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Abstract

We investigate theories in which gravity arises as a consequence of entropy. We distinguish
between two approaches to this idea: holographic gravity, in which Einstein’s equation
arises from keeping entropy stationary in equilibrium under variations of the geometry
and quantum state of a small region, and thermodynamic gravity, in which Einstein’s
equation emerges as a local equation of state from constraints on the area of a dynamical
lightsheet in a fixed spacetime background. Examining holographic gravity, we argue that
its underlying assumptions can be justified in part using recent results on the form of the
modular energy in quantum field theory. For thermodynamic gravity, on the other hand,
we find that it is difficult to formulate a self-consistent definition of the entropy, which
represents an obstacle for this approach. This investigation points the way forward in
understanding the connections between gravity and entanglement.
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1 Introduction

The existence of a profound relationship between gravity and entropy has been recognized since
the formulation of the laws of black hole mechanics [1] and the derivation of the Bekenstein-
Hawking entropy [2,3]. More recently, ideas such as the holographic principle [4,5], black hole
complementarity [6], the gauge/gravity correspondence [7-9], and the firewall puzzle [10, 11]
have provided further hints that a deep relationship between gravitation and entropy will be
present in the ultimate theory of quantum gravity.

In the quest to explore this connection and further our understanding of quantum gravity,
there have been several proposals for directly linking gravity and entanglement. These proposals
fall essentially into two distinct types, which we dub holographic gravity (HG) and thermody-
namic gravity (TG). The labels are not perfect, as HG is related to thermodynamics and TG is
related to holography, but they will serve as a useful shorthand for the two approaches.

In holographic gravity, one considers variations of the spacetime geometry and quantum state
within a region and posits a relationship between the change in entanglement entropy and the
change in the area of the boundary, then uses these constraints to derive the Einstein equation in
a bulk spacetime. This approach was used successfully in Refs. [12,13] in an AdS/CFT context
(see also Ref. [14]) and in Ref. [15] in a more general setup based on local causal diamonds. In
holographic gravity, gravity emerges as a dual description of the entanglement entropy of the
degrees of freedom in a local region.

In thermodynamic gravity, there is no variation over different states. Rather, one fixes
a dynamical spacetime and a particular energy-momentum background. One then posits a
relationship between some entropy flux (defined using the energy-momentum tensor) and some
cross-sectional area (e.g., of a given null surface). Using this area-entropy relation, one derives
the Einstein equations. This was the method of Ref. [16], as well as Refs. [17-20]. While these
approaches are similar in spirit, Verlinde [17] emphasizes the existence of an entropic force from
the gradient of the entropy, while Jacobson [16] derives the Einstein equation directly as a local
equation of state.

Open questions are present in both HG and TG approaches. For definiteness, we will focus
on Jacobson’s version of HG in Ref. [15] and of TG in Ref. [16]. In the HG case, we clarify the
underlying assumptions of the theory and present arguments in their favor. In particular, we
show how new results on entanglement entropy and the modular Hamiltonian in quantum field
theory [21,22] can be used to justify a crucial infrared assumption in HG. On the other hand,
we find that TG exhibits a tension related to the fact that the “entropy” is not well-defined in
this theory. We will argue that it is difficult to find a self-consistent definition of the entropy
in TG approaches. Our results indicate that holographic gravity is successful and points the
way toward promising future results; reassuringly, holographic gravity is most closely related to
AdS/CFT, in that it makes gravity in the bulk of a region dual to entanglement constraints on
the boundary, in a sense that we will explore later.

The remainder of this paper is organized as follows. In Sec. 2 we first review the holographic
formulation of entropic gravity, identify its axioms, and examine its derivation of the Einstein
equation. Afterwards, we demonstrate that the axioms of this theory can be justified in part
using recent results in quantum field theory. In Sec. 3 we examine the formulation of the
thermodynamic approach to entropic gravity and demonstrate the origin of the difficulties it



experiences in defining the entropy. Finally, we summarize and discuss future directions in
Sec. 4.

2 Holographic Gravity

After reviewing the motivation for relating entropy, particularly that of entanglement, with
gravitation, we codify the axioms of holographic gravity and demonstrate the derivation of the
Einstein equation. We then investigate how to justify and make rigorous each of the postulates
underlying HG.

2.1 Motivation

We start with the underlying motivation of the holographic approach to entropic gravity. One of
the most important facts that we (believe we) know about quantum gravity is the proportionality
relationship between entropy S and horizon area A [3,23]:!

A
S=1mr (1)

The derivation of this fact is phenomenological: the energy E of the black hole is given by its
mass, Hawking used quantum field theory in curved spacetime to calculate the temperature
T = h/87GM, and then we can use the thermodynamic relation 1/7° = 0S/0F to define the
entropy. One expects that this entropy represents the logarithm of the underlying degrees of
freedom in the true theory of quantum gravity; this expectation has been successfully borne out
in certain stringy models of black holes [24,25].

In the black hole case, it is clear what the entropy is actually the entropy of: the black hole,
or at least the degrees of freedom that macroscopically appear to us as a black hole. That is a
system that can be objectively defined in a way upon which all observers would agree. But the
same formula (1) applies to the horizon of de Sitter space, as shown by Gibbons and Hawking [26].
The de Sitter horizon is an observer-dependent notion; given any worldline extended to future
infinity, the horizon separates events within the causal diamond of that worldline from those
outside. This suggests that the identification of the entropy as belonging to the system described
by the horizon applies more universally than to fixed objects like black holes and indeed may
apply to horizons in general.

Another clue comes from the existence of Rindler horizons in Minkowski space. Starting
from the vacuum state of a general interacting quantum field theory, the Bisognano-Wichmann
theorem guarantees that the density matrix restricted to the wedge z > || is that of a thermal
state with respect to the boost Hamiltonian [27,28]. The boundary of the wedge acts as a horizon
for observers who are moving with a constant acceleration along the z-axis. In 341 dimensions,
the area of this horizon is infinite, so it is unsurprising that the von Neumann entropy of the
corresponding density matrix is also infinite. We can ask, however, about the entropy density

IThroughout, we leave A explicit in expressions leading to the derivation of the Einstein equation, as a book-
keeping device for semiclassicality.



per unit horizon area. This is also infinite, which can be attributed to the contributions of
ultraviolet modes of the field. Imposing an arbitrary short-distance cutoff, we find that there
is a constant, fixed amount of entropy per unit horizon area. Since the original calculation was
carried out in flat-spacetime quantum field theory, it is natural to suppose that the true entropy
density would be finite in a quantum theory of gravity.?

Together, these facts suggest that there is a universal relationship: to any horizon, we can
associate an entropy proportional to its area. This observation was the inspiration for entropic
gravity in Refs. [15,16]. It remains to formulate a precise prescription for what kind of entropy
is actually involved. The natural candidate in the quantum context is the von Neumann entan-
glement entropy, —Ir plog p for some density matrix p. Taking a vacuum spacetime region and
cutting off modes at some fixed short distance, we obtain an entanglement entropy that is pro-
portional to the area of the boundary of the region being considered [29,30]. The entanglement
entropy further appears in the recent proofs of versions of the covariant entropy bound within
quantum field theory [21,22]. Moreover, the Ryu-Takayanagi formula [31,32] in AdS/CFT re-
lates the entanglement entropy in a boundary region with the area of an extremal surface in the
bulk. The conjectured ER=EPR duality [33] (see also Refs. [34,35]) further underscores this
connection. Taking these results as motivation, holographic gravity seeks to relate the Einstein
equations themselves to constraints on entanglement entropy and areas in a sense that we will
make precise.

2.2 Formulation of holographic gravity

Let us now review the approach to HG laid out in Ref. [15]. Fix an arbitrary background D-
dimensional spacetime geometry M and a spacelike slice ¥. Choose a point p € ¥ and define a
ball B as the set of points p’ € 3 such that the geodesic distance in ¥ between p and p’ is less
than ¢. Next, define the causal diamond D(B) associated with B as the union of the past and
future domains of dependence of B; that is, the set of all points x € M such that all inextendible
timelike curves through x necessarily intersect B. We write as V' the volume of B and A the
area of 0B. For a sufficiently small causal diamond, the background metric approaches the
Minkowski form. There is a unique conformal isometry generated by the Killing vector

1 2 2 2 2
¢= 2_6[(6 —u )au—f_(g -V )av]a (2)

where u = ¢ — r and v = t + r for time coordinate ¢ and radial coordinate 7.
Writing the quantum state of the system on ¥ as [¢), we can define the reduced density
matrix on B as

pp=Trs gl) (V] (3)

We define the entanglement entropy associated with B as

Sp = —Trpp log ps, (4)

2As noted in Ref. [15], we can say that gravity cuts off the number of degrees of freedom and renders the entropy
finite or that demanding a finite horizon entropy implies the existence of gravity. Requiring finite entropy at
least implies some ultraviolet cutoff for the applicability of quantum field theory.



Figure 1: A small causal diamond D(B) for a spacelike ball B with boundary dB. The ball is
defined as all points in some spacelike surface that are less than or equal to a distance ¢ from
some point p. The vector field ( generates a conformal isometry within D(B), assumed to be
approximated by a maximally symmetric spacetime.

i.e., the entanglement of the state on B with that on > — B. We posit that the Hilbert space of
states on B can be factorized into infrared and ultraviolet contributions,

Hp = Huv @ Hir. (5)

The infrared states are ordinary field-theory states in a spacetime background (including semi-
classical gravitational perturbations), while the ultraviolet contributions represent short-distance
physics, including specifically quantum-gravitational degrees of freedom. Writing Ayy for the
scale of the UV completion, which we take to be below the Planck scale, then Hir and Hyy
contain degrees of freedom with energies below and above Ayy, respectively. The size ¢ of the
causal diamond is taken to be larger than the Planck length but smaller than 1/Ayy. Tracing
out the UV degrees of freedom, we are left with an infrared density matrix

pir = Truvpp. (6)
We then define the (field-theoretic) modular Hamiltonian K on B via the implicit relation
oK
Tre K’

(7)

PIR =

In Minkowski space, the causal diamond D(B) can be mapped via a conformal transformation
to the Rindler wedge [36]; writing z# = (t,r,7) for the (radial) coordinates of the ball, X* =



(X% X' Y) for the (Cartesian) coordinates of the Rindler wedge X' > 0, and defining B* =
(0,1,0,...,0)/2¢, the conformal transformation is
u X* — BrX? 2 st

T =i Tax pr e AP (8)
where X? = X#X, and similarly for B2 With U = X° — X' and V = X" + X!, the Rindler
wedge corresponds to the intersection of V' > 0 and U < 0, which maps to the causal diamond
D(B) = {v < ¢} N {u > —¢}. For the Rindler wedge, the Bisognano-Wichmann theorem [28]
guarantees that the density matrix is thermal with respect to the Hamiltonian generating time
translation. Thus, for a conformal field theory, which is invariant under this transformation of
the geometry, the modular Hamiltonian K is just the Hamiltonian generating flow along ¢ from
Eq. (2), namely,

21
Kcpr = T . T (,dY,, 9)

where d¥,, is the surface element orthogonal to B and T}, is the energy-momentum tensor.
We now consider a variation of the spacetime M and of the quantum state pp on B. We
will write this variation via

dy,p : variation of state pp and geometry g that keeps the volume V' of D(B) fixed. (10)

Under this variation, the area A at fixed V' changes by d,,A|v and the quantum state pp on
B changes by 6,4 ,p5. Moreover, there is a change in the entanglement entropy d,,55 as well
as a change in the expectation value of the modular Hamiltonian, d, ,(K’), which is in general
a highly nonlocal quantity. The modular Hamiltonian does not correspond a prior: to any
intuitive sense of energy; it is just an operator one can define using the reduced density matrix.
Note that all of the above variations are not dynamical variations that occur with time; rather,
we are considering varying the entire history of the configuration, examining the consequences
for various quantities for infinitesimally separated configurations of geometry and fields. For
example, for a CFT, plugging in the Killing field (2) into Eq. (9) and requiring a sufficiently
small causal diamond ¢ < Ly, where Ly is the characteristic length scale of changes in T}, we

have the modular energy
2m QD_QKD
Og,0(Kcrr) = fﬁ%,p@oo% (11)

where Qp_o = 27P~D/2/T[(D — 1)/2] is the area of the unit (D — 2)-sphere.
We are now ready to state the postulates of the holographic gravity theory given in Ref. [15].
They are:

1. Entanglement separability. The entropy Sg can be written as a simple sum Syy + Sir,
where UV and IR denote the entanglement entropies in the UV (quantum gravitational)
and IR (quantum field-theoretic) degrees of freedom. Equivalently, the quantum mutual
information Iz = Syy + Sig — Sp is negligible. That is, there is minimal entanglement
among degrees of freedom at widely separated energy scales.?

3This formulation of postulate 1. is actually somewhat stronger than necessary; for holographic gravity it is
sufficient that merely the entropy variation d4 ,Sp factorize as in Eq. (12). However, the justification for this
weaker version of postulate 1. will ultimately be the same as the stronger version we state above.



2. Equilibrium condition. The entanglement entropy of the causal diamond is stationary
with respect to variations of the state and metric, i.e.,

dg.p5B = 04,p5uv + 94 SR =0 (12)

and the geometry of the causal diamond is that of a maximally symmetric spacetime
(Minkowski, de Sitter, or anti-de Sitter).

3. Area-Entropy Relation. The variation of the UV entropy of the causal diamond is
proportional to its area change at fixed volume,

5g,pSUV = 77597pA|Va (13)

for some universal constant n. That is, 4.5 satisfies a local, bulk version of holography.
This is Jacobson’s generalization of the area law for black hole entropy and is the crucial
substantive assumption underlying holographic gravity.

4. Modular energy: CFT form. The modular energy, defined to be the variation in the
expectation value of the modular Hamiltonian, for an arbitrary quantum field theory is
given by the form in Eq. (11), possibly modified by some scalar operator X:

Sy (K) = 0205 (1) + (X)) (14)

While the first three postulates are assumptions about ultraviolet behavior, the fourth is strictly
an infrared statement and we will argue that, in its null-limit form, it can be derived rather
than postulated. Note that in postulate 3., we expect n = 1/4Gh, the same constant as appears
in the Bekenstein-Hawking formula [3].

Ref. [15] shows how postulates 1. through 4. can be used to derive the Einstein equations.
Our purpose in this section will be to illustrate how some of these postulates can be justified
rigorously, rather than taken as assumptions. While we leave the geometric details of how the
postulates imply the Einstein equations to Ref. [15], we sketch the main points. Firstly, writing
as usual

Sir = —Tr pr log p1r, (15)

we have the entanglement first law [37]

0g.pSR = —Tr [<5g,pPIR) log pir) — Tr (PIRP;P{1597PPIR) =Tr (K(Sg,ppIR) = 597p<K>- (16)

Further, the area variation at constant V' for a maximally symmetric spacetime in which G, =
— f g, for some arbitrary constant f is

Qp_olP

Og.pAlv = —m(Goo + f 900)- (17)

Equating Eqgs. (16) and (14) via postulate 4., setting Eq. (17) to dSyy/n via postulate 3., and
then putting everything together via postulates 1. and 2., we have

Qp_olP

=2 64,0 ((Too) + (X)g00) | - (18)

2
—(Goo + f goo) +

0=0,,5 .



Rearranging and requiring that this relation hold for all possible spatial slicings (i.e., in arbitrary
reference frames) requires

2T

1
Ruu - éRg,uV + fg,uu = h_nég,p ((T,uu> + <X>g;w) . (19)

Now, since we must have V#T),, = 0 for energy-momentum conservation, but V*R,, = V,R/2
by the Bianchi identity, f can be identified as 2mwd, ,(X)/hn+A for arbitrary constant A, yielding
Einstein’s equation in semiclassical terms:

1 2m
Ry — §Rguy + Agu = h_n Og.p(Tuw) = 87G dg,p (1)), (20)

where in the final equality we plugged in n = 1/4Gh as expected for consistency with the
Bekenstein-Hawking formula. Note that the d, ,(7},,) appearing on the right-hand side is really
just the expectation value of the energy-momentum tensor under consideration, since without
the variation, i.e., in vacuum, the causal diamond is assumed to be described by a maximally
symmetric spacetime with vanishing 7),,.

The way in which the Einstein equation arose in the above derivation was by the imposition
of a relationship between the change of entanglement entropy and area for variations over the
spacetime configuration and quantum state. It is not a dynamical constraint within a single
solution, but rather a relationship between infinitesimally separated spacetime histories and ge-
ometries. Mathematically, how this constraint leads to the Einstein equation is the same as how
the Einstein equation was derived [12,13] in the context of AdS/CFT via the Ryu-Takayanagi
formula [31,32]. That is, AdS/CFT itself, in Refs. [12,13], provides another realization of holo-
graphic gravity. The version of the theory in Ref. [15] attempts wider applicability, by applying
holographic formulas to causal diamonds in an arbitrary spacetime. It is therefore crucial to
investigate the extent to which the postulates of the theory can be justified. We conduct such
an investigation in the next subsection, providing a nontrivial check of the health of HG.

2.3 Justifying the assumptions of holographic gravity

Postulates 1. through 3. above deal with the ultraviolet degrees of freedom in the ultimate
theory of quantum gravity. Hence, they either must be taken as axioms of the theory or shown
to be true in a more general ultraviolet completion of gravity (e.g., through holography and string
theory). Despite this ultraviolet character, there are motivations for postulates 1. through 3.,
which we will briefly mention. More importantly, we offer a derivation of a null-limit version of
postulate 4., allowing it to be removed as an independent assumption in HG.

Postulate 1., requiring minimal entanglement between infrared and ultraviolet degrees of
freedom, is a basic feature of effective field theory [38], so the first postulate amounts to the
assertion that effective field theory is (at least approximately) valid for the field-theoretic degrees
of freedom. That is, for renormalization group flow to work in the usual manner, we require a
decoupling between the low- and high-momentum states. We do not expect significant mutual
information between the low-energy degrees of freedom in a Wilsonian effective action and those



in the ultraviolet completion. This was explicitly found to be the case for interacting scalar
quantum field theories in Ref. [38].

Postulate 2. is really the entropic foundation of the theory, being the assertion of a condi-
tion on the spacetime geometry that will ultimately lead to the Einstein equation. In essence,
postulate 2. is the assertion that the vacuum should look as simple as possible, namely, that
a small region should be well described by a Gibbs state. For fixed energy expectation value,
the Gibbs state has the maximum entropy, so 655 = 0. Moreover, for the Gibbs distribution,
expectation values of quantum mechanical quantities related to the entanglement entropy map
onto those from classical thermodynamics [39]. Viewed in this sense, the causal diamond rep-
resents a canonical ensemble [15], with fixed degrees of freedom and volume. Hence, classically,
its entropy for a given expectation value of 7, is maximized in equilibrium. The requirement
that the causal diamond be described by a maximally symmetric spacetime means that there is
not power in spacetime fluctuations at arbitrarily small scales. If this were not the case, then
introducing fluctuations would produce large backreaction that would spoil the equilibrium con-
dition. The content of postulate 2. is therefore the assertion that the semiclassical Einstein
equations hold if and only if the causal diamond is in thermodynamic equilibrium.

Postulate 3. is related to the Ryu-Takayanagi relation [31,32], with which Refs. [12,13]
derived the Einstein equations in a holographic context in a manner closely related to that of
Ref. [15]. Refs. [12,13] can be regarded as another example of HG, in which bulk gravitation
is again found to be dual to a constraint on entanglement entropy in some boundary degrees
of freedom. The boundaries of the causal diamond can be viewed as the Rindler horizons of
a set of appropriately accelerating observers. The area of 0B is just the area of this horizon.
Postulate 3. does not require assigning a change in entropy with time to a dynamical change in
area. Rather, it just requires identifying the area of the causal diamond with the entanglement
entropy and then doing this for an entire family of infinitesimally-separated causal diamond
configurations. The motivations for assigning an entropy to an area for this apparent horizon
in the first place were discussed in Sec. 2.1.

Postulate 4. is of a different character. Unlike the ultraviolet-dependent postulates 1.
through 3., postulate 4. is an assertion about the form of the modular Hamiltonian for the
field-theoretic degrees of freedom. Thus, postulate 4. is amenable to analysis and, as a consis-
tency test of the holographic gravity of Ref. [15], we can investigate whether postulate 4. can
be justified, rather than taken as an assumption. A holographic justification of postulate 4.
for spacelike slicing was considered in Ref. [40], in which the subtleties of the construction in
Ref. [15] for operators of particular conformal dimensions is discussed in detail. However, we
will show that postulate 4. may be justified more simply in the null limit by using the conformal
symmetry of the causal diamond and the light-sheet results of Ref. [22].

A priori, postulate 4. suffers from two potential weaknesses. First, it is unclear why the
modular energy of a generic QFT should take the form appropriate for a CFT. Second, Ref. [15]
derived the Einstein equations only for small variations about the vacuum in the field-theoretic
density matrix prr, for which the entanglement first law (16) holds. However, small variations to
the geometry, in which gravitational backreaction is negligible, do not necessarily correspond to
small variations in pig. For example, two massive particles in a Bell pair state certainly gravitate,
but their long-range entanglement does not correspond to a small perturbation about the vacuum
state of pir. Thus, the question remains of how to retain the success of HG in obtaining the



Einstein equation for large changes to the quantum state without using the entanglement first
law. Both of these challenges can be addressed using recent results proven in quantum field
theory.

To address the second issue, we consider the computation of the modular energy and en-
tanglement entropy for an interacting CFT in D > 2, which was computed for a null slab in
Refs. [21,22]. For an arbitrary state pjr defined on a spatial region (for example, one of the
spatial slices of our causal diamond), we can define the Casini entropy

AS = —Tr PIR 10g PIR + Tr OIR IOg O1IR, (21)
which is just the vacuum-subtracted von Neumann entropy, and the modular energy,
AK ="Tr KPIR —Tr KO’IR, (22)

where the modular Hamiltonian K is defined as in Eq. (7) but with respect to the vacuum
density matrix og. Note that in the limit in which the field-theoretic density matrix for this
state is infinitesimally close to the vacuum state og, we have AS — 65 and AK — JK and the
entanglement first law guarantees 65 = K. Using the replica trick [41,42] to compute the nth
Rényi entropy for an arbitrary spatial region by inserting defect operators on the boundaries,
Ref. [22] shows through an argument involving the operator product expansion in the null limit
that the only operators that can contribute to AK or AS are single-copy scalar operators with
twist 7 in the range

%(D—2)<T§D—2. (23)

For spin-zero operators, 7 is just the scaling dimension. By single-copy, we mean that the
operator appears inside just one of the copies of the CF'T in the replica trick; in that case, the
contribution of this operator to the entanglement entropy is proportional to the expectation
value of the operator inside a single copy of the CFT [22]. That is, single-copy operators
contribute linearly in the density matrix to Stg.

Finally, the modular Hamiltonian is the unique operator on B that matches Sig at linear
order for arbitrary perturbations of the density matrix. Thus, single-copy operators contribute
equally to AS and AK, so taking the null limit of any spatial surface and computing AS and
AK, we have

AS = AK [null limit]. (24)

One can show that, evaluated on any fixed spatial slice, AK — AS = D(pr|omr), the relative
entropy between the state and the vacuum, which is always nonnegative. However, in the null
limit, Ref. [22] showed that in an interacting conformal field theory, no operators in the algebra
can be localized to a null surface, which allows the excited state and the vacuum to differ while
remaining indistinguishable. Moreover, the null limit is sensitive only to the UV structure of
the theory. For quantum field theories with an interacting UV fixed point, Ref. [22] thus showed
that the AS = AK result of Eq. (24) continues to hold (provided the quantum field theory
does not have finite wave function renormalization, as for, e.g., superrenormalizable theories).
The result is therefore quite general. Eq. (24) applies to any quantum state that backreacts
weakly on the geometry and thus strengthens the argument for HG in Ref. [15]. No longer is

10



it necessary to rely on the entanglement first law (16) and consider only small perturbations
about the vacuum density matrix in postulate 4.; we are now free to consider arbitrary states.

To mitigate the first issue raised regarding postulate 4., namely the question of why the
modular energy for a generic quantum field theory should be related to that of a CFT, Ref. [15]
considered a quantum field theory with a UV fixed point and required that the size of the causal
diamond be smaller than every length scale in the quantum field theory, i.e.,

P (25)
max; m;

where m; are the masses of states in the quantum field theory. That is, we are required to take
the causal diamond to be smaller than the cutoff of the quantum field theory, Ayy > ¢. Naively,
this leads to doubtful consistency of treating the spacetime semiclassically; we do not want to
be required to take the causal diamond to be Planck-scale. However, we typically expect the
scale of a perturbative UV completion of gravity to be parametrically smaller than the Planck
scale, as indeed is the case in string theory [43].

In any case, we can dramatically relax the stipulation of Eq. (25) by evaluating AK in
the null limit. Let us choose a sequence of spacelike slices B through the diamond, £ € [0, 1],
defined by the orbit of ¢ in Eq. (2), where we start with By = B and end with By, the upper null
surface of the diamond. Now, ( is not a member of the Poincaré group; it is a conformal Killing
vector and in particular contains a dilation. The proper distance across Be tends to zero as we
send ¢ — 1, that is, as we flow along (. Acting with ( on a given field configuration with small
momentum on By takes us to larger and larger momenta and we experience renormalization
group flow as we move through different values of £. For a CF'T, ( acts trivially, but for a
general interacting QFT with a UV fixed point [15,22], flow along ¢ means are probing higher
and higher energy scales within the theory, eventually reaching a regime in which the CFT
approximation is valid. Thus, Eqgs. (9) and (14) become in the null limit

2T QD_QKD
AK = 222022
h D?—1

Ty, (26)
where we still assume that 7}, varies with a length scale Ly larger than ¢. Moreover, we can
write the area variation (17) in terms of its null components as ¢ lines up with 0, in the null
limit. Hence, Eq. (18) still applies, but for the uu components. Following the logic through as
before, we again obtain the Einstein equation

G+ Agy = 87GT,,. (27)

We therefore see the infrared assumption underlying holographic gravity, that the modular
energy takes the CFT form given in Eq. (14), need not be separately postulated, but can be
justified by examining the null limit. The null surfaces themselves are not special or preferred,
but the use of the null limit rendered tractable the explicit computation of the entanglement
entropy and modular energy for generic interacting quantum field theories with an ultraviolet
fixed point. Moreover, we seem to have a specific and self-consistent formulation of what kind
of entropy we are talking about in holographic gravity: the Casini entropy evaluated on the null
boundary of a small causal diamond.

11



3 Thermodynamic Gravity

In Sec. 2, we demonstrated that the holographic gravity of Ref. [15] can be made well-defined,
putting its axioms on a more solid footing. In this section, we turn to the question of whether
the same can be done for the thermodynamic gravity of Ref. [16]. We will argue that there does
not exist any self-consistent definition of entropy in this approach.

In the cases relating entropy and area that we discussed in Sec. 2.1, the area is a constant
along the horizon. To work our way toward a truly dynamical theory of gravity, we must be
able to handle more general cases, including time-dependent spacetimes. Holographic gravity
accommodates this requirement by varying the spacetime history: in that case, general relativity
can be shown to be equivalent to constraints relating the variation in entanglement entropy and
area of a small causal diamond. However, the HG approach does not allow gravity to truly
emerge as an equation of state, since the area and entropy variations are not dynamical changes
within a single background spacetime. TG takes the other approach. That is, we can start
with the null generators of a local Rindler horizon, but the corresponding cross-sectional area
will generally change with time. Thermodynamic gravity [16] therefore posits that the change
in entropy behind such a horizon is proportional to the change in that area. This is a natural
generalization of the area law itself. We will argue that it is then hard to associate this quantity
with a well-defined entropy of any particular local system.

3.1 Formulation of thermodynamic gravity

Consider an arbitrary spacetime and identify some point p. Restrict to a sufficiently small
region such that we can define a spacelike foliation with respect to a time coordinate ¢. Our
point p is located at time coordinate t; on a spacelike codimension-one hypersurface ;. Choose
a codimension-two approximately-flat spacelike surface P; containing p. Approximate flatness
means that the null congruences normal to P; have vanishing expansion 6 and shear o, at
p to first order in the distance from p. Fix a closed orientable smooth spacelike codimension-
two surface B; containing P; and choose a future-directed inward null direction normal to By,
which defines a null congruence originating from B;. Denote the spacelike region of ¥; that
lies inside B; by R;. Choose an affine parameter A along the congruence, with tangent vector
kE* = (d/dA)*, letting A equal zero at p and increase toward the future. Points in the congruence
make up the “lightsheet” H emanating from P;. At a not-much-later time t,, the intersection of
the null congruence from B; with a spacelike hypersurface ¥, defines a spacelike codimension-
two surface By, such that P; evolves to P,. The region inside Bs is denoted Ry. The setup is
portrayed in Fig. 2.

The lightsheet H is a horizon in the sense that it serves as a local Rindler horizon for
appropriately accelerating observers. (In Ref. [16], the construction was formulated over the past
horizon instead of the future horizon, but this distinction makes no difference to our arguments.)
We can define an approximate boost Killing vector x* = kAk*, where k is the acceleration of
the associated Rindler trajectory. The surface element for the local Rindler horizon is d¥* =
k*dXdA, where dA is the codimension-two spacelike cross-sectional area element. This can be
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Figure 2: Spacetime diagram of the flux through a segment H of a lightsheet. Starting with
some point p, we fix an approximately-flat spacelike surface P; > p and a boundaryless surface
B; D P;. Consider future-directed inward null geodesics orthogonal to P;, with affine parameter
A. Flowing along the geodesics by some fixed parameter value, the area A; of the initial surface
element P; evolves into a new area A,, which we can use to define the area decrement d A =
A; — As. An amount of heat §Q) passes through #H, which by the Clausius relation is equal to
T9S. The regions R, and Rs denote the parts of the spacelike hypersurfaces ; and 3, that lie
inside the spacelike codimension-two surfaces By and Bs, respectively.

used to define a heat flux across the lightsheet

5Q = / TS = k / T,k kA A A (28)
H H

Viewing our system as the set of degrees of freedom on R; in Fig. 2, 0Q) defines the heat
leaving the system through H. The temperature associated with this process is just the Unruh
temperature [27] for the Rindler trajectory, T = hrx /2.

The area decrement of the lightsheet as 6Q) flows through it is

H

where A; is the initial area of the two-surface Py, A; = fPl dA, and A, is the area of the
two-surface P, at the other end of H. The expansion 6 is defined to be 0 = V,k*. Carefully
treating the range of integration of A will play an important role in our discussion in Sec. 3.2.
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Having made these preliminary definitions, we are ready to state the assumptions of ther-
modynamic gravity. They are:

1. Clausius Relation. There exists an entropy change S associated with the flow of heat
through the lightsheet H, which in local thermodynamic equilibrium is given by

55 = 6Q/T. (30)

2. Local Holography. For any lightsheet H of the form shown in Fig. 2, the entropy change
05 is proportional to the change in area §. A with some universal constant 7,

5S =n6A. (31)

Note that the use of the Clausius relation (30) implies that the entropy §S under consid-
eration should correspond to some notion of entropy for a system that can be locally defined.
The local holography assumption, meanwhile, is motivated by black hole thermodynamics, upon
which entropic gravity is based. Therefore, we should expect that 7 is the same coefficient as
in the Bekenstein-Hawking formula [3], 1/4Gh. Were we to find that n # 1/4Gh is required for
consistency with Egs. (30) and (31) and Einstein’s equation, this would undermine the original
motivation for TG. This is the problem we will uncover in Sec. 3.2.

Putting these assumptions together, we can derive Einstein’s equation. First, from the
Raychaudhuri equation,

de 1
a = —592 — O'W/O'MV - R,uykukya (32)

which is just a geometric statement in terms of the expansion, shear, and Ricci tensor R,
Ref. [16] writes = —AR,,, k*k” for a small segment of the lightsheet and inserts this result into
Eq. (29) to obtain

SA = / R kMK’ A dA dA. (33)
H

Using local holography (31) and the Clausius relation (30) to equate this to 6Q/T, one can
invoke the freedom in the choice of k* to equate the integrands, obtaining

2
U(R/w + fg/w) = _T/w (34)

h
for some scalar quantity f. Since we must have V#T),,, = 0 for energy-momentum conservation,
but V¥R, = V,R/2 by the Bianchi identity, f can be identified, yielding Einstein’s equation,

2
T =87G T, (35)

1
Ry — §R9W + Mg = hn

where A is the cosmological constant. We find that  must indeed be equal to 1/4Gh, as expected
for consistency with the Bekenstein-Hawking formula.

We see that the assumptions of the Clausius relation (30) and local holography (31) are,
together, sufficient to derive Einstein’s equation, at least up to a normalization. Less clear is the

14



nature of the quantity 65 — in particular, precisely what this is supposed to be the entropy of.
Formally, the only role of 4.5 in this derivation is to motivate equating n 6.4 with Q) /7T"; once that
happens, 5 disappears from the discussion. But if we were simply to assume 704 = 6Q /T from
the start, that would be tantamount to assuming Einstein’s equation. The substantive content
of TG, therefore, rests on the existence of a consistent and well-defined local construction for
the entropy 05 associated with lightsheet segments anywhere in spacetime. We now turn to an
investigation of what that construction might be.

3.2 Entanglement entropy of a null region

Some form of the von Neumann entanglement entropy is a natural candidate for the quantity 6.5
that plays a crucial role in TG. We first need to specify the precise system whose entanglement
entropy we are calculating. Factors of Hilbert space are usually associated with regions of
spacelike surfaces, but local holography refers to the entropy associated with part of a null
surface. The simplest option would be to introduce some spacelike slicing, zoom in on a small
neighborhood so that the spacetime looks approximately static, and compute the von Neumann
entropy on the small spacelike region; subsequently, one could enforce local holography on
the small lightsheet through which the orthogonal timelike congruence originating from the
small spacelike region passes. However, this prescription does not prove suitable: while the
von Neumann entropy is subextensive, energy-momentum is extensive. That is, considering
two adjacent regions A and B, we have Sip < Sa + Sp, with strict inequality if A and B
are entangled; however, the masses of A and B, and hence the concomitant first-order area
decrements of a lightsheet passing through them, add linearly. Thus, use of the von Neumann
entropy on spacelike surfaces cannot provide a consistent formulation of thermodynamic gravity.

We therefore turn to the null limit. Consider a spacelike region >, with a point p € P;
on its boundary, as shown in Fig. 3. It contains a smaller spacelike region I' with p also on
its boundary. The large null surface to the future of ¥ is labeled £ and a small lightsheet H,
as defined in Sec. 3.1, can be thought of as the null limit of a series of spacelike regions I'(().
There are then two different ways to associate an entropy with H: i) the entanglement entropy
associated with the region itself and i) the difference in entanglement entropies between those
of the large null surfaces £ and £ — H, which emanate from P; and P,, respectively. We will
consider each possibility in turn.

Let us first see whether the entropy appearing in TG could be the entanglement entropy
associated with the region H. Let py be the density matrix of the system on the spacelike
region X and let oy be the vacuum density matrix. Let or = Try_rox and pr = Try_rps.
We are immediately forced to identify some way to regulate the von Neumann entropy, which
naively diverges. Consider the vacuum von Neumann entropy in the null limit, limr_,3 S(or).
If we simply impose an ultraviolet cutoff, the entanglement entropy S(or) associated with a
vacuum region is still large [29, 30], going as A/e?, where A is the area of the boundary of T
and e is the cutoff length. By the local holography postulate (31), we must have 65 = ndA,
where 0.4 is the area decrement along H, which must vanish in the Minkowski vacuum. While
the details of a UV cutoff may have bearing on the renormalization of Newton’s constant (see
Ref. [44] and references therein) and therefore of 7, no such effect could reconcile a finite value of
0S with an exactly vanishing 6. A4. Thus, we cannot use the UV-regulated von Neumann entropy
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Figure 3: A finite lightsheet H considered as the null limit of a parameterized collection of
spacelike regions I'(¢). The large spacelike region 3 maps to the large null surface £. The affine
parameter generating H runs from 0 to e.

in the null limit as 65 in entropic gravity, since doing so would require violation of either the
postulate of local holography or flatness of the vacuum spacetime. We must therefore adopt the
prescription of Casini [45], subtracting off the entanglement entropy associated with the vacuum
as in Eq. (21), producing the appropriate regulated version of the von Neumann entropy that
vanishes in vacuum.

We compute the Casini entropy ASr of the small spacelike region as the difference of the
von Neumann entropies for pr and or as in Eq. (21), ASr = S(pr) — S(or), and then take the
null limit to define the entropy on the small lightsheet, ASy = limp_,3 ASr. Next, let us define
a modular Hamiltonian Kt on I' via

e Kr

or = W (36)

and use this to define AKT as in Eq. (22). Despite the nonlocality of K, the modular energy
becomes more tractable in the null limit, AKy = limr_,5; AKr, as we saw in Sec. 2.3.

It was shown in Refs. [21,22] for interacting quantum field theories that ASr and AKrp
become equal as the null limit is taken and, in particular,

2 €
ASy = AKy = % / dA / AN g\, )T kK", (37)
0
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where g(A,¢€) is a real function whose precise values depend on the interacting quantum field
theory being considered. Note that g(\,€) is not automatically theory-independent, as in the
causal diamond case: the causal diamond was related by a global conformal transformation (8)
to the Rindler wedge, while this is not so for the lightsheet H. However, Ref. [22] showed that
g(\, €) is computable in particular cases and moreover satisfies certain general properties for all
interacting quantum field theories, which will be sufficient for our purposes.

The function g(\, €), whose properties we discuss in detail below, plays a crucial role here.
Equations analogous to Eq. (37) appear as expressions for the heat transfer in Ref. [16] and
Ref. [46], but with g(\, €) replaced simply by A. (This similarity suggests that we should view
Eq. (37) as corresponding to the Clausius relation, indicating that this formulation of the entropy
is appropriate for application to TG.) For the Rindler Hamiltonian, which inspires this form, A
is perfectly appropriate for a semi-infinite lightsheet, but we are now computing the entropy for
the finite segment of lightsheet #, for which the entropy takes the form of Eq. (37), as shown in
Refs. [21,22]. That makes all the difference: g(\, €) initially increases as A, but then decreases as
e— A at the other end of the segment. As a result, the integral in Eq. (37) differs from the Rindler
Hamiltonian by a theory-dependent constant factor of order unity. This discrepancy implies that
we cannot simultaneously choose our normalization so as to correctly recover Newton’s constant
in both Einstein’s equation and in the area-entropy formula.

Ref. [22] derived a number of properties that the function g(\, €) appearing in Eq. (37) must
obey, amounting essentially to the requirement that it have the form illustrated in Fig. 4. More
specifically, defining A = \/e € [0, 1], we have g(), €) = €g(A), with g(\) = g(1 — )), and

g(\) — A for A — 0, (38)
gA) = 1—X for A — 1.

Putting together the required properties of g, Ref. [22] showed that \dg/dX\ < 1. Note in

particular that the integral fol dAg()) is less than 1/4.

Now let us consider the area variation of H. As in Ref. [16], we can choose H such that 6
and o0, vanish at first order near p. We can evaluate the change in cross-sectional area of H by
integrating the Raychaudhuri equation (32) for a finite lightsheet, keeping careful track of the
ranges of integration. We find that the area decrement along H is

€ € A
AA = —/dA/ dAO(N) :/dA/ d)\/ A\ R, ()K", (39)
0 0 0

We can now test whether the null Casini entropy ASy, which is the regularized von Neumann
entropy from Eq. (21) evaluated in the null limit, can be the basis of a consistent formulation
of TG. First, we need only consider the limit of a very small lightsheet, since we wish only to
recover the local equations of motion, i.e., Einstein’s equation. That is, we can take AA and
ASy in Egs. (39) and (37) in the limit of very small € and cross-sectional area A to define §.A
and 05 for use in the assumption of local holography in Eq. (31). From Eq. (39), we have

SA= lim lim AAZEEQARW(p)k“k”, (40)

e—small A—small 2
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v >l

Figure 4: Schematic form of the function g(\), proportional to the g(, €) used in the expression
for the null Casini entropy in Eq. (37). It is symmetric between A = 0 and A = 1, with slope
between 1 and —1 and a negative second derivative everywhere.

where we used the fact that in the limit of a small lightsheet the Ricci tensor could be taken to
be a constant evaluated at p. Similarly, using Eq. (37), we find for the entropy that

— : : _ 2m 2 .V ' s FT8\
0S = eigrﬁall ABS%aHASH =€ AT, (p)E" E /0 dAg(N). (41)
Local holography posits that 65 = ndA for some constant 7. For consistency with the
Bekenstein-Hawking formula, we expect 1 to equal 1/4Gh, but for now we will keep it undeter-
mined. Setting Eq. (40) proportional to Eq. (41) implies

47

{h_n /0 P gm] T (D) R” = R ()RR (42)

Let us write n = 1/4Gsh and write Newton’s constant in Einstein’s equation as Gy. Then
requiring consistency of Eq. (42) with Einstein’s equation and rearranging, we have

= >y, (13)
2f0 dAg(\)

noting, as we previously observed, that the integral over () is less than 1/4. That is, in terms
of the constant in Einstein’s equation, we have

Gs

1
e

n < (44)

This is inconsistent, by an order-unity factor, with the area-entropy coefficient from black hole
thermodynamics, which would be n = 1/4Gyh. So we see that, while thermodynamic gravity
is motivated by the area-entropy equivalence for black holes, enforcing 65 = 0.4/4Gh would
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lead to the wrong constant in Einstein’s equation. Moreover, this constant appears in a theory-
dependent way via the function g. On the other hand, one could insist that the correct coefficient
be obtained in Einstein’s equation. By Eq. (43), this would require 65 = §. A fol dAg()\)/2Gh,
which would constitute a theory-dependent modification of the local holography postulate with
a coefficient that now no longer corresponds to the area-entropy relation from black hole ther-
modyamics. In other words, one could require that Einstein’s equation and the 1/4Gh coefficient
in the local holography postulate have Newton’s constants that differ by the order-unity factor
given in Eq. (43). A question for future work on TG would then be the identification of a
justification, independent of Einstein’s equation, of why the local holography postulate must
take precisely this modified form.

The reason for the inconsistency of Einstein’s equation and the expected area-entropy ratio in
the formulation of TG we have considered here stems from the fact that, despite the similarity
between Eqs. (28) and (37), there is a crucial factor-of-g difference. In Ref. [16], the heat
transfer was taken to be given by the Rindler form (28), where g is just \; interpreted as a
modular Hamiltonian, this is the appropriate form for a semi-infinite lightsheet. However, only
finite lightsheets [16,46] can be considered in the formulation of TG, so that § and ¢, remain
subdominant in the Raychaudhuri equation.

There is an important distinction between the formulation of TG here and the causal-
diamond derivation of HG in the previous section. The transformation (8) that brings a Rindler
wedge to the causal diamond is a true conformal transformation for the spacetime. In contrast,
to bring an infinite half-lightsheet to a finite segment requires a transformation A — 1/\ that
is conformal on two-dimensional subspaces, but not on the spacetime as a whole. For general
theories (in particular, those that are not ultralocal), this leads to the need for the function
g(\, €), which wasn’t present for the causal-diamond formulation.

3.3 Loopholes and alternatives

A possible concern about this analysis might be that the Casini entropy (37) is calculated in
terms of the field-theoretic degrees of freedom alone. That is, one might imagine positing the
existence of hidden, quantum-gravitational degrees of freedom that would provide additional
entropy so that 0S5 equals 0.4/4Gh, with the aim of getting both the correct coefficients in the
area-entropy relation and in Einstein’s equation.

However, this proves to not be possible. The general form of the Casini entropy must be
given by a relation of the form (37), linear in the energy-momentum tensor, if we are to use
0S o 6.A to derive Einstein’s equation with 7},, on the right-hand side. Positing new degrees of
freedom can only affect the calculation of the theory-dependent coefficient g(\, €). But attaining
n = 1/4Gh would require |dg/d\| to exceed unity. It is shown in Ref. [22] that this is impossible
on very general grounds, regardless of any details about quantum field theory: exceeding this
limit would violate strong subadditivity of von Neumann entropy or monotonicity of quantum
relative entropy. Hence, positing non-field-theoretic degrees of freedom in the density matrix
describing the lightsheet system is insufficient to simultaneously recover Einstein’s equation
and rectify the contradiction with the area-entropy formula we derived in Eq. (44). We are
forced to conclude that the entropy in thermodynamic gravity cannot be the vacuum-subtracted
von Neumann (i.e., Casini) entropy of the lightsheet segment H.
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An alternative tack for formulating TG would be to use the Casini entropy, but define the
quantity S in a slightly different way. Rather than associating it directly with the quantum
state on the null region H, we could let it be the difference in Casini entropies between the
large lightsheet £ emanating from p and the lightsheet with H removed, 65 = AS; — AS,_4.
Note that this is in general a distinctly different quantity from that investigated above, since
ASy > AS; — AS;_4 by subadditivity. For convenience, we will take £ to be a semi-infinite
null surface; because we are only interested in an entropy difference, the conclusions in this
section are the same for any £ much longer than H. One might imagine that this alternate
formulation, with semi-infinite lightsheets, would allow the Rindler form of the integrand in the
expression for the entropy and possibly rescue thermodynamic gravity; however, this will prove
to not be the case.

Let us specialize to spacetimes in which gravitational backreaction is small. (Including
corrections to the Rindler Hamiltonian induced by spacetime curvature would only be relevant
at higher order in Newton’s constant.) Generalizing the arguments of Ref. [22] to semi-infinite

null surfaces, with affine parameter A going from Ag to infinity, we have

AS(N) = AK(N\) = 27: /dA (A = Ao) Tk kAN, (45)
Ao

where k* = (d/d)\)*. Then we can define the change in the null Casini entropy, 65 = AS, —
ASp_9 = AS(a) — AS(B). Here, we have labeled the null regions by the value of the affine
parameter from which they emanate, where in the A parameterization, H is defined as A€ [, B].

However, this final formulation of the entropy as the null Casini entropy cannot be the correct
definition of entropy in thermodynamic gravity. Let us define an affine parameterization that
starts at A =1 at A = a, so A = A/v. Defining &* as the tangent four-vector to A, (d/dA\)*, we

have 9 -
AS(B) = % / dA / (N = 1) T (BN /)K" K dN, (46)
A(BN /) 1

where \' = a\/f and k" = (d/d)\)*. We can make the approximation that 7},, changes slowly
with the affine parameter and that o and j are close, so that T}, (8N /o) >~ T, (\). Further,
we can take the cross-sectional area of the lightsheet to be small so that T}, is approximately
constant over the cross-section at fixed affine parameter. We thus have

o5 =5 [0 = DA — AN T (VPR (47)

where in the final line we dropped the primes, since A is a dummy variable. Now, from Eq. (40),
we have
B

A — A(BNa) =~ % (a - 1) AN R ()RR, (48)

Plugging this result into Eq. (47) and then substituting in Einstein’s equation (35), which implies
R, k'EY = 87GT,, k" kY, we obtain

5S = 8éh (é - 1) /1 "0 = DA R (V)RR 2N (49)
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We see that Eq. (49) cannot be arranged in a form that looks like 45 = 1A as in Eq. (31). In
particular, Eq. (49) is second-order rather than linear in the curvature and therefore in the area
decrement 0.4. Though Eq. (45) looks similar to Eq. (28), one cannot naively conclude that the
difference between the values of AS(\g) for A\g = a versus 5 in Eq. (45) can be taken as simply
an integral over A\ € [a, f]; such an operation is not valid when the integrand itself has explicit
dependence on its endpoints, as is the case in Eq. (45). We have found that by taking 65 to be
the difference in the null Casini entropies of overlapping null surfaces, we obtain an expression
(49) for §S that is fundamentally incompatible with the local holographic postulate (31) that is
one of the axioms of TG.

Hence, neither the null-limit Casini entropy of a small null region nor the difference in null-
limit Casini entropies of two large null regions provides an acceptable definition of entropy in
the thermodynamic formulation of entropic gravity.

4 Conclusions

The idea that gravity can be thought of as an entropic force is an attractive one. In this paper
we have distinguished between two different ways of implementing this idea: holographic gravity,
which derives the Einstein equation from constraints on the boundary entanglement after varying
over different states in the theory, and thermodynamic gravity, which relates the time evolution
of a cross-sectional area to the entropy passing through a null surface in a specified spacetime.
We argued that holographic gravity is a consistent formulation and indeed that recent work on
the modular hamiltonian in quantum field theory provides additional support for its underlying
assumptions. The thermodynamic approach, on the other hand, seems to suffer from a difficulty
in providing a self-consistent definition for what the appropriate entropy is going to be.

In the title of this work, we asked, “What is the entropy in entropic gravity?” We are now
equipped to answer this question. In what we have called “holographic gravity,” the vacuum-
subtracted von Neumann entanglement entropy (the Casini entropy), evaluated on the null
surfaces of the causal diamond, provides an appropriate formulation for an entropic treatment
of gravitation. This can help guide further attempts to understand the underlying microscopic
degrees of freedom giving rise to gravitation in general spacetime backgrounds.
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