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We study thermal transport in strongly disordered, strongly interacting quantum field theories
without quasiparticles using gauge-gravity duality. We analyze linear perturbations of black holes
with broken translational symmetry in Einstein-Maxwell-dilaton theories of gravity. Using general
geometric arguments in the bulk, we derive bounds on thermal conductivity for the dual disordered
field theories in one and two spatial dimensions. In the latter case, the thermal conductivity is
always non-zero at finite temperature, so long as the dilaton potential is bounded from below.
Hence, generic holographic models make non-trivial predictions about the thermal conductivity in
a strongly disordered, strongly coupled metal in two spatial dimensions.

Introduction.— One of the most dramatic and unique
consequences of quantum mechanics is the localization of
electronic wave functions in disordered systems [1], which
leads to exponentially suppressed thermal (and electrical)
conductivity in non-interacting theories at finite temper-
ature [2]. In recent years, there has been an intense ef-
fort to study whether localization extends to interacting
theories [3]. Under many circumstances, at least in one
spatial dimension [4-6], this has been shown to be the
case, and the resulting phase is coined many-body lo-
calization. It is of great interest to understand whether
this phenomenon persists in strongly interacting quan-
tum systems in higher dimensions.

One of the only analytical techniques to study higher
dimensional strongly coupled systems is gauge-gravity
duality [7-9]. In particular, finite temperature computa-
tions become tractable. In the past few years, numerous
holographic models with heuristic “mean field” approx-
imations to disorder have conjectured (perhaps inadver-
tently) that the simplest holographic models are ther-
mal conductors at all disorder strengths, in two or more
spatial dimensions [10-13]. Such models correctly ap-
proximate weak disorder [14-16], as the theories are in
a hydrodynamic regime. Numerical work on holographic
thermal transport [17-19] has also been performed by
explicitly constructing disordered black holes [20, 21].
What remains an open question is whether mean field
results are also sensible when disorder is strong.

Recently, the tools to analytically address this problem
have been developed. Firstly, the computation of thermal
DC conductivity has been reduced to a hydrodynamics
problem for an “artificial” fluid on the black hole horizon
[22, 23]. Secondly, a general hydrodynamic framework
has been developed which can provide non-perturbative
bounds on transport coefficients [24]. Recently, these for-
malisms have been combined to prove that the DC elec-
trical conductivity of Einstein-Maxwell holographic mod-
els in two spatial (boundary) dimensions is strictly finite
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[25], so long as the black hole horizon is connected. The
goal of this letter is to obtain similar results for the ther-
mal conductivity of disordered Einstein-Maxwell-dilaton
(EMD) holographic models.

Results.— We bound the thermal conductivity « of a
relativistic (at high energies) theory dual to a disordered
black hole in EMD gravity in d+2 spacetime dimensions,
for d = 1,2. These holographic models are dual to field
theories at finite density and temperature, deformed by a
charge-neutral relevant scalar operator. The dual theory
is sourced by arbitrarily strong disorder, so long as in the
bulk, the horizon remains connected. Assuming isotropy
on long length scales, k is defined as

_ Qe
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where @, is the heat current, J, is the charge current,
and —0,T is an externally imposed uniform tempera-
ture gradient. Note that x is positive by the second
law of thermodynamics, has (relativistic) mass dimension
[k] = [M]9~!, and that it is defined under the bound-
ary condition that no average electric current flows. The
boundary theory is at a uniform temperature 7T'.
Analytically computing bounds on , in d = 1 we find
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where s is the (spatially averaged) entropy density in
the boundary theory, N? is a large prefactor due to the
many degrees of freedom in holographic models, and Viin
denotes the global minimum of the dilaton potential; note
that Vinin < 0 by construction. In d = 2 we find
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Hence, if the dilaton potential is bounded from below, the
(relativistically) dimensionless number x/T is strictly fi-
nite. Such sharp exact results for x have never before
been obtained in higher dimensions in a theory where
(generic) disorder and interactions are both treated non-
perturbatively at finite temperature and density. Hence-
forth, we work in units where h = kg = ¢ = 1.
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Let us briefly compare (3) with our previous result
[25] showing that in d = 2, o is strictly finite in Einstein-
Maxwell models. The bound on o derived in [25] relies
entirely on curious properties of holographic “horizon flu-
ids” governing transport, but not on details of the near-
horizon geometry! Crudely speaking, the horizon fluid is
always a local conductor, and so is necessarily a global
conductor, as is the dual theory. No such local bound
exists for k; the bulk Einstein’s equations play an essen-
tial role in enforcing the bound (3). For this reason, it
is much more subtle. It is also more powerful: while in
general EMD models o(T) ~ T? can be either metallic
(p < 0) or insulating (p > 0) [18, 26-28], we show that
many EMD models are never better thermal insulators
than naive dimensional analysis predicts. Many mod-
els with IR hyperscaling-violating exponent 6 > 0 have
Vinin > —00 [29]; for these models (3) is non-trivial.

Our result (3) in d = 2 is reminiscent of the pro-
posal for “incoherent” metallic transport presented in
[30], whereby a metal with badly broken translational
invariance may remain a conductor of thermal (and elec-
tric) currents. The incoherent metal was proposed as a
conceptual framework to understand how a strongly in-
teracting system, such as the strange metal phase of the
high-T, superconductors [31], remains a conductor even
when disorder is strong enough to destroy the Drude
peak. In an incoherent metal, transport is diffusion-
limited, and remains finite even with strong disorder.
This phenomenon is challenging to realize using tra-
ditional condensed matter approaches, as interaction
strength and disorder strength cannot both be treated
non-perturbatively. Mean field holographic approaches
have recovered incoherent thermal transport before [13].
Our results demonstrate that generic disordered holo-
graphic models can realize incoherent thermal transport.

Evidence for hydrodynamic electronic flow in a
strongly coupled metal has emerged in experiments on
clean graphene [32, 33]. However, this hydrodynamic be-
havior is limited by disorder in real systems, and the
possibility for holography to capture transport physics
beyond the hydrodynamic limit of [33] is intriguing. Our
qualitative bound x/7T" 2 constant in d = 2 may therefore
be relevant to “messier” materials. It also is interesting
to extend these ideas to transport at finite frequency and
magnetic field [34-42].

Returning to our opening question of whether holo-
graphic models may realize a many-body localized state,
our work rules this out under a broad set of circum-
stances: /T is bounded, regardless of disorder strength,
and not vanishing with increasing disorder. Indeed, it
appears likely that the only possible holographic model
of localization contains black holes with horizons of dis-
connected topologies. Although some progress has been
made in this direction [43-45], this phenomenon has
not been shown to be generic, nor are the properties of
such holographic models well understood. Hence, fur-
ther analyses and constructions of such fragmented black
holes remain an interesting and important direction for

future work.

Dirty Black Holes.— We now present the details of
our derivation of the bounds (2) and (3) on the thermal
conductivity k. We will consider a family of theories dual
to EMD holographic models, for which the Lagrangian is
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with A = —d(d+1)/2¢? a negative cosmological constant.
Here @ is the scalar dilaton and F' is the Maxwell tensor
for a U(1) gauge field. The prefactor N? defined previ-
ously is N2 = (2/16rGNn. We assume Z(® = 0) = 1
and V(® = 0) = 0; Vin as defined previously is
Vinin = ming (V(®)), which is assumed to be finite, i.e.
the dilaton potential is everywhere bounded from below.
We have set 16nGny = 1, and will also set e = ¢ = 1
henceforth [46].

It is most convenient to consider static background
black hole geometries in Gaussian normal coordinates:

ds? = —f(r,x)2dt? + dr? + Gy (r,x)dz'd2?,  (5)

with a connected black hole horizon at » = 0 [47]. The
coordinate r denotes the holographic radial direction (r
increases towards the boundary, which we take to be
asymptotically AdS), and (¢,x) are boundary theory di-
rections. The (uniform) temperature of the black hole
horizon is T', which is also the temperature of the dual
field theory. This follows from the zeroth law of black
hole thermodynamics and is true for any amount of dis-
order. Assuming a smooth horizon, we can constrain the
near-horizon expansion of f and G (see e.g. [48]):

flr,x) =27Tr+ @ﬁ—kw , (6a)
Gustr) =700 + 82 4 (o)

2

A d-dimensional diffeomorphism symmetry =; — X;(z;)
is still remaining, and we may use this to our advantage.
The dilaton admits the near-horizon expansion

®(r,x) = ¢(x) + - (7)
and the Maxwell field
A= (7TQr* +---)dt (8)

Although our choice of radial coordinate is a bit different
than what is used in [23], since this metric obeys all gen-
eral constraints demanded in their paper, we may still
use their results in our new coordinate system. We as-
sume our boundary theory and black hole horizon have
topology T?, and so we can introduce normalized spatial
averaging over the horizon, which we denote by

Elo] = %/ddx o. 9)

In the above definition, we have not included a factor
of the induced horizon metric. This convention follows



[25]. The boundary spatial torus has a length L in each
direction, and spatial metric d;;, for simplicity.

The requirement that the Ricci scalar curvature of the
induced horizon metric be non-singular implies that the
extrinsic curvature of the horizon must vanish. As a re-
sult, the horizon is the hypersurface (at constant ¢) with
minimal area Aype, (see e.g. [49]). In our setup, the black
hole horizon is a d-dimensional hypersurface of topology
T? on a fixed time slice. Let us now consider the hyper-
surface of points lying along the curve r = eR(x), with
R(x) > 0 and ¢ an infinitesimally small positive number.
This hypersurface thus lies just outside of the horizon for
all x and must as a consequence of our above discussion
obey

Apor < Ag. (10)

When ¢ is small, the area Apg is

2
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Note that Ay, is obtained by setting R = 0. Expanding
(11) to leading order in & and using (10) gives
ij Vijhij 2
0<E|/7v|7WOoRI;R+ TR ; (12)
which should hold for all possible choices of R(x) > 0.
The inequality in Eq. (12) allows us to place non-trivial
constraints on the possible h;;, and will play a crucial
role in finding bounds on .
One Dimension.— We begin by considering boundary

theories with one spatial dimension, where it has recently
been shown [23] that given any EMD theory (4):[50]
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In this case, the Gaussian normal coordinates used in (5),
(6) and (7) prove to be particularly convenient. By using
the leading order coeflicients of the t¢ component of Ein-
stein’s equations near the horizon, we find the following:
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By substituting the ansatz R = 1 into the bound (12),
we find

hil)(l)
E|—| >0. 15
) ®
Using s = 47E[,/7] and V' > Vi, directly implies (2).
Two Dimensions.— Let us now consider the thermal
conductivity of a disordered black hole in EMD grav-
ity when d = 2. We assume the black hole geometry

is isotropic (in the boundary spatial directions) on ther-
modynamically large length scales. Following [24, 25], it
is straightforward to derive a variational bound on the
thermal conductivity. [23] showed that the DC trans-
port coefficients may be computed as follows: solve the
following equations

V.I' =V;J" =0, (16a)
L = Z(¢) (Ei — Vip) + (4nT) "1 Z(4)QT;, (16b)
2(9)Q(Vip — E;) + 4w (V:0 = T() =

(ArT)~ 2VIV(; Ty — T'V0Vi¢] . (16¢)

where ¢ and Q are the horizon data defined previously,
covariant derivatives are taken with respect to the in-
duced horizon metric 755, ¢ and © are scalar functions
and E; and (; are an applied electric field and thermal
“drive” (¢; is analogous to —9;logT) in the boundary
theory. The spatially averaged boundary charge and heat
currents are

0
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The Joule heating in the boundary theory is given by

P = Ei‘]ciharge + Cl J}ileat
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as is simple to check by integrating each term in the above
expression by parts, and employing (16) and (17).

We now think of P as a functional of arbitrary cur-
rents Z* and J* which are conserved. If Z and J are the
currents that solve (16) for fixed Jeparge and Jheat, then
writing an arbitrary current as Z = Z+7 and J = 7—|—j
we find that (using that Z and J obey (16))

Pmﬂzpﬁﬂ+P@ﬂ
+E 207 (BT +6T)]. (19)

The last term vanishes if we fix normalization (17). As
(18) is positive definite, we conclude that P > P[Z, J].
Furthermore, the power dissipated in the absence of elec-
tric current is J2.,,/Tx. Hence, if Z and J are trial cur-
rents which are conserved and normalized to Jpeat = 1
and Jenarge = 0, we may employ (18) to find an upper
bound on 1/k. A simple guess for Z and J is

fflﬁ (20)

Vol

It is helpful to use the residual diffeomorphism invari-
ance to fix

I =0,

vij = Bije . (21)



Because of the emergent isotropy of our model, this dif-
feomorphism should not change the length of the spatial
torus in either direction in the thermodynamic limit (we
may add a constant to w to achieve this). Combining our
variational ansatz (20) with the induced horizon metric
choice (21), we obtain the bound

L oL B e (0 + (0" + (0 + 27
= S B[Ry e (0,0) + 2(6)27) (22)

where Rs is the induced Ricci scalar on the horizon:
Ry =—e % (0w + Ojw) . (23)

We now derive an upper bound on E[Rs]. The four
dimensional Ricci scalar Ry in the bulk is given by

Ry =—12+ %(6@)2 + 2V (®), (24)

for any solution of the Einstein’s equations that follow
from the Lagrangian (4). General arguments [48] about
geometries near black hole horizons, independent of the
equations of motion, then allow us to relate R4 to Rs.
At the horizon, i.e. at r =0,

F —w
Ry =Ry — i 2e” % (hag + hyy). (25)

Einstein’s equations at leading order in the near-horizon
expansion then force

P 292
=6+

e “(haz + hyy) = V(8).  (26)
Combining (24), (25) and (26) at » = 0, we obtain

Ry = =64 e “(hyy + hyy)
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Next, we plug the ansatz R(x) = e “®)/2 into (12),
which gives us the inequality

0<E [e—w (% (B,w)? + % (3yw)? + Ry + hyy)] . (28)

Recognizing Ry from Eq. (23) after partial integration
inside (28), we find

E[Ry] < 2E [ (hax + hyy)] - (29)
Combining (27) and (29), along with V' > V,,in, we obtain

E [e7(0:0)% + Z(¢)Q? — Ry
<E[(00)* + Z(¢)Q* — Ro] <122V,  (30)

which can be used in (22) to establish (3). In both d =
1 and d = 2, we may replace Vi by E[V ()], if we
are able to compute this quantity. In particular, even if
V(® — +o00) is unbounded, & is finite so long as ¢ is
finite everywhere at finite 7. There can be no analogue
of many-body localization if V' (¢) is finite on the horizon.

A simple extension of the model we have studied so far
in this paper includes n > 1 scalar fields ®* in d = 2,

The bounds for the theory in (31) are still (2) and (3).

Mean Field Models.— Let us now compare our exact
results with the predictions of “mean field” models of
disorder in holography. A simple model in d = 2 consists
of n = 2 copies of the same scalar field, with Lagrangian
(31), but with V =0 and Z =1 [51, 52]. Choosing the
scalar fields to be ®° = mz*, one finds [11]

dmsT
K=y (32)
me —+

where s is the entropy density and p is the chemical po-
tential. In order for the temperature of the dual theory
to be non-negative,

3
2m? + p? < =s. (33)
7r
As it must, our bound (3) is obeyed, as
47T 2m? 2 _4n’T
p> LI A AT (34)
3 m2 4 p? 3

The fact that mean field models capture the correct be-
havior of k in explicitly disordered models is a pleasing
surprise to us.
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