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We describe expressions for pion and kaon dressed-quark distribution functions that incorporate
contributions from gluons which bind quarks into these mesons and hence overcome a flaw of the
commonly used handbag approximation. The distributions therewith obtained are purely valence in
character, ensuring that dressed-quarks carry all a meson’s momentum at a characteristic hadronic
scale and vanishing as (1− x)2 when Bjorken-x → 1. Comparing such distributions within the pion
and kaon, it is apparent that the size of SU(3)-flavour symmetry breaking in meson parton distri-
bution functions is modulated by the flavour dependence of dynamical chiral symmetry breaking.
Corrections to these leading-order formulae may be divided into two classes, responsible for shifting
dressed-quark momentum into glue and sea-quarks. Working with available empirical information,
we build an algebraic framework that is capable of expressing the principal impact of both classes
of corrections. This enables a realistic comparison with experiment which allows us to identify
and highlight basic features of measurable pion and kaon valence-quark distributions. We find that
whereas roughly two-thirds of the pion’s light-front momentum is carried by valence dressed-quarks
at a characteristic hadronic scale, this fraction rises to 95% in the kaon; evolving distributions with
these features to a scale typical of available Drell-Yan data produces a kaon-to-pion ratio of u-quark
distributions that is in agreement with the single existing data set; and predict a u-quark distribu-
tion within the pion that agrees with a modern reappraisal of πN Drell-Yan data. Precise new data
are essential in order to validate this reappraisal and because a single modest-quality measurement
of the kaon-to-pion ratio cannot be considered definitive.

PACS numbers: 14.40.Df; 14.40.Be; 13.60.Hb; 12.38.Lg

I. INTRODUCTION

Light pseudoscalar mesons are of great interest in
hadron and nuclear physics, in large part because they
are the Nambu-Goldstone modes which arise as a conse-
quence of dynamical chiral symmetry breaking (DCSB)
and quite likely, therefore, play a material role in the re-
alisation of confinement within the Standard Model. It
follows that comparisons between kaon and pion prop-
erties can reveal the relative impact of explicit and dy-
namical chiral symmetry breaking on hadron properties
in an environment where those impacts are likely to be
most heavily felt. In proceeding toward an understanding
of nonperturbative dynamics within quantum chromo-
dynamics (QCD), it is important to expose and explain
the effects of this interplay on the gluon and quark par-
ton distribution functions (PDFs) within these hadrons.
Naturally, to be truly informative, feedback between ex-
periment and theory is crucial [1].
Experimental data on pion and kaon PDFs is, however,
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sparse. It has only been obtained in mesonic Drell-Yan
scattering from nucleons in heavy nuclei, with informa-
tion on the pion’s PDFs reported in Refs. [2–4] and results
for the ratio of kaon and pion distribution functions pre-
sented in Ref. [5]. Newer data is not available; but would
be welcome, owing to persistent doubts about the large
Bjorken-x behaviour of the pion’s valence-quark PDF
[1] and because a single modest-quality measurement of
the kaon-to-pion ratio cannot be considered definitive.
An approved experiment [6, 7], using tagged deep in-
elastic scattering at the upgraded Jefferson Laboratory
(JLab12), should contribute to a resolution of the pion
question; and a similar technique might also serve for
the kaon. Such studies are part of an extensive and di-
verse range of hadron structure experiments planned at
JLab12 [8, 9]. Furthermore, new mesonic Drell-Yan mea-
surements at modern facilities could yield valuable infor-
mation on π and K PDFs [10, 11], as could two-jet ex-
periments at the large hadron collider [12]; and, looking
further ahead, an electron ion collider would be capable
of providing access to pion and kaon structure functions
through measurements of forward nucleon structure func-
tions [13, 14].

The calculation of pion and kaon internal structure
would at first sight seem to be straightforward, since
these systems are bound-states involving just two valence
quarks. However, here first impressions are misleading
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owing to both the loss of particle number conservation
in quantum field theory and DCSB, which together place
severe constraints on any approach to the computation
of pion and kaon properties. A valid framework must
be capable of simultaneously explaining these systems
as conventional bound-states in quantum field theory
and Nambu-Goldstone modes, with all the incumbent
corollaries (e.g. Refs. [15–18]); and most models fail this
test. We will therefore address the problem using QCD’s
Dyson-Schwinger equations (DSE) [19], which are well
suited to this exercise because of the existence of nonper-
turbative, symmetry-preserving truncation schemes [20–
22] that readily accommodate and explain the dichotomy
of Nature’s Nambu-Goldstone modes. Early DSE pre-
dictions and results from other approaches are reviewed
elsewhere [1], and some more recent theoretical analy-
ses are described in Refs. [23–29]. Herein, we choose to
follow Ref. [30] and develop an insightful perspective on
kaon and pion PDFs using an algebraic framework that
has also proven useful in studies of meson parton distri-
bution amplitudes [31].
Following this Introduction, Sec. II, provides a little

background to the measurement of PDFs and theoretical
expectations. In Sec. III we introduce formulae for me-
son valence dressed-quark PDFs, describe an algebraic
framework that enables their straightforward computa-
tion and detail insights this provides. Section IV explains
why, even at a typical hadronic scale, the valence dressed-
quark structure of mesons as perceived in deep inelastic
processes must be augmented by sea-quark and gluon
contributions; and details a simple but realistic means of
achieving this. That positions us to describe comparisons
with extant data in Sec. V and reveal insights that such
comparisons suggest. We conclude in Sec.VI.

II. QUARK DISTRIBUTION FUNCTIONS

The hadronic tensor relevant to inclusive deep inelas-
tic lepton-M5 scattering, where M5 is a pseudoscalar me-
son, may be expressed in terms of two invariant structure
functions [32]. In the deep-inelastic Bjorken limit [33]:
q2 → ∞, P · q → −∞ but x := −q2/[2P · q] fixed, that
tensor can be written (tµν = δµν − qµqν/q

2, P t
µ = tµνPν)

Wµν(q;P ) = F1(x) tµν − F2(x)

P · q P t
µP

t
ν , (1a)

F2(x) = 2xF1(x) . (1b)

F1(x) is the meson structure function, which provides
access to its quark distribution functions:

F1(x) =
∑

q∈M5

e2q [q
M5(x) + q̄M5(x)] , (2)

where eq is the quark’s electric charge. Bjorken-x is
equivalent to the light-front momentum fraction of the
struck parton; and the structure function may be com-

puted from the imaginary part of the virtual-photon–
meson forward Compton scattering amplitude: γ(q) +
M5(P ) → γ(q) +M5(P ) [34].

The sum in Eq. (2) runs over all quark flavours: in
the π+ it is dominated by uπ(x), d̄π(x), and in the K+,
by uK(x), s̄K(x). Notably, in the G -parity symmetric
limit, which we employ throughout, uπ(x) = d̄π(x). On
the other hand, one expects uK(x) 6= s̄K(x). Indeed,
the large difference between the current-masses of the
s-quark and the u- and d-quarks should lead to some
very interesting effects in the kaon structure function,
e.g. owing to its larger mass, the s-quark should carry
more of the charged-kaon’s momentum than the u quark
and hence the valence u-quark distribution in the kaon
should peak at x < 1/2. Just how much less depends
on the interplay between explicit and dynamical chiral
symmetry breaking.

Here it is worth reiterating one of the earliest predic-
tions of the QCD parton model, augmented by features of
perturbative QCD (pQCD), i.e. at large Bjorken-x and
at a scale characteristic of nonperturbative QCD, ζH ,
the valence-quark distribution function in a pseudoscalar
meson behaves as follows [35–37]:

qM5(x; ζH) ∼ (1− x)2+γ , (3)

where γ & 0 is an anomalous dimension.

Verification of Eq. (3) will serve as an important mile-
stone on the path toward confirmation of QCD as the
theory of strong interactions. In this connection we re-
call that Ref. [4] (the E615 experiment) reported a pion
valence-quark PDF obtained via a leading-order (LO)
pQCD analysis of their data, viz. uπ

V (x) ∼ (1 − x),
seemingly a marked contradiction of Eq. (3). Subsequent
DSE computations [38] confirmed Eq. (3) and eventually
prompted reconsideration of the E615 analysis, with the
result that at next-to-leading order (NLO) and including
soft-gluon resummation [39, 40], the E615 data can be
viewed as being consistent with Eq. (3). New data are
essential in order to check this reappraisal of the E615
data and settle the controversy.

These remarks highlight the value of theoretical meth-
ods that possess a realistic connection with QCD and
can provide precise, reliable results for parton distribu-
tion functions on the valence-quark domain. Again, most
models fail in this regard, e.g. claiming agreement with
the E615 data as a success and ignoring the conflict with
Eq. (3). Lattice-QCD, too, is challenged in this respect.
The standard methods provide access to only the lowest
three moments of a given PDF, which are insufficient to
test Eq. (3) [1]; and contemporary implementations of a
recently proposed alternative [41] do not overcome this
drawback [42].
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III. COMPUTING VALENCE-QUARK

DISTRIBUTION FUNCTIONS

A. Basic formulae

In calculating valence dressed-quark distribution func-
tions for the kaon and pion, we follow Ref. [30], which
demonstrated that the impulse-approximation (handbag)
expression typically used to define these distribution
functions is deficient because it omits contributions from
the gluons which bind quarks into the meson. The cor-
rected formula for the pion’s valence u-quark distribution
is:

uπ
V (x) = Nctr

∫

dk

δxn(k
π
η )

× ∂kπ
η

[

Γπ(k
π
η ,−Pπ)S(k

π
η )
]

Γπ(k
π
η̄ , Pπ)S(k

π
η̄ ) , (4)

where the derivative acts only on the bracketed terms.
Here, Nc = 3; the trace is over spinor indices;

∫

dk rep-
resents a translationally invariant regularisation of the
four-dimensional momentum integral; δxn(k

π
η ) := δ(n·kπη−

xn · Pπ); n is a light-like four-vector, n2 = 0; Pπ is the
pion’s four-momentum, P 2

π = −m2
π and n · Pπ = −mπ,

with mπ being the pion’s mass; and kπη = k + ηPπ,
kπη̄ = k − (1 − η)Pπ , η ∈ [0, 1]. The two functions ap-
pearing in Eq. (4) are the dressed-quark propagator:

Sf (k) = Zf (k
2)/[iγ · k +Mf(k

2)] , (5)

where we have added a flavour label, f = u, s; and the
meson Bethe-Salpeter amplitude:

ΓM (k;P ) = γ5
[

iEM (k;P ) + γ · PFM (k;P )

+ γ · kGM (k;P ) + σµνkµPνHM (k;P )
]

. (6)

Owing to Poincaré covariance, no observable can legiti-
mately depend on the definition of the relative momen-
tum, i.e. η; and recall uπ = d̄π in the G -parity limit
considered herein.
We note that Eq. (4) was derived using the rainbow-

ladder truncation, which is the leading term in any sys-
tematic DSE truncation scheme [43]. However, as we
shall see, it can also serve as a symmetry-preserving def-
inition of the valence-quark PDF that can then be em-
ployed with any reasonable forms for the dressed-quark
propagators and Bethe-Salpeter amplitudes.
Analogous formulae for the kaon PDFs are:

uK
V (x) = Nctr

∫

dk

δxn(kη)

× ∂kη
[ΓK(kη,−P )Su(kη)] ΓK(kη̄, P )Ss(kη̄) , (7a)

s̄KV (x) = Nctr

∫

dk

δxn(kη)

× ΓK(kη,−P )Su(kη)∂kη̄
[ΓK(kη̄, P )Ss(kη̄)] , (7b)

where here P refers to the kaon total momentum, so that
P 2 = −m2

K , n · P = −mK .

B. Algebraic framework

In order to complement insights drawn about the
dressed-quark structure of the pion in Ref. [30], we com-
pute the valence dressed-quark PDFs using the following
elements (∆Mf

(s) = 1/[s+M2
f ]) [44]:

Sf (k) = [−iγ · k +Mf ]∆Mf
(k2) , (8a)

Γπ(kη̄/η;±P ) = iγ5
Mu

nπ

3

4

∫

dz

× (1− z2)M2
u∆Λπ

(k2z) , (8b)

ΓK(kη̄/η;±P ) = iγ5
MR

nK

3

4

∫

dz

× (1− z2)(1 + βz)M2
us∆ΛK

(k2z) , (8c)

whereM2
us = MuMs, MR = M2

us/[Mu+Ms], kz = kη̄/η+
(z±1)P/2, and β is a skewing parameter that grows with
the s-u mass difference and serves to deform the kaon
Bethe-Salpeter amplitude so that it exhibits a realistic
asymmetry between the u- and s̄-quarks. Naturally, the
normalisation constants nπ,K are not parameters. They
are defined via the canonical procedure, i.e. by requiring
that meson bound-states contain one valence-quark and
one valence-antiquark:

1 =

∫ 1

0

dxuπ
V (x) , (9a)

1 =

∫ 1

0

dxuK
V (x) =

∫ 1

0

dxs̄KV (x) . (9b)

It is worth remarking here that calculations using solu-
tions of realistic gap and Bethe-Salpeter equations are
planned; but whilst they will complement and extend
Ref. [24], they cannot materially alter the conclusions
that our analysis using Eqs. (8) will subsequently enable
to be drawn. Most importantly, perhaps, such studies
might enable improved constraints to be placed on sea-
quark and gluon distributions within mesons, which are
poorly known at present.
Using the algebraic formulae in Eqs. (8), working in

the limit of u- and d-quarks with zero current-mass, so
that P 2

π = −m2
π = 0, and with Λπ = Mu, one obtains the

following algebraic expression for the pion’s chiral-limit
valence-quark distribution [30]:

u0
V (x) =

72

25

[

x3(x[2x − 5] + 15) ln(x) + (x[2x + 1] + 12)

× (1− x)3 ln(1− x) + 2x(6− [1− x]x)(1 − x)
]

. (10)

This function is symmetric about x = 1/2 and conse-
quently, without tuning,

〈x〉0u =

∫ 1

0

dxxu0
V (x) =

1

2
. (11)

That is logical because the dressed-quark and -antiquark
are the sole measurable constituents of the pion in
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any internally-consistent computation using a standard
dressed-quark basis: at the hadronic scale, they and their
associated bound-state amplitude absorb and contain all
contributions from sea or glue partons. It follows that if
the dressed-quark carries a fraction x of the pion’s mo-
mentum, the dressed-antiquark carries [1 − x]. In addi-
tion, one readily finds

u0
V (x)

x≃1
=

216

5
(1− x)2 +O([1− x]3) , (12)

which is the power-law predicted by the QCD parton
model, obtained simply and exactly. Owing to symme-
try under x ↔ [1 − x], the same power-law is manifest
on x ∼ 0, a result which emphasises that u0

V (x) is truly
a constituent-like distribution: any sea-quark or gluon
contamination would produce a marked asymmetry. No-
tably, the symmetry is a property of Eq. (4): it is found ir-
respective of the forms used for the quark propagator and
Bethe-Salpeter amplitudes; and it is this feature which
justifies our use of Eqs. (4), (7) as practical definitions of
the valence dressed-quark PDFs.
The quantities Mu,s, Λπ,K in Eqs. (8) are, respectively,

dressed-quark mass and meson Bethe-Salpeter amplitude
width parameters. We choose Mu = 0.4GeV because
this value provides a good description of the pion’s elas-
tic electromagnetic form factor in the generalised par-
ton distribution analysis of Ref. [28]; set Ms = 1.2Mu,
which is typical of the value obtained for the ratio of Eu-
clidean constituent-quark masses in phenomenologically
efficacious DSE analyses [31, 45]; and float Λπ,K to fit the
leptonic decay constants of these pseudoscalar mesons:

fπ =
Nc

n · Pπ
trD

∫

dk

γ5γ · nSu(k
π
η )Γπ(k

π
η ;Pπ)Sd(k

π
η̄ ) ,

(13a)

fK =
Nc

n · P trD

∫

dk

γ5γ · nSu(kη)ΓK(kη;P )Ss(kη̄) ,

(13b)

where mπ = 0.14GeV, mK = 0.49GeV. With Λπ =
0.52Mu, ΛK = 0.93Mu, we obtain fπ = 0.092GeV, fK =
0.11GeV, in agreement with experiment [46].

C. Valence dressed-quark distributions

Using the parameter values just described cannot alter
the power-law behaviour of the computed PDFs in the
neighbourhood of the endpoints: x = 0, 1. Hence, as
with u0

V (x), our complete results for uπ
V (x), u

K
V (x), s̄KV (x)

must also conform with the QCD prediction, Eq. (3).
On the other hand, with the additional complexity in

Eqs. (8) and nonzero values for the meson masses, it is
difficult to obtain algebraic forms for the dressed-quark
PDFs. We therefore adopt a different approach. Namely,
given the known endpoint behaviour of the valence-quark
PDFs at the hadronic scale, it is plain that they have the

following representation:

qV (x) = 30[x(1− x)]2
[

1 +

jm
∑

j=1

a
5/2
j C

5/2
j (2x− 1)

]

, (14)

where {C5/2
j |j = 1, 2, . . .} are those Gegenbauer polyno-

mials which form a complete, orthonormal set with re-
spect to the measure [x(1 − x)]2. We therefore compute
the moments of the distributions:

〈xm〉πu =

∫ 1

0

dxxm uπ
V (x) (15)

=
Nc

n · Pπ
trD

∫

dk

[

n · kπη
n · Pπ

]m

× ∂kπ
η

[

Γπ(k
π
η ,−Pπ)S(k

π
η )
]

Γπ(k
π
η̄ , Pπ)S(k

π
η̄ ) , (16)

with analogous expressions for 〈xm〉Ku , 〈xm〉Ks̄ ; and vary

the coefficients {a5/2j | j = 1, 2, . . .} in Eq. (14) so as to ob-
tain a best least-squares fit to those calculated moments.
This reconstruction procedure converges very quickly,

e.g. using just the first nontrivial moment of Eq. (10) to

determine a
5/2
2 , with all other coefficients set to zero, one

obtains a curve via Eq. (14) that is visually indistinguish-
able from the exact result. Applied to the distributions
uπ
V (x), u

K
V (x), s̄KV (x) obtained using Eqs. (8) and the pa-

rameter values determined via Eqs. (13), it yields:

a1 a2 a3 a4 a5
uπ
V 0 −0.0382 0 0 0

uK
V −0.175 −0.0181 0.0101 0.0012 −0.0011

s̄KV 0.175 −0.0181 −0.0101 0.0012 0.0011

.

(17)
The distributions defined by Eq. (17) are depicted in

Fig. 1. We discuss their evolution with resolving scale,
ζ, below; but here it is worth noting that the following
ratios are ζ-independent and hence are a discriminating
probe of the nonperturbative dynamics [1]:

uK
V (x)

uπ
V (x)

∣

∣

∣

∣

x→1

= 0.37 ,
uπ
V (x)

s̄KV (x)

∣

∣

∣

∣

x→1

= 0.29 . (18)

The curve [uK
V (x)+s̄KV (x)]/2 is also drawn in the figure:

it is symmetric under x ↔ (1−x). That feature outcome
is an obvious consequence of the definitions, Eqs. (7), and
a requirement of any expressions for the valence dressed-
quark PDFs if one is to guarantee momentum conserva-
tion without tuning, i.e.

∫ 1

0

dxx[uK
V (x) + s̄KV (x)] = 1 , (19)

independent of model details and any associated param-
eter values. This curve is similar to uπ

V (x) but not iden-
tical, e.g. [uK

V (x) + s̄KV (x)]/uπ
V (x) = 1.89 at x = 1.

Another important feature of the computed valence-
quark distributions is the shift in the peak of uK

V (x)
away from x = 0.5 or, equivalently, the analogous shift
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FIG. 1. Valence-quark PDFs at the hadronic scale, ζH , de-
fined by Eqs. (14), (17): uK

V (x), solid (black) curve; s̄KV (x),
dashed (blue) curve; uπ

V (x), dot-dashed (green) curve; and
[uK

V (x) + s̄KV (x)]/2 dotted (red) curve.

in s̄KV (x). These quantities measure the scale of SU(3)-
flavour symmetry breaking and indicate its origin; and
with the distributions depicted in Fig. 1 one finds a shift
of 17%. This result is nearly identical to the 16% shift
in the peak of the leading-twist s-quark parton distri-
bution amplitude (PDA) in the kaon [31]. Addition-
ally, it almost matches the relative shift in dressed-
quark masses, i.e. Ms with respect to Mu. Conse-
quently, in valence dressed-quark PDFs it is the flavour-
dependence of DCSB that modulates the strength of
SU(3)-flavour symmetry breaking, which is therefore far
smaller than one would näıvely expect based on the dif-
ference between the current-masses of s- and u-quarks.
This is true of numerous other quantities, e.g. the ratio
of neutral- and charged-kaon electromagnetic form fac-
tors measured in e+e− annihilation at sU = 17.4GeV2,
|FKSKL

(sU )|/|FK
−
K+

(sU )| ≈ 0.12 [47]; and the leptonic
decay constant ratios fK/fπ, fBs

/fB = 1.21 [48, 49].

IV. BUILDING REALISTIC DISTRIBUTIONS

A. Including sea-quarks and glue

The dressed-quark basis employed hitherto provides
a good description of a wide range of hadron proper-
ties [19]; and it yields purely valence-quark distributions.
This last quality is evident in the derivation of Eq. (4)
presented in Ref. [30], which also explains that their are
corrections to Eq. (4) (and Eqs. (7), its analogues for the
kaon), which can be separated into two classes: [C1]
redistributes baryon-number and momentum into the
dressed-quark sea; and [C2] shifts momentum into the
dressed-gluon distribution within the meson.
Some obvious contributions within [C1] are those asso-

ciated with what may be called resonant or meson-cloud

corrections to the kernels in the gap and scattering equa-

tions, simple examples of which are

π+ = ud̄

→ u(d̄d)d̄ = (ud̄)(dd̄) ∼ π+ρ0 → ud̄ = π+, (20a)

K+ = us̄

→ u(ūu)s̄ = (uū)(us̄) ∼ π0K∗+ → us̄ = K+. (20b)

These sequences describe bare-mesons, built in a dressed-
quark basis, adding additional structural components to
their Bethe-Salpeter wave functions to produce the fully-
dressed and hence physical state. Such processes enable
the hard photon to interact with sea-quark components
of the physical meson, thereby shifting momentum into
a sea-quark distribution within the meson.
Following Ref. [30], let us first consider the pion and

associate a total flux “Zπ” with such fluctuations. In a
symmetry preserving treatment, such processes do not
change the total baryon-number content of the pion but
they do reduce the probability of finding the bare-pion
within the physical pion; and hence the quark distribu-
tion becomes

uπ
V s(x) = (1− Zπ)u

π
V (x) + Zπu

π
M (x) , (21)

where uπ
M (x) describes the cumulative effect on the

PDF of all resonant corrections to the bound-state
wave function computed in the dressed-quark basis and
∫ 1

0
dxuπ

M (x) = 1.
In order to determine Zπ, we note that with realis-

tic masses, meson-loop corrections to the pion electro-
magnetic form factor at Q2 = 0 are an O(5%) effect.
This is evident in Ref. [50] and also in the result that, in
the chiral limit, the pion’s leptonic decay constant is [51]
f2
0 ≈ (0.09GeV)2 cf. experiment [46] f2

π ≈ (0.092GeV)2.
As in Ref. [30], we therefore fix

Zπ(ζH) = 0.05 . (22)

One must now decide upon the value of ZK . Eq. (20b)
indicates the lightest possible intermediate state. An al-
ternative, equally simple contribution involves u(s̄s)s̄ ∼
K+φ0, which is a more massive combination, whereas the
analogous term for the pion is ∼ π0ρ+. These observa-
tions indicate that the pion-to-kaon ratio of mass-squared
denominators is roughly one-third and hence ZK ∼ Zπ/3.
We therefore set

ZK(ζH) = 0 (23)

because our subsequent analysis cannot reasonably be
expected to exhibit a reliable sensitivity to 1% effects.
The dressed-quark structure of mesons receives cor-

rections in addition to those exemplified in Eqs. (20).
Namely, one may readily identify corrections to Eqs. (4),
(7) that shift momentum into the meson’s gluon distribu-
tion [30], e.g. one can draw diagrams in which the struck
dressed-quark carries a fraction x of the meson’s mo-
mentum, but the momentum of the spectator system is
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shared between the dressed-antiquarks and -gluons: at-
tributing a net xg > 0 to the dressed-gluon, then the
dressed-antiquark carries 1− x− xg. In a symmetry pre-
serving treatment, these and other corrections in [C2]
have no impact on net baryon number within the meson
but they do rob momentum from the baryon-number-

carrying dressed-partons; namely, qπ,KV,M (x) → qπ,KVg ,Mg
(x),

with
∫ 1

0
dx qπ,KVg ,Mg

(x) =
∫ 1

0
dx qπ,KV,M (x) , (24a)

∫ 1

0 dxx q
π,K
Vg ,Mg

(x) <
∫ 1

0 dxx q
π,K
V,M (x) , (24b)

where q represents u and/or s̄ as appropriate. Thus, with

δgq
π,K
V,M (x) := qπ,KVg ,Mg

(x) − qπ,KV,M (x), one arrives finally at

expressions for the complete dressed-quark distribution
functions at the hadronic scale:

uπ(x) = (1− Zπ)[u
π
V (x) + δgu

π
V (x)]

+ Zπ[u
π
M (x) + δgu

π
M (x)] , (25a)

uK(x) = (1− ZK)[uK
V (x) + δgu

K
V (x)]

+ ZK [uK
M (x) + δgu

K
M (x)] , (25b)

s̄K(x) = (1− ZK)[s̄KV (x) + δgs̄
K
V (x)]

+ ZK [s̄KM (x) + δgs̄
K
M (x)] . (25c)

A procedure one may follow in order to compute a
meson’s valence-quark distribution function, Eq. (25), is
now apparent: begin with results obtained in the dressed-
quark basis using sophisticated kernels for those equa-
tions involved in bound-state calculations and with the
resolution set via renormalisation at a particular scale,
ζH ; then proceed systematically to add the corrections
identified above; and, finally, use DGLAP evolution [52–
55] to obtain the result at any other scale ζ > ζH . The
last step is simply a labour-saving device because it elim-
inates the need for complete recomputation of the PDF
at the new scale. In this way one fixes a priori that pa-
rameter, ζH , which practitioners usually identify as the
typical hadronic scale, and whose variation provides them
with considerable flexibility as they seek to validate their
model through a fit to data.
In this connection, one might ask for the value of ζH at

which the result computed using the dressed-quark basis
alone should be most realistic. That is ζH ≃ 0GeV,
because the light-front momentum fraction carried by
dressed-sea and -glue diminishes as ζ is reduced. How-
ever, use of the available DGLAP equations at such a
small value of ζH is impossible because they are only
valid on the perturbative domain. What, then, is a suit-
able compromise? An answer was provided in Ref. [1]:
one should use ζH ≥ 2ΛQCD ≈ 0.5GeV, which corre-
sponds to a scale whereat the chiral-limit dressed-quark
mass-function, M(k2) in Eq. (5), is concave-up (convex)
and dropping rapidly but does not yet exhibit the be-
haviour associated with its truly asymptotic momentum-
dependence. As explained elsewhere [56], it is only for
momenta within this domain that a rigorous connec-
tion with pQCD exists: it is impossible to begin at a

smaller scale because then the crucial elements in any
calculation, e.g. the dressed-quark propagator, exhibit
momentum dependence that is essentially nonperturba-
tive in origin. Notably, the expansion parameter in the
DGLAP equations is α(s)/[2π], where α(s) is the strong
running coupling; and α(4Λ2

QCD)/(2π) ≈ 0.17 whereas

α(2Λ2
QCD)/(2π) ≈ 0.34, which further vitiates any choice

ζH < 2ΛQCD.
Some additional remarks are in order here. Notwith-

standing the existence of calculable corrections to results
obtained using the dressed-quark basis, that basis pro-
vides a good foundation for describing numerous hadron
observables. This is readily illustrated via the pion’s
electromagnetic form factor, Fπ(Q

2). Meson-loop correc-
tions only measurably affect its low-Q2 behaviour, con-
tributing . 15% to r2π (squared-charge-radius) [50]; and
gluonic corrections serve only to modify the form-factor’s
anomalous dimension [19, 57, 58]. The salient features of
Fπ(Q

2), including parton model scaling and the existence
of scaling violations, are captured in the dressed-quark
basis [59].

B. Explicating sea-quark and glue distributions

Owing to Eq. (23) and the associated discussion, it is
only necessary to specify the profile of the pion’s sea-
quark distribution; and in this we draw guidance from
empirical information on πN Drell-Yan [60]:

xuπ
M (x) =

1

n
xᾱ(1− x)β̄(1 − γ̄

√
x+ δ̄x) (26)

where 1/n is a simple algebraic factor that ensures
∫ 1

0
dxuπ

M (x) = 1. Then, at ζH = 0.51GeV an empirical
assessment of the pion’s sea-quark distribution is consis-
tent with

ᾱ = 0.16 , β̄ = 5.20 , γ̄ = 3.243 , δ̄ = 5.206 . (27)

The same consideration of πN Drell-Yan shows that
29% of the pion’s momentum is carried by glue at ζH
[〈xg〉 = 0.29], in a distribution that has [60] αg ≈ 3/2
and βg ≈ 1 + βV , where βV is the exponent which
characterises the pion’s valence-quark distribution on
x ≃ 1. In Eq. (25a), we therefore emulate Ref. [30] and
use δgu

π
V,M = δgu

π,

δgu
π(x) = cπg xαg−1(1 − x)βgP

(βg αg−1)
1 (2x− 1) , (28)

with cπg a parameter and P1 a Jacobi polynomial, in or-
der to shift 29% of the dressed quarks’ momentum into
the gluon distribution. [Equation (28) is consistent with
Eqs. (24).] With βg = 3, owing to Eq. (12), one finds

cπg (ζH) = 8.50 . (29)

All parameters in uπ(x) are now fixed, so that the re-
sult we subsequently describe is a prediction for this dis-
tribution. We are not so fortunate with the kaon: there
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are no published constraints on its gluon distribution.
We therefore employ Eq. (28) for the kaon’s gluon pro-
files, use cKu

g (ζH) as a parameter to be determined by

fitting extant Drell-Yan data on the ratio uK(x)/uπ(x),
and thereby provide a constraint on the fraction of the
kaon’s momentum carried by glue at the hadronic scale.
In order to proceed we must fix cKs

g (ζH), which we do
by requiring that gluons remove the same fraction of mo-
mentum from u- and s̄-quarks in the kaon, viz.

uK(x)

s̄K(x)
=

uK
V (x)

s̄KV (x)
⇒ cKs

g = 1.29 cKu
g . (30)

At this point, we have just one free parameter in our
predictions for uπ(x), uK(x), s̄K(x), i.e. cKu

g .

V. DRAWING COMPARISONS WITH DATA

All that is required to report results for the valence-
quark distribution in the pion is now specified. However,
in order to supply results for the kaon PDFs, the parame-
ter cKu

g must be determined. In order to achieve that, we
use leading-order DGLAP evolution from ζH = 0.51GeV
to ζ5.2 = 5.2GeV and require a least-squares fit to the
kaon-to-pion ratio of Drell-Yan cross-sections obtained
from a sample of dimuon events with invariant mass 4.1 <
M < 8.5GeV [5]. (N.B. We choose ζ5.2 because that is
the average mass for data taken in the E615 experiment
[4, 39], which covered bins with 4.05 < M < 8.53GeV.)
In this way, one finds

cKu
g (ζH) = 1.28 ⇒ 〈xg〉Ku(ζH) = 0.05 , (31)

and the result depicted in Fig. 2. The evolved distribu-
tions may satisfactorily be interpolated by the following
expression:1

xq(x) = Axα(1− x)β(1− γ
√
x+ δx) , (32)

with

ζ5.2 A α β γ δ

xuπ 1.08 0.70 2.93 0 5.48

xuK 18.62 1.56 2.93 0.86 0

xs̄K 20.17 1.64 2.93 2.09 2.25

. (33)

There is a marked similarity between our result (solid,
black curve), obtained using simple algebraic inputs,
and the DSE prediction in Ref. [24] (long-dashed, purple
curve), which was computed using numerical solutions of
realistic gap and Bethe-Salpeter equations. This conflu-
ence suggests that the theoretical prediction of the ratio

1 Herein we employ a more sophisticated interpolating function
than that used in Ref. [30] because it enables increased precision
in the determination of the large-x behaviour of the PDFs, as
explained in Ref. [38].

FIG. 2. uK(x)/uπ(x) at ζ = 5.2GeV: solid (black) curve,
obtained via LO evolution from ζH = 0.51GeV assuming 5%
of the kaon’s momentum is carried by glue at this hadronic
scale solid (black) curve; dashed (green) curve, zero momen-
tum carried by gluons; and dot-dashed (blue) curve, 10% of
the kaon’s momentum carried by glue. For comparison, an
analysis of πN Drell-Yan data suggests that 29% of the pion’s
momentum is carried by glue at ζH , as explained in connec-
tion with Eq. (28). The long-dashed (purple) curve is the
DSE prediction in Ref. [24], obtained using numerical solu-
tions of realistic gap and Bethe-Salpeter equations. (Data
in this figure are from Ref. [5]. The dotted (red) line marks
a value of unity for the ratio. It is drawn to highlight the
domain upon which one might be confident empirically that
uK(x)/uπ(x) 6= 1, viz. x & 0.8.)

and explanation of its behaviour are sound, and argues
strongly for empirical verification of the first and only
experimental result [5]. In connection with these pre-
dictions, it is important to remark that any differences
generated by next-to-leading-order (NLO) evolution are
readily masked by a 25% increase in ζH [60] and are thus
immaterial.
It is apparent in Fig. 2 that limx→1 u

K(x)/uπ(x) is in-
dependent of the kaon’s gluon (and sea) content at ζH .
This feature of the ratio at x = 1 is a corollary of its
ζ-independence, explained in connection with Eqs. (18).
On the other hand [61]:

lim
x→0

uK(x; ζ)

uπ(x; ζ)

ΛQCD/ζ≃0→ 1 . (34)

This owes to inexorable growth in both mesons’ gluon
and sea-quark content driven by pQCD splitting mech-
anisms. That content finally comes to overwhelm non-
perturbatively generated differences between the internal
structure of the pion and kaon. The result in Eq. (34) is
analogous to the convergence of all meson PDAs to the
conformal form as ΛQCD/ζ → 0 [57, 62, 63].
In Fig. 3 we compare our result for the pion’s valence-

quark distribution with available experiment [4]. In
considering the data in Fig. 3, it is important to recall
that E615 [4] reported a PDF inferred via LO anal-
ysis in pQCD; and, as noted in Sec. II, this yielded
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FIG. 3. xuπ(x; ζ5.2). Solid (black) curve, our prediction,
expressed in Eqs. (32), (33); dot-dot-dashed (purple) curve,
result obtained when sea-quark and gluon contributions are
neglected at ζH , i.e. using uπ

V (x) from Eqs. (14), (17); dashed
(blue) curve first DSE prediction [38]; and data, Ref. [4],
rescaled according to the reanalysis described in Ref. [40],
from which the dot-dashed (green) curve is drawn. The dotted
(red) curve is the result obtained using a Poincaré-covariant
regularisation of a contact interaction, Eq. (36).

controversial behaviour on x ≃ 1, contradicting QCD-
based expectations: producing uπ(x) ∼ (1 − x) instead
of uπ(x) ∼ (1 − x)2. A subsequent NLO reanalysis
[40], which, crucially, also included soft-gluon resumma-
tion, indicated that the data are actually consistent with
uπ(x) ∼ (1−x)2. As emphasised by Ref. [39], NLO evolu-
tion alone cannot expose that. Thus, in Fig. 3 we plot the
E615 data rescaled as follows E6152010 = F (x) E6151989,
where F (x) is the x-dependent ratio of Fit-3 in Ref. [40]
to the E615 fit described in Table VII of Ref. [64]. It is
evident in Fig. 3 that the data and all QCD-based calcula-
tions agree on the behaviour of uπ(x) within the valence-
quark domain.
In connection with the remarks made following Eq. (3),

it is useful to report the pion valence-quark PDF ob-
tained using a Poincaré-covariant regularisation of a
momentum-independent (contact) quark-quark interac-
tion, which is [65] (chiral limit):

uπ
CI(x; ζH) = θ(x)θ(1 − x) . (35)

In the present application, this result is identical to that
obtained using equivalent regularisations of the Nambu–
Jona-Lasinio model (see, e.g. Sec. VI.B.3 of Ref. [1] and
citations therein). Evolving this distribution as described
in connection with Fig. 2, one obtains

xuπ
CI(x; ζ5.2) = 1.20x0.73(1− x)0.88, (36)

which is the dotted (red) curve in Fig. 3. Notably, evolv-
ing from a smaller initial scale, such as QCI

0 = 0.4GeV,
which is commonplace in applications of a contact in-
teraction, has no material effect on the result in Eq. (36),
viz. 0.88 → 1.1, but both values are less-than 40% of that

required to be consistent with the modern reappraisal of
E615 data [40], displayed in Fig. 3.

Numerical simulations of lattice-regularised QCD
(lQCD) typically report moments of hadron PDFs at a
resolving scale ζ2 = 2GeV. Importantly, owing to the loss
of Poincaré-covariance, the most widely used lQCD algo-
rithms only provide access to the lowest three nontrivial
moments. Such results are available for uπ(x), e.g. a con-
temporary simulation [66], using two dynamical fermion
flavours, mπ & 0.34GeV and nonperturbative renormal-
isation at ζ2 = 2GeV, produces the first row here:

〈x〉πu 〈x2〉πu 〈x3〉πu
[66] 0.27(1) 0.13(1) 0.074(10)

[67] 0.28(8) 0.11(3) 0.048(20)

[68] 0.24(2) 0.09(3) 0.053(15)

average 0.26(8) 0.11(4) 0.058(27)

herein 0.26 0.11 0.052

. (37)

The results in Ref. [66] agree with those obtained in ear-
lier estimates based on simulations of quenched lQCD
[67, 68] and are consistent with the values obtained from
our computed distribution, which are reported in the last
row of Eq. (37).

Our predictions in Eq. (37) are obtained via the LO-
evolution of our result for uπ(x; ζH) to ζ2, which is sat-
isfactorily interpolated by the form in Eq. (32) using the
first row of coefficients below:

ζ2 A α β γ δ

xuπ 1.60 0.90 2.69 0 4.46

xuK 25.65 1.80 2.69 0.87 0

xs̄K 23.16 1.84 2.69 2.18 2.44

. (38)

Plainly, all computations reported in Eq. (37) agree that
the valence-quarks carry only 50% of the pion’s light-
front momentum at ζ2. On the other hand, the contact
interaction distribution in Eq. (35) yields the following
values for the first three moments: {0.33, 0.17, 0.11}; and
consequently predicts that two-thirds of the pion’s mo-
mentum is carried by valence-quarks at this scale.

No lQCD results are yet available for moments of the
kaon distributions; but our predictions for the first three
moments of each distribution are:

q 〈x〉Kq 〈x2〉Kq 〈x3〉Kq
u 0.28 0.11 0.048

s̄ 0.36 0.17 0.092

. (39)

They are obtained from the LO-evolution of our results
for (u, s̄)K(x; ζH) to ζ2, which are satisfactorily interpo-
lated by the form in Eq. (32) using the second and third
rows of coefficients in Eq. (38). It is evident from these re-
sults that valence-quarks carry approximately two-thirds
of the kaon’s momentum at ζ2.
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VI. CONCLUSIONS AND POSSIBILITIES

We employed a dressed-quark basis to analyse par-
ton distribution functions of the pion and kaon. The
expressions that define these distributions [Eqs. (4), (7)]
overcome weaknesses of the impulse approximation and
ensure that, independent of model details, the dressed-
quarks express a purely valence distribution, viz. they
always carry the entirety of a given meson’s light-front
momentum [Eqs. (11), (19)], and the valence-quark dis-
tribution behaves as (1 − x)2 on x ≃ 1 [Eq. (12)]. Us-
ing algebraic formulae for the dressed-quark propagators
and pion and kaon Bethe-Salpeter amplitudes, which ex-
press effects associated with both explicit and dynam-
ical chiral symmetry breaking and produce the correct
conformal-limit meson parton distribution amplitudes,
we computed the valence dressed-quark PDFs for the
pion and kaon [Fig. 1]. The results demonstrate that it
is the flavour-dependence of dynamical chiral symmetry
breaking which modulates the strength of SU(3)-flavour
symmetry breaking in meson PDFs.

We subsequently explained why, even at a typical
hadronic scale, the valence dressed-quark structure of
mesons as perceived in deep inelastic processes must be
augmented by sea-quark and gluon contributions; and
detailed a simple but realistic means of achieving this.
The corrections may be divided into two classes: [C1],
which redistributes baryon-number and momentum into
the dressed-quark sea; and [C2], which shifts momentum
into the pion’s dressed-gluon distribution. Our analysis
suggests that contributions within [C2] are most impor-
tant at an hadronic scale, viz. ζH ≈ 2ΛQCD.

Working with this information, we built a simple al-
gebraic model to express the principal impact of both
classes of corrections on the pion and kaon, which, com-
bined with the predictions of the dressed-quark basis,
permitted a realistic comparison with existing experi-
ment. This enabled us to reveal essential features of
these mesons’ valence-quark distributions. Namely, at a
characteristic and reasonable hadronic scale, ζH , valence
dressed-quarks carry roughly two-thirds of the pion’s
light-front momentum, with the bulk of the remainder

carried by glue. In contrast, valence dressed-quarks carry
approximately 95% of the kaon’s light-front momentum
at ζH , with the remainder lying in the gluon distribution.
This difference may be attributed to the fact that heavier
quarks radiate soft gluons less readily than lighter quarks
and momentum conservation communicates this effect to
the kaon’s u-quark.
Evolving our corrected distributions to a scale charac-

teristic of meson-nucleon Drell-Yan experiments, we re-
produced and explained extant data on the kaon-to-pion
ratio of u-quark distributions [Fig. 2] and the pion’s u-
quark distribution [Fig. 3]. As a complement to these
results, we also evolved the distributions to the resolv-
ing scale ζ2 = 2GeV, which is typically used in numeri-
cal simulations of lattice-regularised QCD. Here, valence-
quarks carry roughly one-half of the pion’s light-front
momentum but two-thirds of the kaon’s momentum.
A valuable opportunity now presents itself. Namely,

it should be possible to employ the methods exploited
in Refs. [31, 44, 59, 69] and follow the procedures in
Secs. IV, V above so as to achieve a quantitatively reli-
able, QCD-connected unification of meson valence-quark
distribution functions (PDF) with, inter alia, their distri-
bution amplitudes and elastic electromagnetic form fac-
tors. Completing such a picture is crucial as hadron
physics enters an era of new-generation experimental fa-
cilities capable of testing such an array of interrelated
predictions.
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