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Neutrinoless double-beta decay, is a beyond the Standard Model process that would indicate that
neutrinos are Majorana fermions and the lepton number is not conserved. It could be interesting to
use the neutrinoless double-beta decay observations to distinguish between several beyond Standard
Model mechanisms that could contribute to this process. Accurate nuclear structure calculations of
the nuclear matrix elements necessary to analyze the decay rates could be helpful to narrow down the
list of contributing mechanisms. We investigate the information one can get from the angular and
energy distribution of the emitted electrons, and from the half-lives of several isotopes, assuming that
the right-handed currents exist. For the analysis of these distributions we calculate the necessary
nuclear matrix elements using shell model techniques, and we explicitly consider interference terms.

PACS numbers: 14.60.Pq, 21.60.Cs, 23.40.-s, 23.40.Bw

I. INTRODUCTION

Neutrinoless double-beta decay, if observed, would sig-
nal physics beyond the Standard Model (SM) that could
be discovered at energies significantly lower than those at
which the relevant degrees of freedom could be excited.
The black-box theorems [1–4] would indicate that the
neutrinos are Majorana fermions and the lepton number
is violated in this process by two units.
However, it could be challenging to further use the neu-

trinoless double-beta decay observations to distinguish
between many beyond Standard Model mechanisms that
could compete to this process [5, 6]. Accurate nuclear
structure calculations of the nuclear matrix elements
(NME) necessary to analyze the decay rates could be
helpful to narrow down the list of contributing mecha-
nisms, and to better identify the more exotic properties
of the neutrinos, such as the existence of the heavy ster-
ile partners that could interact through right-handed cur-
rents [21, 22, 24]. The NME for the standard mass mech-
anism were thoroughly investigated using several nuclear
structure models. Fig. 13 of Ref. [7] shows some of
these NME for isotopes of immediate experimental rel-
evance. Here we describe the status of the shell model
calculations of these NME [6–15], and their relevance for
discriminating possible competing mechanisms that may
contribute to the neutrinoless double-beta decay process.
One possible alternative/competing mechanism con-

siders the contribution from the exchange of the heavy,
mostly sterile, neutrinos [21, 22, 24]. The exchange of
left-handed heavy neutrinos is shown to be negligible in
most cases [16, 17]. The exchange of the right-handed
heavy neutrinos is predicted by left-right symmetric mod-
els [18–22], which are presently under active investigation
at LHC [23, 24]. In either case, the same heavy neutrino-
exchange NME are necessary for the analysis of the data.
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For example, considering only the competition between
the light left-handed neutrino-exchange mechanism and
the heavy right-handed neutrino exchange mechanism,
one could identify the dominant effect using half-lives of
several isotopes, such as 76Ge and 136Xe [25]. Some of
these heavy neutrino-exchange NME for isotopes of im-
mediate experimental relevance are shown in Fig. 14 of
Ref. [7]. The range of these matrix elements is quite
large due to their sensibility to the short-range corre-
lations effects that were not treated consistently. One
important improvement of these calculations would be
obtaining an effective transition operator that takes into
account consistently the short-range correlations effects,
and the effects of the missing single particle orbits from
the model space [26].

Some other low-energy effects of the left-right sym-
metric models, such as those due to the so called λ and
η mechanisms [22, 27], could be identified experimen-
tally if one could measure the angular and the energy
distribution of the emitted electrons [28], but the anal-
ysis requires knowledge of additional NME that one can
calculate. Finally, some more exotic possibilities [5, 29]
leading to one- and two-pion exchange NME [30], were
also calculated in the past within the interacting shell
model approach [6, 12], and quasiparticle random phase
approximation (QRPA) (see e.g. Ref. [5] and references
therein). A more general approach that includes a com-
plete set of dimension 6 and dimension 9 operators to
the SM Lagrangian, as well as R-parity violating SUSY
contributions, Kaluza-Klein modes in higher dimensions
[31, 32], violation of Lorentz invariance and equivalence
principle [33–35], is given in Refs. [36, 37]. Information
from double-beta decay can help constrain these contri-
butions, but additional information from the colliders is
needed for a full analysis.

In this paper we consider the possibility of disentan-
gling the contributions of the right-handed currents to
the neutrinoless double-beta decay process. Our analy-
sis mostly focuses on the information one can get from
the two-electron energy and angular distributions, which
could be used to distinguish contributions coming from
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the λ and η mechanisms from those of the usual light
neutrino-exchange mechanism. The analysis is done for
82Se, which was chosen as a baseline isotope by Su-
perNEMO experiment [28, 38]. During the preparation
of this manuscript we also found a more general analy-
sis of the terms contributing to the angular and energy
distributions for most of the double-beta decay isotopes
based on improved phase space factors and QRPA NME
[39]. Efforts of separating these effects are not new (see
e.g. Refs. [40–44] among other). Our analysis is how-
ever more detailed and more specific to the decay of the
82Se isotope. It considers the competitions between the
mass mechanisms and the heavy right-handed neutrino-
exchange mechanism, if the contributions from λ and η
mechanisms are ruled out by the two-electron angular
and energy distributions.
The paper is organized as follows: Section II presents

the general formalism used to describe the neutrinoless
double-beta decay under the assumption that the right-
handed currents would contribute. Section III describes
the associated two-electron angular and energy distri-
butions. Section IV analyzes the two-electron angular
and energy distributions for different scenarios that con-
sider different relative magnitudes of the λ and η mecha-
nism amplitudes (please notice the changes of notation).
Section V considers the possibility of disentangling the
mass mechanisms from the heavy right-handed neutrino-
exchange mechanism, if the λ and η contributions could
be ruled out by the two-electron energy and angular dis-
tributions. Section VI is devoted to conclusions, and Ap-
pendices A, B, and C present detailed formulae used in
the formalism.

II. 0νββ DECAY FORMALISM

If right-handed currents exist there are several pos-
sible contributions to the neutrinoless double-beta de-
cay rate [27, 40]. Usually, only the light left-handed
neutrino-exchange mechanism (a.k.a. the mass mecha-
nism) is taken into consideration, but other mechanisms
could play a significant role [5]. One popular model that
considers the right-handed currents contributions is the
left-right symmetric model [19, 20], which assumes the
existence of heavy particles that are not part of the Stan-
dard Model (see also Ref. [22] for a review specific to
double-beta decay).
In the framework of the left-right symmetric model

one can write the electron neutrino fields (see Appendix
A where we use the notations of Ref. [22]) as

ν′eL =

light
∑

k

UekνkL +

heavy
∑

k

SekN
c
kR,

ν′eR =

light
∑

k

T ∗
ekν

c
iL +

heavy
∑

k

V ∗
ekNkR, (1)

where ν′ represent flavor states, ν and N represent mass
eigenstates, U and V mixing matrices are almost unitary
while S and T mixing matrices are small. The ν′eL elec-
tron neutrino is active for the V −A weak interaction and
sterile for the V +A interaction, and the opposite being
true for ν′eR. Then the neutrinoless half-life expression is
given by

[

T 0ν
1/2

]−1

= G0ν
01g

4
A | M0νην +M0N

(

ηLNR
+ ηRNR

)

+ηλXλ + ηηXη + · · · |2, (2)

where ην , ηLNR
, ηRNR

, ηλ, and ηη are neutrino physics
parameters defined in Ref. [22]. See Appendix A for
the definition of the neutrino physics parameters. One
should mention that our ηλ and ηη parameters corre-
spond to λ and η of Ref. [28]. Above, M0ν and M0N

are the light and heavy neutrino-exchange nuclear ma-
trix elements [5, 6, 10] (see their explicit decomposition
in Appendix B), and Xλ and Xη represent combinations
of NME and phase space factors that will be analyzed
below. G0ν

01 is a phase space factor [45] that can be calcu-
lated with relatively good precision in most cases [46, 47],
and gA = 1.27 (see also Appendix C). The ”· · · ” sign
stands for other possible contributions, such as those of
R-parity violating SUSY particle exchange [5, 6], Kaluza-
Klein modes [6, 31, 32], violation of Lorentz invariance
and equivalence principle [33–35],etc, which are neglected
here.
The ηLNR

term also exists in the seesaw type I mecha-
nisms but its contribution is negligible if the heavy mass
eigenstates are larger than 1 GeV [17]. Assuming a see-
saw type I dominance [48] we will neglect it here. If the
ηλ and ηη contributions could be ruled out by the two-
electron energy and angular distributions the remaining
ην and ηRNR

terms have very small interference contribu-
tion (the interference term is at most 8% of the two terms
in the parenthesis of Eq. 3 [25, 49]), and the half-life be-
comes

[

T 0ν
1/2

]−1

= G0ν
01g

4
A

(

∣

∣M0ν
∣

∣

2
|ην |

2
+
∣

∣M0N
∣

∣

2 ∣
∣ηRNR

∣

∣

2
)

.

(3)

Then, the relative contribution of the ην and ηRNR
can

be gauged out if one measures the half-life of at least
two isotopes [5, 25], provided that the corresponding
matrix elements M0ν and M0N are known with good
precision (see section V below). These matrix elements
were calculated using several methods including inter-
acting shell model (ISM) [6–8, 10–12, 17] (see Ref. [7]
for a review), quasiparticle random phase approximation
(QRPA) [5, 50], and interacting boson model (IBM) [51].
In general, the ISM results for M0ν are quite close one
to another, but smaller than the QRPA and IBM results;
the ISM and IBM results for M0N are close, while they
are both smaller than the QRPA results. An explanation
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of this behavior was recently provided [52], which sug-
gests a path for improving of these NME. We believe that
the nuclear shell model matrix elements are the most reli-
able, because they take into consideration all correlations
around Fermi surface, respect all symmetries, and can
take into account consistently the effects of the missing
single particle space via many-body perturbation theory
(shown to be small, about 20%, for 82Se [26]). Because
of that we use no quenching for the bare 0νββ operator
in our calculations. This conclusion is different from that
for the simple Gamow-Teller operator used in single beta
and 2νββ decays, for which a quenching factor of about
0.7 is necessary [52].
In what follows we provide an analysis of the two-

electron relative energy and angular distributions using
shell model NME. This analysis could be used to analyze
data that may be provided by the SuperNEMO experi-
ment to identify the relative contributions of ηλ and ηη
terms in Eq. (2). A similar analysis using QRPA NME
was given in Ref. [28]. During the preparation of this
manuscript we also found a more general analysis of the
terms contributing to the angular and energy distribu-
tions, for most of the double-beta decay isotopes, based
on improved phase space factors and QRPA NME [39].
However, our analysis is more detailed and more specific
to the decay of the 82Se isotope. The starting point is
provided by the classic paper of Doi, Kotani and Tagasuki
[27], which describes the neutrinoless double-beta decay
process using a low-energy Hamiltonian that includes the
effects of the right-handed currents. The ηλ and ηη terms
in Eq. (2) are related to the λ and η terms in Ref. [27].
With some simplifying notations the half-life expression
[27] (here we omit the contribution from the ηLNR

term,
which has the same energy and angular distribution as
the ην term) is given by

[

T 0ν
1/2

]−1

=
∣

∣M0ν
GT

∣

∣

2
{Cν2 + Cνλcosφ1 + Cνηcosφ2

+ Cλ2 + Cη2 + Cληcos(φ1 − φ2)
}

, (4)

where φ1 and φ2 are the relative CP-violating phases
(A7), and M0ν

GT is the Gamow-Teller contribution of the
light neutrino-exchange NME. Different processes give
rise to several contributions: Cν2 are from the left-
handed leptonic and currents, Cλ2 from the right-handed
leptonic and right-handed hadronic currents, and Cη2

from the right-handed leptonic and left-handed hadronic
currents. Interference between these terms is represented
by the the contributions of Cνλ, Cνη and Cλη. The pre-
cise definitions are

Cν2 = C1 〈ν〉
2
, Cνλ = C2 〈ν〉 〈λ〉 , Cνη = C3 〈η〉 〈ν〉 ,

Cλ2 = C4 〈λ〉
2
, Cη2 = C5 〈η〉

2
, Cλη = C6 〈η〉 〈λ〉 , (5)

where C1−6 are combinations of nuclear matrix elements
and phase-space factors (PSF). Their expressions can be
found in the Appendix B, Eqs. (B1). M0ν

GT and the other
nuclear matrix elements that appear in the expressions of

the C factors are presented in Eq. (B4). In the context of
the left-right symmetric model we associate the neutrino
physics parameters 〈ν〉, 〈λ〉, 〈η〉, with the corresponding
ηi parameters defined in Appendix A,

〈ν〉 = |ην | , (6a)

〈λ〉 = |ηλ| , (6b)

〈η〉 = |ηη| , (6c)

but we leave them in this generic form for the case that
other mechanisms could contribute. For example, any
contribution from a mechanism whose amplitude is pro-
portional with

√

G0ν
01 , such as ηLNR

and ηRNR
, may be

added to the 〈ν〉 term with an appropriate redefinition of
the nuclear matrix elements and the interference phases.

III. 0νββ DECAY ELECTRONS

DISTRIBUTIONS

The differential decay rate of the 0+ → 0+ 0νββ tran-
sition can be expressed as:

d2W 0ν
0+→0+

dǫ1dcosθ12
=

a0νω0ν(ǫ1)

2 (meR)
2 [A(ǫ1) +B(ǫ1)cosθ12] . (7)

ǫ1 is the energy of one electron in units of mec
2, R is the

nuclear radius (R = r0A
1/3, with r0 = 1.2fm), θ12 is the

angle between the outgoing electrons, and the expressions
for the constant a0ν and the function ω0ν are given in
the Appendix C, Eqs. (C2) and (C3), respectively. The
functions A(ǫ) and B(ǫ) are defined as combinations of
factors that include PSF and NME:

A(ǫ1) = |N1(ǫ1)|
2 + |N2(ǫ1)|

2 + |N3(ǫ1)|
2 + |N4(ǫ1)|

2,
(8a)

B(ǫ1) = −2Re [N⋆
1 (ǫ1)N2(ǫ1) +N⋆

3 (ǫ1)N4(ǫ1)] . (8b)

The detailed expressions of the N1−4(ǫ1) components are
presented in Eqs. (B7).

The expression of the half-life can be written as follows:

[

T 0ν
1/2

]−1

=
1

ln2

∫

dW 0ν
0+→0+ =

a0ν

ln2 (meR)
2

×

∫ T+1

1

A(ǫ1)ω0ν(ǫ1)dǫ1, (9)

with the kinetic energy T defined as:

T =
Qββ

mec2
. (10)
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A. Angular distributions

The integration of Eq. (7) over ǫ1 provides the angular
distribution of the electrons. We can now write it as:

dW 0ν
0+→0+

dΩ
=

a0ν

4π (meR)
2

[

∫ T+1

1

A(ǫ1)ω0ν(ǫ1)dǫ1

+
dΩ

2π

∫ T+1

1

B(ǫ1)ω0ν(ǫ1)dǫ1

]

, (11)

where dΩ = 2πdcosθ12.

B. Energy distributions

Integrating Eq. (7) over cosθ12, one obtains the single
electron spectrum. When investigating the energy dis-
tribution, it is convenient to express the decay rate as a
function of the difference in the energy of the two outgo-
ing electrons, ∆t = (ǫ1−ǫ2)mec

2, where ǫ2 = T+2−ǫ1 is
the kinetic energy of the second electron. We now express
the energy of one electron as:

ǫ1 =
T + 2 + ∆t

mec2

2
. (12)

After changing the variable, the energy distribution as a
function of ∆t is:

2dW 0ν
0+→0+

d(∆t)
=

2a0ν

(meR)
2

ω0ν(∆t)

mec2
A(∆t). (13)

IV. RESULTS

Here we analyze in detail the two-electron angular and
energy distributions for 82Se, which was chosen as a base-
line isotope by SuperNEMO experiment [28, 38]. We cal-
culate the 82Se NME of Eq. (B4) using a shell model ap-
proach with the JUN45 [53] effective Hamiltonian in the
jj44 model space [9, 10]. The nuclear structure effects
are taken into account by the inclusion of short-range cor-
relations with CD-Bonn parametrization, finite nucleon
size effects, and higher order corrections of the nucleon
current [14]. We point out that some of the neutrino
potentials in Eq. (B5) are divergent [27], such that the
approximations χGTω = 2−χGTq and χFω = 2χF −χFq

[54] are not accurate. This simplification was widely used
because of the high complexity and difficulty of the pre-
vious shell model calculations with large model spaces
[55, 56], when most of most 0νββ decaying isotopes were
considered. A solution to this problem is to first perform
the radial integral over the coordinate space and only
after, the second integral over the momentum space in
Eq. (B6). For gA we use the older value of 1.254 for an
easier comparison to other NME and PSF results in the
literature. It was shown in Ref. [10] that changing to

FIG. 1: (Color online) Electrons angular distribution
(upper panel) and energy distributions (lower panel) for
the competition between ν and η mechanisms, Case 1
(see section IV for a full description of the bands).

the newer value of 1.27 [57] changes the result by only
0.5%. Most of uncertainties in the shell model calcula-
tions comes from different parametrization of the short
range correlations, but they are less than 20% for most
of the NME. It is also worth noting that the shell model
NME are in general smaller by a factor of 2 than the
QRPA NME, but recent work on restoring the broken
symmetries in QRPA shows a tendency of reducing the
QRPA values towards the shell model ones (see e.g. sec-
tion IV.c of Ref. [58]).

The NME calculated in this work are presented on the
first line of Table I. The second line displays the nor-
malized values χα (α = F,GTω, Fω,GTq, Fq, T,R, P ).

TABLE I: The 82Se NME corresponding to Eq. (B3).

MGT MF MGTω MFω MGTq MFq MT MR MP

2.993 -0.633 2.835 -0.618 3.004 -0.487 0.012 3.252 -1.286

χF χGTω χFω χGTq χFq χT χR χP

-0.134 0.947 -0.131 1.003 -0.103 0.004 1.086 0.430

The values of the χ1± and χ2± factors of Eq. (B2) are:
χ1+ = 0.717, χ1− = 1.338, χ2+ = 0.736, χ2− = 0.930.
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FIG. 2: (Color online) Same as Fig. 1 for the
competition between ν and λ mechanisms, Case 2.

The PSF that enter in the components of Eq. (4) are
calculated in this work using Eq. (C1). These can be also
calculated by a simple manipulation of Eq. (9), involving

Ã±k defined in Appendix B. Using a new effective method
to calculate PSF [59] in agreement with other recent re-
sults, we choose a value of 92 for the effective ”screening
factor” (Sf ) that changes the charge of the daugther nu-

cleus, Zs =
Sf

100Z. Ref. [59] provides a detailed study of
the 2νββ and 0νββ PSF using this method for 11 nuclei.
In the case of G1, we obtain results which are in good
agreement with those of Ref. [39], having a difference of
about 8%. The results of Ref. [39] have been obtained
more rigorously by solving numerically the Dirac equa-
tion, and by including the effects of the finite nuclear size
and electron screening using a Coulomb potential derived
from a realistic proton density distribution in the daugh-
ter nucleus. The largest difference is 15.5% in the case
of G8. The original formalism of Ref. [27] provides sig-
nificantly larger differences, of up to more than 64% for
G8 of 82Se and would result in differences in half-lives
of over 30% for Case 4, where all the 9 PSF contribute.
However, given the larger uncertainty in the NME [52],
our approximation is satisfactory and we use it in calcu-
lations of the half-lives and of the two-electron angular
and energy distributions.

In our analysis of the angular and energy distributions

FIG. 3: (Color online) Same as Fig. 1 for the
competition between λ and η mechanisms, Case 3.

TABLE II: The 82Se PSF corresponding to Eq. (C1)
expressed in

[

yr−1
]

G1 × 1014 G2 × 1014 G3 × 1014 G4 × 1015 G5 × 1013

2.31 7.93 1.61 4.75 5.33

G6 × 1012 G7 × 1010 G8 × 1011 G9 × 109

4.09 2.97 2.02 1.09

we consider five scenarios: a reference case named ”Case
0”, commonly referred to in the literature as the ”mass
mechanism”(displayed with a thick blue line in all the
figures); a case when only the mass mechanism and the
η mechanism contribute, presented as ”Case 1”; the sce-
nario when only the mass mechanism and the λ mecha-
nism contribute, ”Case 2”; the case when the mass mech-
anism does not contribute and we have competition and
interference between the λ and the η mechanisms denoted
as ”Case 3”; and the most complex scenario, ”Case 4”,
when there is competition and interference between all
the mechanisms;
The values of the effective parameters for these scenar-

ios are chosen such that they highlight the competition or
the dominance of these mechanism, taking into account
the current experimental limits [22, 39] for the 76Ge 0νββ
half-life (see also Appendix A). They are presented in Ta-
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FIG. 4: (Color online) Same as Fig. 1 for the
competition between ν, λ and η mechanisms, Case 4.

TABLE III: The neutrino parameter values chosen for
the 5 cases described in the text.

〈ν〉 〈λ〉 〈η〉

Case 0 Blue 2× 10−7 0 0

Case 1 Red 2× 10−7 0 0.5 × 10−9

Case 1 Green 2× 10−7 0 2× 10−9

Case 2 Red 2× 10−7 0.5× 10−7 0

Case 2 Green 2× 10−7 2× 10−7 0

Case 3 Red 0 0.5× 10−7 0.5 × 10−9

Case 3 Green 0 2× 10−7 2× 10−9

Case 4 Red 2× 10−7 0.5× 10−7 0.5 × 10−9

Case 4 Green 2× 10−7 2× 10−7 2× 10−9

ble III. In the figures, red color indicates the lower values
for λ or η, while green color is used for the higher values.

For an easier evaluation of each contribution and the
interference effects, we provide in Table IV the calculated
Ci factors (i = 1, . . . , 6) of Eq. (B1), together with their
effective values from Eq. (5), for each particular case.
Due to the large G7,G8, and G9 PSF, the contribution of
C5 has a significantly higher magnitude compared to the
other factors, such that the calculations are very sensitive
to the η mechanism for the present limits of the neutrino

FIG. 5: The angular correlation coefficient
corresponding to Case 1. The meaning of the bands is

the same as in Figs. 1-4.

FIG. 6: The angular correlation coefficient
corresponding to Case 2. The meaning of the bands is

the same as in Figs. 1-4.

physics parameters.

One may calculate the 0νββ half-life with either Eq.
(4) using the nine PSF of Eq. (C1) displayed in Table
II, or by integrating Eq. (7) over angles (θ12 from 0 to
π) and energy in Eq. (9 (∆t goes from 0 to Qββ, which
is 2.99 MeV for 82Se)). The calculated half-lives for the
cases of interest are presented into Table V. There are
four combinations for the CP phases φ1 and φ2, provid-
ing up to four values for the half-lives for each case. All
half-lives in Table V, except Case 3 Red, are above the
present experimental limits, but within the reach of the
SuperNEMO experimental setup (1.0× 1026 years). One
should also mention that the on-axis limits for the neu-
trino physics parameters< λ > and < η > corresponding
to the same half-life, 9.41 × 1025 years, as the 100 meV
mass-mechanism are 1.2 × 10−7 and 1.0 × 10−9, respec-
tively. The bands in the figures represent the interference
effects of these phases, and their width is the maximum
difference between them. In the case of the mass mech-
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TABLE IV: The 82Se Ci factors (i = 1, . . . , 6) corresponding to Eq. (4) expressed in
[

yr−1
]

. We also present the
effective values when these factors are multiplied with the neutrino parameters from the four cases discussed

C1 C2 C3 C4 C5 C6

2.94 × 10−14 −1.46 × 10−14 4.75 × 10−12 7.72× 10−14 1.15 × 10−9 −1.01× 10−13

Cν2 Cνλ Cνη Cλ2 Cη2 Cλη

Case 0 Blue 1.18 × 10−27 0 0 0 0 0

Case 1 Red 1.18 × 10−27 0 4.75 × 10−28 0 2.86 × 10−28 0

Case 1 Green 1.18 × 10−27 0 1.90 × 10−27 0 4.58 × 10−27 0

Case 2 Red 1.18 × 10−27 −1.46 × 10−28 0 1.93× 10−28 0 0

Case 2 Green 1.18 × 10−27 −5.83 × 10−28 0 3.09× 10−27 0 0

Case 3 Red 0 0 0 1.93× 10−28 2.86 × 10−28 −2.53× 10−27

Case 3 Green 0 0 0 3.09× 10−27 4.58 × 10−27 −4.04× 10−29

Case 4 Red 1.18 × 10−27 −1.46 × 10−28 4.75 × 10−28 1.93× 10−28 2.86 × 10−28 −2.53× 10−30

Case 4 Green 1.18 × 10−27 −5.83 × 10−28 1.90 × 10−27 3.09× 10−27 4.58 × 10−27 −4.04× 10−29

anism, there is no interference, such that Case 0 is rep-
resented by a single thick blue line. This line is present
in all the figures to provide the reader with a reference
scenario, which is the most studied in the literature. In
the following, we discuss these cases.

Case 0, representing the mass mechanism and dis-
played in the figures 1-4 with a blue line, is the most
studied mechanism in the literature. The value of the
effective neutrino mass parameter 〈ν〉 = |ην | is chosen
to correspond to a neutrino mass limit of about 0.1 eV,
which results in a calculated half-life of 9.4 × 1025, just
beyond the current experimental limits, but within the
SuperNEMO reach [38]. From Figures 1-2 one can see
that this mode dominates the other contributions as long
as 〈ν〉 ≥ 4 × 〈λ〉 and 〈ν〉 ≥ 400 × 〈η〉 (the red bands).
Should any of the 〈λ〉 or 〈η〉 parameters increase four
times (hatched green bands), the distributions change
and one could identify the domination of another mech-
anism.

Case 1 presented in Figure 1 describes the η mechanism
dominance (hatched green bands) showing a significant
change in the shape of the angular distribution (Fig. 1
upper panel), while the energy distribution retains the
shape of Case 0, only increasing in amplitude. In the
scenario of Case 2 presented in Fig. 2, one can see the
dominance of the λ mechanism (hatched green bands) in
both distributions, as changes in the shape and ampli-
tude. One can conclude that one can use these different
shape changes to distinguish between 〈ν〉, 〈λ〉, and 〈η〉
mechanism dominance, assuming that only two of them
can compete.

However, one needs to consider the case when the
|mee| = me 〈ν〉 is very small or zero, while the λ and η
mechanisms are competing. This scenario is covered by
Case 3 presented in Fig. 3. The interference term Cλη

is very small leading to very narrow interference bands.
Dominance of any of the two mechanisms would show lit-
tle difference from the similar behavior shown in Figs. 1

FIG. 7: The angular correlation coefficient
corresponding to Case 3. The meaning of the bands is
the same as in Figs. 1-4. The red and green (narrow)

bands are overlapping.

FIG. 8: The angular correlation coefficient
corresponding to Case 4. The meaning of the bands is

the same as in Figs. 1-4.
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TABLE V: Calculated half-lives (T1/2) for the four possible combinations of values for φ1 and φ2 in Eq. (4).

φ1 = 0, φ2 = 0 φ1 = π,φ2 = π φ1 = 0, φ2 = π φ1 = π, φ2 = 0

Case 0 Blue 9.41 × 1025 9.41 × 1025 9.41 × 1025 9.41× 1025

Case 1 Red 5.72 × 1025 1.12 × 1026 1.12 × 1026 5.72× 1025

Case 1 Green 1.45 × 1025 2.87 × 1025 2.87 × 1025 1.45× 1025

Case 2 Red 9.05 × 1025 7.31 × 1025 9.05 × 1025 7.31× 1025

Case 2 Green 3.01 × 1025 2.29 × 1025 3.01 × 1025 2.29× 1025

Case 3 Red 2.32 × 1026 2.32 × 1026 2.30 × 1026 2.30× 1026

Case 3 Green 1.45 × 1025 1.45 × 1025 1.44 × 1025 1.44× 1025

Case 4 Red 5.59 × 1025 8.36 × 1025 1.07 × 1026 4.86× 1025

Case 4 Green 1.09 × 1025 1.48 × 1025 1.73 × 1025 9.75× 1024

and 2 (the shape is fixed by the small interference term,
while in Case 1 and 2 the dependence on the interference
phases could distort the shapes). The green lines in Case
3 are just rescaling of the red to emphasize the effect
rescaling relative to the standard mass mechanism (blue
line). The shapes of the distributions and their changes
seem to be similar to some of those in Fig. 2. However,
the ratio max/min in the angular distribution (15/1 for
Case 3 vs 2/1 for Case 2) could be used to distinguish
between these two cases.
Case 4 allows competition between all three contribu-

tions (Fig. 4). Obviously, the qualitative behavior of
these distributions cannot be easily disentangled from
those of Cases 1-3 discussed above. That would require
a numerical simulation that includes interference effects
to rule in or out some of these scenarios.
One should also mention that the energy distribution

of the angular correlation coefficient, α = B(ǫ)/A(ǫ) in
our Eq. (7), could provide additional information (see
e.g. Figs. 6.5 - 6.9 of [27] and Fig. 7 of [39]). Figs. 5
- 8 show the angular correlation coefficient α(∆t), of all
4 cases analyzed in Figs. 1 - 4. One can clearly see that
Case 2 and Case 3 can also be identified by the value of
α when the energies of the two emitted electron are very
close (∆t ≈ 0). Case 3 and 1 can be separated by the
shape of their energy distributions. Figs. 5 - 8 show that
the angular correlation coefficient could be also used to
better identify the other cases analyzed in Figs. 1 - 4.
Given the complexity of our analysis, and considering

the potential usefulness for future analyses, we provide a
link to a Mathematica file that can be used to perform
these calculations and produce the plots included in this
paper [60].

V. DISENTANGLING THE HEAVY NEUTRINO

CONTRIBUTION

As mentioned in Section II, if the ηλ and ηη contribu-
tions could be ruled out by the two-electron energy and
angular distributions analyzed in the previous section, in
that case, assuming a seesaw type I dominance [48] the

half-life is given by Eq. (3). Then, the relative contri-
bution of the ην and ηRNR

terms can be identified if one
measures the half-life of at least two isotopes [5, 25], pro-
vided that the corresponding matrix elements M0ν and
M0N are known with good precision. Ref. [5, 25] al-
ready provided some limits of the ratios of the half-lives
of different isotopes based on older QRPA calculations.
However, based on those calculations, the two limits for

r(ν/N) ≡ T
ν/N
1/2 (1)/T

ν/N
1/2 (2)

r(ν/N) =
G0ν

01(2)
∣

∣M0ν/N (2)
∣

∣

2

G0ν
01(1)

∣

∣M0ν/N (1)
∣

∣

2 , (14)

were too close to allow for a good separation of the con-
tribution of these two mechanisms. In Eq. (14) (1) and
(2) designate members of a pair of isotopes. Below, we
present the results based on our shell model calculations
given in see Tables III and IV of Ref. [7]. In Table VI
Ge, Se, Te, and Xe are short-hand notions for 76Ge, 82Se,
130Te, and 136Xe respectively. In the table we only use
the NME calculated with CD-Bonn short-range correla-
tions. The G0ν

01 factors from Table III of Ref. [39] were
used (they are very close to those of Ref. [62])
The pre-last line in Table VI presents the ratio of the

ratios of half-lives, R(N/ν) = r(N)/r(ν), calculated with
our NME. On can see that the largest ratio is obtained for
the combination 82Se/136Xe. Its magnitude larger than
2 indicates that one can differentiate between these two
limits if the half-lives are known with reasonable uncer-
tainties, and provided that the NME can be calculated
with sufficient precision. The last line in Table VI shows
the same quantity calculated with the recent QRPANME
taken from Table I (columns d) of Ref. [61]. On can see
that these ratios are not as favorable in identifying the
two limits. This analysis emphasizes again the need of
having reliable NME for all mechanisms.

VI. CONCLUSIONS

In this paper we calculate nuclear matrix ele-
ments, phase space factors, and half-lives for the



9

TABLE VI: Calculated limits of half-lives ratios, Eq. (14), for different combinations of isotopes (see text for
details). For example, in the combination Ge/Se (1) corresponds to Ge and (2) to Se.

Ge/Se Ge/Te Ge/Xe Se/Te Se/Xe Te/Xe

Ge Se Ge Te Ge Xe Se Te Se Xe Te Xe

G0ν
01 × 1014 0.237 1.018 0.237 1.425 0.237 1.462 1.018 1.425 1.018 1.462 1.425 1.462

M0ν (1/2) 3.57 3.39 3.57 1.93 3.57 1.76 3.39 1.93 3.39 1.76 1.93 1.76

M0N (1/2) 202 187 202 136 202 143 187 136 187 143 136 143

T ν
1/2(1)/T

ν
1/2(2) 3.87 1.76 1.50 0.45 0.39 0.85

TN
1/2(1)/T

N
1/2(2) 3.68 2.73 3.09 0.74 0.84 1.13

R(N/ν) present 0.95 1.55 2.06 1.63 2.17 1.33

R(N/ν) [61] 1.02 1.39 1.42 1.36 1.39 1.03

0νββ (0+ → 0+) decay of 82Se under different scenarios
that include, besides the mass mechanism, the mixed
right-handed/left-handed currents contributions known
as η and λ mechanisms. For the mass mechanism dom-
inance scenario the results are consistent with previous
calculations [10] using the same Hamiltonian. Inclusion
of contributions from η and λ mechanisms have the ten-
dency to decrease the half-lives.

We present the two-electrons angular and energy dis-
tributions for five theoretical scenarios of mixing between
mass mechanisms contributions,and η and λ mechanism
contributions. From the figures presented in the paper
one can recover the general conclusion [27] that the en-
ergy distribution can be used to distinguish between the
mass mechanism and the λ mechanism, while the angular
distribution can be used in addition to the energy distri-
bution to distinguish between the mass mechanism and
the η mechanism, but the identification could be more
nuanced due to the lack of knowledge of the interference
phases. In the case of the energy distributions for the
mass mechanism dominance (blue line) and the λ mech-
anism dominance (green band in Figure 2 lower panel),
we find similar results to those of Figure 2 in Ref. [28].
However, our results emphasize the significant role of the
interference phases φ1 and φ2 in identifying the effect.

We also find out from the analysis of Case 3 that if
the effective neutrino mass is very small, close to zero,
and the η and λ mechanisms are competing, then one
can potentially identify this scenario from the λ dom-
inance, Case 2, by comparing the ratio min-to-max in
the angular distributions and/or by the behavior of the
angular correlation coefficient for almost equal electron
energies. The small interference effects in Case 3 could
be also used as an additional identification tool. These
conclusions seem to be stable even if one consider small
NME changes, such as those due to different short-range
correlations models.

We conclude that the η mechanism, if it exists, may
be favored to compete with the mass mechanisms due
to the larger contribution from the phase space factors.
Ref. [22] shows however that it is possible to obtain a λ
mechanism dominance in some cases.

Finally we show that if the ηλ and ηη contributions
could be ruled out by the two-electron energy and an-
gular distributions, the mass mechanisms can be disen-
tangled from the heavy right-handed neutrino-exchange
mechanism using ratios of half-lives of few isotopes. The
analysis based on our shell model NME indicates that
the most favorable combinations of isotopes would be
82Se/136Xe and 76Ge/136Xe.
Certainly, the analysis presented in this paper is based

on the positive detection of the neutrinoless double-beta
decay, followed by the collection of enough events that
one can use to make assessments on the angular and en-
ergy distributions. Similar distributions were obtained
with high precision by NEMO-3 for the 2νββ of 100Mo,
but a very large number, about 1 million, of events were
collected [38]. Clearly, this large number of events will
not be available for any 0νββ experiment, but we believe
that the tools provided by our analysis could help to as-
sess probabilities for these mechanisms even if only tens
of events are collected.
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Appendix A: Left-right symmetric model

Left-right symmetric models [18–21] could explain the
physics of the right-handed currents, which may con-
tribute to the neutrinoless double-beta decay process,
and are also under current investigation at LHC [23].
Specific details for double-beta decay can be found in
Ref. [22].
The neutrino mixing matrices are defined by:

n′
L =

(

ν′L
ν′R

c

)

=

(

U S

T V

)(

νL
N c

R

)

, (A1)
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where ν′L, ν′R
c
are flavor eigenstates, and νL, N c

R are
mass eigenstate. Here the U and V matrices are almost
unitary, while the S and T matrices are very small. The
sterile neutrinos ν′R and the mass eigenstates NR are pre-
sumed to be very heavy, but at least the lightest ones are
at the TeV scale. Light (1 eV) sterile neutrinos could ex-
ist, and they could influence the effective neutrino mass
and the outcome of 0νββ decay [5], but they may be de-
tected in neutrino oscillations experiments. The neutrino
physics parameter |〈mee〉| ≡

∣

∣

∑

U2
ekmk

∣

∣ is the effective
electron neutrino mass, and the suitably normalized di-
mensionless parameter that describes lepton number vi-
olation is (the upper limits for the neutrino physics pa-
rameters below were taken from Refs. [22, 39]):

|ην | =
|〈mee〉|

me
=

∣

∣

∣

∑light
k U2

ekmk

∣

∣

∣

me
. 7× 10−7, (A2)

with Uei the (PMNS) mixing matrix of light neutrinos,
mi the light neutrino masses, and me the electron mass.
For the mixing of the left- and right-handed currents with
the heavy neutrino the neutrino physics parameters in
the left-right symmetric model are given by

∣

∣ηLNR

∣

∣ = mp

∣

∣

∣

∣

∣

heavy
∑

k

Sek
2

Mk

∣

∣

∣

∣

∣

. 7× 10−9, (A3)

∣

∣ηRNR

∣

∣ = mp

(

mWL

mWR

)4
∣

∣

∣

∣

∣

heavy
∑

k

V ⋆
ek

2

Mk

∣

∣

∣

∣

∣

. 7× 10−9, (A4)

where mWR
(mWL

) is the mass of the right-handed
WR (left-handed WL), Mi are the masses of the heavy
neutrinos, and V is the right-handed analogue of the
PMNS matrix U. To satisfy the present limit of

∣

∣ηRNR

∣

∣

one needs mWR
and some of the Mk masses at TeV scale.

For the terms that could contribute to the neutrinoless
double-beta decay that involve a mixture of left-handed
and right-handed currents the ηλ and ηη neutrino physics
parameters are

|ηλ| =

(

mWL

mWR

)2
∣

∣

∣

∣

∣

light
∑

k

UekT
⋆
ek

∣

∣

∣

∣

∣

. 4× 10−7 , (A5)

|ηη| = tanξ

∣

∣

∣

∣

∣

light
∑

k

UeiT
⋆
ek

∣

∣

∣

∣

∣

. 3× 10−9 . (A6)

The heavy neutrino contributions to both λ and
η mechanisms are suppressed, being proportional to
∑heavy

k SekV
⋆
ekq/M

2
k .

The CP phases used in Eq. (4) are

φ1 = arg





(

light
∑

k

U2
ekmk

)(

(

MWL

MWR

)2 light
∑

k

UekVek

)⋆


 ,

φ2 = arg





(

light
∑

k

U2
ekmk

)(

ξ

light
∑

k

UekVek

)⋆


 . (A7)

Appendix B: 0νββ NME

Most of the theoretical formalism used in this work is
adopted from Ref. [27] and Ref. [45], with little change
of notation for simplicity and consistency wherever need.

The C1−6 factors composed from PSF and NME [27]
are:

C1 = (1− χF )
2
G1, (B1a)

C2 = − (1− χF ) [χ2−G3 − χ1+G4] , (B1b)

C3 = (1− χF )

× [χ2+G3 − χ1−G4 − χPG5 + χRG6] , (B1c)

C4 =

[

χ2
2−G2 +

1

9
χ2
1+G4 −

2

9
χ1+χ2−G3

]

, (B1d)

C5 = χ2
2+G2 +

1

9
χ2
1−G4 −

2

9
χ1−χ2+G3 + χ2

PG8

− χPχRG7 + χ2
RG9, (B1e)

C6 = −2

[

χ2−χ2+G2 −
1

9
(χ1+χ2+ + χ2−χ1−)G3

+
1

9
χ1+χ1−G4

]

, (B1f)

χ1± = χGTq ± 3χFq − 6χT , (B2a)

χ2± = χGTω ± χFω −
1

9
χ1±. (B2b)

The normalized NME:

χα = Mα/M
0ν
GT , (B3)

where α = F, T,GTω, Fω,GTq, Fq,R, and P . All Fermi-
type matrix elements MF (ωq) are multiplied by gV /gA.
Due to the two-body nature of the transition opera-

tor, the matrix elements are reduced to sums of products
of two-body transition densities (TBTD) and matrix el-
ements for two-particle states [14]:

M0ν
α =

∑

jpjp′ jnjn′Jπ

TBTD (jpjp′ , jnjn′ ; Jπ)

× 〈jpjp′ ; Jπ‖τ−1τ−2O
α
12‖jnjn′ ; Jπ〉 , (B4)

The detailed expressions for the two body transition op-
erators (Oα

12) transition operators can be found in Ref.
[63]. They can be factorized into products of coupling
constants and operators which act on the intrinsic spin,
relative and center-of-mass wave functions of two-particle
states [14].

The NME depend on four dimensionless neutrino po-
tentials defined by the integral over the momentum of
the virtual neutrino. Expressions for the Gamow-Teller
(GT), the Fermi (F), and the tensor (T) cases are de-
scribed in detail in Refs. [11, 14]. The other three po-
tentials are presented here in a form similar to Eq. (12)
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of Ref. [63].

H0ν
ω (r) =

2R

π

∫ ∞

0

q2j0(qr)dq

(q + 〈E〉)
2 ≡

∫ ∞

0

q2j0(qr)Vω(q)dq,

(B5a)

for the M0ν
GTw and M0ν

Fw NME,

H0ν
q (r) =

2R

π

∫ ∞

0

q2j1(qr)dq

q + 〈E〉
≡

∫ ∞

0

q2j1(qr)Vq(q)dq,

(B5b)

for the M0ν
GTq,M

0ν
Fq,M

0ν
T , and M0ν

P NME.

In the case of M0ν
R , the potential is written as:

H0ν
R (r) =

2R2

πM

∫ ∞

0

q3j0(qr)dq

q + 〈E〉
≡

∫ ∞

0

q2j0(qr)Vω(q)dq,

(B5c)

where M is the nucleon mass, R the nuclear radius (R =
1.2A1/3fm), 〈E〉 represents the closure energy, Vω,q,R are
the Fourier transforms of the potentials, and jκ(qr) are
spherical Bessel functions of rank κ. Due to the small
contribution of the χP term, we take a typical value of
0.5 for the associated normalized NME.

The computation of the matrix element requires solv-
ing a double integral, over the coordinate space and over
the momentum (from Eq. (B5)) of the form [13]:

Iα(µ;m) =

∫ ∞

0

q2dq Vα(q)

×

(

2

π

)
1
2

(2ν)
m+1

2

∫ ∞

0

dr e−µr2rmjκ(qr) (B6)

where µ = ν, ν+a, ν+2a, with ν the oscillator constant
and m is integer.

It was previously observed in Ref. [27] that the three
potentials in Eq. (B5) are formally divergent but the
associated radial matrix elements are not, if certain pre-
cautions are taken, such as first performing the radial
integrals and then the integrals of the momentum in Eq.
(B6), as it was done in Ref. [14].

In Ref. [10], a method was proposed for obtaining
an optimal closure energy, which yields similar results as
when preforming calculations beyond the closure approx-
imation. Here we use an optimal average closure energy
〈E〉 of 3.4 MeV, which has been shown to produce accu-
rate results in the case ofMGT andMF (see Fig. 5 of Ref.
[10]). Therefore, our NME dont have any significant un-
certainties related to choice of the closure energy. Higher
order corrections of the nuclear current for the Gamow
Teller nuclear matrix element and CD-Bonn parameteri-
zation short-range correlations are taken into account as
described in Ref. [14].

To calculate the two-electron angular and relative en-
ergy distributions we take into account the decay rate as
described by Eq. (C·3·1) of Ref. [27]. This leads to the
expressions of Eq. (7) and Eq. (8). The factors N1−4(ǫ1)

represent mixtures of NME and PSF, expressed as:

N1(ǫ1) = a∗-1-1

[(

Z1 −
4Z6

3

)

−

(

4

meR

)(

Z4 − ξ
Z6

6

)]

,

(B7a)

N2(ǫ1) = a∗11

[(

Z1 −
4Z6

3

)

+

(

4

meR

)(

Z4 − ξ
Z6

6

)]

,

(B7b)

N3(ǫ1) = a∗1−1

[(

Z1 −
2Z5

3

)

−

(

ǫ12
me

)(

Z3 +
Z5

3

)]

,

(B7c)

N4(ǫ1) = a∗−11

[(

Z1 −
2Z5

3

)

+

(

ǫ12
me

)(

Z3 +
Z5

3

)]

,

(B7d)

with ξ = 3αZs + (T + 2)meR, ǫ12 = ǫ1 − ǫ2 and aκλ =

Ãκ(ǫ1)Ãλ(ǫ2), where ǫ2 = T + 2− ǫ1.

Ã±k(ǫ) ∼=
√

(ǫ ∓me)/2ǫ
√

Fk−1(Zs, ǫ). (B8)

Fk−1(Zs, ǫ) =

[

Γ(2k + 1)

Γ(k)Γ(2γk + 1)

]2

× (2pR)2(γk−k)|Γ(γk + iy)|2eπy (B9)

γk =
√

k2 − (αZ)2, y = αZsǫ/p, (B10)

where α is the fine structure constant, pi =
√

ǫ2i − 1(with
i = 1, 2), and Zs = Sf · Z the ”screened” charge of the
final nucleus, and Sf = 92 is the effective ”screening”
factor from Table 4 of Ref. [59]. Z1−6 are composed of
the NME from Eq. (B4), defined as follows:

Z1 = (〈ν〉)(χF − 1)M0ν
GT , (B11a)

Z3 =
[

−〈λ〉 (χGTω − χFω)e
−iφ1 (B11b)

+ 〈η〉 (χGTω + χFω)e
−iφ2

]

M0ν
GT , (B11c)

Z4 = 〈η〉χRe
−iφ2M0ν

GT , (B11d)

Z5 =
1

3

[

〈λ〉χ1+e
−iφ1 − 〈η〉χ1−e

−iφ2
]

M0ν
GT , (B11e)

Z6 = 〈η〉χP e
−iφ2M0ν

GT . (B11f)

Appendix C: 0νββ decay PSF expressions

The PSF are calculated using the following expression
adopted from Eq. (A.27) of Ref. [45]:

Gk =
a0ν

ln2(meR)2

T+1
∫

1

bkF0(Zs, ǫ1)F0(Zs, ǫ2)ω0ν(ǫ1)dǫ1,

(C1)
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where R is the nuclear radius (R = r0A
1/3, with r0 = 1.2

fm) and F0 is defined in Eq. (B9) for k = 1.

a0ν =
g4A (GF cosθc)

4
m9

e

32π5
, (C2)

with GF = 1.1663787× 10−5GeV −2 the Fermi constant,
and cosθc = 0.9749 the Cabbibo angle. In Ref. [45]
the constant g0ν = a0ν/ln2 = 2.8 × 10−22g4A yr−1 was
used. Taking into account the value gA = 1.27, instead
of gA = 1.254, would change the results by 5%. One
should mention that G0ν

01g
4
A product in Eq. 3 is equal to

G1. Also, in Eq. (C1)

ω0ν(ǫ1) = p1p2ǫ1ǫ2, (C3)

with ǫ2 = T + 2− ǫ1, p1,2 =
√

ǫ21,2 − 1, and T defined in

Eq. (10).
The kinematical factors bk are defined as:

b1 = 1, (C4)

b2 =
1

2

(

ǫ1ǫ2 − 1

ǫ1ǫ2

)

(ǫ1 − ǫ2)
2, (C5)

b3 = (ǫ1 − ǫ2)
2/ǫ1ǫ2, (C6)

b4 =
2

9

(

ǫ1ǫ2 − 1

ǫ1ǫ2

)

, (C7)

b5 =
4

3

(

(T + 2)ξ

2rAǫ1ǫ2
−

ǫ1ǫ2 + 1

ǫ1ǫ2

)

, (C8)

b6 =
4(T + 2)

rAǫ1ǫ2
, (C9)

b7 =
16

3

1

rAǫ1ǫ2

(

ǫ1ǫ2 + 1

2rA
ξ − T − 2

)

, (C10)

b8 =
2

9

1

(rA)2ǫ1ǫ2

[

(ǫ1ǫ2 + 1)(ξ2 + 4(rA)
2)

−4rAξ(T + 2)] , (C11)

b9 =
8

(rA)2

(

ǫ1ǫ2 + 1

ǫ1ǫ2

)

, (C12)

with ξ = 3αZs + rA(T + 2), where α represents the fine
structure constant, and Zs = Sf ·Z the ”screened” charge
of the final nucleus, and rA = meR.
In Eq. (2), Eq. (3), Eq. (14) and in Table VI we use

the factor G0ν
01 = G1/ (gA)

4
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