Eqs. (130) and (131). Here we
first turn to the case where the 1 + J — 1 transition is absent, discussed in Subsec. V A. This special case can be
reached from Egs. (130) and (131) by setting w = 0. If we do so, and additionally take the strong interaction to
vanish completely, then our result reduces to

STE* 8xE* [ 0 9 2
VB(D,  p, P k)? = ——d d d LGIE P;,L|7(0)|En,, Pi, L 132
WP Pk = S a5, (5B ey, 1 PR T OB D, 152
We next substitute
8rE* 0 1o} _ 2&]12&)2[/3
n qﬁd} _ [ Re F 1} =" 133
4 {8E E=E, aE( ) E=E, Vn (133)
and also substitute the matrix element definition for W ¥B, Eq. (13) above, to reach
2w12wa r LS | 201 2we; L6
<Pf,p,out|J<o>|Pi,k,in>]\/ S \/ (B Py LT (0)| B, Piy L) (134)
ny Uz

where v, counts the number of physically distinguishable finite-volume states with energy F,,. The value of v,, depends
on F,, and P and also on whether or not the particles are identical or non-identical, and degenerate or non-degenerate.
Consider, for example, the case that P = 0 and the energy coincides with \/(27/L)2 + m? + /(27/L)% + m3. Then
v = 6 for non-identical particles and v = 3 for identical particles. In the definition of F' this difference arises from the
symmetry factor £. But the difference also reflects a physical property of the particles, namely the number of degenerate
states. As a second example we consider P = (27/L)z and suppose the energy coincides with /2(27/L)? + m? +
/(27/L)? + m3. Here three different scenarios arise, for non-identical non-degenerate particles v = 4, for non-
identical degenerate particles v = 8 and for identical particles v = 4. In all cases this value emerges from direct
evaluation of Eq. (133), and is equal to the number of physically distinguishable finite-volume states.

We now show how Eq. (134) can be confirmed by directly calculating the matrix elements on both sides in the
free theory. In particular, we argue the prefactor on the right-hand side arises solely from the different normalization
between finite- and infinite-volume states. Here two differences in the normalization must be accommodated. First,
the finite-volume states that encode information about S-wave scattering, are constructed as symmetric combinations
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of the v degenerate states with different individual particle momenta
1
V V’n

The finite-volume states on the right-hand side here have definite individual particle momenta, P —k and k, and the
states on both sides have unit normalization. Substituting Eq. (135) into Eq. (134) we find

|E,, P, L) = > |EnP-kkL). (135)
k

Py, p,out| T (0)| Py, k, i ':,/2 %y 1 LO\/ 201 2 Z-L6’ E,..P;—p.p,LITO)E, P, -k k L) . 136
(P, p,out|J(0)] in) w12wa f w12w2; LO|(Ey Py — p, p, LIT (0)[| En, >L (136)

Note that, since we have restricted attention to the S-wave dominated amplitude, we have v, v, , identical terms
which, when combined with the normalization factor of Eq. (135), perfectly cancel the v factors in Eq. (134). The
remaining factor arises because the finite-volume states have unit normalization whereas the infinite-volume states
satisfy

(E',P' X' a|E,P,k,a)
= 2w412wqo (2)° [(53(k — k)P -k —P +k')+5a)*k -—P +k)5*(P -k — k)], (137)
where §(a) = 1 if the particles are identical and 0 otherwise.

We now return to the case where 1 + 7 — 1 are included, and examine how this effects the non-interacting limit.
We begin by defining

Wconn(Pnfapv-ank) = Wdf(PfupvPivk)v (138)

lim
M—=0,B;=Ep, Ef=Eny,

= li P Pk
M%07Ei:}:7rf}i,Ef:Enf {W( foD, 175, )

P P P, P
+ M(Py) [ ___wennP) wePpP) } (139)
2W15(Ef —wif —wa+1i€)  2wap(Ef —wi — way + i€)
_ wll(ipfaf)lz : wQQ(Pf7Pi) : M(Pl) ,
20J12'(E7; —W1; — W2 + 16) 20J2i(Ei — W1 — Wy + ’LG)
Wetse (P, py P ) = I =
disc TLf7p? T = M%O,Ei:lEI?i,Ef:Enf L3 /
y M(Py)wa (P, Pi)M(P;) (140)
2w 2wy 2wy, (Ep — wi — wh +i€) (B — w) — wh, + ie)
n M(Pr)wir (Py, P)M(P)
2wy2w} 2w, (By — Wy — wh +ie)(B; — wy; — wy +i€) )
Then the generalization of Eq. (134) can be written
2wy 295 L6 2w 2w, LS 2
WCOIIH(PTLf7p7 Pmak) +Wdisc(Pnf7pa Pnlak) = Y Y <E7Lf7Pf7L‘t7(0)|Eni7PivL>’L (141)
ny ni

To show that this is the correct result in the non-interacting limit, we must argue that the various contractions of the
finite-volume matrix element on the right-hand side precisely generate the terms on the left. These contractions can
be divided into two parts, those which are connected, given by W.onn, and those which are disconnected, given by
Wdisc~

The connected contributions should generate the non-interacting version of the fully connected transition amplitude,
W, described in Sec. II and summarized in Fig. 5. Note that, in the non-interacting limit, there is no distinction
between W and Wy, since all terms in their difference contain factors of M. However, a subtlety arises in Eq. (138),
because we are taking the limit with energies fixed at one of the values in the finite-volume spectrum. In this limit
the difference between VW and Wy does not vanish, since the vanishing of the scattering amplitude is compensated
by the divergence of the intermediate poles. Since we know that the non-interacting version of W should contain no
contributions from this terms, we deduce that the correct definition is reached by the limit applied not to W but rather
to the divergence-free version, as indicated. We conclude that W, is precisely the full set of connected diagrams,
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with one insertion of J7(0), in the non-interacting limit. In fact, the only diagram (class of diagrams) that persists
in this limit is the contact interaction within the weak Bethe-Salpeter kernel (the first term in Fig. 5(c) inserted into
the last term in the first line of Fig. 5(a)). Turning to the disconnected parts, we begin by evaluating Wgisc. To do
so we note that in the limit of vanishing interactions the energy shift vanishes as

L32W12WQ(E — W1 — CUQ)

~ = M(P) 4+ O[M(P)?]. (142)
Substituting this into the definition of Wyisc, Eq. (140), gives
_ & (2) | (1) |
Wiise (P, p, Pnyy k) = o 2wivy, ) waa( Py, Py) + 2wary, L wii (Pr, By | (143)
ngng

where 1/,(L2f)i (V,(LIf)) is the number of finite-volume momenta, k, for which both E; — wi; — wy; and Ey — w1 — way

(E; — w1 —we and Ef — w1y — we) vanish. This is indeed exactly the form of the disconnected, 1 + 7 — 1,
contribution to the finite-volume matrix element. For example, assuming the particles are non-identical and focusing
on the wyo term, we reach

Un . Vn. 2
was(Py, P)* = - “2ws r2w2 L°|(Ey ,, Py, L|T (0)|En,, Py, L) o (144)
(M(lf).)z L, 1disc

To see that the normalization has again been correctly accommodated we substitute Eq. (135) to reexpress the right-
hand side in terms of definite momentum states. We receive contributions from 1/7(121) different terms. Together with
the normalization factors this then gives

2
wae(Pf, P;)? = 2wa 2w, L°|(Py — k, L,2|J(0)|P; — k, L,2)| . (145)

Here the states on the right-hand side are single-particle finite-volume states. We conclude that the non-interacting
limit of our general result gives the correct prediction, also in the case that the 1 4+ J — 1 transition is included. If
the particles are identical then Eq. (143) becomes

(2)

Ung;
WdiSC(Pnf)p7 P’nwk) = ﬁ2wlL3w22(Pf7Pi)7 (146)
nf n;g

and substituting into Eq. (141) again gives Eq. (145).

Our final simplification of this section concerns subduction of the final result into irreps of the relevant symmetry
group. If the total three-momentum of the system vanishes than this is the octahedral group, denoted LG(O).
Otherwise the symmetry breaks to a little group, denoted LG(P). In either case the residue matrices, R, can be block

diagonalized using the subduction coefficients obtained in Refs. [78-80]. These are denoted S/[{ZP’I/\H where J, P, A
are angular momentum, parity and helicity of the infinite-volume states, and A,y are the irrep and row of interest
for the finite-volume states. In this work we have written all angular momentum quantities in terms of £, my. Since
the intrinsic spin of the individual particles discussed in this work is zero, £ = J. The |¢,m,)-basis is related to the
|¢, \)-basis via a unitary transformation

10,0 =S "D (R)[e,me), (147)
my

where Dfﬁl , are the standard Wigner-D matrices and R is an active rotation from the -axis to the direction of the
total momentum of the two-particle system. Once R has been rotated to the helicity basis then & can be used to
block diagonalize

SRST =Ry ®Ravps @ S R (148)

where we assume that the angular-momentum space has been truncated, such that R overlaps n different irreps.
Finally note that one may formally attach projectors Py, to the current, J, in order to subduce the full relation,
Eq. (120), to a particular irrep

2
(Engo Py, LAy, g | T (0) [ Enis Py Ly Ay )| =
1 Nipi,Nppg Appg,Nipg

ﬁTr |:RAini (Enrivpi)WL,df (Pi7 Pfa L)RAfuf (Enf7Pf)WL7df (Pf7 P, L) ) (149)
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where

Wr

ik A —

A (B Py L) = Pap [SWrae(Pr, Py, L) ST}PAW, (150)
and similar with ¢ and f exchanged. This expression demonstrates which elements of the transition amplitude
contribute to a finite-volume matrix element with finite-volume states in a given irrep.

VII. FINAL REMARKS AND CONCLUSION

In this work we have presented the first model-independent relation between two-body matrix elements and infinite
volume 2 4+ J — 2 transition amplitudes. The main result, Eq. (120), shows a multiplicative relation between finite-
and infinite-volume observables. We find that a great deal of new technology is required here relative to the derivation
for 1 +J — 2 processes in Ref. [42, 43]. This is manifested, in part, by a new type of finite-volume function, which
first appeared in Sec. III B. Our final result, which holds for energies below the lowest open three- or four-particle
threshold, accommodates any number of open two-particle channels. By including all angular momentum states we
can also quantify the effects of reduced rotational symmetry, encoded in the mixing of different partial waves via our
finite-volume functions.

In order to implement this result in analyzing two-body matrix elements obtained from LQCD, one needs to first
determine the 2 — 2 scattering amplitude, M and the 1 + J — 1 transition amplitude, w. The former is accessible
from the two-body spectrum using the Liischer formalism (or extensions thereof) and the latter can be obtained
directly from one-body three-point functions. Given these, one can use an appropriate truncation of Eq. (120) to
arrive at the infinite-volume divergence-free transition amplitude, Wys. This can be used to determine W since the
divergence-free and full transition amplitudes only differ by terms which depend on on on-shell M and w. This
multistep procedure is summarized in Fig. 2.

The presence of the divergence-free transition amplitude in our final result is conceptually related to the divergence-
free quantity arising in the analysis of three-body systems by one of us in Refs. [19, 20]. We suspect this is a very
general observation. These otherwise unrelated systems both include experimentally observable subprocesses, giving
rise to diagrams which contain two such processes separated by a long-lived intermediate state. In the present case
one finds diagrams where two particles scatter and then propagate for an invterval before one couples to the external
current (see Fig. 6(b)). Similarly, the three-body sector includes diagrams where two (or more) pairwise scatterings
are separated by potentially on-shell propagators. Similar divergences will be present for any tree-level process where
intermediate particles go on-shell (as well as higher-order diagrams in certain cases).

As we discuss in the introduction, other approaches for studying multi-particle matrix elements have been proposed.
One aim of future work should be to relate the different approaches where possible. For example, it would be interesting
to reproduce the 1/L expansion of Ref. [44] by directly expanding our result in powers of inverse volume. It would also
be instructive to connect our result with that of Ref. [41]. This would require applying some analog of the analytic
continuation studied in that reference to our relation. Such studies would give better insight on the various techniques
available for studying these challenging systems.
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Appendix A: Numerically evaluating F

In this appendix we describe how to reduce and numerically evaluate the kinematic function F' that we introduced
in Subsection IITA. We first note that it is more convenient to rewrite this in an alternative form that explicitly
separates the real and imaginary parts of the ie prescription. This is achieved with the identity

1 wry wiy 1 . 9 9
= Sy =2 \P—— —ind(qg** — k* S Al
2wa2(E — Wa1 — waz +i€)  E*(q2 — kX2 + ie) o= (qz? — k22) (g )|+ (A1)
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where S; is a smooth function that will be annihilated by the sum-integral difference. Here P denotes the principal-
value pole prescription. We further reduce the expression by combining the two spherical harmonics into one

Yo () Vi (K1) = A7 Yimso () [ 20 Vi (52100 (53 Vi (57, (A2)
Z// 1

Putting all the pieces together, we can rewrite Eq. (25) as

ia* ) A7 3/2 .
Faém,a’é/m’(Pa L)= 5aa'8ﬂf]$£a Oee'Omms + 1 Z ;*(5/)/_;,_1) aAZ”m“ Qa ) /dQ Ylm(k )Yé“m“(k )Yf/m’(k )|
'm! 4a
(A3)
where &, (q:?; L) is defined as
1 Wikt \/47TY (k)
A *2 I al m
Calm(qa 7L) - lLS ¥‘| Wal k*Q *2 : (A4)
Alternatively, this function can be written in terms of the generalized Zeta functions [12]
/ l— ¢ ~
A *2 _ dm (21 * 2 A 21 r ng(r)
calm(Qa aL) - W <L> Zaém[ (qaL/Qﬂ-) ]’ Zafm[sﬂx ] - ; m’ (A5)
rePa
where
— -1 1 3
PaA=<r|r=% n—iA ,neZL (A6)
PL m2, — m§?
A=——(14+—L "2 A7
27 < + B2 ) ’ (A7)
v 'p=7y"'pj+p. = (E/E") 'pj+p., (A8)

and where pj and p, are the parallel and perpendicular components of p with respect to the fixed total momentum
P. We close by giving a particularly efficient form for evaluating these quantities [15],

Yo () 2
Z8n (L) = > TYenll) ety | T 5 0600m0G (x)

1 tz? AR
€ s —iTn-. TyYn
an i (F) S e ™l (e ™ (9
n#0

where yp = yp| + p, and

2

G(z) = /01 a1y (A10)

$3/2

Appendix B: Reducing G
In this appendix we describe how one to reduce the complicated function G,
Gaffmf,a’é’fm/f;b’éém;,bhmi (Pf> Pi7 L) =

1 1 AmYepm, (Kap) Vi (Kag) k2 N AYi (R )Y, () (kg S
5aa’6bb/ —_— —_ . (Bl)

3 2wa1 2wa2f(Ef — wa1 — Wazf +1i€) \ ¢hf 2wi2i(E; — w1 — wiz2i + 1€) \ q3;
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1. Single degenerate channel, P, = Py = (iE,0), S-wave

To get started, we consider the simplest possible scenario, a single channel of degenerate scalar particles with total
momenta P; = Py = (iE£,0). As mentioned in the main text, W diverges for these kinematics. Nonetheless, Wyy is
finite and constraining its value here could help to determine the full 2 + 7 — 2 transition amplitude away from this
singular point. In this subsection we further assume that scattering is dominated by the S-wave so that all higher
partial waves can be neglected. Then G reduces to a single function of E and L given by

G(E,L)=Gg(E,L)—G((E), (B2)
where

1
E L) —_
G L328w3 (E —2w)?’

dk 1 1
Ci(B) = /(277)3 8w (E — 2w +ie)?’ (BY

and where we have introduced the shorthand w = vk? + m2.
Our main task here is to reduce the integral. We begin by rewriting the integral in terms of the magnitude and
direction. The latter is trivial and so we reach

47 ° 1 1
E)= —— kk? — : b
Gi(E) (2m)3 /0 d 8w (E — 2w +ie)? | _ /e "9

We now change variables, first by substituting dk = (w/k)dw and then by shifting via z = w — E/2
1

Gi(E) = [a dﬂ?f(x)mv (B6)
where a = F/2 — m and
1 Vw? —m?
f) =m0 |y’ (B7)

To reduce further we substitute f(z) = f(z—ie)—f(0)+f(0) = g(z)(x—ie)+f(0) where g(x) = [f(x—ie)— f(0)]/(x—ie)
has the same analytic properties as f(z)

Gi(E) = /00 d;vg(x)ﬁ + f(0) /_:O dx(# =P b dxg(x)% +img(0) — f0) . (B8)

—a x — i€)? a

—a

Substituting for g we conclude

+ i f'(0) — @ : (B9)

Gi(E)=P h dycif(x)x_2 1)

—a

Finally we substitute the definition of f(z), Eq. (B7), and combine results to conclude

nggwg 3P [ do

\/w2—m2 VE?2/4 —m?2 1
2E2 (E — 2w)?

N 1 VE?/4—m2 1 E?/4+m? (B10)
— — 1 .
272 8E%(E/2 —m) 2m\/E2/4 —m? 4F3

This is our final form for the simplest version of G(E, L).
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2. Single degenerate channel, general P; = Py, general angular momentum

We now turn to the general case in which the poles coincide for all k. This occurs whenever the particles of channel
one have the same masses as those of channel two and also P; = Py = P. The two particles within each channel may,
however, still be nondegenerate. As already mentioned in the previous subsection, W diverges for these kinematics
but it may nonetheless be useful to constrain Wy¢. Unlike the previous subsection, here we also accommodate general
angular momentum. Again we focus on reducing the integral part of G

GI;mef,E/fm'f;ng;yfimi (P) =

dk 1 . ok - e [\ G 1 2
—— ——A47Y o, (k)Y (kAT Y e (k)Y (k)| — - . (B11
[ oz ¥ (113 (6 ¥ (677,67 () e
We begin by rewriting the integral as
dk* 1 1 2
P)= [ ——=—F (k") (E* —w} +w3)? B12
G1(P) /(271-)32wf]:( ) wi + ws3) [(E—wl)Q—w§+iJ ) (B12)
where we have left the harmonic indices on G implicit and where
Cp+E)+0+L,
€\ (E—W1+CU2)2 ~ « A~ % ~ % y % k* FrepTETE

Here we have also used the fact that dk/w; = dk*/wi. The next step is to rewrite the double pole in CM frame
variables

(E —w)? = w3 = [(E,P) — (wi,k)]* = mj = [(E",0) — (], k")]* = mj = (B — w)® — w3 (B14)
Substituting this into Eq. (B12) and also substituting
F(k*) = /dQ F(k*), (B15)
then gives
< dk*k*? 1 F(k*)
Gr(P) = - . B16
1(P) /0 (2m)3 2w} (E* — w} — wj + ie)? (B16)
The final step is to observe
1 H(k*
— = G (B17)
EY —wi —wi +ie  ¢* —k* +ie
where E* = \/m? + ¢*2 + \/m? + ¢*2 and
o _ (B +wf +wi)(B*? —wi? — wi® + 2wiws)
H(k*) = . B18
This equality follows from
(B2 —wi? — w3? 4 2wiwd) (B*? — wi? — w32 — 2wiws)
= E* 4+ (2K + m} + m3)® — 2E*%(2k** + m] + m3) — 4(k** + m})(k** + m3)
= E* —2E*2(m? + m2) + m} + mj — 2mim3 — AE*2E*?
2 92\2
= FE*? <E*2 —2(mf +m3) + 7(7711}3*?2) ) — AE*?k*?
= 4F*%(q*? — k*?). (B19)
Finally, we can rewrite the integral as
> (x+q*)? 1 9 1
GPz/ dx Flx+¢)H@x+q¢) | —— . B20
I( ) . (271_)3 9 (I’+q*)2 +m% ( q ) ( q ) (LL'—ZG)Z ( )

At this stage the integral be may reduced following the method outlined after Eq. (B6) above.
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3. General P; # Py

In this section we analyze G for all scenarios in which the poles do not coincide. More precisely for all cases where
the set of k for which both poles diverge is a one-(or-less)-dimensional subspace of the three-dimensional k space.
This is the case whenever P; # Py or whenever the current changes the incoming particle to a new species with a
different mass. As above our goal is to simplify

GI;amef,a’Z'fm};b’ng;,bfimi (Pfa Pl) =

55 / dk 1 477}/‘€fmf (kaf)}/ézm’f (kaf) (k':f)Zeré} 471’Y—£;m; (IA(;)YZWL (f(;) (kgi)eiJrZ; (BQl)
wTV [ 21) 2wa1 2wazs (Ef — wa1 — Wazy + i€) Tir 2wp2i (Es — w1 — weai + 1€) \ ¢ ’

As we will see in the course of this analysis, it turns out that one is justified to treat the two poles as independent
single poles. In other words, the fact that the two poles can diverge simultaneously does not complicate the integral
because the region where they coincide is at most a one-dimensional subspace of k space.

To see this in detail, first observe that the set of k for which both poles diverge forms a one-(or less)-dimensional
subspace of the three-dimensional k space. One can visualize this by first recalling that, in the incoming CM frame,
the momentum for which E; — w1 — wpe; vanishes is a sphere with radius &j; = ¢;;. Boosting this to the finite-volume
frame gives an ellipsoid in that frame. Further, one can use the same analysis to define a second ellipsoid, for the set
of momentum for which Et — wq1 — wqe2y vanishes. Finally, for P; # Py, the intersection of these two ellipsoids is a
one-dimensional ellipse (or else a point or an empty set).

The fact that the double-pole space has a lower dimension than the single-pole space implies that it is not necessary
to specially treat the case of both poles simultaneously diverging. In short, no special treatment is needed because
the difference between the double and single pole expressions is measure zero and does not contribute to the integral.
This can be seen directly by evaluating the integral. As a simple example consider

1 1 1 1 1 .
1 1 1 1-

/ dm/ dy/ dz - - :/ dx/ dz — log [JH_Z—’— ze} . (B22)

1 1 1 TH+z—wex+y+z—1e _1 1 T+ z-—€ r+z—1—1€

Here the y integral reduces us the integrand to a single pole and the fact that both poles diverge for y = 0 and
x + z = 0 does not require any special attention. We will see that G;(Py, P;) is very similar.
We begin by rewriting the integral as

dk 1

. 1
Gi(Py.P) = [ G Rk

(B —wa1)? — wiyy +ie

{ ! } , (B23)

2 .
(Ei — wp1)? — wiy, + i€
where

Filky) = 0000ty (B — w1 + wazyp) (By — wp1 + We2i)

X

AT (ke VY5 (ko) 715N Ay (RYE (K5 7 1x \ Gt
TYepmy (Rap) Y ( af)(kaf) I ALY gy (k) Y, () (kb) . (@20

2wazy 2wp2; q5;

qu

Note that one can express this as a function of only ky;, together with implicit P; and Py. The next step is to rewrite
all variables in the incoming CM frame. This is most straightforward for the incoming pole

(Bi — wb1)2 - Wgzi = [(Ei, Pi) — (wp1, k)}Q - m1272 = [(E},0) - (wzlikai)F - mgz = (B — WZU)2 - w;22’b (B25)

For the outgoing pole we must introduce new notation. We define (Ej(f*), ng*)) by boosting (E, P ) to the incoming
two-particle CM frame. This allows us to write

(By —wa1)? — w2y = [(Ef, Py) — (war, k)2 = mZy = [(EYY, PUY) — (Wi ki))? — m2, (B26)
= B +m2y —m2y + 2B wpy, — 2P X, (B27)
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Substituting Egs. (B25) and (B27) into Eq. (B23) we reach

dk;. 1 1
Gr1(Py, Py) :/ bz3 —Fil Zz)|: o ik ; }
(2m)3 2wy, EP +m2 —miy + 2EJ(" )szu - 2P5“ i ky,; + e (B28)
1
X -
[(Ez* —wiy;)? — Wiz e
[ dkk2deds 1 . 1
B / (2m)?  2wpy, Filkiy, 2. 9) E*2 4 m2, —m2, + 2By _opips o 4 e
7 al a2 fo %ot £ i . (B29)

1
X
Er —w! )2 — w2 4 e
( [ blz) b2i

where z = cosf. Note that with this boost we are treating the problem asymmetrically, arbitrarily focusing on the
incoming frame. We could just as well work with the outgoing frame. Either way, we have found that a CM frame
must be chosen to reduce the problem.

Next we split the second, z-independent pole into principal value and delta function and also substitute

27
F(ki;2z) = doF (ki;y 2, @) , (B30)
0
to reach
_ dk;.ki2dz 1 Filks;, 2) 1
Gi(Fy, Bi) = / (2m)3 2wiy; B2 om2, —m2, 4+ 2B wr  —op (x5 4 ieP(Efk —wiy;)? — Wiz,
i Ly al a2 T ST F o b ¢ @ @
* 1 (.
— 1 ql;i * / dz ]:l(??:; g (i%) . (B31)
B2mEF Jo1 B 4 m2) —m2, 4+ 2By Vwpy ;- 2P gz + e

This separation is valid regardless over the entire range of both the kj; and z integrals. This observation gives precise
meaning to the statement made at the beginning of this subsection, that we can treat the two poles as independent.
Finally we break the remaining pole into principal value and delta function to conclude

dk k2dz Fi (k. 1 1
GI(Pf7P1) :/ bi bz3 z ( ZZ Z)P o © P Vo — -
(2m) 2 B +m2 —m2y 2BV wp, — 2P kg2 (BF —wpi)? — wig;
1
* ]:7, *47
—1 qgl * / dz P (qbl(iig (i%)
32m2EY J E;Q +m2, —m2, + 2Ef Whgi — 2Pf qpiz
* 1 Felqt,, z x TgF. 2
—1 anf * / z P f<q{zj;*) ) (f*) - 2o * Z(((]Z:; Zl) ) (B32)

32mET ) B2+ m2 —miy + 2B Vwry - 2P gz 320ET P g

where z; = (E}? +m2; —mj, + ZE;l*)wglqi)/@P;l*)qu).

To reach Eq. (B32) we have rewritten the first term appearing on the last line. This is the term that comes from the
delta-function part of the z pole and the principal-value part of the k] pole, in other words the “principal-value initial
state and delta-function final state” term. To rewrite this term we have used the fact that it is given by swapping all
i and f labels on the term of the second line. This is the “delta-function initial state and principal-value final state”
term, so it must be related to the first term on the last line by swapping labels as indicated. We are restoring some
of the symmetry that we lost when we chose to work in the incoming CM frame.

We next comment that the last term of Eq. (B32) is given by taking the delta function terms from both poles

. . K YE (k. N
G Fildi ) a5 s / a1 Aty (6o VG (Sog) (i)
aa (

32k} QPJSi*)qu

27)3 2wq1 2wqof Qos

y ATY (f{bi)yz,mi (k) (kb*z

0;+L
O(E¢ — wg1 — weot)0(E; — — ;). (B33
o, q;;) (Ef — wa1 — Wazs)d( wpr — wp2i) - (B33)
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It is very important to remember that this term is only present if there exists some k for which (Ef — wa1 — wa2y) =
(E; — wp1 — wp2i) = 0. That is, the two ellipsoids in k-space, defined by the two pole conditions, must have some
non-zero intersection for this term to appear. Note also that this term is unchanged if we swap all ¢ and f indices.
Even though this “double delta function” term is perfectly symmetric with respect to i and f, we can only solve the
integral by choosing a specific frame.

Finally we comment that the first term in Eq. (B32) is equivalent to

s s / dk 1 A7Yopm, (kaf)Yifm/f (kor) ki L+

aa’ ooy (27)3 2wq1 2wa2f(Ef — Wa1 — Wazf + i€) s

477}//' (kbz)YE m; (kbz)
2wp2i (i — wp1 — wpaq + i€)

Li+0
k*- K i
<§7) . (B34)

Qy;

That is, it is just given by replacing the original two ie poles with principal value poles. This is the only term in
Eq. (B32) which still contains a divergent integral. In a numerical evaluation this term will be combined with the
sum to reach a numerically tractable sum-integral-difference. The UV divergence of course cancels between the sum
and integral in this difference.
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