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We present an analytic computation of Detweiler’s redshift invariant for a point mass in a circular
orbit around a Kerr black hole, giving results up to 8.5 post-Newtonian order while making no
assumptions on the magnitude of the spin of the black hole. Our calculation is based on the func-
tional series method of Mano, Suzuki and Takasugi, and employs a rigorous mode-sum regularization
prescription based on the Detweiler-Whiting singular-regular decomposition. The approximations
used in our approach are minimal; we use the standard self-force expansion to linear order in the
mass ratio, and the standard post-Newtonian expansion in the separation of the binary. A key
advantage of this approach is that it produces expressions that include contributions at all orders
in the spin of the Kerr black hole. While this work applies the method to the specific case of De-
tweiler’s redshift invariant, it can be readily extended to other gauge invariant quantities and to

higher post-Newtonian orders.

I. INTRODUCTION

Binary black hole systems have been identified as one
of the primary sources of gravitational waves for current
and planned generations of gravitational-wave detectors

]. Accurate models for the waveforms produced by
gravitational-wave sources are a crucial component in the
data-analysis pipeline used to extraction of information
from gravitational wave observations. In the context of
compact-object binary systems, the production of wave-
form models typically relies on one of three fundamental
methods: numerical relativity (NR) simulations, post-
Newtonian (PN) approximations, or gravitational self-
force (GSF) calculations using black hole perturbation
theory.

Gravitational self-force calculations — involving, for
example, a solar mass black hole or neutron star of mass
m in orbit around a massive black hole of mass M — are
based on a perturbative expansion of Einstein’s equa-
tions, with the mass ratio m/M as a small expansion
parameter. These so-called extreme mass ratio inspiral
(EMRI) systems are well approximated by an expansion
to linear order in m/M. An alternative approach to the
two-body problem — valid when the constituents are far
apart — is the post-Newtonian approximation, which ex-
pands the Einstein equations in v?/c?, where v is a rep-
resentative velocity and c is the speed of light. In the
context of binary systems, the post-Newtonian expansion
maps onto an expansion in 1/r, where r is the separation
of the two objects.

The problem of gauge freedom in general relativity is a
constant source of difficulty in extracting meaningful in-
formation from calculations. It is often difficult to know
how much of the difference between two different results
is due to merely a difference in choice of gauge. The
computation of gauge-invariant quantities provides a ro-
bust solution to this problem. Independent of the choice
of gauge, the computation of gauge-invariant quantities

should agree among different methods; any discrepancy
between results can be confidently associated with errors
in the method. Even better, a gauge-invariant quan-
tity computed within one approach can often be used
to inform — and even derive results within — other ap-
proaches to the same problem.

The strategy of making comparisons based on gauge
invariant quantities has proven to be a fruitful method
for cross-pollination of results between NR, PN, and GSF

|. This work continues a programme ﬂm, 11, m
to compute the gauge-invariant quantities that enable
these valuable cross-comparisons. Our key new devel-
opment is the incorporation of spin effects, by applying
methods similar to those of [15] to the case of analytic
GSF calculations in Kerr spacetime, allowing us to add
important spin-dependent terms into PN and effective-
one-body (EOB) [18] models. Given that most (if not
all) astrophysical black holes are expected to be spinning

, ], these additional terms are crucial for faithfully
representing the type of systems we expect gravitational
wave detectors to observe.

A parallel effort by Bini, Damour and Geralico [21]
has recently been successful in computing spin-dependent
contributions to GSF-PN results — that is, approxima-
tions to the spacetime of a binary system using simulta-
neous expansions in the mass ratio and the binary sep-
aration — using a small-spin approximation. Our work
provides two key advantages over these results:

1. The only expansion our method relies only is the
standard PN expansion in the inverse separation,
y ~ 1/r (in addition to the standard expansion in
mass-ratio used in all self-force calculations). Im-
portantly, this allows to provide for the first time
expressions that are exact in the spin, a, of the
larger black hole. The validity of our expressions
in the high-spin regime is particularly important
given observational evidence for black holes with
near-extremal (a > 0.95M) spins [19, 20].



2. Our regularization procedure is based on an in-
dependently obtained expression for spheroidal-
harmonic mode-sum regularization parameters de-
rived from the Detweiler-Whiting singular field.

In addition, our results provide a valuable independent
check; indeed, they identify what we believe to be an er-
ror in some terms in the order y%5 PN coefficient for AU
given by Ref. ﬂﬂ] This conclusion has been confirmed by
aﬂﬁ independent check against numerically derived values

].

This paper follows the conventions of Misner, Thorne
and Wheeler m], a “mostly positive” metric signature,
(—,+,+,+), is used for the spacetime metric, the con-
nection coefficients are defined by Ffl,j = %g”(gg#,y +
Govu — Guv,o), the Riemann tensor is R%,, = IS —

Spw TLo IS, — TG, 15, the Ricci tensor and scalar are

op = RFoup and R = R.%, and the Einstein equations
are Gopg = Rap— %gagR = 8T, 3. Standard geometrized
units are used, with ¢ = G = 1, but we include the
explicit dependence on G and ¢ in our post-Newtonian
expansions in cases where they are convenient for post-
Newtonian order counting. We use the spherical Boyer-
Lindquist coordinates {t,r, 0, ¢} for the background Kerr
spacetime and write tensors in terms of these coordinate
components.

II. REDSHIFT FOR CIRCULAR GEODESICS IN
KERR SPACETIME

A. Circular, equatorial geodesic orbits in Kerr
spacetime

In this work we are interested in the case of a point
mass on a circular equatorial geodesic in Kerr spacetime.
In Boyer-Lindquist coordinates, the line element for a
Kerr black hole of mass M and spin parameter a is given
by

ds? = — (1- 2]‘2”)&2 + %dﬂ + Xd6”
. (r2 g 2Mra;sin2 9)dg02 ~ daMr sin? edtdgo,
(2.1)
with
¥ = 1?4 a” cos? b, A=r*—2Mr+a®  (2.2)

Circular equatorial orbits can be parametrized by the
orbital frequency, €2, which is related to the Boyer-
Lindquist radius of the orbit, o, by

d(p M1/2

Q:—:

VL E—— 2.3
dt 7‘8’/2+aM1/2 (23)

Adopting the convention that u¥ (and hence the orbital
angular momentum) is always positive, the orbital angu-
lar momentum and energy per unit mass for such orbits

are given by

M (a® + rg — 2a/Mry)

L= = Uy, (2.4)
\/Mro\/rg — 3Mro + 2ar/Mrq
2_oM v M
p=—"0 Totav¥n  _ . (2.5)

TO\/T’(Q) — 3Mrg + 2a+/Mry

Within this convention, prograde and retrograde orbits
are distinguished by the sign of a: a > 0 for the former;
a < 0 for the latter.

B. Redshift invariant

The key result of this work is the computation of a
post-Newtonian expansion of Detweiler’s redshift invari-
ant ﬂﬂ] for circular equatorial orbits in Kerr spacetime.
In this context, the redshift invariant is the constant of
proportionality between the particle’s 4-velocity, u®, and
the helical Killing vector of the system, k£°, i.e.

u® = Uk™. (2.6)
In the background spacetime, U is equal to the time com-
ponent of the 4-velocity, u*. Provided k¢ is a Killing vec-
tor of both the background and perturbed spacetime (i.e.
they both share the same helical symmetry) the contri-
bution to U from the linear order metric contribution is
simply given by

1
AU = §ha,3u°‘u5ut. (2.7)

This is invariant in the sense that it does not change un-
der helically symmetric gauge transformations that also
respect the helical symmetry of the worldline. When
making comparisons between calculations using different
gauges, care must be taken to ensure that these criterion
are satisfied, or that the appropriate transformation of
AU is accounted for [25].

IIT. REGULARISED METRIC
PERTURBATIONS ON A KERR BACKGROUND
SPACETIME

A. Perturbations of Kerr spacetime

In the Kerr spacetime Teukolsky showed, using the
Newman-Penrose formalism, that the dynamics of a met-
ric perturbation are described by the evolution of tetrad
components of the Weyl tensor m, @] This requires
choosing a set of four null vectors e, i = 1,...4, two
real and two a complex conjugate pair. Using Boyer-
Lindquist coordinates, a particular set of null vectors —



the Kinnersly tetrad — is

1
e =1%= Z(TQ-FCLQ,A,O,CL),
1
eg‘—no‘:ﬁ(rz—kaz, A,0,a)
0, . i
¢ =m® = - (iasin0,0,1
es =m (iasin®,0,1, 1n9)

—1
—iasing,0,1, —-
(—tasinb, 0, ’Sin9)

Using this tetrad, five of the spin-coeflicients vanish, leav-
ing us with

™I

o =w —

The perturbed Weyl tensor Cup+s, then has two compo-
nents of interest

Yo = —Clapysl®m1Im?, (3.1)

¢4 = — QB,Y(;?’Lama?’L’YﬁLé, (3.2)

which both independently contain all of the radia-

B -1 _ —idasinf 5= ocotd tive information about perturbations of Kerr spacetime.
0= r —iacos@’ = VY - 22’ Teukolsky’s key insight was that the equations for g
. r—M Ap iag?sin is{md Uy deiﬁu;%e, lz:nldkeach satt;.isfy a separable PDE now
= —_— =—= =— nown as the Teukolsky equation:
Y=o o5 H o3’ w NG ) w y eq
J
2 2)\2 2 AM 2 2 2 1
(4 a7 egnzgl E¢  AMar 0%y ol /S LA-h B Sy PN L
A ot? A Otdp A sin® 6| 0¢? or or sin 0 90 00
- M i cos 0 M(r? — a?
~2s {“(T < ) 4 :;59} g—:ﬁ py {% —r—ia cos@] %—f +(s2cot? 0 — )y = 47XT,  (3.3)
[
where where a subscript-0 denotes evaluation on the worldline.
B T_oT In particular, for circular orbits 6y = 5, wo = Qt, so
b=t = T=2Tp that Tj; are the tetrad components of the stress tensor
and with the tetrad vectors evaluated at the position of the

V=0 Mpy = T =20"Ty,

respectively. In terms of tetrad components of the stress
tensor, Tj; = T""¢) e/, the source terms for the Teukolsky
equation are

To=(00+@—a—358—471)x
(D —2e—20)T13 — (6 + @ — 2a — 23) T4
+(D—-3e+e—4p—p)x

[(5 + 2w — 2ﬁ)T13 — (D — 2e+ 2€ — 2@)T33] ,
(3.4)

Ty=(A+3y—5+4p+ ag)x
[(8 — 27 + 20) oy — (A + 2y — 27 + 1) Tud]
+ (6 -7+ B+3a+4w)x

[(A+2y+20)To — (6 — 7+ 28 4 2a)Tos] ,
(3.5)

where D = [#0,,, A =n*0,, and 6 = m"0,,. In this work
we are interested in a perturbation sourced by a point
particle,

utu”
w et o B B
T =y e 0 = 70)0(0 = 00)3(p = 0) (3.6)

particle. The Teukolsky master equation, Eq. (83), may
be separated by writing

Py = Z/e—iwtsng(H, ©;0w) s Rpme(r)dw.  (3.7)
,m

Here, sSim(0,p;aw) are the oblate spin-weighted
spheroidal harmonics with defining equation

1 d d (m + scosf)?
- = nfg— | — 2 2.2 g1

Lin@ de (sm ) @S sin? 0
— 2aws cosf + s 4+ 2maw + S/\gm:| sSem (0, p; aw) = 0.
(3.8)

The spin-weighted spheroidal harmonics are orthonormal
on the two-sphere,

/sng(ﬁ, ©;aw) S0, (0, 0; aw)dQ = Sper Oy, (3.9)

so that in the limit aw — 0 they coincide with the
standard spin-weighted spherical harmonics Y7, (6, @)
(this normalisation is consistent with the Meixner-
Schéfke convention for the spheroidal Legendre functions,



Sr(rlbz(aw, cos ), defined in [28]). The radial functions are
solutions to

d K? — 2is(r
s s+1
[A dr (A dr) + A

—|—4ZSQ}T — sAlm:| slew(T) = sTlmun (310)

~ M)K

where K = (r? + a®)w — am, and where the source term
on the right hand side is obtained from a mode decom-
position of Ty or Ty. In the next section, we will develop
analytic expressions for the appropriate homogeneous so-
lutions to this equation.

B. Homogeneous Solutions of the Teukolsky
equation

We now seek solutions to Eq. 810) for s = £2, ¢ > |s],
—¢ <m </ and w € R. To this end, we build up a com-
plete set of £ modes from three distinct sections. For all
¢ > 2 we can use the solutions to the Teukolsky equation
give by Mano, Suzuki and Takasugi, as detailed in a re-
view article by Sasaki and Tagoshi [29]. Furthermore, for
sufficiently large values of ¢ the regularity of these solu-
tions can be exploited with an ansatz to produce general
expressions for arbitrary (large) ¢ and m. As such, in
practice we: (i) compute a finite number of specific-£ val-
ues (with the exact number of required specific-¢ values
needed depending on the final PN order desired) using
the MST solutions; and (ii) obtain the remaining modes
from our ansatz. The third section of the solution relates
to the non-radiative modes, and is addressed in Sec.

1. Low ¢ modes: MST

Descriptions of the construction of the MST series so-
lutions to the Teukolsky equation are widely available
in the literature HE], so we will give here only a brief
overview.

In computing PN expansions, we find two natural small
parameters; the frequency w = mf) and the inverse of the
radius, 1/r, which is related to the orbital frequency, €2,
via Eq. (23). This double expansion is handled indi-
rectly by expanding in the inverse of the speed of light,
1/¢, and introducing the auxiliary variables X1 = GM/r

and X, /2 — wr. Dimensional analysis shows that each
of these variables carry a factor of 1/¢, and are of the
same order in the large-r limit. Towards the end of our
calculations we will change back to a single expansion
variable, namely y = (MQ)?/3 and use this relation to
define X7 (y) and Xa(y).

The MST expansion of sRir..,(r)

The homogeneous solution satistying retarded bound-
ary conditions at the horizon can be written as a conver-
gent infinite sum of hypergeometric functions

S atx

n=—oo

Rfmw( C(m)

oFi(n+1+v—it,—n—v—ir,1 — s —ie —iT, 1),

(3.11)
with
Cliny () = €5 (=) = 7HFN2(1 — gilemn)/2,
where
(rp =)t 212X,
2GMk 1+ (k- D)X,

€ =2GMw/c® = 2X, X,/ %P,

and where

q=a/M =V1i-¢
re =GM(1+k)/c? 7= (e —mq)/k.
Note that 7 is O(e) in Schwarzschild and also for m =0
in Kerr, but is O(1) for m # 0 in Kerr. Here v is the
well-known “renormalised angular momentum”; for the

purpose of this section the critical feature is that v =
I+ O(e?). We may write C, (z) as

[+ (s — D2Xa] "=
[ — (14 R X, H 5

Cliny () = € (20 X )17

and more convenient expressions for they hypergeometric
function can be obtained by using the decomposition

2F1(a b C] C) =

%(1 - C)iazFl(a,C— ba—b+1, ﬁ)
%(1 - C)beFl(C— a,b,b—a+1, 1714,‘)
(3.12)

We denote the first and second terms on the right hand
side by I, and I, respectively; this leads to the R™ =
RY + Ry"~! representation of Eq. (137) in [29] if we let
n — —n in the F} sum.

High order expansions of these expressions can prove
computationally quite expensive if done without care. An
examination of the leading order behaviour in n = 1/¢ of
each term in the sums involved in both F} and F5 helps
to minimise the expansion of each n-value and determine
a look-up table for truncating the infinite sum to a given
order in 7. In doing this one must take care of the ir-
regular behaviour of the the series coefficients al, the I



functions, and the 5 F; with changing n. We summarise
our results in Tables[l [land [Tl One minor complication
we find is that the static m = 0 case must be handled
separately. In the circular orbit case this problem can
be circumvented; when m = 0 then also w = mQ = 0,
so one can use closed form analytic expressions for the
solutions, as given in [3(].

The MST expansion of sR,? (r)

Lmw

The homogeneous solution satisfying radiative bound-
ary conditions at infinity can be written as a sum over ir-
regular confluent hypergeometric functions with the same
series coefficients

Tl —s+ 1+ Av +ie)
sRyY =y,
imo (1) = Clan) ) s T Ar —70) <
Z a’(2i2)"U(n + 1+ s+ v —ie,2n + 2 + 2u; —2iz),

(3.13)

where

U(G/,b,C): %

U(a’7 bu C)7
with
Zu+i(e+T)/2

(Z _ 65)5-{-1'(6-{-7’)/2 ’

Céjup) (Z) _ 2Ve—7ree—i7r(u+1+s) eiz

and
=l =) = el —2) = [ (1]
Then,
C’E’up)(z) — 2Vef7reefiﬂ(v+1+5)eiz(UX21/2>1/75X
vi LT
[1—(1—r)p?x,])""
sisLT
= ()

Note that the prefactors here have been taken to agree
with Sasaki and Tagoshi [29].
Now using the standard identity

U(a,b,z) = %M(a,b,z)—i—
ro-1)

o0 (a—b+1,2—b
I\(a) Z (a’ + ) ’Z>7

we may split (BI3]) into two more manageable pieces
U(a,b,¢) = U1 (a,b,¢) + Uz (a,b,(), where

Uy(n+14s+v—ie2n+2+2v;—2iz) =
(_l)n_ssin(u—i—ie)wx
7T
Pn+14+s+v—ie)l'(—2n—1-2v)x

Mn+1+s+v—ie2n+ 2+ 2v;—2iz),
(3.14)

Uy(n+14s+v—ie2n+2+2w;—2iz) =
I'(2n+142v)

P(n+1—s+wv+ie)

M(—n+s—v—ie,—2n—2v,—2iz). (3.15)

—2n—2r—1 %

The leading order behaviour in 7 of each term in the
sums involved in both U; and Us; are summarised in Ta-
bles [Vl and [Vl Once again we treat the m = 0 case dif-
ferently. The tables are presented, however the analytic
expressions given in @] can alternatively be used.

2. Phase extraction and the large £ modes: A PN ansatz

As described in [31], for sufficiently large values of ¢, in
the Schwarzschild case the MST solutions to the Regge-
Wheeler equation, X™/"P can be written in the form:

in(MST W -
XS — iy, —v—ly

(140?45 + n* AL+ nPAG + .. ]
XUPMST) _ i (3 1/2)—v

m
[1+n*Bs +0*Bi + - + 9> B, + O(**?)] ,
(3.17)

(3.16)

where '™ and ¥"P are r-independent phase factors and
the A;’s and B;’s are pure polynomials in X7, Xo/2, (For
low-¢ values, this expression is corrupted by logarithms
and odd powers of 7.)

At this point, two further optimisations help to dra-
matically improve the efficiency of calculations. In con-
structing the retarded Green function, the phase factors
will drop out since they amount to an irrelevant normal-
isation. Throwing them away and working with the ho-
mogeneous solutions without the phase factors leaves ex-
pressions which are orders of magnitude smaller in com-
plexity. A further simplification can be found by starting
from the a large ¢ ansatz

n

!/ . .
Agn = Z a(2n,i)XllX2n_Zu
=0

v(e) =L+ agj)€”

Jj=1

and solving for the a(; ;) by demanding we have a so-
lution of the Regge-Wheeler equation. This provides an
efficient way to generate homogeneous solutions with £, m
left unspecified, avoiding the complexity of the MST so-
lutions.

We find that the situation with the Teukolsky equation



n<20-1|21<n<~-l—-1ln==Illn=-l+1n>—-1+2

3(|n| —2)
3(In| — 1)

3In]

3(|n| +1)

3l +3
3l +6

3 +3
3+ 3

3[n
3In|

TABLE 1. The leading behaviour of the MST coefficients for the spin —2 Teukolsky equation in terms of powers of 7.

n<—-l-3|n=—l-2n=-l—-1ln==ln==-l+1{n>—-1+2
Fi(m #0)| 2n+20 +2 -2 —47 —4 —2 2n +21 — 1
Fi(m=0)| 2n+20+2 -2 —1f -1 1 2n 4+ 20 + 2
Fo(m#0)|—2n—20—3 -2 —4 —4T -2 —2n — 2l
Fy(m=0)| —2n -2l 1 -1 —1f -2 —2n — 21

TABLE II. The leading behaviour of the hypergeometric functions appearing as the first and second terms in Eq. (312]). The
terms marked with a T highlight the interplay between parameters and argument; see ﬂﬁ_lﬂ for a full discussion.

is similar. Here the solutions can be re-expressed as

sRilIr]nw = ei’djiKneTT)fl_U_S><
[14+nAL + 2 A5 + P AL + 0t Al + . ]
(3.18)
SR;};M — eid)qumr (X21/2)71/7175 X

[14+nB{ +n*B5+n°B5 +n*Bi + .. ]
(3.19)

where once again up until an /-dependent power of 7 the
A; and B; are pure polynomials in X, X5'/? and the
essentially irrelevant phase functions remove significant
complexity. As in the Regge-Wheeler case, we proceed
by using this as an ansatz for solutions with ¢, m un-
specified and obtain general expressions for the large-¢
homogeneous solutions.

3. Teukolsky-Starobinsky identities

In the previous section, the choice of spin, s, was ar-
bitrary; s = 42 corresponds to 1y while s = —2 corre-
sponds to 14. Only one or the other is required in order to
obtain the full radiative metric perturbation. However,
in some situations it may be more convenient to have
one or the other. Fortunately, rather than repeating a
lengthy calculation for both there is a convenient short-
cut. Given our set of spin —2 homogeneous solutions,
we can easily calculate the spin +2 solution via a set
of differential transformations known as the Teukolsky-
Starobinsky identities. These are discussed in detail in
many places, for example see Ref. @], for completeness
we repeat the final result here. Given either an “in” or

an “up” solution _gRié‘;nw / _gRig‘;nw of spin s = —2 one
can write
in/up _ O™/ in/ in/
m/u m/u m/u
+oR b _ AODgw(,QRémwp) + 3072Rémwp

Imw A3

where
iK
A
Ao =8iK [K* 4 (r — M)?]

— [4iK(Acm +2) — 8iwr(r — M)]A + 8iwA?
By = [()\CH + 2 — 2iwr)(Acm + 6iwr)

—12iw(iK +7 — M)]A

+4iK[iK +1r — M|[Acu + 6iwr]

AcH = Amst + 5+ |s|.

Dlw :ar -

It is worth noting that on the computational side,
upon doing this transformation, we will reintroduce -
independent terms of the form X;X5'/2 that can once
again be extracted as components in the phase and es-
sentially ignored.

4. Spheroidal functions

For the purposes of our calculation the only relevant
frequencies are multiples of the orbital frequency, which
in the PN regime is asypmtotically small. For the cal-
culation of the spin-weighted spheroidal functions this
allows us to use a low frequency perturbative expansion
in terms of the spin- weighted spherical harmonics. Re-
call the ODE for the spin-weighted spheroidal harmonics,
Eq. (3.8)), which can be rewritten suggestively as

(L 4 aw L) s Spm (0, 0; aw) = — Nem sSem (0, ©; aw)

(3.20)
where
1 d /(. d (m + scosf)?
0_ @ Sl I R A A
LY = S0 a0 (smé‘de) Zg +s (3.21)
LY = —25co86 + 2m — aw(1 — cos? 6). (3.22)

Then, Eq. (8.20) reduces to an ODE for the spin-weighted
spherical harmonics in the aw — 0 limit. This suggests



n<=20-1|-201<n<-l-3n=—-1-2n=—-l—-1n=-lln=—-1+1 n>—l+2
" an,Cliy Fi(m # 0)| [n] + 41 — |n| + 41+ 2 50 + 4 50—17 [51—1] 5l+1 [3n[+2n+4l—1
n*anCly Fi(m = 0)| n| + 41 — 1 |n| +41+5 5047 50+50 |514+2| 514+4 |3n|+2n+4l+2
n**an,Cliy Fa(m #0)| 5n| —9 5n| — 3 50+ 4 50—1 |51—1T] 5I+1 3n| — 2n
n*anCly Fa(m =0)| 5ln| -3 5n| +3 504 10 504+5 |51+51] 5141 3n| —2n

TABLE III. The combined behaviour following from Tables [land [Il We take out a factor of 2+ for normalisation fixing the

largest term as O(1), everything higher can be read as relative.

n<—-l-3 n==l-2n=—-l—-1ln=—lln==-l+1| n>—-1+2
U 0 0 —5T —6 -6 -3
Up|—2n—21—4 -3 -5 —6' -3 —oam—20-1

TABLE IV. The leading behaviour of the confluent hypergeometric functions appearing in Eqs. (314) and (3I5). The terms
marked with a T highlight the interplay between parameters and argument; see ﬂﬁ_lﬂ for a full discussion.

a perturbative solution

Z dkm(aw)sykm (91 90)7

k=|s|

sSim (0, ¢; aw) = (3.23)

where the series coefficients are written as expansions in
aw,

dim = 1+ dj,,,, (aw) + d3,, (aw)* + -+ - . (3.24)

Similarly, we may write the eigenvalue as a series in aw,
em =Ll +1) — s(s +1) + AP (aw) + AP (aw)? + -
(3. 25)
Then, using the relations
EOsYlm(Gv p) =—[l(t+1) = s(s+1)]sYem (0, ¥),
€08 05Yem (0, ) = saem sYe—1,m (0, ¢)
+ sBem sYem (8, 0) + s@ui1,m sYer1,m(0, 9),
€08 0 Yo (0,0) = su—1,m sQum «Yo—2,m (0, ©)
+ s0m (sBe—1,m + sBem)sYe—1,m(0, )

+ (Sa?m + Sa%-ﬁ-l m Sﬁfm sYem (0, )
+ sOU+1,m (sﬁfm SB€+1 m) Yv@-&—l m(ea )
+ sOU+1,m sOU+2,m 5Yv€+2,m(97 (p)a (326)
with
72 —m2) (2 — 52
sOym = \/( n ) ( 5 ), (327)
/I 1)(20-1)
ms
s m = —77 -2
P 0(f+1) (3.28)

we can use the orthogonality of the spherical harmonics
to reduce the problem to solving a system of linear alge-
braic equations for the series coefficients at each aw order.
This process determines the coefficients A’ and d,, for
k # 0; the remaining coefficients, dj,,, are then deter-
mined by enforcing normahsatlon of the spin-weighted
spheroidal harmonics via Eq. 33). In Appendix [B] we
give an explicit expression for this expansion for general
spin, s, to order (aw)?.

C. Reconstructed metric perturbation in radiation
gauge

The procedure for building up the components of the
metric perturbation from the Weyl scalars M] in-
volves the construction of a Hertz potential, ¥, from
which gives the metric perturbation can be computed
using

hag = —9_4{nan5(5— 3a — B + 5w)(5— 4o+ w)
+ mama(A +5p — 37— ) (A +p—4v)
—n(ang) [(6 —3a+ B+ 5w+ 7)(A +p—4y)

+(A+5p— -3y —7)(6 — da+ )] }¥ +c.c.,
(3.29)

where the overall minus sign here accounts for our mostly
positive sign convention for the metric.

For simplicity, from this point forward we restricting
ourselves to the outgoing radiation gauge (ORG) defined
by

n*h,, = 0.

In this gauge the Hertz potential itself is a solution of
the spin-2 Teukolsky equation. Calculating ¥ can be
done either using gy or ¥4 in a variety of ways. For
example, in [30] expressions are given for the ¥ in terms
of the asymptotic amplitudes of 14, whereas in @] it
is constructed by inverting a differential operator which
simplifies in the circular orbit case. Therefor to proceed
one must solve either the s = 2 or s = —2 Teukolsky
equation. However from a practical point of view it is not
particularly important which is chosen, as the Teukolsky-
Starobinsky identities can be used to transform between
the two.

In this work we chose to construct ¢y using the s =
2 homogeneous solutions. To do this we construct the
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TABLE V. The combined behaviour following from Tables [l and [¥] We take out a factor of n'~! for normalisation, fixing the

largest term as O(1); everything higher can be read as relative.

retarded Green function

_ Rifrvln,s:2 (T< )RZI’II:L,SZQ (T< )
Afm ’

Gom(r, 1) = (3.30)

where Ay, = ASTUW(R™® R") is the invariant Wron-
skian. Then

V0 tmw = 47T/A/2Ggm(7‘, )9S (0", "5 aw) T}

x ¥ sin @' dr’ 6’ dy’
(3.31)

Then, using Eq. (40) of 3§

\Ijém =
(_l)de;O,E,fm,fw + 12Z.Mw¢0,fmw .
8 D2 + 144M20,2 2Sem (0, ¢; aw),
(3.32)
where

D? =X\ (A\ow +2)% + 8aw(m — aw)\cr (5Acw + 6)
+ 48(aw)?(2Acw + 3(m — aw)?)

and \cg = AysT + S+ |S|

Finally, we construct the ¢, m modes of the metric com-
ponents, hf;:lg, using (3:29) with ¥ replaced by ¥y,,. Note
that this is is in contrast to a mode definition in terms
of a direct decomposition of h,g over the spin-weighted
spheroidal harmonics; the modes of the metric perturba-
tion constructed in this way are not necessarily pure spin
+2 spheroidal harmonic modes.

D. Metric completion

It is well known that a metric reconstruction procedure
based on 1y or 14 does not yield the whole radiation-
gauge metric perturbation. Wald @] showed that for a
Kerr background the remaining part of the metric per-
turbation can be fully attributed to perturbations to the
mass and angular momentum of the background black
hole (often, these are informally described as “¢ = 0 and
¢ = 1 parts” of the perturbation). Here, we follow the
standard procedure @] and incorporate this contribu-
tion using analytic expressions. In particular, defining

H = Shapu®u”, the additional contributions correspond-
ing to perturbations to the mass and angular momentum
are

(7’8 + 2av/Mry — a2) (7’8/2 —2M\/ro + a\/M)

HJM = 3/2 )
Tg/4 (T3/2 —3M\/%+2a\/ﬁ)
(3.33)
I _\/M (T(z) —2a/Mry + a2) (a — 2\/MT0)
5] = . (3.34)

3/2
o/ (13 = 3M 7 + 20v/0T )

There is a subtlety here in that these contributions are
not smooth on the worldline, and this non-smoothness
could introduce additional contributions to the regular-
ization procedure (see ﬂA__ﬂ] for a more detailed discussion).
This is a complicated issue worthy of a detailed indepen-
dent analysis; here, we merely follow the standard proce-
dure of evaluating the contributions from the completion
part in the limit » — rar and use the mode-sum regular-
ization procedure described in the next section.

E. Regularization

We adopt a variation of the standard mode-sum reg-
ularization approach in order to extract a finite value
from the divergent retarded metric perturbation. Tradi-
tionally, this mode-sum approach is written in terms of
a sum over regularized spherical harmonic modes. This
has the distinct disadvantage of requiring a cumbersome
projection of the modes of the retarded metric pertur-
bation onto scalar spherical harmonics. We have avoided
this unnecessary step by instead deriving a mode-sum for-
mula for the spheroidal harmonic modes that naturally
arise from solutions of the Teukolsky equation. The full
details of this derivation will be given in a forthcoming
work; here we merely highlight the key results.

The derivation of our mode-sum formula is conceptu-
ally similar to previous derivations in terms of spherical
harmonics, i.e.

1. Work in a spherical coordinate system, («, ) in
which the particle is instantaneously located at the
north pole, a = 0.

2. Obtain a local coordinate expansion of the contri-
bution to H from the Detweiler-Whiting singular



field.

3. Decompose this coordinate approximation into
spin-0 spheroidal harmonics, where the spheroidal
harmonics are defined with respect to a coordinate
system (0, ) in which the worldline is in the equa-
torial plane, 8§ = 0. The decomposition process
makes use of the relation between the modes in the
(ar, B) coordinate system (where the mode decom-
position can be most-easily done analytically) and
the modes in the (6, ) coordinate system (where
the retarded-field modes are most easily obtained).

4. Sum over m (azimuthal) modes to obtain a mode-
sum formula.

The result of this process is a mode-sum formula for com-

2
Y 2
H[o]:y—z‘i‘gq

puting the regularized redshift invariant,

(oo}

HE = Z(Hret Hyy), (3.35)
=0
where
2 a?0)?
Hg = —K+——|(k—2) —2(k—1
0= 7"t ek (k=2 — 20k - K]
a4
———  _|2(9k3 + 4k? + 116k — 152
+1120w§k4{(9 + 4k% + 116k — 152)€
CL6
— (9K — 89K% + 384k — 300)K| + O( 57 )
o
(3.36)
with
202 M 2 — 7k
2 __ 2 2 2 _ 0
¢CC=Lo4rg+ - +a*, k= %

For the purposes of this work, we require the post-
Newtonian expansion of this regularization parameter,
which is given by

39 g2 7 385 7q 9 ¢°
5/2 e 1 3 o 7/2 | 29 1 4 e T 9/2
Y (64+4>y Tl (256+36 vils " 2)Y

- (@ 1625¢> 9_(]4) . <@  T33¢° ) /2 <622545 582742 41q4> 6
16384 ' 2304 64 384 648 65536 2048 ' 256
N (577769q 271333 N 15q5>y13/2_ (25472511 6885521¢2  178879¢% 25q6) .
24576 10368 32 1048576 580824 248832 ' 256
N (2183421q 217343 N 173q5) 572 _ (263402721 54148187¢° | 6253225¢" 861q6) .
32768 512 128 4194304 1179648 1990656 2048
N (100247739q 2495743¢% | 3176285¢° 175q7> 72
524288 2654208 746496 384
176103411255  722675577¢2  13050523¢*  18421¢°  1225¢3Y
( 1073741824 4194304 1048576 8192 16384)
1161008301  544444555¢3  34364327¢° 633547
+ ( 2097152 e 10616832q 2985984q N 4605 >y19/2+0(y10)' (8:37)

IV. RESULTS

The main result of this work is the post-Newtonian expansion of Detweiler’s redshift invariant. This is given as a

series expansion in y and logy, which takes the form

AU = c1y + coy® + 259> % + c3y® + c3.5y°°
+ (c6.5 + s log y)y

+ (8.5 + s log y)y™® + (co + c§' log y + ¢!

+ eyt + easyt?
65 4 (e7 + 07 "logy)y” + (C7 5+ c
“log? y)y? + (co.5 + e logy + ks log? y)y™® + O(y™0).

+ (c5 + c5 log y)y® + c5.5y°° + (c6 + cg‘ log y)y°
' log y) P4 (cg + Cs logy + c log2 y)y®

(4.1)
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coeflicients in this expansion are given by

_ _ _7 _ 2 _ 46 121 | 412 86 .2 _ 3
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51256 132 2
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where « is Euler’s constant, ¢(n) is the Riemann zeta function, ("% (g) = (™ (£9) 4 () (ZEe) = oR[y)(n) ()]

dn+1

PR (q) = —z[w(")(qu) w(")(%kq)] = 2%[1/1(")(%7‘1)] and 1™ (2) = L InT(2) is the polygamma function. For
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convenience, we have also made these expressions available online as MATHEMATICA notebooks m]

V. DISCUSSION

In this work, we have presented results for the linear-
in-mass ratio contribution to Detweiler’s redshift invari-
ant, AU, for a quasi-circular binary black hole system,
in the case where the larger black hole is spinning. Our
results are given as a PN-type expansion in the inverse
separation, y, of the binary, but are otherwise exact. In
particular, they are valid for astrophysically-important
cases where the spin of the larger black hole is arbitrarily
large.

There are several clear future directions for this work,
in particular:

e An extension to eccentric and inclined orbits would
allow for a more complete exploration of the param-
eter space. The components for such a calculation
are readily available — eccentric orbits have been
studied without spin in ﬂﬂ, @, @], while spin con-
tributions have been considered here and in ] —
so such a calculation would merely require an ap-
propriate combination of the two approaches.

e An extension to higher PN orders. As the method
we present here is totally algorithmic and imple-
mented as a MATHEMATICA code, it is straight-
forward (but more computationally expensive) to
apply it to higher orders if the demand arises. In-
deed, an online repository of our results m] will be
updated as future results become available.

e An extension to second order in the mass ratio
would enable us to probe potentially important
non-linear effects. This would require substantial
effort, but recent progress indicates rapid
progress towards this goal.

e The application of our method to the calculation of
other gauge invariant quantities, such as the spin-
precession [10], tidal [11], and octupolar [16] invari-
ants. These are obtained from the same metric per-
turbations used for the redshift invariant, so their
calculation would be a straightforward application
of the results presented here.

In addition to these, it is likely that an application of our
results to improving and informing PN and EOB theo-

ries — for example by computing GSF contributions to
the potentials appearing in EOB theory — would yield
valuable improvements to both PN and EOB models.
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Appendix A: Sums over m-modes

Using the methods of the previous sections, we can
write the £, m-modes of the metric perturbation in terms
of radial functions multiplying combinations of the spin-
weighted spheroidal harmonics and their 6 derivatives.
When limiting to the position of the particle and sum-
ming over m, one then encounters sums such as

14

SN =" mN | Sem(n/2,0;iamQ)? (A1)
m=—/
4
Sévz Z mNSng(w/ZO;iamQ)agx
m=—/
S (/2,05 iam) (A2)
4
SN =" mN|0sSem (/2,05 iamQ)|? (A3)

m=—/

It is not immediately clear how to do these explicitly, but
for the low-frequency limit we are interested in, progress
can be made by using an expansion in terms of spin-
weighted spherical harmonics, and doing the sums order
by order. As an example, for S with s = 2 we find

14

VI=2)(l+2)(0+m)(l —m)

St=> {mNznm<w/z,0)2+4mN“qﬂ

m=—~{

62

2—D2l+ D) 2Yo—1,m(7/2,0) 2Yem (7/2,0)

V=1l +3)(l+1+m)({+1—m)

(L+1)2

20+ 1)(20 + 3)

2Yor1,m(7/2,0) oYy (7/2,0)

+0[(¢)?] } (A4)
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which is zero for odd values of N. For even values we find it efficient to obtain closed form expressions each sum
using Mathematica’s FindSequenceFunction routine. This function takes as an argument a sample range of algebraic
evaluations of one of these sums for given values of ¢ and outputs an analytic form for general ¢. The method is highly
parallelisable, which given the number of different variations of sums we will face for increasing order, and the different
combinations of S, (7/2,0;iam) and its derivative, is extremely useful. Example results for N = 0,2 are

0 2041

16 1
Sl —_

o {1 T T =i 3

(—14688 + 97920 + 4956002 + 6052803 — 153520 — 49411¢° — 759705 + 7598(7 + 1904¢8

+ 2507 4 270" + 120" 4 20'2)a*Q? | 4+ O (¢9)°]

St

—68 + 302 4 603 + 3¢
:%—+11(_4+g+g2)_( + + + )a _ L
4|2 2(0+1)2 8LA(0 4 1)4(20 — 1)2(20 + 3)
(428544 — 285696( — 1487712¢% — 17381760 + 707612¢* + 16453344° + 136153£°

2><

— 35465007 — 88019¢° + 39387 + 4411¢'0 + 21220"" + 4750 + 560" + 80'")a*Q? | + O[(a)?]

For our purposes we were required to compute sums for N = 0, ...,24 up to QF, for each of (Al), (A2) and (AJ).

Appendix B: Expansion of spin-weighted spheroidal harmonic

Using the methods described in Sec. [ITB4] the spin-weighted spheroidal harmonics may be written as a power
series in aw. In this appendix, we given the explicit form of the expansion to order (aw)*. Defining

_ 12 —m?)( —s?)
= _\/ 20— 1)(20 + 1) (B1)

as in Sec. [[IIB4 (but without the s and m subscripts for notational compactness), the expansion of S, (6, ¢; aw) is
given by

SOy SOy
ssém(eu ®; aw) = snm + aw |:75§/€—1,m - “—steH,m}
9 9 (0 —25%)ayp_104 ms(0? — 25?)ay s2ap?  sPapgq?
- —SY_ m —SY— m Sym
ot [ 22i—1) Tt T aE—y) 202 20+ 1)2)

ms(0? 4+ 20 — 252 + 1)aps1 (0 +28% + 1)ayr1apro
- 3 szf-i-l,m + sti4+2m
L+ 1)3(0+2) 2(0+1)(20 + 3)

+ a3w3 |:C[3)_3] SS/Z—S,m + C[S)_m sn—2,m + C[S)_l] sn—l,m + C[S)l] snl,m + 0[372] sn2,m + 0[373] 5Yv€3,m:|
+ a4w4 |:C[414] sn74,mc[4773] siflf&m + 0[4772] s}/Z72,m + 0[4771] siflfl,m + 0[470] s}/Zm + 6[411] s}/ELm

+ C[412] s}/ZZ,m + C[4’3] s}/EB,m + 6[414] 55/64.,m:| +0 |:(aw)5:| ) (B2)

where the coefficients cl#7] are given by

3-8 _ _5(36 — 252 — 1)ay_s0y_10y
60— 1)e20—1)
32 ms?(202 + 1 — 4s%) a1y
(L—=2)3+1)(20-1)
oy AmPS (P —sPay  s(30—2s* —T)aj_jar  3sPaf | s(1+25% + 30+ 2+ 20%) a0,
0 —1)205(0+ 1)2 202(20— 1) 203 202(0 1 1)2

c



13

ms2(0? —2s%)a?  ms*(1 — 28> + 20+ (*)aj,,

300 — ¢
(0 —1)e4(L+1) L+ 14+ 2)
NES Am?s3(1 — s+ 0)(1+ s+ Oapyr  s(s2+0—s20+202)a2ap | 3sPad 4 3 5(4 4 25 4+ 30) o107,
0+ 1)5(0+2) 202(0+1)2 2(0+1)3 2(0+1)2(20 + 3)
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(=65 + %0 + 165 — 65202 + 3)oyy_q0)
163(20— 1)
(10s* — 2(s% + 25%) + (85 + 957 — 1)0? +2(5s? — 1)0* — (") oyy_ 100,
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ms(0?(€ +1)3(20 + 1) — 25*(8 4+ 16 4 1502 + 303) 4 s?(—8 — 360 — 460 — 1803 + 30* + 30°))cvpy
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m2s2(12s* — 125202 + 1)o7 (—4s% — 8s* + 20520 + 20s*¢ — 285%(* + (%)af_,of N 11s*a}

6[4773]

0[4)_2]

Q40 — _
2(0 — 1)206(0 + 1)2) 803(20 — 1)2 81
m?s?(1 —125% + 125" + 40 — 24520 + 60 — 125> + 40° + (*)af
B 202(0 +1)5(¢ + 2)2
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