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On this work, we consider a particle moving in front of a dielectric plate, and study two of the most
relevant effects of the vacuum field fluctuations: the dissipation, and the decoherence of the particle’s
internal degrees of freedom. We consider the particle to follow a classical, macroscopically-fixed
trajectory. To study the dissipative effects, we calculate the in-out effective action by functionally
integrating over the vacuum field and the microscopic degrees of freedom of both the plate and the
particle. This in-out effective action develops an imaginary part, hence a non-vanishing probability
for the decay (because of friction) of the initial vacuum state. We analyze how the dissipation
is affected by the relative velocity between the particle and the plate and the properties of the
microscopic degrees of freedom. In order to study the effects of decoherence over the internal
degrees of freedom of the particle, we calculate the CTP or Schwinger-Keldysh influence action, by
functionally integrating over the vacuum field and the microscopic degrees of freedom of the plate.
We estimate the decoherence time as the time needed by two different quantum configurations (of
the internal degree of freedom of the particle) to be possible to differentiate from one another. We
analyze the way in which the presence of the mirror affects the decoherence, and the possible ways
to maximize or reduce its effects.
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I. INTRODUCTION

Over the past few years, an increasing attention has been paid to the interaction between a particle and a (perfect
or imperfect) mirror or any dielectric surface [1-7]. One of the main interests has been to calculate the frictional
force exerted over the particle by the plate, mediated by the vacuum field fluctuations. As in the case of the
quantum friction between two plates [8-10], there is still no general agreement about the nature of this frictional
force. These frictional effects are interesting, macroscopically observable consequences of the quantum nature of
microscopic systems. However, frictional and normal (Casimir) forces are not the only effects of the vacuum quantum
fluctuations. Any quantum system that interacts with an environment will suffer the process of decoherence, which
is one of the main ingredients necessary to understand the quantum-classical transition. The vacuum field is, clearly,
an environment that cannot be switched off, since any particle (charged or with non-vanishing dipole moment) will
unavoidably interact with the electromagnetic field fluctuations. The effects of the electromagnetic field over the
coherence of the quantum state of a particle, and the way in which this effect is modified by the presence of a
conducting plate, has already been studied for interference experiments [11, 12]. However, in the many studies of the
quantum friction over a moving particle in front of a dielectric plate, the effects of decoherence have not yet been
taken into consideration. In this work, we will study the decoherence of the internal degree of freedom of the particle.
The loss of coherence of the particle’s dipolar moment becomes relevant in any Ramsey interferometry experiment,
where the depolarization of the atom could be macroscopically observed by means of the Ramsey fringes. In the case
of a Rydberg atom, this phenomenon could be also observed as a decay of the Raby oscillations [13, 14].

On this work we consider a neutral particle moving in front of an imperfect mirror. The trajectory of the particle
will be, along this paper, kept as an externally-fixed variable. This accounts for many of the cases of interest, for
example, when the particle is the tip of a Atomic Force Microscope (AFM). When we specify the system, we will have
the particle moving at a constant velocity v, as is the most popular scenario in the literature [1, 2]. We are interested
in the dynamics of the internal degree of freedom of the particle, that we will model as a quantum harmonic oscillator,
being a simple model for the particle’s electric dipole, and that will be coupled in position to the vacuum field. We
will also use a simple model for the microscopic degrees of freedom of the mirror, as we have done in a previous work
[15]: a set of uncoupled harmonic oscillators, each of them also interacting locally with the vacuum field. Even though
this is a simple model, it allows us to calculate some relevant quantities without much further assumptions.

We will study both the effects of friction and of decoherence over the moving particle, from the perspective of
quantum field theory. In order to do so, we will use two different but similar approaches. To study the friction, we
will follow the procedure presented in our previous work [15], where we studied the friction generated by the relative
motion of two dielectric plates. We will calculate the imaginary part of the in-out effective action, that will account
for the dissipative effects. To study the decoherence, we will switch to the Closed Time Path (CTP) formalism and
calculate the action of influence of the environment (vacuum field 4 plate) over the particle, and use it to obtain an
estimation of the decoherence time, following an approach similar to the one in a previous work by some of us [16].

The structure of this paper is as follows: in Section II we define the system we study, and present the formalism
in Minkowski space. We then calculate the in-out effective action for a specific microscopic model, and obtain an
expression for the imaginary part of the effective action (and hence the dissipative effects over the system) as a function
of the relative velocity. In Section III we review the Schwinger-Keldysh formalism and obtain a general expression
for the CTP influence action for the internal degree of freedom of the particle, and use it to obtain the stochastic
equations of motion for the particle’s internal degree of freedom. In Section IV, we present a way to estimate of the
decoherence time, and then analyze the way in which it is modified by the presence of the plate. Finally, in Sec. V
we show our conclusions.

II. IN-OUT EFFECTIVE ACTION AND FRICTION
A. The system

Let us consider a specific system, even though the formalism that is going to be developed among the next sections
is general and could be used to study different problems. In the current work, we are interested in the dissipative
effects over a particle that moves parallel to a flat, dielectric surface. The vacuum field shall be a non-massive scalar
field ¢(x) obeying the Klein-Gordon equation, interacting with both the particle and the internal degrees of freedom
of the plate 1(x). The particle moves in a macroscopic, externally-fixed, uni-dimensional trajectory, in a plane parallel
to the plate. The distance a between the particle and the plate is also kept constant by an external source. We shall
call z1 the direction of movement of the particle, and z3 the direction perpendicular to the plate. The particle also
has an internal degree of freedom that we shall call g. A scheme of the system under consideration is shown in Fig.



1. We may write the classical action for the system as

S, ) = S5[0] + Sb (6] + S5 [a) + Syl ] + Sh 6. dl. (1)
where the Klein-Gordon action for the vacuum field, neglecting boundary terms, is given by
1 .
sele) = — [ deo(e)0,0" ~ id 6(0). (2)
The generating functional for the system will be given by
Z= / DDyyDge'Slo-dl (3)
@ 1 = 2(t)
_—
¢(x)
a

¢($) I3 — 0

FIG. 1. (Color online). A simple scheme of the system under consideration, where ¢(z) is the vacuum field, ¢(x) are the
internal degrees of freedom of the plate, and ¢(t) are the internal degrees of freedom of the particle, which follows a macroscopic
trajectory z(t) in the z;1 direction.

The internal degrees of freedom of the plates can be integrated-out, resulting in an effective interaction potential
V(z,a') for the vacuum field. This procedure has already been performed in [17], and the resulting classical action is

S[6,q) = Seald] + 55" [a] + Shi" [0, 4], (4)

with
Sualé) = Solé) + [ dade'6(0)V (@.0")ow). (5)
The internal degree of freedom of the particle interacts with the vacuum field trough a current that we shall call

j(x). This current contains the information about the position and trajectory of the particle, and the strength of the
coupling. The interaction term is, then,

SPtg g = i / dz()j(z). (6)

It is worth noticing that, at this point, the current j(z) could make the vacuum field interact with any system of any
given geometry: we have not yet specified that we are studying a moving, punctual particle.

B. The in-out effective action

We would now like to obtain the effective action for the particle. That is, we are going to functionally integrate
over the vacuum field, to obtain the generating functional

Zlq = /D(beiS[@q] — t50ld] /D¢eiSeff[¢]+iSmt[¢,q] ) (7)
This functional integral can be written as
2ld) = [ Doesp |- [ detro@) A, )ota') - [ dootw)ia)]

— (detA) " exp B / dxdx’j(x)Al(x,x’)j(x’)} , (8)



where
Az, 2") =1i[0,0" —ie)d(x —a') — iV (z —2'). (9)
We need to obtain an operator A~! such that
AN a2 A(z, o)) = Az, 2") = AN (z,2") = §(x — 2'). (10)
In order to do so, we may write A(z,z') = iAg(z,2') + A1 (x,2’), where

Ao(z,2") = 6(x — 2')(8,0" — ie)
Ai(z,2") = =iV (z, ).

Now, the effective potential V' (z,z’) is proportional to the coupling constant A between the vacuum field and the
internal degrees of freedom of the plates. If this coupling is weak, then we can assume A; << A and obtain A~! as
an expansion in powers of X\. Keeping up to first order in A, we write

ANz 2) = —i(T+iAg A A" (11)
And it is easy to prove that the operator from Eq. (11) satisfies
ATTA=AAT =T+ 0(N?). (12)

Now, recalling the definition of Ay, it is clear that A, 1is a Green function of the Klein-Gordon equation. We take
it to be the Feynman propagator Ay (x, ') = Gp(z,2'):

dp . M i 1
n —ipy (xh —x') . 1
GF(Iaz ) / (271_)46 pupu + je . ( 3)

The desired operator can be written as
A o) = i (Grlana') + [ dydy Gete )V (0 Gl )) (14)

The only part of Eq. (8) remaining to be calculated is the normalization factor (det A)'/2. However, this factor
does not contribute to the connected diagrams: it involves only the interaction between the plate and the vacuum,
and has no effect on the physics of the moving particle (or any other system we might be interested in, that could be
introduced through the current j(x)). That being said, we might write the generating functional for the particle

2la) = oxp {isula - § [ dode i(@)Gio,)i(e") = 5 [ dndydy' @ 500G o)V (0G0 i) | - (19

The effective action for the particle can be written as
I'(g] = Solg] + Sila] + S2[d] (16)

where S; is the action that contains the influence of the vacuum over the particle, as if there was no dielectric plate,
and is defined by

1
Sildl =~ [ deds’j()Gr(e2)i(a'). (7)
The term S accounts for the influence of the plate over the particle, mediated by the vacuum field, and is defined by
1 . )
Sala) = —3 / dzdydy'da’j(z)Gr(z, y)V (y, ¥ )Gr(y', 2)j(z"). (18)

We might think of the effect of the plate on the particle as if mediated by a new effective propagator é(x, a’):

Gla,a') = / dydy' G (,9)V (4,4 )Gr (¢ ) (19)



and then S5 can be written as
1 N
Sold) =~ [ deds’i(0)Gw, 2 (@), (20)

But we are also interested in calculating the imaginary part of the in-out effective action for the whole system,
since this quantity accounts for the dissipative effects over the system. The following calculations will be completely
analogous to the ones we have performed in [15] for the case of two plates in relative parallel motion.

To obtain the in-out effective action for the whole system, we need to integrate out the internal degree of freedom
of the particle g, that is, we need to functionally integrate Eq. (15) over g¢:

2o = [ Dazlal (21)

But, instead of performing the functional integrations in this order (first over v, then over ¢, and last over ¢q) we
go back a few steps and integrate over ¢ before we integrate over the vacuum field ¢. The reason for doing this is
purely of mathematical simplicity, and it does not affect the final expression for the effective action. We then obtain
an expression with two effective potentials, one accounting for the interaction of the plate with the vacuum field, and
another accounting for the interaction of the particle with the vacuum field. If we only take into consideration the
terms involving both the plate and the particle, then the effective action for small values of the coupling constants is
[15]:

—1 dp dg
I'r = ? / WWGF(p)Vplate(pv q)GF(q)Vparticle(Q7p)~ (22)

C. Specific model and results

Now we would like to specify a concrete system of study. As we have already said in Sec. IT A, even though, for the
sake of clarity, through this work we have talked about a particle and a plate, this situation has not yet been specified.
We have, so far, a complex, massless scalar field ¢ that interacts with another field 1, that we call the internal degrees
of freedom of a plate, but could be associated to any other system that we might be interested in. When we integrate
those degrees of freedom out, we obtain a non-local effective potential V' (z,z’) that contains the information about
the characteristics of the other system. It could be a thin plate, a half-space, or any other geometry, with any kind
of internal degrees of freedom. But if we do consider a thin, infinitesimal plate, occupying the x3 = 0 plate, with
internal degrees of freedom that interact locally in space with the vacuum field, then the effective potential will have
the form: [17]

Votate (2, p) =(27)A(p0)d(po — 40)0® (p) — qy) - (23)

And if the particle is considered to be punctual, moving along the x; axis with a constant velocity v, at a fixed distance
x3 = a above of the plate, and interacting locally in position with the vacuum field, then the effective potential results:

Voarticle (¢, 2) = 27g(po — vp1)3(po — qo — v(p1 — q1))e (43 7P3) (24)

These potentials take into account the geometry of the plate and the particle, but the information about their
internal degrees of freedom and the nature of their interaction with the vacuum field are yet to be specified by the
A and g functions. The difference between a moving particle and a moving plate becomes clearer in position space,
where the potential is localized in position by means of three Diracs’ d-functions, one indicating that the particle is
always on x3 = a (this é-function was also present for the moving plate), other that the particle is always at x5 = 0,
and the third one indicating that it is always at z1 = vt.

By using the explicit shape of the potentials and integrating over qg, ¢; and g2, we find:

ZT —1 — a
Iy~ m/d4pd3G(po7p17p2,p3)/\(po)G(po,p1,p2,Q3)g(po—vp1)6 (ga—pa)a (25)

where T is total the time of flight of the particle. We consider the internal degrees of freedom of the plate to be
uncoupled harmonic oscillators of frequency (2, each of them interacting locally in position with the vacuum field with
a coupling constant \; and the internal degree of freedom of the particle will also be a harmonic oscillator of frequency



wp, also interacting linearly and locally in position with the vacuum field, with a coupling constant g. This results
[15] in

—)\2
Alw) = w? — Q2 + e’
_92
9(w) w? — wi +ie (26)

The remaining integrations are performed in the exact same way as the integrations in Ref. [15]. The analytic
result in 2 4+ 1 dimensions is

TorA2g? eV @0+ )2 —v>
320w (o + Q)2 — 0202

where Q = Qa and @y = woa are the dimensionless frequencies (a is the distance between the particle and the plate).
We show in Fig. 2 the imaginary part of the effective action as a function of the relative velocity v.

FIG. 2. (Color online). Imaginary part of the in-out effective action as a function of v, for 1 =Qa =0.01 and A = 0.01, in
units of ¢2.

As we mentioned before, the imaginary part of the effective action implies the excitation of internal degrees of
freedom on the mirror that influence the particle through the vacuum field. This signals a noncontact frictional effect.
We can see that the dissipative effects are strongly suppressed as v — 0. This exponential vanishing of the dissipation
effects has already been found, using different approaches, in previous works [1, 2]. It is worth noticing that our
coupling constant ¢ is the analog to the electric dipole moment d appearing in the models used by other authors,
since it accounts for the interaction between the particle’s polarizability and the electromagnetic (vacuum) field.
This means that the results presented here correspond to the d? contribution to the friction, and we will calculate
the d* contribution within this approach in a future work. Lastly, let us recall that the A? factor accounts for the
interaction between the internal degrees of freedom of the plate, and this information is usually contained in the
dielectric permitivity of the material, so there is no analog to our A factor appearing in the literature.

It is possible to see, from the general expression of Eq. (27), that the case of resonance, for Q = wy, coincides
exactly with the expression of the imaginary part of the effective action per unit of area, for the case of two plates of
frequency 2, studied in Ref. [15]. This is not that surprising, since in our model the plate and the particle/other plate
only interact locally and the harmonic oscillators of the plate/s are uncoupled. In that work, we had set the coupling
constant between the two plates to be equal, and that is the reason why our result was of order A\*. It is important
to notice that it does not mean that our result is to be compared with the g* results appearing in literature, since a
factor A? is to be considered part of the dielectric permitivity of the material.

III. CTP ACTION OF INFLUENCE AND DECOHERENCE
A. The Schwinger-Keldysh or Close Time Path formalism

Up to this Section, we have considered the effective action for the system (the particle), and the influence action
that mainly describes the dynamics of the particle after integration of the quantum fields. This in-out effective action



cannot be applied in a straightforward way to the derivation of the equations of motion, since they would become
neither real nor causal. As is well known, in order to get the correct effective equations of motion, one should compute
the in-in, Schwinger-Keldysh or Closed Time Path Effective Action (CTPEA) [18], which also has information on the
stochastic dynamics. The CTPEA is defined as:

e~ Tere(gt 7] = /D¢+D¢—ei5[q+,¢+]—i5[q’7¢’] = /D¢ei56[q7¢] (28)

where in the last step we have introduced the the CTP complex temporal path C, going from minus to plus infinity C
and backwards C_, with a decreasing (infinitesimal) imaginary part. Time integration over the contour C is defined
by [, dt = fc+ dt [, dt. The field in the last step is defined by ¢(z,t) = ¢+ (x,t) if t € C+. The equation above is
useful because it has the structure of the usual in-out or the Euclidean effective action, and we are able to use the
results of the last section, but properly changing the contour of integration. This would lead to the appearance of the
CTP propagators Go(x,t;x’,t'), where a (8) = =+ indicates that ¢ (¢') is on C4. For the free scalar field, the CTP
propagators are:

Gyy(z,2") =AF(z,2") = —i(To(x)p(2'))
G-—(z,2") =Ap(z,2') = i(To(x)p(a"))
Gi—(z,2") =A7 (z,2") = —i(g(a")p(2))
Gy (z,2') =A% (z,2") = +i(¢(x)d(a"))

These CTP propagators satisfy the following properties, that will prove to be useful below: (G44)* = G__,
(G+7)* = G,+, and G++ —-G__ = G+, — G7+.

We are now in a position to write the actions describing the influence of the environment on the particle within
this formalism. We will do this in a general way, and later we will come back to our specific model. By performing
the change in the contour of integration, Sp results (see eq. (17)):

SFlgt,q ] = *% /dfvdy (@) G i (2,9)i " (y) = 5~ (@)G——(2,9)i~ (y) — i+ (@)G1—(2,9)i ™ (y)
+ 77 (@)G 4 (2,9)5 (v)] (29)
where ji (z) is evaluated over Cy. It is useful to define:
, it(@) —j (2)
Aj(z) = 5 ;
, jt(@) +j (2)
Xj(x) 5

By writing Eq. (29) in terms of Aj and 3j, one obtains four different terms. However, by recalling the definition
and properties of the different CTP propagators, it is easy to see that one of the terms vanishes, and two of the
remaining terms are identical, with the result:

SFlat a7 =~ [ dady (Ag(a) (Gt () = G () = Gy ) + G (0,)] A1)
+20§(2) [ (0,) + G (2,9) + G w,9) + G (. 0)] i)

With some further considerations concerning the properties of the propagators mentioned above, it is possible to
define the noise (diffusion) kernel

Ni(z,y) = —i(Gis(z,y) = G——(7,9)) =2Im G4 (2,y), (30)

associated with fluctuations, source of decoherence effects; and the dissipation kernel

Di(z,y) = % (Gt (@,y) + G—(,y) + Go—(2,y) + Gy (2, y)] = 20(z0 — yo)Re G4 (z — y) . (31)

Both kernels are real, and the dissipation kernel is explicitly causal. The influence action results, then

St g ] =~ / dady [iA(x)N1(z,y)Aj(y) + 285 (x) D1 (2, y) S5 (y)] - (32)



This action accounts for the interaction of the particle with the vacuum, and all the propagators involved in the
calculations correspond to free, scalar fields. Furthermore, in order to take the dielectric plate into consideration, we
have to look at the Se term from Eq. (20), which contains the effect of the plate over the particle up to first order in
the coupling constant A. By changing the contour of integration, we obtain an expression analogous to Eq. (29), but
changing the free CTP propagator G,g for an effective CTP propagator éag, defined by:

Ga,B (’I’, y) = / dl’/dy/ [GOH- (33, IIZ/)V++ (xlv y/)G-‘rﬁ (yla y) - Goz— (’I’, xl)v—— (xla y/)G—B(y/a y)+

— Gas(2,2")Vio (2", )G_5(y,y) + Ga— (2,2 )V_i(2',y)G15(y, y)] (33)
where G,p is the free CTP propagator, and Vg is the CTP expression for the effective potential. Both G and V,
being CTP Green functions, fulfill the relation G4 —G-— = G4— — G-y and Viyp — Vo =V, —V_, which
allows us to prove that G4 — G__ = G4_ — G_4, and thus:
S lqTq7] = /dﬂcdy [iAj (@) N2 (2, y)Aj(y) + 285 (x) D2z, y)Ej(y)] | (34)
with
N2<xay) Eé++($7y)+é,,<.’lj7y) =2Re@++(x,y), (35)

where we also used that G, = (@__) . The dissipation kernel

Da(e,y) = 5 [Graloy) = G (ay) G (w9) + G s ()] (36)

On general grounds, the real and imaginary parts of the influence action can be associated with the dissipation and
noise, respectively, and can be related by some integral equation known as the fluctuation-dissipation relation. As we
shall see, the dissipation will be present in the generalized Langevin-like equation of motion for the internal degrees of
freedom of the particle, and the noise kernel will be relevant in defining the correlation function for the noise source.

B. Owur model

We will now consider, as we have done in Sec. IIC, an infinitesimally thin plate occupying the plane z3 = 0,
formed by a set of uncoupled harmonic oscillators of frequency 2, each of them interacting locally in position with
the vacuum field with a coupling constant A\. We have already found the CTP expression for the effective potential
in a previous work: [15]

1 1w (po+2)
VCTP( _ _ dp —ip“(x“—y“))ﬁ pg—Qz—He 18 37
S T iwo(po—2) 1 : (37)

Q pe—Q2—ie

The same kind of reasoning applies to the current j(z). We now want it to describe a particle moving in the
direction x1, describing a trajectory z(t), at a fixed distance a from the plate. That is, its macroscopic coordinates are
given by z#(t) = (2(¢),0,a,t), and are kept fixed by an external source. On the other hand, we describe its internal
degree of freedom as an uni-dimensional harmonic oscillator ¢(t) of frequency wq. This is the variable whose dynamics
we now wish to study. So we have:

J(@) = gq(t)d (21 — 2(1))0(22)d (x5 — a) , (38)

where g is the coupling constant between the vacuum and the internal degree of freedom of the particle. Now, as the
classic trajectory z(t) is macroscopic and externally fixed, we might assume that it remains the same in the different
branches of the CTP integral. That is, we will from now on assume that 2 (¢) = 27 (t), where 2 (¢) is the classical
function z(t) integrated over the contour Cx. This means that:



With these specific considerations, we can define, for N = Ny + No:
N(t—t) = g / dxdx'6(z1 — 2(t))0(x2)d(z3 — a)N(z — 2")o(x) — 2(t'))d(xh)d(25) (39)
and an analogous expression is obtained for D = Dy + Ds.

Within this model, we can write explicit expressions for Dy, Dy, N7 and Ns as integrals in momentum space. If
the trajectory is z(t) = vt for constant v, then:

d4p ,L’e—i(po—vpl)(t—t')
D t—t’:22@t—t’R/ , 40
1( ) 9°6( )Re (2m)4 p2 — p? — p% — p2 +ie (40)
d4p ie—i(Po—ﬂpl)(t—tl)
Ny(t—t :2921m/ —, 41
e =t) (2m)* p§ — pT — p3 — pj +ie ()
/\292 d3p 1 e*i(pgfvpl)(tft')Jriia\/pgfpffpgﬁﬁ'e
D t—t’:—@t—t’Re/ y y , 42
ot =) =0l =F) (27)% p§ — Q2 +de pg — pi —p3 +ie )
2 2 3 1 i(po—vp1)(t—t')+2iar/pg —p? —p3+ie
N2(t—t/):/\glm/ dp32 2 —Z 2 2 20-1 —. (43)
2 (2m)3 p§ — Q22 + e P — pi — p5 + e
Therefore, the influence action for the moving particle in front of a dielectric plate is given, formally, by
S™let,q7] = /dtdt' [iAq(t)N(t,t)Aq(t') + 2Aq(t)D(t, ') Sq(t)] - (44)

C. Real and causal equations of motion

From Secs. III and IIIB, it is easy to see that the (CTP) influence action has a real part, generated by the
dissipation kernels D; and Ds, and an imaginary part, generated by the noise kernels N7 and N5. In order to obtain

the real and causal equations of motion for ¢(t), we must functionally derive S[g*,q~] = So[¢"] — S([)q_] +S% g, q7]
with respect to ¢, and set ¢t = ¢~ = ¢q. However, this procedure would lead us to the equations for the mean value
of ¢(t), and the stochastic effect of the noise would not appear.

In order to see the influence of the noise on the equations of motion, it is necessary to consider a realization of the
noise over the system, considering an stochastic source of noise £(¢). Following the well-known procedure for open
quantum systems, we consider this stochastic force to have a Gaussian probability distribution given by:

PlE(t)] = Ne exp{; / dtdt’g(t)Nl(t,t’)g(t’)} . (45)

It is easy to see that the inclusion of this stochastic source can be performed by adding to the generating functional
the factor

/DfP[f]e’ifthq(t)g(t) — eifdtdt'Aq(t)N(t,t’)Aq(t/) 7 (46)

which, as it is shown in the RHS of the last equation, leaves the generating functional unaltered. The modified
influence action is, then

™", g7, =2 / dtdt' Aq(t) D(t,t)2q(t') — /thfJ(t)é(t) : (47)
And the equation of motion will be given by:

) (So[qﬂ — Solg™]+ S™[gt,q7, E])
oqt

qt=q==q
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The result is:
() + wBa(t) + / dE'D(t, )q(t') = £(t), (49)

where it is easy to see that the dissipation on the system comes from the kernel D(t,t'), and the fluctuations are
generated by the stochastic force £(¢), that must fulfill, according to Eq. (45):

{€(t) =0
(E0EH) = N(t, 1)

This is a generalized Langevin equation, with classical noise ¢ and dissipation, that satisfies the fluctuation-
dissipation theorem. Each part of the environment that we include leads to a further dissipative term on the left-hand
side of Eq.(49) (i.e. D; and Ds as we named before) with a countervailing noise term on the right-hand side. Of
course it is very difficult to solve this stochastic equation analytically. It is difficult to imagine an ab initio derivation
of the dissipative and noise terms from the full quantum theory. In this sense, a reasonable alternative is to ana-
lyze phenomenological stochastic equations numerically and check the robustness of the predictions against different
choices of the dissipative kernels and of the type of noise.

IV. DECOHERENCE OF THE PARTICLE’S INTERNAL DEGREES OF FREEDOM

The absence of quantum interference between the stationary phase solutions to the classical stochastic equations,
q(t), is manifested through the increasing decay of the non-diagonal terms of the reduced density matriz p[q*, ¢, ].
This leads to the crucial notion of a decoherence time ¢p, after which p (or, more exactly, its real part) is effectively
diagonal. Eq. (49) is the classical stochastic equation that we are looking for but, as it stands, is only guaranteed to
describe classical degrees of freedom gclass(t) after decoherence (see in another context Refs. [19, 20]).

The notion of consistent histories provides an alternative approach to classicality, opposed to trying to solve the
master equation, and it is normally used in open quantum systems. Quantum evolution can be considered as a
coherent superposition of fine-grained histories. Since we need to be able to distinguish different classical system
configurations evolving in time, we work in the basis of amplitudes ¢(¢). If one defines the c-number ¢(t) as specifying
a fine-grained history, the quantum amplitude for that history is ¥ ~ e59 (we work in units in which z = 1) [21]. In
the quantum open system approach that we have adopted here, we are concerned with coarse-grained histories

¥la) = [ Dyestialg), (50)

where «[q] is the filter function that defines the coarse-graining. In the first instance this filtering corresponds to
tracing over all the degrees of freedom of the composite environment. From this we define the decoherence functional
for two coarse-grained histories as

Dla™,a” ] = /Dq+Dq_ei(S[q+]_S[q7])a+[q+]a_[q_]. (51)

Dlat, a’] does not factorize because the histories g* are not independent. Decoherence means physically that the
different coarse-graining histories making up the full quantum evolution acquire individual reality, and may therefore
be assigned definite probabilities in the classical sense. A necessary and sufficient condition for the validity of the
sum rules of probability theory (i.e. no quantum interference terms) is [22]

ReD[at,a”] =~ 0, (52)

when ot # o, (although in most cases the stronger condition D[a™, a~] & 0 holds) [23]. Such histories are consistent
[24].

For our particular application, we wish to consider as a single coarse-grained history all those fine-grained ones
where the solution ¢(t) remains close to a prescribed classical configuration ¢.. The filter function takes the form
aalg) = [DJel S a=a1q,[J].Using that Jq = [ dzJ(x)g[z], we may write the decoherence functional between two
classical histories in terms of the closed-path-time generating functional. In principle, we can examine adjacent general
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classical solutions for their consistency but, in practice, it is simpler to restrict ourselves to particular solutions g%,
according to the nature of the decoherence that we are studying. All in all, the decoherence functional results in

Dl qal = Flag. 4z, (53)

where F[q, q_] is the Feynman-Vernon influence functional (IF) [25]. The influence functional is written in terms of
the influence action S™[¢T,¢7] as F = exp[—iS']. As a result,

IDlag, aq]l ~ exp{ilmS™ [¢f. 431}, (54)

where S™ is the contribution to the action due to the, in our case, composite environment. From this viewpoint,
once we have chosen the classical solutions of interest, adjacent histories become consistent at the time tp, for which
1 ~ ImS™|;—;, [21]. This decoherence time will become relevant in any Ramsey interferometry experiment [13]. For
times larger than tp, the Ramsey fringes will no longer be distinguishable, expressing the depolarization of the atom.

A. Imaginary part of SIF

Let us recall the expression for Ny (¢,t') given by Eq. (30), and consider two classical trajectories g (t) with different
amplitudes but the same frequency.
Aga(t) = Agp cos(wot). (55)

So we can write an expression for the imaginary part of the influence action for the particle in presence of the
vacuum field (ignoring the plate), as:

27,2
P —— Ao Im/dpodp 5 ! . /dtdt’ei(m*”?ﬁ“’“)(t*t')+/dtdt’ei(m*vmwo><t7t’>+
4 (2m)* pi — p? +ie

+ /dtdt/ei(m_7’7’1+W0)(t+t/) +/dtdt/ei(po_”pl_w‘))(t"'t/)}_

All the temporal integrations result in Dirac delta functions. The last two terms vanish because the resulting deltas
cannot be fulfilled simultaneously. From each non-vanishing term, an infinite §(0) is obtaining, accounting for the
total time of integration T (time of flight of the particle). Thus the integrals over py can trivially be performed, and
the remaining terms are:

—g?Ag?T dpodp § — wy)d
ImSIF = e TR / Do g’ (po + vp1 2w9)2(170'+vp1 +w0)' (56)
4 (2m) pg — P* + i€
Now, if we take the limit ¢ — 0, then:
1 . 2 2
————— = pVv|—5—= | —imd (p; — P 57
Py — pjf + e (p%—pQ) (po = ") (57)
where p.v denotes the Cauchy principal value. So we have:
—g?A@T [ dpod
TS = <L [ TSR 15 o+ v —n) + 6 o+ o + )] 8 (15— 7). (59)

Let us now consider the case in 2 + 1 dimensions, setting ps = 0 (z2 is the direction with translational symmetry),
then, integrating over py, we have:

19> AggT / dp1dps

ImS{F = 1 5
™

[6 ((—vp1 +wo)® — (P 4 p3)) + 6 ((vp1 +wo)® — (pT +p3))] (59)

and, assuming the d-functions as functions of p3, we have four terms:

ImS {F =

7g?AGT / dpydps | 9 (p3 —/(v2 = 1)p? £ 2woup; + w(%) . J (p3 + v/ (v2 = 1)p} £ 2woup; + wg)
4 27 2¢/(v2 — 1)p? £ 2woup; + w2 2¢/(v2 — 1)p? £ 2woup; + w2
(60)
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Since the integration is over the real values of p3, the integral of these d-functions can only be non-vanishing if the
squared root is a real number. It is easy to see, by looking carefully at the argument of the squared root, that the
”4” terms can only be non-zero if:

—Wo wo
61
1+v 1—wv (61)
and the ”—” terms are non-vanishing only if:
—Wwo wWo
62
1—-wv 1+v (62)

So that we can write the remaining integral over a bounded set of p;:

w,

2AGT 1 o 1
st = £20T | [T g, : 4 [ 2 ot I
32m w0 V(@2 = Dpf + 2weupr +0 S V(02 = Dpf — 2woups + o
Now the integrands are of the form (—a(p; £b)?)~/2+¢, with a = (1 —v?), b = 2% and ¢ = 1fi2. Thus, we have

to take carefully the limit when p; tends to the integration boundaries, and we ﬁnd that the result of each integral is
ﬁ, which means that:

PAGT

ImSF = 2 —40%
L 16v1 — 02

(64)

B. Imaginary part of SiF

Let us recall the expression for Ny (t,t') given by Eq. (35), and consider two classical trajectories ¢(t) with different
amplitudes but the same frequency.

Aga(t) = Agqp cos(wpt) (65)

By inserting these results in Eq. (16), we are able to write an expression for the imaginary part of the action of
influence, given by:

92)\27T2Aq81 / dpodp| (2 /pg—p] +ie
= ——— 1IN

ImS5" = 5 3 { / dtdt’ el Po=vprtwo)(t=t) | / dtdt’ el Po—vpr—wo)(t=t) 4

(2m)3 (p§ — pi +i€)(p — 9 + e

/dtdt/ i(po—vp1+wo) (t-+t") /dtdt' i(po—wvp1—wo) (t+t’ )}

Following the same procedure than before, we find,

22 N2 \2T d 2ia /(vp1—wo)? —pf +ie
ImS5¥ = g 2q0 Im/( Pl €

2m)2 ((vp1 — wo)? — p? +i€) ((vp1 — wo)? — Q2 + i)

+ wp < —Wwop. (66)
We will now consider, again, the case of 2 + 1 dimensions, setting p, = 0. By changing variables k = vp;, we have:

ImS3F = +wp > —wp . (67)

T, W

o / )+ i€)(A(k) + ic)
Here P(k) = (k — wp)?v? — k% and A(k) = (k — wp)? — Q2. We will begin by considering the first term. If P(k) had
a definite sign, we could get rid of the ie accompanying it. Since P(k) has two real roots, located at ky = 2 and

. . . . 14v
k_ = —72% we will consider three different regions:

VWo
I P(k
m- = (k) <0
VW VWo
1I — P
(I = 1—w 14w (k) >0
(1) » k< ——0 P(k) <0

1—w
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Now, within each region, P(k) has a definite sign, and the limit e — 0 can be taken on the terms involoving P(k).

On the other hand, the integrand will have two poles associated with the zeros of A(k), which are located at
k1 =wo+ Q and ke = wg — Q. Tt is easy to see that ky is always located in region (IIT), and that ko could be on any
region, depending on the values of the external parameters of the problem: v, wy and . With a little algebra, we
find that ko is on region (II) if and only if:

wo Wo

Q . 68
1+ s 1—wv (68)
This condition is important in order to explicitly calculate the integrals.
Let us start computing the integral over region (IT). In order to do so, we will have in mind that, when ¢ — 0:
LN L) irs (k) (69)
_ Vol —— | —im
Ak) +ie PV \A®)

and, since P(k) > 0 on this region, we may write:
29 29 29
exp (za P(k)) = Cos (za P(k)) + isin (za P(k)) .
v v v

If the condition (68) is fulfilled, then A(k) will have a zero in the integration region, and J(A(k)) will be nonzero.
We will have two terms contributing to the imaginary part of the effective action. The first one will be:

v €08 | 224/Q20% — (wo — Q)2
I (A(K) = 15 [Q%Q o ;)2 } (70)

where we have inserted the explicit expressions for P(k2) and |A’(k2)|. The other term is:

o [k sin(2e\/P(k)
or J (P<k> )p‘“<A<1k>> i

Now, if the condition (68) is not satisfied, then there the integrand has no poles on the integration region, and we can
take ¢ — 0 everywhere. This results in one term contributing to the imaginary part of the effective action:

v kT sin 2;—“ P(k)
- /k dkgw(k)) (72)

Let us now compute the integral over regions (I) and (III). Since on this region P(k) < 0, we may write:

I k_ " +oo e—%—?‘/—P(k) 1 -
3
m /_Oo +/,€+ PR VAR + e (73)
—_———

eR

and, when we take ¢ — 0, the only contributions to the imaginary part will come from the —imd term. The only
remaining question is how many zeros does A(k) have on the integration region. As we already said, k; is always on
region (III), so we will always have a contribution coming from kq, that is:

v e—zq—f\/(wo—kﬂ)z—szZ
40 (wo + Q)2 — Q202

(74)

And, when the condition (68) is not fulfilled, then k2 is also on region (I) or on region (III), so we will have an extra
contribution of the form:

o o2 e
40 (wg — Q)2 — Q202

(75)
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So far, we have computed the result of the first term on Eq. (66). The procedure for computing the second term is
completely analogous, so we are now in a position to write the result for the imaginary part of the action of influence.
We define:

s 1 /fi% " sin[22 \/(k wp)?v? — k2] 1/1M% " sin[22 \/(k:—i—wo) — k2]
P om e T (b — wo)0? — R2)((k - w0)2 - ) —o (R +wo)?v? = R2)((k 4 wo)? — 02)
T o sy o BT o e
—° 4= (76)
2Q (wo + )2 —v2Q2  2Q (wg — Q)% — 0202
and
1 [ sin[22/(k — wo) — k2] 1 1 cos[2%/v2Q% — (wy — Q)?]
S2= o dk z PV 2_ )2 20)2 2
2m ) _veo (k—wp)?v? —k (k—wo)2—Q2) 20 0202 — (wo — Q)
L[ sin[2e/(k T wo)%? — K2 1 1 ¥ Vlot®?-via
tom | L dk [ /(b + o) - ]p 5 S (77)
2 (k +wp)2v? -k (k —wp)?2+Q 20 (wo + Q)2 —12Q

where the remaining integrals over k can be performed numerically. The imaginary part of the action of influence is
then given by

22AGNTY (S if Q < —2 or <
IF 40 1 1+v 1+v
ImS5" = 72 {82 i 1+v 2a< 1+U . (78)

C. Estimation of the decoherence time

We are now in a position to estimate the decoherence time for the particle. The total imaginary part of the action
of influence (up to second order in M) is:

2AGET 1 S 1fQ<—w°or <0
ISIF:g 4y 20 1 1+v 79
m 9 8/1702+ Sy if 1+U<Q<1+v (79)

Now, as we have detailed on the beginning of this Section, the decoherence time can be estimated by the time of
flight of the particle when ImS™ ~ 1, so that:

2 1

t ~
D P2 Ag? 1 )2 S if Q< - or <Q
Viw TAV S i << e

(80)

where S; and Sy are defined in Eq. (76) and (77) respectively. After numerically performing these integrals, we are
in a position to plot, in Fig. 3 (a), the estimation of the decoherence time as a function of the velocity of the particle,
for different values of the coupling constant between the plate and the vacuum, A. There is a global factor A = ﬁ,
that shows that the decoherence time is reduced for larger values of the coupling constant between the particle and
the vacuum field, and for larger difference in the amplitudes of the classical trajectories under consideration.

Now, as can be seen in Fig. 3 (a), the presence of the plate reduces the decoherence time, but only for non-
vanishing relative velocity. For a particle that is at rest or moving at very small velocities with respect to the plate,
the decoherence time is not reduced, even for greater values of the coupling constant between the plate and the
vacuum field (and hence stronger interaction between the particle and the plate, mediated by the vacuum field). Now,
for non-vanishing velocities, the decoherence of the particle is greater the stronger the coupling between the plate and
the vacuum field. ~

In Fig. 3 (b), tp is shown as a function of the plate’s characteristic dimensionless frequency (2, for different values
of its macroscopic velocity v. In the graphic, a clear minimum appears for every value of v, and it is located in
Q) = 0.03 = @y. This means that the decoherence is maximal in the resonant case, hence makmg the decoherece time
vanish. Far from the resonance, that is, for values of Q >> wy (or the opposite limit when possible), the decoherence
time tends to the limiting value that corresponds to the case A = 0 (the case with no plate).

From the results shown above, we can see that, in this simple model, the presence of the plate enhances the
decoherence over the particle. The decoherence effects can be maximized by an appropiate choice of the atom’s
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FIG. 3. Estimation of the decoherence time, in units of a global factor A = as a function of (a) the relative velocity v

2 _
g2Aq(2) )

and (b) the dimensionless material frequency Q, for @y = 0.03.

fine-grained history (Agqq the classical amplitud difference in our example) and the plate’s material (for a relation
between the A(w) function of the material and its dielectric permitivity e(w), see Ref. [26]). As it has already been
discussed [11], the decoherence effects given solely by the vacuum field are neglectable. The coupling between any
neutral atom and the vacuum field is very weak, resulting in an almost infinite decoherence time. However, from our
results it can be seen that, by carefully choosing the plate’s material (i.e., close to the resonance in Fig. 3 (b) ), the
decoherence time could be drastically reduced. We also show that the relative velocity contributes to the enhancing
of the decoherence effects.

V. CONCLUSIONS

In this paper we have used a functional approach to study the effects of quantum vacuum fluctuations on a particle
moving parallel to an imperfect mirror. We have presented a simple model in which the vacuum field is a massless,
real, scalar field coupled to the microscopic degrees of freedom of the mirror and the internal degree of freedom of the
particle. In our simple model, the plate is formed by uncoupled unidimensional harmonic oscillators, each of them
interacting locally in position with the vacuum field. The macroscopic trajectory of the particle was externally fixed,
and its internal degree of freedom was also an unidimensional harmonic oscillator, also coupled in position with the
scalar field, resulting in a dipole-like interaction.

We first studied the dissipative effects over the system. In order to do that, we followed the same approach we
had used in our previous work [15]: we calculate the in-out effective action for the whole system, which presented an
imaginary part that accounted for the non-vanishing probability of decay of the system’s initial state due to friction.
We found that these dissipative effects depended on the relative velocity between the particle and the mirror, and on
the characteristic of the materials. We also found that, within our simple model, the imaginary part of the effective
action for a particle moving in front of a mirror is the same as the imaginary part of the effective action per unit of
area for two mirrors in parallel relative motion [15].

Then, we switched to the Schiwinger-Keldysh or CTP formalism in order to study the decoherence suffered by the
particle due to its interaction with the vacuum field fluctuations, and its effective (mediated by the vacuum field)
interaction with the mirror. We calculated the CTP effective action describing the influence of the vacuum field and
the microscopic degrees of freedom of the mirror over the internal degree of freedom of the particle. This action of
influence allowed us to estimate the decoherence time, in which two different quantum states for the particle could
no longer be distinguished from one another. We found the decoherence time to decrease with the presence of the
mirror, and to be minimized when the characteristic frequencies of the mirror and the particle are the same (resonant
case). We also found that the relative velocity between the mirror and the plate increases the decoherence, as does the
increasing of any of the coupling constants. We expect that in a Ramsey-like interference experiment, the parameters
of our model could be chosen in a way that would maximize the decoherence effects. As we have modeled the atom
as the lowest energy levels of a harmonic oscillator, it is possible to choose its characteristic frequency close to the
resonance with the plate. In addition, with a non-vanishing relative velocity, we expect decoherence effects to be
observed by means of the attenuation of the contrast in the Ramsey fringes.
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