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Current template-based gravitational wave searches for compact binary coalescences (CBC) use
waveform models that omit the higher order modes content of the gravitational radiation emitted,
considering only the quadrupolar (`, |m|) = (2, 2) modes. We study the effect of such of this omission
for the case of aligned-spin CBC searches for equal-spin (and non-spinning) binary black holes in the
context of two versions of Advanced LIGO: the upcoming 2015 version, known as early Advanced
LIGO (eaLIGO) and its Zero-Detuned High Energy Power version, that we will refer to as Advanced
LIGO (AdvLIGO). In addition, we study the case of a non-spinning search for initial LIGO (iLIGO).
We do this via computing the effectualness of the aligned-spin SEOBNRv1 ROM waveform fam-
ily, which only considers quadrupolar modes, towards hybrid post-Newtonian/Numerical Relativity
waveforms which contain higher order modes. We find that for all LIGO versions, losses of more
than 10% of events occur in the case of AdvLIGO for mass ratio q ≥ 6 and total mass M ≥ 100M�
due to the omission of higher modes, this region of the parameter space being larger for eaLIGO
and iLIGO. Moreover, while the maximum event loss observed over the explored parameter space
for AdvLIGO is of 15% of events, for iLIGO and eaLIGO this increases up to (39, 23)%. We find
that omission of higher modes leads to observation-averaged systematic parameter biases towards
lower spin, total mass and chirp mass. For completeness, we perform a preliminar, non-exhaustive
comparison of systematic biases to statistical errors. We find that, for a given SNR, systematic
biases dominate over statistical errors at much lower total mass for eaLIGO than for AdvLIGO.

PACS numbers: 04.80.Nn, 04.25.dg, 04.25.D-, 04.30.-w

I. INTRODUCTION

Compact Binary Coalescences (CBC) are the most
promising candidates for a first direct detection of grav-
itational waves (GW). Starting in September 2015, the
next generation of GW detectors, Advanced LIGO [1],
Advanced Virgo[2] and KAGRA[3] will come online with
and eventually reach sensitivities ∼ 10 times higher than
the previous one, increasing by a factor of ∼ 103 the
volume to which they are sensitive. This generates high
expectations for imminent first GW detection[4]. The
core of searches for CBC’s is the so called matched filter
[5].The matched filter technique allows for GW signals to
be extracted from background noise provided that a cor-
rect model (waveform in our case) of the expected signal
is used as a filter of the incoming signal. Otherwise the
filter will be suboptimal and the GW signal could be lost
or its parameters misidentified. Current GW searches for
CBC’s implement template banks whose waveforms only
contain the quadrupolar (`, |m|) = (2, 2) modes of the
GW emission, known as quadrupolar waveforms. These
omit the higher order mode (HM) content of the incom-
ing signal. This is justified by the fact that, in the non-
precessing case, most of the power emitted by the source
is carried by these two modes.

The goal of this paper is to study the consequences of
this omission in current and future GW searches, both in

terms of loss of detections and systematic biases caused
in the estimation of the parameters (PE) of the source.
We will focus on the case of aligned-spin template banks
and non-precessing equal aligned-spin BBH within the
mass range 50M� < M < 220M�. As target wave-
forms, we consider equal aligned-spin systems, and as
bank waveforms we use the SEOBNRv1 ROM model [6],
which describes the quadrupolar modes of equal aligned
spins CBC’s. These are characterized by their mass ra-
tio q = M2/M1 ≥ 1, total mass M = M1 + M2 and

a single effective spin parameter χ = M1χ1+M2χ2

M [7].
Here, χi and Mi are respectively the dimensionless spin
and mass of the i

′
th black hole. 1. In particular, we

choose as targets four non-spinning systems with mass
ratio q = {3, 4, 6, 8} and four spinning cases: a q = 1 sys-
tem with χ = ±0.2 and a q = 3 system with χ = ±0.5.
The latter correspond to those systems available in the
public NR SXS catalogue [8] having equal spins for which
the HM are the strongest and which lie within the param-
eter space covered by SEOBNRv1 ROM model. Also,
in Appendix 1 we consider the case of a q = 8 system
with unequal spins (χ1, χ2) = (0,−0.5) and effective spin
χ = −0.47. These are summarized in Table. I. We

1 Note that for the equal spin case one has χ = χ1 = χ2.
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will consider the case of a SEOBNRv1 ROM template
bank including a single effective spin parameter χ for the
case of two Advanced LIGO predicted noise curves: the
early version (eaLIGO) [9] with a low-frequency cutoff
f0 = 30Hz and the design Zero-Detuned-High-Energy-
Power version (AdvLIGO) [10], with f0 = 10Hz. Since no
detections were made in initial LIGO (iLIGO) data, for
which searches have been performed using a non-spinning
template bank [11], we will also pay attention to the cor-
responding sensitivity curve [12], for which we will con-
sider non-spinning targets, a non spinning template bank
and f0 = 30Hz.

The case of non-spinning targets and a non-spinning
template bank for the case of AdvLIGO has been widely
studied. Pekowsky et. al., [13] explored the mass range
M > 100M� and noted that the match between BBH
NR waveforms including HM and the corresponding
ones including only quadrupolar modes is < 0.97 for
most of the orientations of the binary. They also noticed
that however, these orientations coincide with those
for which the SNR is the lowest, mitigating the effect
of HM when average over orientations is considered.
More recently, Brown et.al., [14] and Capano et. al.,
[15] studied respectively the fitting factor (FF) [16]
of a non-spinning quadrupolar template bank towards
non-spinning waveforms including HM for the total
mass range m1,m2 ≤ 25M� and m1,m2 ≤ 200M�. The
result is that for total masses M < 50� and mass ratios
q < 4 one does not expect event losses larger than 10%,
which is within the commonly accepted limit in GW
searches. Furthermore, [15] computed the false alarm
rate of real searches, where triggers are ranked using a
combination of the SNR and signal based vetoes [17]
and SNR [11], omitting and including HM. This allowed
them to compare the sensitivity of both searches to
signals including HM. They concluded that searches
would only benefit from inclusion of HM in their banks
for certain regions of the parameter space for which
the FF of the bank omitting HM towards their target
signals were particularly low. In particular for q ≥ 4 and
M > 100M�.

These event loss results widely agree with those pre-
sented by Varma et al., [18], who also studied the sys-
tematic parameter bias caused by the omission of HM
and compared it with the statistical uncertainty due to
the presence of Gaussian noise in the data stream. They
concluded that the former dominate the latter for mass
ratio q ≥ 4 and total masses M > 150M� for a SNR
ρ ∼ 8. This study was based on the Fisher information
matrix formalism, which allowed them to study a large
number of points in the parameter space. In contrast
Littenberg et. al., [19] studied the presence of systematic
biases in the estimated parameters of the CBC but com-
pared them against the expected statistical errors using
Markov-Chain Monte-Carlo (MCMC) techniques. How-
ever, the large computational cost of this study restricted
it to a few points of the parameter space. They obtained

that, for binaries such that 1 ≤ q ≤ 6 and M < 60M�
and fixing inclination angle to θ = π/3, systematic er-
rors introduced by the omission of HM are smaller than
the expected statistical errors at SNR ∼ 12. However, for
larger masses (M = 120M�, q= 6), systematic biases will
dominate statistical errors at SNR ∼ 12. Finally, dur-
ing the preparation of this paper we became aware that
Graff et. al., [20] shown that higher modes are required
for parameter estimation and detection of non-spinning
high-mass binaries with an SNR ≥ 9.

While the above summarized work has considered non-
spinning searches and the design Zero-Detuned High
Energy Power Advanced LIGO sensitivity curve (Ad-
vLIGO) [10], we extend their studies to the case of
aligned spin searches [21] for the early 2015 Advanced
LIGO (eaLIGO) sensitivity curve and [9]. We also re-
visit the case of the initial LIGO (iLIGO) [12] sensitivity
curve using a non-spinning template bank and targets.
There are various reasons that motivate these choices:
the first is that it is expected that aligned-spin searches
like [21] will be implemented in the upcoming Advanced
LIGO science runs. The extra degree of freedom that
the spin parameter χ provides could reduce the losses
observed for non-spinning targets due to the omission
of HM when non-spinning template banks are considered
and of course, we want to test what the effect for spinning
systems is. Also, the different sensitivity curves consid-
ered and in particular their different frequency cutoff f0,
will translate into very different event losses and param-
eter biases produced. The fact of including an effective
spin parameter χ in our template bank will lead to lower
event losses for non-spinning targets than those found in
[21] and [18], we will pay the price of important biases
in the estimated spin. This extends the study of Veitch
et al.,[22] who concluded that the spin of non-spinning
BBH (lacking HM) cannot be accurately measured using
a single-effective spin parameter template bank. Finally,
we will see that the value of the spin has a secondary
effect in the impact of HM compared to that of the total
mass and mass ratio.

II. DATA ANALYSIS

Given two real waveforms, h(f) and g(f), where f de-
notes frequency, and the one sided power spectral density
curve Sn(f) of a detector, the inner product 〈h|g〉 can be
expressed as

〈h|g〉 = 4<
∫ ∞
f0

h̃(f)g̃∗(f)

Sn(f)
df, (1)
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f0 being the low-frequency cutoff of the considered noise
curve2. The overlap of h and g is then defined as

O =
〈h|g〉√
〈h|h〉〈g|g〉

. (2)

An output signal s is in general a combination of a GW
signal with background noise n.The signal-to-noise-ratio
(SNR) of a signal s when filtered with a template h is
then given by

ρ =
〈s|h〉√
〈h|h〉

. (3)

If one assumes the background noise to be Gaussian and
with zero-mean, as we will do in this paper, the SNR
is directly related to the probability that a GW signal
represented by h is buried in s and to the distance at
which it can be detected.

A. Waveform parameters and fitting factor.

Consider a non-precessing CBC with intrinsic parame-
ters total mass, mass ratio and effective spin collectively
denoted by Ξ = {M, q, χ}. Denoting by dL the lumi-
nosity distance between source and detector, consider a
frame of reference centered on the source and described
by standard spherical coordinates (dL, θ, ϕ) such that the
θ = 0 axis coincides with the total angular momentum of
the binary. Then, the strain h produced by an emitted
GW with effective polarization ψ [23] at a given point
p = (dL, θ, ϕ) on its sky can be decomposed as a sum of
modes h`,m(Ξ; t) weighted by spin -2 weighted spherical

harmonics[24] Y −2
`,m(θ, ϕ) as:

h(Ξ; dL, θ, ϕ, ψ; t)

=
F

dL
(R cosψ + I sinψ)

∑
`≥2

m=∑̀
m=−`

Y −2
`,m(θ, ϕ)h`,m(Ξ; t),

(4)

where R and I denote the real and imaginary part
operators, h`,m(Ξ; t) = A`,m(Ξ; t)e−iφ`,m(Ξ;t), A`,m and
φ`,m being real, and the factor F encodes the amplitude
of the antenna pattern of the detector [18, 25]. Fig.1
shows the amplitude of the most dominant modes for a
non-spinning q = 8 binary. Note that as mentioned in
Section I, the (2, 2) mode dominates the HM during the
most part of the coalescence.

Let us denote (θ, ϕ, ψ) ≡ Λ, which we will call extrinsic
parameters, i.e., those independent of the nature of the

2 As previously mentioned we consider f0 = 10Hz for AdvLIGO
and f0 = 30Hz for eaLIGO and iLIGO.

source. We define the matchMhg as the overlap O(h|g)
maximized over relative time-shifts and the extrinsic pa-
rameters of g, Λg. The fitting factor (or effectualness)
F of a bank B containing waveforms hBi with intrinsic
parameters ΞBi to a waveform h is then defined as [16]

FBh = max
i
Mhh

B
i (ΞBi ) ∈ [0, 1] (5)

The fitting factor FBh gives the fraction of optimal SNR
that the bank B can recover from h

ρsubopt = FBh× ρopt = FBh×
√
〈h|h〉 (6)

and is thus proportional to the maximum distance at
which h can be observed with a given SNR. In general,
there is a bias δΞ in the estimation of the intrinsic pa-
rameters Ξ of h. This is, if hB is the waveform of B which
has the best overlap with h, then in general, ΞB = Ξ+δΞ.
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FIG. 1. Amplitude of the (`,m) modes of a (q, χ) = (8, 0)
system during the last orbits of the coalescence in logarithmic
scale. The modes are the result of hybridizing post-Newtonian
Taylor T1 and Numerical Relativity data [see Sec. IV].

III. EFFECTS OF HIGHER ORDER MODES

The effect that HM have in the observed signal
depends on three main factors. First, regarding the
mass ratio and spin of the source, post-Newtonian
results yield that the larger the mass ratio, the larger
the ratio A`,m/A2,2 is [26], as can be noticed in the
top row of Fig.2, where ω0 represents the frequency
of the (2, 2) mode, i.e., Mω0 = Mdφ2,2/dt. Note
how in the frequency range shown in these plots, the
post-Newtonian amplitude of the (2, 2) mode is about
1 order of magnitude larger than that of the next most
dominant mode (typically the (3, 3), when present)
for all the sources shown. However, although this
behaviour is qualitatively kept through the late inspiral
and merger (at Mω0 ' 0.33 in the bottom plots.), the
NR amplitudes shown in the bottom row of Fig.2, show
that this ratio can get up to ∼ 0.3 for the case of a q = 8
non-spinning system. As a general trend, the larger q
is, the larger the contribution from HM will be. This
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FIG. 2. Relative T1 (Top) and NR (Bottom) amplitude of the higher modes (3, 3) and (4, 4) relative to the dominant (2, 2)
mode as a function of the frequency for several non-spinning systems. Note how the larger the mass ratio q, which increases
from bottom to top in the plots, the larger the contribution from higher order modes. As in [23], we notice the differences
between the predicted amplitudes by both PN and NR mainly due to PN truncation error. Note that the merger, taken as
coincident with the amplitude maximum of the (2, 2) mode, occur between Mω0 ' 0.30 for q = 8 and Mω0 ' 0.36 for q = 2 in
the bottom plots.

will translate into larger event losses due to omission of
HM for larger q. The effect of the spin is a bit more
intricate since the contribution of the different modes
as a function of the spin is mode-dependent. As an
example, top and bottom rows of Fig. 3 show respec-
tively the PN and NR ratio between the amplitudes of
the (3, 3) and (4, 4) modes wrt., that of the (2, 2): while
the relative amplitude of the (3, 3) mode grows as the
spin gets more positive, the behavior of the (4, 4) is the
opposite in the PN case. Note however that the range of
variation of the ratios shown in these plots is much tinier
than that in Fig.2, which suggests that spin should have
a sub-dominant effect compared to that of the mass ratio.

Secondly, the location of the detector on the sky of the
source adds a second factor: the Y −2

2,2 spherical harmonic

is weaker at close to edge-on orientations (θ = π/2),
where some higher ones have their maximums. This im-
plies that signals from edge-on systems will have a larger
HM content.

Finally, as noted in [27], there is a combined effect of the
detector sensitivity curve and the total mass M of the
CBC: the frequency of each mode roughly scales with the

orbital frequency as ω`,m(t) =
dφ`,m

dt ' m × ωorb(t) and

as the total mass M increases, ωorb(t) falls off as 1/M .
When the total mass M of the source is such that the
frequency of the (2, 2) mode is below the detector low-
frequency cutoff (f0), larger m modes will dominate the
incoming signal in band. This will make the observed
signal be very different from a quadrupolar waveform.
In particular, the lower the seismic wall (the lower the
frequency cutoff), the longer PN inspiral (strongly dom-
inated by the (2, 2) mode) the detector will be sensitive
to. For this reason we decided to study both the cases
of AdvLIGO with a f0 = 10 Hz frequency cutoff and
eaLIGO and iLIGO with f0 = 30 Hz. As we will see,
the different f0 generates notably different event losses.
This effect is visualized in Fig. 4, where the upper panels
show the absolute value of the Fourier transform of the
three most dominant modes of a q = 8 non-spinning bi-
nary for the cases of M = 100M� and M = 200M�, and
the bottom ones the corresponding whitened versions,
|h̃`,m(f)|/

√
Sn(f), for both eaLIGO and AdvLIGO. No-

tice here how the larger flatness and lower low-frequency
cutoff of AdvLIGO makes the (2, 2) mode clearly domi-
nate in all the plots shown (particularly at the sweet-spot
3 of the noise curve), while for the case of eaLIGO con-
tributions from HM get comparable to that of the (2, 2)

3 Frequencies for which the noise curve reaches its minimum value.
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FIG. 3. Relative T1 (Top) and NR (Bottom) amplitude of the (3, 3) and (4, 4) modes relative to the dominant (2, 2) mode as
a function of the frequency for several q = 3 spinning systems.

for high-mass cases. In order to estimate how important
the contribution of HM will be as a function of the to-
tal mass and the detector curve, Fig. 5 shows the value
of the ratio I`,m/I2,2, where I`,m =

√
〈h`,m|h`,m〉, as a

function of the total mass of the binary. Note how this
ratio grows for the case of eaLIGO 4.

IV. ANALYSIS SET UP

We use as target signals hybrid PN/NR waveforms
containing HM as built in [23]. The early inspiral part
of the hybrids is built post-Newtonian data computed
via the TaylorT1 approximant including 3.5 PN non-
spinning [26] and spin-orbit [28] and 2PN spin-spin [29]
phase corrections. We include 3PN non-spinning ampli-
tude corrections for the HM [30] and 3.5PN for the 22
mode [31]. Spin corrections to the amplitudes are used
up to 2PN [32]. The late inspiral and merger are de-
scribed by NR waveforms extrapolated to null infinity
to polynomial order N = 2. The latter have been ob-
tained from the publicly available SXS catalogue [8, 33–
35]. The (2, 2) mode of all target waveforms starts at
10Hz for M = 45M�. The cases q 6= 1 included the
{2± 1, 2± 2, 3± 2, 3± 3, 4± 3, 4± 4} modes while q = 1

4 Note that I`,m is equal the optimal of the (`,m) mode when
filtered with itself, i.e., its optimal SNR. See Eq. (3).

SIM ID q χ PN Mωhyb
SXS:BBH:0168 3 0 T1 0.043
SXS:BBH:0167 4 0 T1 0.045
SXS:BBH:0166 6 0 T1 0.045
SXS:BBH:0063 8 0 T1 0.043
SXS:BBH:0150 1 +0.2 T1 0.035
SXS:BBH:0149 1 -0.2 T1 0.043
SXS:BBH:0047 3 +0.5 T1 0.038
SXS:BBH:0046 3 -0.5 T1 0.043
SXS:BBH:0064 8 -0.47 only NR 0.042

TABLE I. Summary of hybrid waveforms used as target wave-
forms. If one expresses h2,2 = A2,2e

iφ2,2 , A2,2 being real,
Mωhyb = Mdφ2,2/dt indicates the hybridization frequency of
the (2, 2) mode.

cases included the {2± 2, 3± 2, 4± 4} modes.
For each hybrid waveform h in Table I we construct all
the signals hi,j(Ξi,Λj) for all the values of M and Λ in
Table. II The described grid suffices for describing all

Magnitude M cosθ ϕ ψ
Range [50,218]M� [0, 1] [0, 2π) [0, π)
Step 12M� 0.05 π/20 π/6

TABLE II. Grid in Mass and angles Λ used for our studies.

the possible (θ, ϕ, ψ) since in the non-precessing case it
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FIG. 4. The upper panels show the absolute value of the Fourier transform h̃`,m(f)×∆f1/2 of the (2, 2), (3, 3) and (4, 4) modes of
a non-spinning q = 8 binary and the three noise curves considered in this paper. The modes have been re-scaled by an arbitrary
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The lower low-frequency cutoff of AdvLIGO, together with its flatter sensitivity curve, makes the detector sensitive to a much
longer inspiral, clearly dominated by the (2, 2) mode, and whose amplitude (unlike for eaLIGO) dominates that of the higher
modes peaks corresponding to the merger stage. This makes contribution from HM to be weaker for AdvLIGO. Also, it can be
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of eaLIGO and AdvLIGO. Note how the (2, 2) mode is more
dominant for AdvLIGO while the contribution of HM is larger
for the case of eaLIGO for all the mass range.

holds

h(π − θ, ϕ, ψ) = h(θ, ϕ, π − ψ)

h(θ, ϕ, π + ψ) = −h(θ, ϕ, ψ).
(7)

For the bank templates we use an equal-spin
χ = χ1 = χ2 reduced order model (ROM) [6] of SEOB-
NRv1 [36]. The ROM is constructed in the frequency
domain and agrees with SEOBNRv1 waveforms to a
mismatch of < 0.002 for low mass and < 0.003 at high
mass. The mismatch can reach ∼ 0.01 in isolated re-
gions, for very high mass-ratios and/or high anti-aligned
spins. This behavior is due to the undersampling of
non-quasicircular coefficients in SEOBNRv1. Its range
of validity in terms of spin is χ ∈ [−1,+0.6].

For each target waveform hi,j(Ξi,Λj) we compute
Fi,j = FBhi,j , the corresponding recovered intrinsic pa-

rameters ΞBi,j and the optimal SNR ρi,j =
√
〈hi,j |hi,j〉.
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that for the case of iLIGO we have not considered spinning targets.

Maximization of the fitting factor over Ξ, is performed
running several Nelder Mead Simplex algorithms as im-
plemented in [37]. We let each of the runs start sampling
the parameter space at different initial regions of the pa-
rameter space and the highest result is chosen as the true
fitting factor Fi,j . Further details about our particular
usage of Nelder Mead are given in Appendix II.

As in previous work [18], we then compute the ratio
between optimal and suboptimal volumes in which a sys-
tem hi with parameters Ξi can be detected as

∆V [%] = 100× V subopti

V opti

= 100×
(∑

j F3
i,jρ

3
i,j∑

j ρ
3
i,j

)
= 100×

(
Feffi

)3

.

(8)

Above, Feffi can be interpreted as an effective, observa-
tion averaged, fitting factor. The observation-averaged
recovered parameters are computed as

ΞBi =

(∑
j ΞBi,jF3

i,jρ
3
i,j∑

j F3
i,jρ

3
i,j

)
(9)

and the corresponding averaged parameter bias as

∆Ξi = ΞBi − Ξi,0 (10)

where Ξi,0 are the recovered parameters for the case that
the target waveform contains only the (2, 2) mode. This
accounts for intrinsic biases of the template bank towards
the quadrupolar modes of our targets and allows to iso-
late the effect of HM. We note that unlike studies like [18],
which quote the absolute value of the parameter bias, we
prefer to keep track of its sign, as this can be then com-
pared with a priori estimates. For instance, since low
mass systems have larger frequency content than large
mass ones, we expect that the higher mode content of

large mass systems will produce averaged-biases to lower
masses.
In order to assess the significance of these biases, we com-
pare them to the corresponding statistical uncertainty
that searches are affected by due to the presence of Gaus-
sian noise in the data. For doing so, we employ the indis-
tinguishability criterion for two waveforms h and g with
mismatch ε = 1 −O[h, g] given by [38] and used in [39].
Two waveforms are indistinguishable at a given SNR ρ
if ε < 1/2ρ2. We will thus consider that parameter es-
timation5 is not compromised due to systematic biases
produced by the presence of HM in the target waveform
if the best matching template hB(ΞBi ) and the one best
matching the injection with no HM hB(Ξi,0) are insdistin-
guishable. We stress that this method does not provide
a complete parameter estimation study, as, for instance,
a bayesian MCMC study [19, 20, 40], would do, but pro-
vides a fast first guess of the significance of the systematic
parameter bias we find, which we get for free as a result
of the fitting factor calculation.

V. EFFECT ON DETECTION

We show in Fig.6 the fractional loss of sensitive vol-
ume for the various studied targets due to the omission
of HM in our template bank. In general, as q and M
increase, the larger contribution from HM to the target
signal makes ∆V decrease, which is expected from PN
theory. For AdvLIGO losses never reach 20% for any
of the studied cases and losses of 10% of events occur
for high mass q ≥ 6 M > 100M� systems. In con-
trast, mainly due to their higher f0, for both eaLIGO

5 Or measurement following the notation in [38].
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(and iLIGO) losses reach values of ∼ 23% (∼ 35%) for
the highest q studied. Losses of 10% occur for all the
targets with mass parameters (q ≥ 6,M ≥ 50M�) and
losses of 20% are present for iLIGO for q ≥ 4. The lower
seismic wall (f0 =10Hz) of AdvLIGO makes it sensitive
to a longer inspiral dominated by the (2,2) mode, which
causes losses to be lower than those obtained for eaLIGO
for M > 140M� and make them increase as the total
mass does and the (2,2) mode-dominated inspiral leaves
the detector band. However, while the AdvLIGO noise
curve is quite flat, eaLIGO shows a pretty well defined
sweet-spot at f ' 130Hz which makes the behaviour of
losses as a function of the total mass more intricate for
lower masses. In particular, we see that for the mass
range (∼ 60M�,∼ 100M�), losses do not increase as a
function of the total mass (and even decrease a bit) for
the case of non-spinning systems (see. Fig. 6, left panel)
and that they clearly decrease for the case of the negative
spin case shown in Fig. 6, right panel.
We note that our predicted losses for AdvLIGO are a a
bit lower than those shown in [18] due to the inclusion
of the effective spin parameter χ in our template wave-
forms. This provides an extra degree of freedom that
can be exploited by quadrupolar waveforms to filter sig-
nals containing HM. We find plausible that this is also
the main reason behind the different results obtained for
iLIGO and eaLIGO.
Regarding the effect of spin, no q = 1 case reached even
3% losses. For the (q, χ) = (3,±0.5) case, losses are
very similar to the ones for (q, χ) = (3, 0) (see Fig.6,
right panel) which is consistent with the statement that
spin should be secondary in terms of the impact of HM.
Note however, how losses are a bit larger for the positive
spin case than for the negative one for low mass. This
could be however due to the fact that χ = +0.5 lies in
the limit of validity of the SEOBNRv1-ROM model. For
high mass, results show that contributions from HM be-
come equally important in terms of Feff . Furthermore,
the losses observed for χ = 0 seem a good guess of those
observed for the spinning cases, particularly for the high-
est masses. We note that it would have been interesting
to study cases with spins closer to ±1 and higher mass ra-
tios. However, the only case with reasonably high spins
and mass ratio available in the SXS catalogue was the
q = 3, χ = ±0.5 used here.

VI. PARAMETER BIAS

Due to its importance in GW data analysis, we will
express results not as a function of (q,M) but rather con-
sider the so called chirp mass parameter Mc = Mη3/5

(where η = q/(q+1)2), and the total mass M . Before dis-
cussing the averaged systematic errors measured due to
the omission of HM, we want to note that the intrinsic pa-
rameter bias Ξi,0 of the SEOBNRv1-ROM model towards
our hybrids containing only the quadrupolar modes
were never larger than (|∆M |(%), |∆Mc|(%), |∆χ|) =
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FIG. 7. Systematic biases obtained for the total mass (left)
and effective spin (right) for a q = 8 non-spinning system
for eaLIGO (top) and AdvLIGO (bottom) as a function of
the location of the detector on the (upper hemisphere) sky of
the source. Note that the different interaction of the modes
as a function of the angle ϕ generates biases to either larger
or lower values, which in general grow (in absolute value)
as θ does. Biases to low masses are more common due to
the higher frequency content of the signal for most values
ϕ, has to be imitated by low mass templates. Last, note that
θ = 0 corresponds to the center of the plot while its perimeter
corresponds to θ = π/2.

(4%, 4%, 0.05) for all the total mass range, except for
the (q, χ) = (3,+0.5) case, for which these reached max-
imum values of (5%, 6%, 0.05)6.

The main effect of HM is introducing large frequencies
in the detector band, thus one should expect that the
quadrupolar SEOBNRv1 ROM waveform best matching
a target waveform h(Ξ) with parameters Ξ should have a
larger frequency content than that corresponding to the
quadrupolar template hB(Ξ) having the intrinsic param-
eters Ξ of the target. Intuitively, this can be achieved
via introducing biases towards lower total mass and
larger positive spin. Fig.7 shows the biases in total mass
and spin obtained for all values of (θ, ϕ) (thus averaged
over ψ) for a q = 8 non-spinning system for the cases of
eaLIGO and AdvLIGO. Note that θ = 0 corresponds to
the center of the plot while its perimeter corresponds to
θ = π/2. We see how the two different ways of increasing
the template frequency (lowering mass and raising spin)
compete along the different (θ, ϕ). As expected, the
absolute value of the bias grows as θ does. Also, the

6 Again, note that (q, χ) = (3,+0.5) is in the limit of validity of
SEOBNRv1-ROM.
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FIG. 9. Comparison between systematic errors and statistical uncertainties. We show the minimum SNR ρ0 at which systematic
biases due to the omission of HM dominate those due to statistical uncertainties for the studied sources.

different interaction of the modes as a function of ϕ gen-
erates a sort of dipolar pattern where biases vary from
positive to negative. It is remarkable that while averaged
biases shown in Fig.8 for the systems in Fig. 7 are of
(∆M,∆χ) ∼ (−17%,−0.5) for eaLIGO and ∼ (−3%, 0)
for AdvLIGO, biases for particular edge-on orientations
can be larger than (∆M,∆χ) ∼ (−40%,−0.7) for the
case shown for eaLIGO and ∼ (−20%,−0.4) for the one
shown for AdvLIGO. Note also that systematic biases
obtained for AdvLIGO are much lower due to its lower
f0, which makes it much more sensitive to the long PN
inspiral dominated by the quadrupolar modes.
Fig. 8 shows the averaged parameter bias over the
observable volume, given by Eq.(10), for the studied
targets. As a general trend, omission of HM causes
observation-averaged biases towards lower (χ, M , Mc)
which increase as M and q do. As expected, biases are

much larger for iLIGO and eaLIGO than for Adv.LIGO.
In particular, note that the lower f0 of Adv.LIGO allows
for an excellent recovery ofMc for most of the M range.
This is due to the larger weight of the PN inspiral in
the detector band. Regarding spinning cases, systematic
biases are larger for negative spin cases than for positive
spin ones. For q = 1 we only show the eaLIGO cases,
which were the only ones having systematic biases
comparable to those of the other cases.

A. Systematic Biases vs. Statistical Uncertainty

We now compare the observation-averaged biases to
the statistical uncertainty we expect for each detector
via computing the minimum SNR ρ0 at which PE would
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be dominated by the systematic biases. We note that,
unlike the volume loss Ri, the quantity ρ0 =

√
1/2ε is

extremely sensitive to tiny variations in the parameters
recovered by the Nelder-Mead algorithm, which has the
risk of settling in a local maximum. In particular, for an
error ∆ε in the estimation of ε, one gets a variation for
ρ0 of ∆ρ0 ∼ ε−3/2∆ε. This will specially affect regions
of the parameter space where systematic biases are lower
and where the parameter space is denser 7: so for low
mass, low mass ratio, positive spin and AdvLIGO. Due
to this, Fig. 9 shows several peaks that only allow us to
give a rough estimate of ρ0. Also, for the same reason, for
AdvLIGO we only show results for M ≥ 100M�. Results
suggest that for AdvLIGO, PE at SNR ρ ' 8 would be
affected by HM for M ≥ 220M�. However, for the case
of eaLIGO, this limit gets reduced to M ≥ 100M� due
to the larger systematic biases.

B. On the usage of the SEOBNRv2 waveform
model.

We note that during this study, the SEOBNRv2 ROM
waveform model [6, 36, 41] became available. This model
not only supersedes SEOBNRv1 ROM but also covers a
wider spin range, namely χ ∈ [−1,+1] while for SEOB-
NRv1 χ ∈ [−1,+0.6]. For this reason, we suspected that
qualitatively, our results for the (q = 3, χ = +0.5) case
might be different when using SEOBNRv2 as quadrupo-
lar model. As a sanity check, we re-computed the event
loss and parameter bias using the SEOBNRv2-ROM fam-
ily as quadrupolar template model for the cases of the
non-spinning q = 8 target and for the q = 3, χ = +0.5
one. Note that the latter is close to the limit of validity of
SEOBNRv1-ROM but well inside the one of SEOBNRv2-
ROM. Qualitatively, both models yielded the same trend
in terms of event loss and parameter bias: larger losses
as q and M increase and observation-averaged biases to-
wards lower q, M and χ. Quantitatively, both studies
(using v1 and v2) yielded very similar results. The ex-
ception to this was the bias of the chirp mass, which
differed by up to a 50% for both the q = 8 and the q = 3
cases when considering the eaLIGO noise curve.

VII. CONCLUSIONS

In this paper we have studied the impact of the cur-
rent omission of HM in GW searches for binary black
holes. We have extended previous studies, which focused
in non-spinning searches, non-spinning target signals and
AdvLIGO to the case of single-aligned spin searches and
targets and to the case of AdvLIGO and the upcom-
ing eaLIGO. We have also considered the case of a non-

7 Where presumably ε will be lower and ∆ε will be larger.

spinning search and targets for the case of iLIGO. The
main results of this study are the following.

• Including an effective spin parameter χ in our tem-
plate bank reduces the losses observed in [18] and
[15] for the case of non-spinning targets.

• The higher low-frequency cutoff f0 of the upcom-
ing eaLIGO, makes losses due to the omission of
HM significantly larger than those obtained for Ad-
vLIGO in [18] and [15] (even though we use an
aligned-spin bank) and increases the region of the
parameter space where HM are needed. The same
applies for iLIGO.

• When an aligned spin template bank is used, omis-
sion of HM leads in general to observation-averaged
biases to lower total mass, chirp mass and spin.
These are much larger for the case of eaLIGO and
iLIGO due to their larger f0. In particular, for non-
spinning targets, biases up to ∆χ = −0.5 can be
obtained for eaLIGO.

• Losses for moderately spinning systems are quite
similar to those for non-spinning systems, the mass
ratio and total mass being the dominant parame-
ters.

The study of the false alarm rate of a GW search in-
cluding higher modes is out of the scope of this work.
This is however is a crucial instrument for assessing the
real significance of the losses we find and for assessing
the need of such a search. Capano et al., [15] demon-
strated that the threshold SNR needed for claiming a
trigger would have to be raised by roughly 10% due to
the larger number of templates needed for such a search,
which roughly means that the event losses of a search
non-including HM w.r.t., a one including them would
roughly be 90% of those obtained in this paper. Also,
this paper has not considered the effect of signal-based
vetoes as the chi-squared veto[17], used in GW searches
[11] for discriminating real signals from background noise
transients, known as glitches. This would especially pun-
ish signals for which we found poor fitting factors (which
would be treated as glitches), leading to larger event
losses. An obvious limitation of this work is the low num-
ber of spinning cases considered. This is due to the lack
of public aligned spin NR waveforms with high HM con-
tent. We chose for this study an SXS case where HM
were expected to be weak (q = 1, χ = ±0.2) and the
one where HM were the strongest possible while having
equal spins (q = 3, χ = ±0.5). We aim to extend this
study to general unequal spin targets and unequal spin
template bank. We end pointing that another interesting
extension of this work would be to consider the case of
precessing targets.
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APPENDIX 1: THE UNEQUAL SPIN CASE
(q = 8, χ1 = 0, χ2 = −0.5)
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FIG. 10. Fractional volume loss in % a for q = 8 non-spinning
system and an unequal spin source with dimensionless spins
(χ1, χ2) = (0,−0.5).

In order to further test the validity of our statement
that the effect of spin on the HM contribution should
be secondary in terms of detection losses, we studied the
case of the unequal spin case (q = 8, χ1 = 0, χ2 = −0.5),
where the spinning black hole is the “heavy one”. Note
that the quadrupolar modes of this source are not ex-
pected to be well modelled by the SEOBNRv1-ROM sin-
gle spin model. However, the effective spin χ can be
computed for this system, obtaining χ = −4/9 ' −0.47.
Fig. 10 shows the sky-averaged event losses obtained
from the effectualness of the SEOBNRv1 ROM model to
the unequal spin system and those corresponding to the
q = 8 non spinning system.

We note that for this case, we have not used a hybrid
PN/NR waveform as a target. Instead we have used a NR

waveform. For this reason the plot starts atM = 150M�,
which corresponds to the lower mass at which the NR
simulation reaches the 10Hz low-frequency cutoff of Ad-
vLIGO. Once again it can be noted that losses are very
similar for the two cases: for eaLIGO they are basically
the same and for AdvLIGO losses are a bit lower for the
(negative) spin case, as it happens for the q = 3 cases
shown in Fig.10. This reinforces our statement that spin
has a secondary contribution to the strength of HM.

APPENDIX 2: MAXIMIZATION STRATEGY
AND ROBUSTNESS

As mentioned in Section VI, the Nelder Mead Simplex
maximization algorithm has the risk of reporting a
local maximum value of the fitting factor, particularly
when a third parameter χ is added to the sampled CBC
parameter space. This not only can cause the former to
be underestimated but also the corresponding parameter
bias to be incorrect. In order to be as safe as we can
from incurring in such issues, we use the strategy we
describe in this appendix.

1. For each source with extrinsic parameters Ξi we
need to compute the fitting factorFi,j for all pos-
sible extrinsic parameters Λj = (ϕj , θj , ψj). Recall
we denote the corresponding signals by hi,j .

2. For Λ1 = (0, 0, 0), the corresponding signal hi,1
only contains m = 2 modes, which makes us
know that the parameters recovered by SEOBNRv1
ROM should be close to Ξi. The first Λ we evaluate
is precisely Λ1 = (0, 0, 0).

3. In most cases, we expect a smooth variation of the
recovered parameters ΞBi,j as a function of Λ. For
this reason, we vary Λ as follows:

(a) For fixed (ϕ, θ) we evaluate all possible polar-
izations ψ using the step size in Table II.

(b) Next, we vary ϕ for fixed θ and repeat (a).

(c) Last, we vary θ and repeat (a) and (b).

4. We run several Nelder Meads per signal hi,j varying
the number from 5 for low mass ratio, low mass,
face-on cases (for which the HM content is weak)
to 15 for the largest mass, mass ratio and edge-on
cases, which have the strongest HM content.

5. Because of 3., we always force two of the Nelder
Meads to start sampling the parameter space close
to the parameters Ξi,j−1 reported for the previous
signal8 hi,j−1, letting the remaining ones to start
at random regions.

8 For j = 1, these start close to the source parameters Ξi.
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6. We choose as Fi,j the largest fitting factor reported
by the set of Nelder Mead runs, and the correspond-
ing reported parameters as ΞBi .

In order to estimate the robustness of this procedure we
also keep the fitting factor and parameters reported by
the Nelder Mead reporting the second largest fitting fac-
tor. We can then repeat the analysis done in the main
text using these values (whose related quantities we will
denote by a sub-index 2) and compute the average dif-
ferences in the results obtained in the two analysis as

∆̄X =

∑imax

i=1 Xi −Xi,2
imax

. (11)

We obtain:

• ¯∆Feff ∼ 10−3, irrelevant for event loss purposes.

• ∆̄M ∼ 1%, much lower than any bias quoted, ex-
cept for the lowest masses.

• ∆̄χ ∼ 10−2, much lower than any bias quoted, ex-
cept for the lowest masses.

• M̄ ∼ 2.5%. This larger value is caused by the large
degeneracy of the parameter space in the mass ratio
parameter q. Again, this value is much lower than
any of the large chirp mass biases quoted for large
mass systems.

For details about the Mathematica implementation of
the Nelder Mead Simplex algorithm, please see [37].
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