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Abstract

We study the exclusive semileptonic B-meson decays B — K(m){T¢~, B — K(m)vv, and
B — wrr, computing observables in the Standard model using the recent lattice-QCD results
for the underlying form factors from the Fermilab Lattice and MILC Collaborations. These pro-
cesses provide theoretically clean windows into physics beyond the Standard Model because the
hadronic uncertainties are now under good control for suitably binned observables. For example,
the resulting partially-integrated branching fractions for B — mu™p~ and B — Kputp™ outside the
charmonium resonance region are 1-2¢ higher than the LHCb Collaboration’s recent measurements,
where the theoretical and experimental errors are commensurate. The combined tension is 1.70.
Combining the Standard-Model rates with LHCDb’s measurements yields values for the Cabibbo-
Kobayashi-Maskawa (CKM) matrix elements |V;4| = 7.45(69) x 1073, |V;s| = 35.7(1.5) x 1073, and
|Via/Vis| = 0.201(20), which are compatible with the values obtained from neutral B(,)-meson os-
cillations and have competitive uncertainties. Alternatively, taking the CKM matrix elements from
unitarity, we constrain new-physics contributions at the electroweak scale. The constraints on the
Wilson coefficients Re(Cy) and Re(Chg) from B — wutp~ and B — Kpu™p~ are competitive with
those from B — K*putpu~, and display a 2.00 tension with the Standard Model. Our predictions
for B — K(m)vv and B — wrv are close to the current experimental limits.
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I. INTRODUCTION AND MOTIVATION

The experimental high-energy physics community is searching for virtual effects of new
heavy particles that would give rise to deviations from Standard-Model predictions via a
broad range of precision measurements [1]. Because the masses and couplings of the new
particles are not known a priori, indirect searches are being pursued in many areas of particle
physics, including the charged-lepton sector [2], the Higgs sector [3], and the quark-flavor
sector [4]. Within heavy-quark physics, B-meson semileptonic decays provide numerous
observables such as decay rates, angular distributions, and asymmetries that are expected
to be sensitive to different new-physics scenarios. For example, the rare decays B — K{T/(~,
B — Kvi, B — w/™{~, and B — wvv proceed via b — s and b — d flavor-changing neutral
currents (FCNCs) and are sensitive to the effects of new heavy particles that can arise in
a wide range of models. These include supersymmetry [5-8|, leptoquarks [9-11], and a
fourth generation [12]; models with flavor-changing Z’ gauge bosons [13-20]; and models
with extended [5, 21-25] or composite [10] Higgs sectors. Decays to 7-lepton final states
such as B — wrv are especially sensitive to charged scalars that couple preferentially to
heavier particles [26-31], such as those that occur in two-Higgs-doublet models. Tree-level
CKM-favored b — u charged-current processes can be modified due to the presence of new
right-handed currents [32-34]. If deviations from the Standard Model are observed in B-
meson semileptonic decays, correlations between measurements can provide information on
the underlying masses and couplings of the new-physics scenario that is realized in Nature.
(See, e.g., Refs. [35, 36] for recent reviews.)

Several tensions between theory and experiment have recently been observed in B-
meson semileptonic decays. The BaBar experiment found excesses in both R(D) =
B(B — Dtv)/B(B — Dlv) and R(D*) = B(B — D*rv)/B(B — D*(v) with a com-
bined significance of 3.40 [37, 38]. These results were subsequently confirmed by Belle [39]
and LHCb [40], albeit with somewhat lower significance; a recent HFAG average of these
measurements quotes a combined significance of 3.90 [41]. The LHCb experiment recently
reported a measurement of the ratio of BY — Ktutu~ over Bt — KTete™ branching
fractions (denoted R}’ below) in the range 1 GeV? < ¢? < 6 GeV? that is 2.60 lower than
Standard-Model expectations [42]. The Standard-Model predictions for the B — Kyt~
differential decay rates are slightly, but systematically, higher than experimental measure-
ments by LHCb [43-45]. Discrepancies of 2-30 between theory and experiment have also
been observed for several B — K*¢{ angular observables [46, 47]. The long-standing ~ 30
tensions between determinations of the CKM matrix elements |V, and |V,;| obtained from
inclusive and exclusive tree-level semileptonic B-meson decays were recently confirmed with
a new high-precision lattice-QCD calculation of the B — mfv form factors [48], the first
unquenched lattice-QCD calculations of the B — D/v form factors at nonzero recoil [49, 50,
and the first unquenched lattice-QCD calculation of the ratio of A, — plv to Ay — A v
form factors [51].!

Experimental progress on B-meson semileptonic decays has also been, and will continue
to be, significant. The LHCb experiment recently announced the first measurement of the
Bt — wtutu~ differential decay rate [55], as well as for the ratio of Bt — 7tutu™ to
BT — K*u"pu~ rates. This enables a more stringent test of the Standard Model via com-
parison of the shape to the theoretical prediction. The Belle experiment recently presented

I Note, however, that the Belle experiment’s preliminary measurement of the B — D/ differential decay
rate [52], when combined with lattice-QCD form-factor calculations [49, 50], yields a value of |Vg| [53]

that is in better agreement with the inclusive determination [54].
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an upper limit on the total rate for B® — 7~ 7v decay [56] from their first search for this
process that is less than an order-of-magnitude above that of the Standard-Model predic-
tion. The upcoming Belle IT experiment expects to observe B — m7v and other heretofore
unseen processes such as BY — 7%vi [57]. (The charged counterpart BT — wtvi is part
of the analysis chain BT — 71y, 77 — 770 [58-61].) Given the several observed tensions
in semileptonic B-meson decays enumerated above and the recent and anticipated improve-
ment in experimental measurements, it is important and timely to critically examine the
assumptions entering the Standard-Model predictions for semileptonic B-decay observables
and to provide reliable estimates of the theoretical uncertainties.

The Fermilab Lattice and MILC Collaborations (Fermilab/MILC) recently completed
calculations of the form factors for B — K [62] and B — 7 [48, 63] transitions with
lattice QCD using ensembles of gauge configurations with three dynamical quark flavors.
For B — K, the errors are commensurate with earlier lattice-QCD results [64]. For B — ,
the results of Refs. [48, 63] are the most precise form factors to-date, with errors less than
half the size of previous ones [65, 66]. Reference [48] also contains a joint fit of lattice-QCD
form factors with experimental measurements of the differential decay rate from BaBar and
Belle [67-70] to obtain the most precise exclusive determination to-date of the CKM matrix
element |V,;| = 3.72(16) x 1073. This fit also improves the determination of the vector and
scalar form factors f, and fp, compared to those from lattice-QCD alone, provided that new
physics does not contribute significantly to tree-level B — 7lv (¢ = e, u) transitions.

Given the landscape of quark-flavor physics described above, it is timely to use the
form factors from Refs. [48, 62, 63] to obtain Standard-Model predictions for various B-
meson semileptonic-decay observables. (For brevity, the rest of this paper refers to these
results as the “Fermilab/MILC form factors.”) The new ab initio QCD information on
the hadronic matrix elements allows us to obtain theoretical predictions of the observables
with fewer assumptions than previously possible. In this work, we consider the processes
B — K(*¢~, B— Kviv, B— wlt¢{~, B — wvv, and B — wrv. We present the following
observables: differential decay rates, asymmetries, combinations of B — m and B — K
observables, and lepton-universality-violating ratios. For partially integrated quantities, we
include the correlations between bins of momentum transfer ¢>. Where possible, we make
comparisons with existing experimental measurements. We also combine our predictions for
the B — K(m)¢*¢~ Standard-Model rates with the most recent experimental measurements
to constrain the associated combinations of CKM matrix elements |V V|, |V V|, and
|Via/Vis|. For the B — 7 vector and scalar form factors, we use the more precise Standard-
Model determinations, which use experimental shape information from B — wfv decay.

We do not consider B — K™ processes in this paper, although there is extensive exper-
imental and theoretical work. Lattice-QCD calculations of the hadronic form factors are
available [44, 71], albeit without complete accounting for the K* — K decay [72]. The
phenomenology of these processes [73-79] often assumes various relations deduced from fla-
vor symmetries. Here we use the B — K and B — 7 form factors obtained directly from
lattice QCD [48, 62, 63] to test some of the symmetry relations employed in the literature.

The semileptonic form factors suffice to parametrize the factorizable hadronic contribu-
tions to B — m and B — K decays in all extensions of the Standard Model. New heavy
particles above the electroweak scale only modify the short-distance Wilson coefficients of
the effective Hamiltonian [80-83]. Here we use the Fermilab/MILC form factors to obtain
model-independent constraints on the Wilson coefficients for the effective operators that
govern b — d(s) FCNC transitions. To facilitate the use of these form factors for additional
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phenomenological studies, the original papers [48, 62, 63] provided complete parametriza-
tions of the B — m and B — K form factors as coefficients of the z expansions and their
correlations. To enable the combined analysis of both modes, this paper supplements that
information by providing the correlations between the B — 7 and B — K form-factor
coefficients.

This paper is organized as follows. We first provide an overview of the theoretical frame-
work for the semileptonic decay processes studied in this work in Sec. II. Next, in Sec. III,
we summarize the calculations behind the Fermilab/MILC B — « and B — K form fac-
tors [48, 62, 63], providing a table of correlations among all form factors. Here, we also
use the form factors to directly test heavy-quark and SU(3) symmetry relations that have
been used in previous Standard-Model predictions for rare semileptonic B-meson decay
observables. In Sec. IV, we present our main results for Standard-Model predictions for
B — wlt{~, B - K{T¢(~, B — K(m)vp, and B — 7w7Tv observables using the Fermi-
lab/MILC form factors, discussing each process in a separate subsection. Then, in Sec. V
we use our predictions for the partially-integrated branching fractions together with exper-
imental rate measurements to constrain the associated CKM matrix elements (Sec. V A)
and relevant Wilson coefficients (Sec. V B). To aid the reader in digesting the information
presented in Secs. IV and V, we summarize our main results in Sec. VI. Finally, we give an
outlook for future improvements and concluding remarks in Sec. VII.

Three appendices provide detailed, supplementary information. In Appendix A, we tabu-
late our numerical results for B — w¢*¢~and B — K/{*{~observables in the Standard Model
integrated over different ¢? intervals. We present the complete theoretical expressions for
the B — K(m)¢*¢~ differential decays rates in the Standard Model, including nonfactor-
izable terms, in Appendix B. The numerical values of the parametric inputs used for our
calculations are provided in Appendix C.

II. THEORETICAL BACKGROUND

Here we summarize the Standard-Model theory for the semileptonic decay processes con-
sidered in this work. First, Sec. IT A provides the standard definitions of the form factors.
Next, in Sec. II B, we discuss the theoretical framework for rare processes with a charged-
lepton pair final state, b — ¢¢¢ (¢ = d, s). Then we briefly summarize the formulae for rare
decays with a neutrino pair final state b — qui (¢ = d,s) in Sec. IIC and for tree-level
b — uly, semileptonic decays in Sec. II D. The latter two processes are theoretically much
simpler, being mediated by a single operator in the electroweak effective Hamiltonian.

A. Form-factor definitions

The pseudoscalar-to-pseudoscalar transitions considered in this paper can be mediated
by vector, scalar, and tensor currents. It is conventional to decompose the matrix elements
into Lorentz-invariant forms built from the pseudoscalar- and B-meson momenta pp and
pg, multiplied by form factors that depend on the Lorentz invariant ¢, where ¢ = pg — pp
is the momentum carried off by the leptons. For the vector current,

M2 — M3

q2

M2~ M2

+ fo(g*)q" 2

(P(pp)|gy"b|B(ps)) = f+(a*) | (05 +pp)" — ¢" , (21)



= [ (@) (s + pp)" + f-(¢*)(pB — PP)". (2.2)

The form factors fi(¢?) and fy(¢?) couple to JE = 1~ and 0%, respectively, and therefore
enter expressions for differential decay rates in a straightforward way. Because the terms
proportional to fo(q?) carry a factor of ¢*, their contributions to differential decay rates are
weighted by the lepton mass, my, and is therefore significant only in the case of 7-lepton
final states. The form factor f_(q?) is useful for a test of heavy-quark symmetry, discussed
in Sec. [II B. Partial conservation of the vector current implies that f, also parametrizes the
matrix element of the scalar current:

2 2
my — My

(P(pr)lg|B(ps)) = fola®). (2.3)

Finally, the matrix element of the tensor current is

2

m(ﬁ%]?? — pplp) fr(q?), (2.4)

(P(pp)liqgo"b|B(ps)) =
where o = i[y* "] /2.

These form factors suffice to parametrize the hadronic transition when the leptonic part
of the reaction factorizes. Particularly important corrections arise in the penguin decays
B — wll and B — K/{{ studied in this work, as discussed in the next subsection and in
Appendix B.

B. Rare b — q€f(q = d, s) decay processes

In this subsection, we first present the effective Hamiltonian for this case in Sec. II B 1, fol-
lowed by a description of how we obtain the short-distance Wilson coefficients of the effective
Hamiltonian at the relevant low scale in Sec. I B2. To obtain physical observables, one also
needs the on-shell b — d(s)¢¢ matrix elements of the operators in the effective Hamiltonian.
As discussed in Sec. II B 3, for decays into light charged leptons, ¢ = e, y, it is necessary to
treat the different kinematic regions within different frameworks. In Sec. II B4 we present
the general structure of the double differential decay rate. Details of the calculations at high
and low ¢? are relegated to Appendix B.

1.  Effective Hamiltonian

The starting point for the description of b — ¢l (q = d,s) transitions is the effective
Lagrangian [82]:

4G
Lo =+ F Vi ZC ZC @1+ZCZQ )Qig + Co(11) Qs
4G
F g Vb Z Ci(p Q'] + LacpxqED- (2.5)
Throughout this paper, as in the literature, we refer to Hey = —Leg as the (electroweak)

effective Hamiltonian.



At leading order in the electroweak interaction, there are twelve independent operators,
which we take to be

= (Y T ur) (upy"T"br),
= (qryuur)(Ury*or),

= (qzyuTcr)(CLy"T"br),
=(q

LYucr)(€Ly"br),
Qs = (quybr) > _(74"q).

q/

Qs = (@, Tb) > (@41,
q/

Qs = (Tu Y VuaTusbr) Y (@7 9272), (2.6)

q/

Q6 = (QLY VoV TO0L) (@424 T ),
q/
(&

Q7 = 1672 mb(gLaube)F,uw

Qs = (qrotT"bg)G",

pyo

g
1672
Qo = (qub) Y (I4"0),

¢

Q10 = (qrvubr) Z(Z’Y“’YSE)'

l

Because the top-quark mass is above the electroweak scale, only the five lightest quark
flavors ¢' = u,d, s,c, b are included in operators (3 through Q. All three lepton flavors
¢ = e, u, T appear in operators Qg and ()qo.

Once QED corrections are considered, five more operators must be included, which we
choose to be

Q3@ = (quyubr) Yoy ee (@),

Qg = (77, T°br) 3, e (@VTq),

Q50 = (TLYm Vo Vusbr) 2oy € (TY 172913 q), (2.7)
Q6@ = (T0Vur Vo Vs T001) D2y € (T V12151,

Qv = 15 [(@LY1 Yua Voasbr) (0771 7#29#2b) — A(7b1) (b7"D)] -

where e, are the electric charges of the corresponding quarks ( or —%)
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2. Wilson Coefficients

In the calculation of any b — ¢ (¢ = d,s) transition, large logarithms of the ratio
high/ how arise, where finigh ~ My, my, my is a scale associated with virtual heavy-particle
exchanges and fiow ~ Pext ~ My is a scale associated with the typical momenta of the final
state on-shell particles.

The standard procedure to resum these large logarithms is based on the factorization of
short- and long-distance physics, i.e., writing In(unigh/tiow) = In(fthign/ ) + In(1e/ thow) and
absorbing the first logarithm into the Wilson coefficients and the second into the matrix
elements of the local operators. The independence of the overall amplitude on the factor-
ization scale p leads to renormalization group equations for the Wilson coefficients whose
solution resums terms of the type [OzsL In(fthigh/ ,u)}n to all orders in perturbation theory.
(L = 0,1 are known as leading and next-to-leading log approximations.) The scale y can
then be chosen close to pey (typically p o~ my), thus eliminating all large logarithms from
the calculation of the amplitude. Any residual dependence on the scales fipigh and fuey is
taken as an uncertainty from missing higher order perturbative corrections. We follow the
standard practice of varying these scales by a factor of two around some nominal central
values, which we choose to be finign = 120 GeV and fioy, = 5 GeV).

The b — d(s)ll case is complicated by the fact that the Wilson coefficients for the
leading semileptonic operators Qg and Q)¢ carry explicit factors of ., in addition to the
common factor 4G /+/2. Moreover, the current-current operators @, and Q, mix with the
semileptonic operators at one loop in QED and at two loops in mixed QED-QCD. These
complications can all be straightforwardly addressed in a double expansion in «;, and «./as.
We refer the reader to Ref. [82] for a detailed account of this double expansion as well as
a complete collection of all anomalous dimension matrices required for the running of the
Wilson coefficients and of the QED and QCD couplings. In contrast to earlier analyses [84,
85], we do not include the gauge couplings in the normalization of Q)9 and Qi9, precisely
to simplify the mixed QCD-QED renormalization group equations. Finally, note that the
operator (Q, contributes to the transition amplitude only via mixing with the other operators.

3. Matriz elements

The calculation of exclusive b — s(d)¢¢ matrix elements for the operators (7910 is rel-
atively simple. Because these operators contain an explicit photon or charged-lepton pair,
the B — K (m)¢¢ matrix element trivially factorizes in QCD into the product of a charged-
lepton current and a form factor. The matrix element of ()7 is proportional to the tensor
form factor fr, while those of (910 only get contributions from the vector-current opera-
tor because of parity conservation and the fact that the incoming and outgoing mesons are
both pseudoscalars. The vector-current matrix element leads to the form factors f, and fj.
Note that f, and fy, being matrix elements of a partially conserved vector current, do not
renormalize and have no scale dependence. On the other hand, the p dependence of fr is
canceled by that of the quark mass and the Wilson coefficient for Q).

The calculation of B — P¢¢ (P = K, m) matrix elements of operators that do not involve
an explicit photon or charged-lepton pair is more complicated. Schematically,

(PLUQi(y)|B) ~ (uey,ve) / d'w e (PIT Il (2)Qi(y)| B), (2.8)



where u, and vy are the lepton spinors and J# is the electromagnetic current. The matrix
elements of the T-product include long-distance contributions that are difficult to calculate,
even with lattice QCD. In certain kinematic regions, however, these complex matrix elements
can be expressed in terms of simpler objects, namely the form factors defined in Sec. IT A
plus the light-cone distribution amplitudes, up to power corrections of order Agep/my.

Before discussing the effective theories used to simplify the matrix elements in Eq. (2.8),
let us comment on the role of ¢¢ and uu states. The processes B — K (m)¢{ can proceed
through the following intermediate resonances: B — K (7)¢yy.cc — K ()0l where 1y, = p,w
and ¥.. = ¥(15,28S,3770,4040,4160, 4415). In the language of Eq. (2.8), contributions of
intermediate 1. and ,,, states stem from matrix elements involving the operators () » and
Q7 5, respectively. The two lowest charmonium states have masses below the open charm
threshold (D D) and have very small widths, implying very strong violations of quark-hadron
duality; consequently the regions including the ¢(15) and ¢(2S) masses (also known as J/v
and ') are routinely cut from theoretical and experimental analyses alike. Above the ¢(25),
a resonance compatible with the 1/(4160) has been observed in B — Kpu*tp~ decay [86]; the
¥(3770) is also seen, but the signal for the 1(4040) and higher resonances is not signifi-
cant. Because the four higher charmonium resonances are broad and spread throughout the
high-¢* region, in this region quark-hadron-duality violation is estimated to be small [77]
for observables integrated over the full high-¢? range. The kinematic region where the light
resonances (p,w, ¢) contribute is typically not excluded from experimental analyses. Al-
though their effects on branching fractions and other observables can be substantial, their
contributions cannot be calculated in a fully model-independent manner. References [87, 88|
estimate the size of nonlocal contributions to B — K (m)¢¢ decays from the p and w using
hadronic dispersion relations [89]. They predict an enhancement of the BT — ntu*pu~
differential branching fraction at low ¢ in good agreement with the ¢? spectrum measured
by LHCb [55].

At high ¢? the final-state meson is nearly at rest, and the two leptons carry half the
energy of the B meson each. As first discussed by Grinstein and Pirjol [73], the photon
that produces them has ¢*> ~ M% and the T-product in Eq. (2.8) can be evaluated using an
operator product expansion (OPE) in 1/Mp [77, 78, 90, 91]. The resulting matrix elements
can be parametrized in terms of the three form factors f o 7. In the literature fr is usually
replaced by fi using heavy quark relations [73, 78, 92, 93|, whereas in this paper we use the
lattice-QCD results for fr. Within this framework, the high-¢® rate is described entirely in
terms of the form factors fi o1 up to corrections of order A/Mp. It is important to realize
that the high-¢> OPE requires (z —y)? ~ 1/m? implying that all matrix elements should be
expanded in 1/¢* ~ 1/mi. In Refs. [73, 90], the authors treat m, < my, and expand @ in
powers of m?/q?. Here we instead follow Ref. [77] by integrating out the charm quark at the
my, scale and including the full m. dependence of the ()1 » matrix elements. This approach
simplifies the operator basis without introducing any loss of accuracy. We include a 2%
uncertainty to account for quark-hadron duality violations [77].

At low ¢? the two leptons are nearly collinear, and the daughter meson recoils with large
energy Ep ~ my/2. In this kinematic configuration, three scales play an important role:
the hard scale ~ mg, the hard-collinear scale ~ Agcpmy, stemming from interactions of
the energetic final state quarks with the light quarks and gluons in the B meson, and the
purely nonperturbative scale ~ A(QQCD. Note that the ratio of any two scales vanishes in
the mp — oo limit. In the soft-collinear effective theory (SCET) [94-97], an expansion in
Aqcp/my, exploits this hierarchy such that all contributions stemming from physics above
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Aqep can be calculated in perturbative QCD. At leading power, the remaining nonpertur-
bative objects are standard form factors and B, m and K mesons light-cone distribution
amplitudes. SCET is therefore a double expansion in «, and Agcp/my. The application of
soft-collinear factorization to exclusive b — sf¢ decays was pioneered in Refs. [98, 99] and
subsequently employed in many phenomenological analyses; see, for instance, Refs. [83, 100].

The structure of the low-¢*> SCET expansion (also known as QCD factorization [94, 95])
for B — PUl (P = K, ) is (omitting prefactors):

C, (PU|Q;|B) ~ C; [(1 +a)fr+ (1 +a)fy + o5 *T*d)p], i=1,....6, (2.9)
Cr (PUU|Q7|B) ~ Cx fr, (2.10)
Cs (PUUQs|BY ~ C [&sz+asf++¢B*T*¢p], (2.11)
Cy (PUIQs|B) ~ Cy f. (2.12)
Co (PUU|Q1o|B) ~ Cro fr, (2.13)

where the coefficients of f, and fr originate from hard interactions, and ¢g*T * ¢p denotes
a convolution of a short-distance kernel T, originating from hard-collinear interactions, with
the B-meson and final-state meson light-cone distribution amplitudes ¢p and ¢p, respec-
tively. As explained in detail in Appendix B, it is customary to collect all terms proportional
to the form factors and introduce effective Wilson coefficients C£T and CSF. The structure
of the whole amplitude is then:

A(B — PU) ~ CS fr + (CSF + Cho) f+ + ¢ * T * dp. (2.14)

Further, some terms in (()3) through (Qg) are proportional to (()s) and are usually taken
into account with the introduction of the effective Wilson coefficient Cg™.

Within the SCET approach it is also possible to express fr in terms of f,—schematically
fr ~ (14ag) fi +¢p*T*¢p. Because we have direct access to the lattice-QCD calculation
of fr, this step would only result in the unnecessary introduction of additional uncertainties.

4. Differential decay rates

The double differential B — K (m)¢{ rate can be written as

d*T

m:a+bc089+000820, (2.15)

where 0 is the angle between the B meson and ¢~ in the dilepton rest frame, and a, b, ¢ are
functions of ¢ that depend on the form factors and Wilson coefficients. The three main
observables considered in the literature are the differential rate

dr’ c
2y ( —) : 2.16
dq2 a+ 3 ( )
the forward-backward asymmetry, and the flat term [100]. There are two forms of the last

two, either evaluated at a single value of ¢* [64]

b

AFB(Q2) = W,

(2.17)
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Ful(g?) = 2(a+c)

Sk Sl A 2.18

which is useful for plotting, or a binned form [100]

ql’%lax qIQI]aX C
Arp(ins Pra) = / o bdg? [ / 2(a+g) dq2] , (2.19)
q

Gmin min
2 2 -
F 9 9 B Imax d 9 Imax E d 9 9 20
H(qmin7 qmax) - 9 ((1, + C) q ) a -+ 3 q ) ( . )
Gmin Tmin

which can be compared with experimental measurements. In the Standard Model b = 0,
i.e., the forward-backward asymmetry vanishes (neglecting tiny QED effects). Further, in
the m, = 0 limit (an excellent approximation for ¢ = e, i), one finds ¢ = —a, implying a
very small flat term of order m?/M3%. Thus both the forward-backward asymmetry and flat
term are potentially sensitive to contributions beyond the Standard Model. In addition,
it is possible to consider the isospin and CP asymmetries of the differential dI'/dg* rate.
Appendix B provides explicit expressions for a and ¢ in the Standard Model.

C. Rare b — qvi (g = d, s) decay processes

In the Standard Model, the effective Hamiltonian for the rare decay process b — quv (¢ =
d, s) is given by

He = —A‘%““v;bvgz C1Q:. (2.21)
where )
Qu = 3o (@be) Y (7u7'w) (2:22)
summing over v = v, v, V;, and
Cp = —X,;/sin® Oy (2.23)

The function X; parametrizes top-quark-loop effects and includes next-to-leading-order QCD
contributions [101-103] and two-loop electroweak corrections [104]. We take the numerical
value X; = 1.469(17) from Ref. [104].

The neutrino-pair final state ensures that the complications discussed for B — K (m){*¢~
decays in Sec. II B do not arise in the calculation of the decay rate for this process. In par-
ticular, the decay rate receives no contributions from uu or c¢¢ resonances or nonfactorizable
terms. Thus, the systematic uncertainties associated with power corrections, resonances, and
duality violations are absent [18]. In summary, the short-distance flavor-changing-neutral-
current-induced contribution to the Standard Model decay rate for B — Pvv (P = K, 7),
which proceeds via the the flavor-changing-neutral-current interaction, depends only on the
vector form factor f, (¢*) and can be calculated over the entire kinematic range with full con-
trol over the theoretical errors. The differential branching fraction takes the form [18, 105]:

dB(B — PVIj)SD
dq?

2 GZa? X?
32F7r5 sin4t9w prl*fi(@) (2.24)

= Cr75 [V Vi)
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where |pp| is the magnitude of the final-state meson three-momentum in the B-meson rest
frame. The isospin factor Cp = 1 for decays to kaons and charged pions (K=, K% 7%), while
Cp = 1 for decays to neutral pions (7).

For the neutral modes B® — K°(7%)vi, Eq. (2.24) provides a full Standard-Model de-
scription. For the charged modes BT — KT (7" )vw, however, a tree-level amplitude arises
via an intermediate lepton between two charged interactions [106]. First the BT meson
decays leptonically, i.e., Bt — {Tv; subsequently, the charged lepton decays as T — PTv.
For ¢ = 7, the intermediate lepton can be on-shell, leading to a long-distance contribution.
Interference betwen the long- and short-distance amplitudes is negligible [106], leaving the
following long-distance contribution to the rate

2
ViVl 17| omm, (M — m2)(M3 — m2)?
25673 M3, I, [ '

B(B+ — P+I/Tﬁr)LD = (225)
Superficially, Eq. (2.25) is suppressed relative to the loop-induced rate in Eq. (2.24) by G%,
but the 7 width T'; is of order G%, cancelling this suppression. The long-distance contribution
is also numerically significant because the 7 mass is large. For Bt — ntv, ., it is further
enhanced relative to the short-distance contribution by the CKM factor |V,,q4/Via4|?.

Taking the CKM matrix element |V,,| = 3.72(16) x 1072 from Fermilab/MILC [48],
the combinations |Vi4|fr- = 127.13(2)(13) MeV and |Vis|fx+ = 35.09(4)(4) MeV from
experiment [107], and all other inputs from Table XVII, we obtain for the v,-pair final state:

B(BY — 7tv, v )1p = 9.48(92) x 107, (2.26)
B(B" — K*v,p.)Lp = 6.22(60) x 1077, (2.27)
where the errors stem from the uncertainties on fp and |V,;|, and other parametric errors
are negligible. The long-distance contributions to the BT — K™ (7" )y, rate for £ = e, u
are of order 10717-1078 [106]. Because lattice QCD provides reliable determinations of the

hadronic inputs fp [108-113] and fr(x) [114-121], the long-distance contributions to the
Bt — Kt (7")vr decay rates are under good theoretical control.

D. Tree-level b — ufv decay processes

The tree-level semileptonic decay B — wly, (¢ = e, p,7) is mediated in the Standard
Model by the charged current interaction, and the resulting Standard-Model differential
decay rate is

dU'(B — wlvy) G2 Vw|? (¢* — m7)?|pp] m; 2 2 2412
- 14+ 2 v
dq2 CP 2471'3 q4M% + 2(]2 B|pP| ’f‘i‘(q )|
3m?
Lo - Mz>2|fo<q2>|2} | (2.28)

where the isospin factor Cp is the same as in Eq. (2.24) above. The decay rate depends
upon both the vector (f;) and scalar (fy) form factors. For decays to light charged leptons
(¢ = e, ), the contribution from the scalar form factor is suppressed by m? and hence
negligibly small. In contrast, the scalar form-factor contribution to decays into 7 leptons
is numerically significant. While B — n7v, decay is not a rare, loop-suppressed process in
the Standard Model, the large 7-lepton mass makes it particularly sensitive to contributions
mediated by charged Higgs bosons.
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III. LATTICE-QCD FORM FACTORS AND SYMMETRY TESTS

The first ab-initio lattice-QCD results for the B — K form factors and for the B —
7 tensor form factor became available only recently [48, 62-64]. Consequently, previous
theoretical calculations of B — K(m)¢T¢~ observables have sometimes used expectations
from heavy-quark and/or SU(3)-flavor symmetries to relate the unknown form factors to
others that can be constrained from experiment or computed with QCD models (see, e.g.,
Refs. [78, 122]).

In this section, we directly test these symmetry relations, at both high and low ¢?, using
the complete set of Fermilab/MILC B — K and B — 7 form factors [48, 62, 63]. For the
B — 7 case, we use the vector and scalar form factors f, and f; obtained from a combined fit
of lattice-QCD data with experiment. This combination improves the precision on the form
factors at low ¢?, but assumes that no significant new physics contributes to the tree-level
B — wlv decays for ¢ = p,e.

First, in Sec. IIT A, we briefly summarize the lattice form-factor calculations, highlighting
the properties of the simulations and analysis that enable controlled systematic errors and
high precision. Then, in Sec. III B, we present tests of heavy-quark symmetry relations for
B — m and B — K form factors that were not already presented in Refs. [48] and [62].
Finally, we calculate the size of SU(3)-flavor-breaking effects between the B — K and B — 7
form factors and compare with power-counting expectations in Sec. ITI1 C.

A. Lattice-QCD form-factor calculations

The Fermilab Lattice and MILC Collaborations carried out the numerical lattice-QCD
calculations in Refs. [48, 62, 63] in parallel. Here we summarize the features of the work
that enabled both high precision and controlled uncertainties. Below we give the correlations
between the B — m and B — K form factors, which have not appeared elsewhere. To put
this new information in context, we summarize the similarities and slight differences between
the B — 7 [48, 63] and B — K [62] Fermilab/MILC lattice-QCD calculations.

The calculations [48, 62, 63] employed the MILC asqtad ensembles [123-125] at four
lattice spacings from approximately 0.12 fm down to 0.045 fm; physical volumes with linear
size L 2 3.8 fm; and several choices for the masses of the sea-quarks, corresponding to
pions with mass as low as 175 MeV. The strange sea-quark mass was chosen close to the
physical strange-quark mass, but varied a bit with lattice spacing, allowing for adjustment
of this mass a posteriori. The Fermilab method was used for the lattice b quark [126]. As
in several other calculations, starting with Ref. [127], the matching of the currents from
the lattice to the continuum was mostly nonperturbative, with a residual matching factor
close to unity computed in one-loop perturbation theory, with matching scale y = m,;, for
the tensor current. Because the one-loop calculation was separate from the Monte Carlo
calculation of correlation functions, it was exploited to introduce a multiplicative “blinding”
offset.

The matrix elements for the form factors were obtained from fits to two- and three-point
correlation functions, including one excited B meson in the fit. After matching these lattice-
QCD data to the continuum, as described above, two further analysis steps are crucial
for the present paper. First, the form factors calculated in the kinematic region ¢? >
17 GeV? were extrapolated to zero lattice spacing and to the physical light-quark masses
with a form of chiral perturbation theory (xPT) for semileptonic decays [128] adapted to
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staggered fermions [129]. Because the final-state pion and kaon energies can become large
in the context of standard xPT, the analyses found better fits with SU(2) hard-pion and
hard-kaon yPT [130]. This chiral-continuum extrapolation included terms for heavy-quark
discretization effects, with a functional form taken from heavy-quark effective theory [131—
133], as in Ref. [108].

Next, to extend the form-factor results to the whole kinematically allowed region,
Refs. [48, 62, 63] used the model-independent z expansion based on the analytic struc-
ture of the form factors. In the present paper, we rely on the output of these fits, including
correlations, so we repeat the most pertinent details. Following Refs. [134, 135], the complex

¢ plane is mapped to

Vi =@ = Vi =1 51)
Vi — @+ — 1 '
which maps a cut at ¢*> > t, = (Mp + Mp)? to the unit circle and maps the semileptonic
region to an interval in z on the real axis. The extent of the interval can be minimized by

choosing ty = (Mp + Mp)(v/Mp — v/Mp)?, where Mp = M, or My. Unitarity implies that
a power series in z converges for |z| < 1. In Refs. [48, 62, 63], these series were used [135]:

Z<q27 tO) =

1 = n

)= g S0 [ 0] o2
=

h(6") = e 25 0" (3:3)

and the same for fr as for f, (with coefficients b). The pole factor P, or(¢®) = 1 —
q2/M3-,O,T7 with M o7 chosen as follows: for B — m, M, = My = Mp- = 5.3252 GeV from
experiment [136], My — oo (i.e., no pole); for B — K, M, = My = Mp. = 5.4154 GeV
from experiment [136], My = 5.711 GeV from lattice QCD [137]. The output of the chiral-
continuum extrapolation was propagated to Eqgs. (3.2) and (3.3) using either synthetic
data [62] or a functional fitting procedure [48, 63].

Reference [48] also presented determinations of the B — 7 form factors f, and fy from
a combined z fit to the lattice-QCD form factors and experimental measurements of the
B — wlv differential decay rate from the B factories [67-70]. This fit employed the same
z expansions as above. The experimental data provides information on the shape of f(¢?)
at low ¢? beyond the direct reach of lattice-QCD simulations, thereby reducing the form-
factor errors at low ¢?. In this paper, we use these more precise B — 7 vector and scalar
form factors for all calculations of B — 7 observables, thereby improving the precision of
the Standard-Model results at the expense of the assumption that new physics does not
significantly alter the rate of this tree-level transition.

In Sec. III C, we present predictions for combinations of B — 7 and B — K observables,
which require the correlations between the two channels, not provided before [48, 62, 63].
As co-authors of these papers, we have access to the relevant information. To enable oth-
ers to study both modes together, we provide the correlation coefficients in Table I. With
Egs. (3.1)-(3.3) and the information contained in Table XIX of Ref. [48], Table XII of
Ref. [62], and Table III of Ref. [63], the supplementary information provided in Table I
enables the reader to reproduce the form factors and combinations of them.

The dominant correlations between the two sets of form factors are statistical, because
both calculations used the same gauge-field ensembles. In practice, however, both the sta-
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TABLE I. Correlations between the z-expansion coefficients of the B — 7 and B — K vector,
scalar, and tensor form factors, where the B — 7 vector and scalar form factors include exper-
imental shape information from B — wfv decay. These should be combined with Table XIX of
Ref. [48], Table III of Ref. [63], and Table XII of Ref. [62], which give the central values of the

coefficients as well as the remaining correlation information.

B — K/t
e > = SR 1 T 1 S Y AN A
bg 0.273 —0.002 —0.029 0.227 0.063 0.034 0.333 —0.001 —0.005
b 0.016 0.085 —0.006 —0.003 0.061 0.067 —0.011 0.075 0.017
by —0.133 —0.069 0.024 —0.094 —0.077 —0.064 —0.124 —0.053  0.006
b§“ —0.077 —0.033 0.060 —0.030 —0.028 —0.023 —0.062 —0.021 0.031
b) 0.278 0.098 0.091 0.299 0.160 0.124 0.285 —0.005 —0.005
b  —0.004 0.225 0.155 0.065 0.197 0.171 —0.079 0.153 0.092
by  —0.120 —0.231 —0.163 —0.194 —0.232 —0.183 —0.020 —0.058 —0.006
by —0.085 —0.192 —0.155 —0.144 —0.195 —0.171 —0.041 —0.121 —0.079
s 0.319 0.051 —0.005 0.279 0.115 0.08% 0.392 0.037 0.008
vl 0.056 0.080 0.012 0.051 0.072 0.063 0.067 0.097 0.048
vl 0.014 0.022 0.029 0.030 0.026 0.019 0.018 0.014 0.025
bl 0.005 0.010 0.026 0.023 0.015 0.008 0.010 0.003 0.022

B — wtf

tistical and systematic correlations are diluted in the chiral-continuum extrapolations for
B — m and B — K, which were performed independently. The same holds for several
important systematic uncertainties, namely from the chiral-continuum extrapolations, the
uncertainty in the B*-B-m coupling, and the heavy-quark discretization errors. The correla-
tions became even smaller once the experimental B — mfr data were used to constrain the
shape of the B — 7 vector and scalar form factors. In the end, the only significant correla-
tions are among the leading coefficients by, which correspond essentially to the normalization,
and are therefore well-determined by the data. Even these are typically only ~ 0.3, with the
largest being ~ 0.4. Smaller correlations between the leading coefficients and the higher-
order coefficients of ~ 0.1-0.2 arise from the kinematic constraint f,(0) = fo(0) enforced
in the z-expansion fits. The use of experimental B — mfr data to constrain the shape of
the B — m vector and scalar form factors, when combined with the kinematic constraint,
leads to the negative entries in the correlation matrix, which correspond to anticorrelations
between b and b for B — 7 and the other coefficients.

B. Tests of heavy-quark symmetry

Several tests of heavy-quark-symmetry relations for B — 7w and B — K using the Fermi-
lab/MILC form factors were already presented in Refs. [48, 62]. Figure 16 of Ref. [62] plots
the B — K form-factor ratios fo/f, and fr/fy at high ¢* obtained from lattice QCD, and
compares them with expectations from heavy-quark symmetry. Similarly, Fig. 25 of Ref. [48]
compares the B — 7 form factor ratio fo/f; with heavy-quark-symmetry expectations. Here
we examine heavy-quark-symmetry tests of the B — 7 tensor form factor.

The simplest heavy-quark-symmetry relation between fr and the other form factors
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FIG. 1. Tests of the heavy-quark symmetry relations for the tensor form factor using the Fer-
milab/MILC form factors [48, 62, 63]. The left plot shows the ratio in Eq. (3.5) at low recoil
for B — 7 (red hatched band) and B — K (black solid band), which would become unity as
mp — oo [138, 139]. The right plot compares (fr/f+) [¢*/(Mp(Mp + My))] at low recoil (red
curve with error band), for B — 7 with the theoretical expectation for x(u) [78] (black horizontal
line).

is [138, 139] .
frla?) = ZETE 10D = 1)) + O (o Ams). (3.4)

which follows because the right-hand side is proportional to the matrix element (P|gy'b|B),
while the left-hand side is proportional to (P|gy'v"b|B). In Fig. 1, left, we plot the ratio

2Mp fr(q?)
Mg+ Mp f(¢?) — f-(¢?)

vs. ¢?, calculated directly from the Fermilab/MILC form factors [48, 62, 63]. We show the
range ¢°> > 15 GeV? where the error remains small enough to provide a meaningful test
of the relation in Eq. (3.4). In this region, the approximation in Eq. (3.4) fares very well,
especially for B — K.

A refinement of this idea uses heavy-quark symmetry and my-scaling to eliminate f_ [73,
78, 93]:

(3.5)

lim fT(QQ;H) _ Ii(,u,)

=My [+(q°) q
in which the scale-dependent coefficient k(p) incorporates radiative corrections and is
given explicitly through order o? in Eq. (B49). Figure 1, right, compares the quantity
(fr/fo)[*/(Mp(Mp + M,))] obtained from the Fermilab/MILC B — = form factors
[48, 63] with the theoretical prediction from Eq. (3.6). For the theoretical estimate, we
take my = 4.18 GeV and a,\ . (my) = 0.2268, giving (my) ~ 0.88 [73, 78].

As observed in Ref. [62] for the B — K form factors, the ratio fr/f, calculated directly
from lattice QCD agrees well with the expectation from Eq. (3.6) for ¢* ~ M%. Although
we do not show any errors on the theoretical prediction, we can estimate the size of higher-
order corrections in the heavy-quark expansion from power-counting. Taking A = 500 MeV
gives A/my, ~ 12%. Equation (3.6) also receives corrections from the pion recoil energy

Mp(Mp + M)
2

+ O (A/my), (3.6)
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of order E,/my. This ratio grows rapidly from E,/m, ~ 3% at ¢2,. to E./my ~ 30% at
¢®> ~ 14 GeV% The observed size of deviations from the leading heavy-quark-symmetry
prediction are somewhat larger than the rough estimate based on power counting. Although
form factors from ab-initio QCD are now available for B — m and B — K, other analyses
of semileptonic decay processes might still use heavy-quark-symmetry relations. Figure 1
provides quantitative, empirical guides for estimating the associated systematic uncertainty
introduced by their use.

In the limit ¢*> < M3, a collinear spin symmetry emerges for the energetic daughter quark,
and the vector, scalar, and tensor form factors are related to a universal Mp-independent
form factor [98, 140]:

fulg) = Mo gy = Mo

= me(ff), (¢* < M3p). (3.7)

The first relation merely recovers the kinematic constraint, f,(0) = fo(0). Unfortunately,
as ¢ decreases, so do the correlations between the lattice-QCD determinations of f, and
fr. The error on the ratio fr/f; therefore increases, reaching 100% at ¢*> = 0. Thus, we are
unable to quantitatively test the predicted relationship between fr and f, at large recoil.

C. Tests of SU(3)-flavor symmetry

The B — 7mand B — K form factors would be equal in the SU(3)-flavor limit m, = mg =
ms and, thus, differ due to corrections that are suppressed by the factor (mgs—m,q)/A, where
A is a typical QCD scale inside heavy-light mesons. Indeed, approximate SU(3) symmetry
implies relations among all matrix elements of the form

(Por(pp)|qlb| By (ps)), (3.8)

where r denotes the flavor of the spectator quark; I' is 4#, 1, or 10*”; and the subscript on
the final-state pseudoscalar denotes its flavor content.

A rule of thumb [141] for SU(3) breaking is that large effects can be traced to the pseu-
doscalar masses—M3 > M?—while SU(3)-breaking effects in matrix elements per se are
small. In considering the matrix elements in Eq. (3.8), the final-state four-momentum pp
cannot be the same for all P, mesons, because the mass shells differ. The masses affect the
kinematic variables ¢?, Ep, and pp in different ways.

In Ref. [122] (see also Ref. [141]), SU(3)-breaking was considered as a function of ¢*, with
the quantities Ry o7(¢?) defined as

Rilq?) = % Y (3.9)

where i = +,0, 7. In Ref. [122], the ratios R, o(¢*) were calculated using lattice B — 7 and
B — K form factors from Refs. [142] and [43, 143], respectively. Here we repeat the tests in
Ref. [122] using the more precise Fermilab/MILC B — 7 vector and scalar form factors [48],
and include an additional test using the Fermilab/MILC B — 7 tensor form factor [63],
taking the B — K form factors from Fermilab/MILC [62] as well. Figure 2, left, plots
the quantity R;(¢?), including correlations between the B — 7 and B — K form factors
from statistics as well as the dominant systematic errors [48, 62, 63]. We find that the sizes
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FIG. 2. SU(3)-flavor-breaking ratios using the Fermilab/MILC form factors [48, 62, 63] (solid and
hatched curves with error bands). Left: ratios Ry or(¢?) [Eq. (3.9)]. Right: ratios Ry o7(FE)
[Eq. (3.10)]. We do not show Ry when the error becomes too large to draw any useful inferences,
although the trend of the error band is shown by the thin lines extending from the R7 error bands.

of R;(q*) are between 20% and 60%, ranging from commensurate with (m, — myq)/A (for
ms ~ 100 MeV, A ~ 500 MeV) to uncharacteristically large. In the region where the error
on the tensor form factors remain manageable, we find that Ry (¢?) ~ [R,(¢?)+ Ro(¢?)]/2, as
assumed in Ref. [122]. With the more precise Fermilab/MILC B — 7 form factors [48, 63],
the resulting SU(3) breaking is larger than that deduced and employed in that work.

As an alternative to Eq. (3.9), we consider the analogous ratio with fixed final-state
energy (in the B rest frame):

fPR(E)
R;(E) 5(E) 1. (3.10)

As shown in Fig. 2, right, the SU(3) breaking in R;(F) is similar to that in R;(¢?).

A further alternative is to examine

_ PR PP

f%i(|v|) = W

—1, (3.11)

where v = pp/Mp is the final-state three-velocity (in HQET conventions) in the B-meson
rest frame. The factors P’™ = PP* =1, PPT. =1 —¢*/Mp., and PPF = 1 — ¢*/Mp. are
introduced to remove the kinematically important vector-meson pole from the vector and
tensor form factors. As shown in Fig. 3, this measure of SU(3) breaking is under 20% for
f+ and fr, and under 35% for f; (in the momentum range shown). The result for Ry can
be understood in the soft-pion (soft-kaon) limit, where fy < fg/fp, so

Ro(|v| — 0) = JJ:—; — 1~ —0.16. (3.12)

which agrees very well with our result in Fig. 3 (right). Similarly, for R,

Ro(lv] — 0) = %—1. (3.13)
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FIC. 3. Velocity-based SU(3)-flavor-breaking ratios Ry 7(|v|) (left) and Ry(|v|) (right) using the
lattice-QCD form factors from Refs. [48, 62, 63].

The SU(3)-breaking effects in the couplings can be estimated from the chiral extrapolation
of a recent calculation of gp«p, [144]. The expression of the chiral extrapolation of gg«p,
was given in Eq. (28) of Ref. [144]. Replacing the pions in the loops with kaons, we estimate
9B:BK/9B*Bx ~ 1.33 and, consequently, R, =~ 0.11. Because of the heavy-quark relation
between fr and f, discussed above, Ry should be close to R, and one can see in Fig. 3
(left) that this is indeed the case.

IV. STANDARD-MODEL RESULTS

We now use the Fermilab/MILC B — 7 and B — K form factors [48, 62, 63] to predict
B — K(m){*¢~, B — K(m)vi, and B — w7v observables (and their ratios) in the Standard
Model. For predictions of B — 7 decay observables, as in the previous section, we use the
more precise B — 7 vector and scalar form factors obtained using the measured B — 7lv ¢?
spectrum to constrain the shape. We present results for rare decays with a charged-lepton
pair final state, b — ¢l¢ (¢ = d,s) in Sec. IV A, for rare decays with a neutrino pair final
state b — qui (¢ = d,s) in Sec. IV B, and for tree-level b — urv, semileptonic decays in
Sec. IV C. Where possible, we compare our results with experimental measurements.

We compile our numerical results for the partially integrated B — K (7){T¢~ observables
over different ¢? intervals in Tables II-XV of Appendix A. To enable comparison with the
recent experimental measurements of B — K(7)¢T¢~ from LHCb, we provide the matrix
of correlations between our Standard-Model predictions for the binned branching fractions
(and the ratio of B — m-to-B — K binned branching fractions) for the same wide ¢* bins
below and above the charmonium resonances employed by LHCb [45, 55].

Appendix B provides the complete expressions for the Standard-Model B — K (m)¢t ¢~
(¢ = e,pu,7) differential decay rates. The simpler expressions for the B — K(m)vv and
B — wrv decay rates are presented in the main text of Secs. I1 C and I D, respectively. The
Wilson coefficients and other numerical inputs used for all of the phenomenological analyses
in this work are given in Appendix C.
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FIG. 4. Standard-Model predictions for the B* — n+¢+¢~ flat term F¥(¢?) for £ = e, i (left) and
¢ = 7 (right) using the Fermilab/MILC form factors [48, 63].

A. Rare b — g¢¢ (q = d, s) decay observables
1. B — mlT¢~ observables

The Fermilab Lattice and MILC Collaborations already presented some Standard-Model
predictions for B — 7wf*t¢~ [63]. Figure 4 of that work plots the differential branching
fractions for £ = u, 7, while Table IV gives the partial branching fractions in selected intervals
of ¢ below and above the charmonium resonances, and for the full kinematic range. To
enable correlated analyses of the partially-integrated branching fractions for B — 7 from
Ref. [63] and those for B — K presented in Section IV A 2, we update the large-bin numerical
results from Table IV of Ref. [63] in Table IV here by adding digits to the quoted uncertainties
and combining the scale uncertainty (quoted separately in Ref. [63]) with the “other” error.
In addition, we extend the phenomenological analysis of B — w¢*¢~ by providing predictions
for the flat term of the angular distribution, cf. Egs. (2.18) and (2.20).

Figure 4 plots our Standard-Model predictions for the BT — 7¢*¢~ flat term F},(¢?), { =
e, i1, 7, while Tables II and III report numerical values for the binned version Ff (2., @)
for the charged and neutral decay modes, respectively. For the dimuon final state, we find
Fl(q?) ~ 1-2% for most of the kinematic range, which is large enough to be measured
in future experiments. For the electron-positron final state, F§(¢?) is so small—107% or
smaller—that any foreseeable nonzero measurement would indicate the presence of new
physics.

After the Fermilab Lattice and MILC Collaborations submitted Ref. [63] for publication,
the LHCD experiment announced [145] a new measurement of the differential decay rate for
B — mup~ decay, which is now finalized [55]. Here we repeat the main numerical results
of Ref. [63] and compare them to the LHCb measurement. The Standard-Model predictions
for the partially-integrated branching ratio in the wide high-¢*> and low-¢? bins are [63]

4.78(29)(54)(15)(6) 1 GeV®* < ¢* < 6 GeV?,

5.05(30)(34)(7)(15) 15 GeV2 < g2 < 22 Gev2 (4D

AB(BY — nt )™M x 10° = {

where the errors are from the CKM matrix elements, form factors, the variation of the high
and low matching scales, and the quadrature sum of all other contributions, respectively.
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FIG. 5. Standard-Model partially-integrated branching ratios for BT — wtu*tu~ decay (left)
and BT — KTputpu~ decay (right) using the Fermilab/MILC form factors [48, 62, 63] compared
with experimental measurements from LHCb [45, 55] for the wide ¢? bins above and below the
charmonium resonances.

LHCb quotes measured values for binned differential branching fractions [55], which we
convert to partially integrated branching fractions for ease of comparison with Eq. (4.1):

4.55 (t195) (0.15) 1 GeV? < ¢> < 6 GeV?

+ + 4+ ,,—\exp 9 2 —1.00 — — )

AB(B™ = m it )™ x 107 GeVe = { 3.29 gtg;% (0.07) 15 GeV2 < ¢ < 22 GeV?,
(4.2)

where the two errors are statistical and systematic.

Figure 5 (left panel) compares the Standard-Model predictions from Ref. [63] and LHCb
for the wide bins. The result for the low ¢? interval below the charm resonances agrees with
the experimental measurement, but that for the high ¢? interval differs at the 1.9¢ level. The
combination of the two bins, including the theoretical correlations from Tables VII, and VIII
and treating the experimental bins as uncorrelated, yields a x?/dof = 3.7/2 (p = 0.15), and
thus disfavors the Standard-Model hypothesis at 1.40 confidence level.

Although LHCb’s recent measurement of the B — w¢*¢* differential decay rate [55] is
compatible with the Standard-Model predictions, the uncertainties leave room for sizable
new-physics contributions. In the high-¢? interval, 15 GeV? < ¢? < 22 GeV?, the theoretical
and experimental errors are commensurate. Future, more precise measurements after the
LHCDb upgrade will refine the comparison, thereby strengthening the test of the Standard
Model.

2. B — K/{T0~ observables

Here we present results for B — K{t{~ (¢ = u,T) observables in the Standard Model
using the Fermilab/MILC B — K form factors [62]. Many previous phenomenological anal-
yses of B — K/{T{~ related the tensor form factor fr to the vector form factor f, based on
approximate symmetries [78, 100]. The HPQCD Collaboration has also presented results
for B — K observables using their own lattice-QCD form-factor determinations [43]. We
improve upon the Standard-Model predictions in that work and in Ref. [62] by incorporat-
ing hard-scattering contributions at low ¢? and by using Wilson coefficients that include
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FIG. 6. Standard-Model differential branching fraction (gray band) for B — Ku™pu~ decay (left)
and B — K777~ (right), where B denotes the isospin average, using the Fermilab/MILC form
factors [62]. Experimental results for B — Kutu~ are from Refs. [45, 146-148]. The BaBar, Belle,
and CDF experiments report isospin-averaged measurements.

logarithmically-enhanced QED corrections.

Figure 6 plots the isospin-averaged Standard-Model differential branching fractions for
B — Kutp~ and B — Kr77~. For B — Kputu~ decay, we compare our results with
the latest measurements by BaBar [148], Belle [146], CDF [147], and LHCb [45]. Tables V
and VI give the partially-integrated branching fractions for the charged (B™) and neutral
(B) meson decays, respectively, for the same ¢® bins used by LHCb in Ref. [45]. In the
regions ¢ < 1 GeV? and 6 GeV? < ¢ < 14 GeV?, ut and cé resonances dominate the
rate. To estimate the total branching ratio, we simply disregard them and interpolate
linearly in ¢ between the QCD-factorization result at ¢*> ~ 8.5 GeV? and the OPE result at
¢* ~ 13 GeV?. Although this treatment does not yield the full branching ratio, it enables a
comparison with the quoted experimental totals, which are obtained from a similar treatment
of these regions. Away from the charmonium resonances, the Standard-Model calculation
is under good theoretical control, and the partially-integrated branching ratios in the wide
high-¢? and low-¢® bins are our main results:

N 174.7(9.5)(29.1)(3.2)(2.2), 1.1 GeV* < ¢ < 6 GeV?,

+ + .+ SM 9 )
AB(BT — KTpm )" x 107 = { 106.8(5.8)(5. )(1 7)(3.1), 15 GeV? < ¢ < 22 GeV?,
(4.3)
_ 160.8(8.8)(26.6)(3.0)(1.9), 1.1 GeV* < ¢*> < 6 GeV?,

0 0, + SM 9

AB(B” — Kopu™ )" x 107 = { 08.5(5.4)(4.8)(1.6)(2.8), 15 GeV2 < ¢2 < 22 GeV?,
(4.4)

where the errors are from the CKM elements, form factors, variations of the high and low
matching scales, and the quadrature sum of all other contributions, respectively. LHCb’s
measurements for the same wide bins are [45]:

6 GeV?,
22 GeV?,
(4.5)

118.6(3.4)(5.9) 1.1 GeV* < ¢°
84.7(2.8)(4.2) 15 GeV? < ¢ -

VARV

AB(BY — Ktptp )™ x 107 GeV? = {
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FIG. 7. Standard-Model predictions for the B* — K*¢+¢~ flat term F¥(¢?) for £ = e, u (left) and
¢ = 7 (right) using the Fermilab/MILC form factors [62].

91.6 (T157) (4.4) 1.1 GeV* < ¢? < 6 GeV?

0 0,,+,,—\exp 9 2 —15.7 = = ’

AB(BT = Koy )70 x 107 GeV = { 66.5 §ﬂ5;§) (3.5) 15 GeV2 < ¢ < 22 GeV?,
(4.6)

where the errors are statistical and systematic, respectively, and again we convert the quoted
differential branching fractions to partially-integrated branching fractions for direct compar-
ison with Eqs. (4.3) and (4.4). Figure 5, right, shows the comparison between the Standard
Model and the experimental measurements. The Standard-Model values are higher than
the measurements by 1.80 and 2.20 for the low- and high-¢® bins, respectively. The com-
bination of the two bins, including the theoretical correlations from Tables VII and VIII
of Appendix A and treating the experimental bins as uncorrelated, yields x?/dof = 5.7/2,
p = 0.06, thus disfavoring the Standard-Model hypothesis with 1.9¢ significance. Note, how-
ever, that the structures observed in the LHCb data above the 1(2S5) (red points with small
errors bars in Fig. 6) warrant a great deal of caution in comparing theory and experiment
for narrow bins [149].

We also calculate the Standard-Model flat term F§(q?) with the Fermilab/MILC form
factors [62] and plot it for Bt — K*¢*¢~ ({ = e, p, 7) in Fig. 7. LHCD reported results for
the binned flat term F%;(q2,,, ¢2.) [150] with uncertainties greater than 100% in every bin.
The Standard-Model result for F%; agrees with LHCDb’s measurement, but the comparison is
limited by the large experimental errors, which will improve with new measurements after
the LHCb upgrade. For future comparisons, Tables [X and X of Appendix A provide results
for the binned F¥(q¢2;.,¢.,) in both the charged and neutral decay modes, respectively.

3. Combinations of B — w and B — K observables

Figure 5 shows that the B — wutp~ and B — Kptp~ Standard-Model partially-
integrated branching ratios are larger the experimental results for all four wide ¢ bins. The
four Standard-Model values are, however, highly correlated. Thus the combination of all
four measurements disfavors the Standard-Model hypothesis at the 1.7 level (x?/dof =
7.8/4, p = 0.10). This significance lies in between the individual exclusions from the two
B — wutp~ bins and the two B — Kputp~ bins.
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FIG. 8. Ratio of partially-integrated branching ratios AB(BT — ntutpu™)/AB(BT — KTutu™)
in the Standard Model using the Fermilab/MILC form factors [48, 62, 63], compared with experi-
mental measurements from LHCb [55] The errors in the Standard-Model results are dominated by
the form-factor uncertainties; the others are too small to be shown separately.

The first observation of B — 7¢*¢~ by LHCb implies that the ratio of branching frac-
tions B(B* — ntputp™)/B(BT — KTutu~) = 0.053(14)(1), where the errors are statistical
and systematic, respectively [151]. More recently, LHCb reported first results for the par-
tially integrated branching fractions for BY — 7tutpu~ [55], and also provided the ratio
of AB(BT — ntputu™)-to-AB(B*Y — KT utp™) for the same ¢? intervals above and below
the charmonium resonances. This ratio probes new-physics scenarios that would affect the
shape of the ¢? distribution differently for B — 7¢*¢~ and B — K¢*/~. On the other hand,
it is not sensitive to new physics that would affect the overall B — w¢*¢~ and B — K{T(~
rates in the same way.

The ratios of partially-integrated differential branching fractions in the wide high-¢? and
low-¢* bins, using the Fermilab/MILC form factors [48, 62, 63], are our main results in this
section:

AB(Bt — wtptp) S 100 — [ 26:8(08)(5:3)(04), 1GeV2 < g
AB(B*T — K+putp~) T 1 47.2(1.3)(3.4)(1.3), 15 GeV* < ¢

where the errors are from the CKM matrix elements, hadronic form factors, and all others
added in quadrature, respectively. Binned Standard-Model values for additional ¢ intervals
and for both the B* and BY decay modes are provided in Table XIII. Figure 8 compares
the above Standard-Model values with recent measurements from LHCb for the same ¢?
bins [55]:

AB(B*Y = ntputu~) *P <107 = { 3809(), 1 GeV?
AB(B*+ — K+utu~) ~ 1 37(8)(1), 15 GeV?

¢ < 6 GeV?,
¢ < 22 GeV?,

<
< (4.8)

where the quoted errors are statistical and systematic, respectively. The Standard-Model
result for each individual bin is consistent with its experimental measurement [55]—within
1.16—but the theory band lies below experiment for the 1 GeV? < ¢®> < 6 GeV? bin, while

it lies above for the 15 GeV? < ¢ < 22 GeV? bin. Combining the two bins, including the
theoretical correlations from Tables XIV and XV, and treating the experimental bins as
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uncorrelated, shows that the LHCb measurement is compatible with the Standard Model
within 1.10 (x?/dof = 2.7/2 and p = 0.26). Given the present uncertainties, however,
ample room remains for new-physics contributions that may be observable with improved
measurements after the LHCb upgrade.

4. Lepton-universality-violating observables

Lepton-universality-violating effects may give rise to observable deviations in ratios of
rare B decays to final states with different charged leptons [9, 13-18, 152-155], and would
constitute a clear sign of physics beyond the Standard Model. A useful observable to look
for such effects is the ratio of partially-integrated decay rates to different charged-lepton
final states with the same ¢* cuts [156]:

[ dg?dB(B — PHT) fd? o
[ dg? dB(B — PG (7)/dg* '

min? qmax -

RfDlZz (q2 2

where P = 7, K and {1, {5 = e, i, 7. The quantities R#¢ and R are predicted to be unity in
the Standard Model, up to corrections of order (m?/M3, m}/q") [100, 156], which are tiny
for ¢ = e, u. Thus any observed deviation of R’;(e(ﬂ) from unity would indicate the presence
of physics beyond the Standard Model.

Measurements of Rk at eTe™ colliders by BaBar [148] and Belle [146] are consistent
with Standard-Model expectations within large experimental uncertainties of about 20—
30%. The LHCb Collaboration, however, recently reported a measurement of the ratio
REC (1 GeV?,6 GeV?) = 0.745 (£3}) [42] that is 2.60 lower than Standard-Model expecta-
tions. Here we calculate lepton-universality-violating ratios in the Standard Model using
the Fermilab/MILC B — K and B — 7 form factors [48, 62, 63]. Our predictions for R*
(¢ = e, ) are the first to use only ab-initio QCD information for the hadronic physics, while
results for RG> (01,4, = e, ju,7) were previously presented by the HPQCD Collaboration
using their own lattice-QCD form-factor determinations [43].

Tables XI and XII show R* and R’;f for ¢ = e, T, respectively, using the same ¢* bins
employed by LHCb [55]. Figure 9 plots the difference from unity of R}, (left) and R
(right) for the wide ¢? bins below and above the charmonium resonances. For the same ¢?
cuts as LHCb’s measurement [42], we obtain

[Ri (1 GeV?,6 GeV?) — 1] x 10* = 0.50(43), (4.10)

where the error is predominantly from the form-factor uncertainties. This agrees with the
earlier isospin-averaged Standard-Model value (RE — 1) x 10® = 0.74(35) from HPQCD for
the same ¢ interval [43] with a similar error. Thus, explicit calculation with lattice QCD
confirms the intuitively significant deviation between experiment and the Standard Model,

observed by LHCD [42].

B. Rare b — quv (¢ = d, s) decay observables

Rare B decays into neutrino-pair final states have not yet been observed. The most recent
bounds on B(B — Kvr) from Babar [157] and Belle [158] are, however, only about a factor
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FIG. 9. Standard-Model lepton-universality-violating ratios Ry, — 1 (left) and RS — 1 (right)
for (g2, @%ax) = (1 GeVZ 6 GeV?) and (15 GeV? 22 GeV?) using the Fermilab/MILC form
factors [48, 62, 63]. The errors in the Standard-Model results are dominated by the form-factor
uncertainties; the remaining contributions are too small to be visible. The left plot also shows
LHCb’s measurement for the low-q? bin [42].

of ten larger than Standard-Model expectations, so prospects are good for its observation
by Belle II [57]. The Standard-Model decay rate for B — mvv is further suppressed below
B — Kvi by the relative CKM factor |V;q/Vis|* &~ 0.04, except for B(B* — ntv,17;), which
is enhanced by long-distance contributions. Indeed, BT — w"v, 7. events are included in
measurements of the leptonic decay rate B(B*™ — 7tv,), where the T subsequently decays
as T — w1, [5H861].

In anticipation of such measurements, we provide Standard-Model predictions for B —
Kvv and B — wvv observables using the Fermilab/MILC form factors [48, 62]. Previous
analyses of B — K (m)vv used form factors from light-cone sum rules (LCSR) [83, 105] or
perturbative QCD (pQCD) [159]. One recent study of B — K (m)vw [18] combined lattice-
QCD form factors at high ¢* [64] with LCSR form factors [160] at low ¢* in a simultaneous
z-expansion fit. Our calculations of B — K (m)vv observables are the first to use only ab-
initio QCD information for the hadronic physics. Because experiments cannot identify the
outgoing neutrino flavor, we present results for the sum of contributions from v., v,, and v;.

For the neutral decay modes B — K°(x%)vi, the dominant contributions to the
Standard-Model decay rate are from FCNC transitions [see Eq. (2.24)]. Figure 10 shows
our Standard-Model prediction for the differential branching fractions for B® — 7%v and
BY — K% . We obtain the total branching fractions

B(B" — 7)) x 10" = 0.668(41)(49)(16), (4.11)
B(B — K%w) x 10" = 40.1(2.2)(4.3)(0.9), (4.12)

where the errors are from the CKM elements, form factors, and the quadrature sum of all
other contributions, respectively. The “other” errors in Egs. (4.11) and (4.12) are so much
smaller than those from the CKM elements and form factors because uu and cc¢ resonances
do not contribute to the rate in Eq. (2.2), and because the perturbative contributions lumped
into X; are known to about a percent.

For the charged decay modes Bt — KT (7" )vi, we obtain the following contributions to
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FIG. 10. Standard-Model differential branching fraction for B® — 7% decay (left) and B° —
K% (right) using the Fermilab/MILC form factors [48, 62].

the Standard-Model branching fractions from FCNC transitions:

B(B" — ntvp)gp x 107 = 1.456(89)(106)(34), (4.13)
B(BT — KTvp)gp x 107 = 43.2(2.3)(4.6)(1.0), (4.14)

where again the errors are from the CKM elements, form factors, and the quadrature sum of
all other contributions. Our result for B(BT — Ktv)gp is consistent with that in Ref. [18],
albeit with a slightly larger error. The smaller error in Ref. [18] stems from their use of an
additional input at low-¢* from LCSR [160]. The results quoted in Ref. [159] for the total
B — K (m)vp branching fractions for both the charged and neutral modes agree with ours,
but they have significantly larger errors.

As discussed in Sec. I1C, the decay rates for BT — KT (7 ")y, 17, also receive substantial
long-distance contributions from intermediate tree-level 7 decays. The numerical values for
the long-distance contributions are given in Egs. (2.26) and (2.27). We add them to the
short-distance contributions in Eqs. (4.13) and (4.14) to obtain the full branching ratios:

B(BT — ntwp) x 10° = 9.62(1)(92), (4.15)
B(BT — Ktvp) x 10° = 4.94(52)(6), (4.16)

where here the errors are from the short-distance and long-distance contributions respec-
tively. For BY — 7wtvw, the intermediate 7-decay channel increases the Standard-Model
rate by an order of magnitude, whereas for BT — KTvi it only generates about a 10%
enhancement.

C. Tree-level b —+ ufv decay observables

The decay B — w7 has not yet been observed experimentally. Recently, however, the
Belle Collaboration reported their first search for B — 7~ 77, decay [56], obtaining a
result for the total branching fraction with a 2.4¢ significance, corresponding to an upper
limit not far from the Standard-Model prediction. The upcoming Belle II experiment is
therefore well positioned to measure the branching fraction as well as the ¢? spectrum for
this process.
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FIG. 11. Standard-Model differential branching fraction for B — 7~ 77 v, decay using the Fermi-
lab/MILC form factors and determination of |V,p| from Ref. [48].

Most previous Standard-Model predictions for B — w7v have relied on estimates of the
hadronic form factors from LCSR [161-163] or pQCD [159]. Reference [164] employs form
factors from lattice QCD [65, 142]. The scalar form factor, however, was calculated only
in Ref. [142], and disagrees with more recent continuum-limit results [48, 66]. Because the
total uncertainty on B(B — w7v) in Ref. [164] is dominated by the error on the scalar
form factor, it is now possible to improve the Standard-Model estimate. Here we use the
form factors and value of |V, 3.72(16) x 1073, from Fermilab/MILC [48], obtained from
a simultaneous z-expansion fit of lattice-QCD results and the measured B — wfv partial
branching fractions. These form factors and |V,,| carry significant correlations, which we
incorporate below. We reiterate that with this choice of inputs we assume that there are no
significant new-physics contributions to B — wlv decays with light charged leptons.

Figure 11 shows our Standard-Model prediction for the B® — 7~ 7+, differential branch-
ing fraction. For the total integrated branching fractions we find

B(B" — 7 7u,) = 9.35(38) x 1077, (4.17)
B(BT — n%7v,) = 4.99(20) x 1077, (4.18)

where the error includes the correlated uncertainties from the form factors and |V,;;|. Because
of the correlations between the form factors and |V,4|, it is not possible to quote their
errors individually. The uncertainties stemming from the parametric inputs are negligible.
Our results are consistent with those quoted in Refs. [159, 162] within their much larger
uncertainties. Because the Standard-Model branching fraction for B — w7v is of the same
order of magnitude as for B — muv, the Belle I experiment should be in a good position
to test our prediction of its differential decay rate.

Deviations from Standard-Model expectations have been observed for semileptonic B-
meson decays to 7v; final states involving tree-level b — ¢ charged-current interactions.
Given the combined 3.90 excess quoted by HFAG for their averages of R(D) and R(D*) [41],
it is interesting to consider the analogous ratio for B — /v decay, which instead proceeds
through a tree-level b — wu transition. Assuming, again, that there are no new-physics
contributions to decays to light charged leptons, B — mlv with ¢ = e, u, the Fermilab/MILC
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form factors [48] yield the Standard-Model prediction

B(B — nTv,)
B(B — 7T£Vg>

for both the charged and neutral B-meson decay modes. Because |V,;| cancels in the ratio,
R(m) provides an especially clean probe of new physics, particularly charged Higgs bosons,
independent of the currently observed tension between determinations of |V,,| from inclusive
and exclusive semileptonic B-meson decays [41, 136, 165].

R(w) = — 0.641(17), (4.19)

V. CKM MATRIX ELEMENTS AND WILSON COEFFICIENTS

We now illustrate the broader utility of the Fermilab/MILC form factors [48, 62, 63] for
Standard-Model and beyond-the-Standard-Model phenomenology with two concrete exam-
ples. First, in Sec. V A, starting with the assumption that the Standard Model is a complete
description of Nature, we combine our predicted branching fractions with the recent LHCb
measurements to determine the CKM matrix elements |Vi4|, |Vis|, and their ratio. We then
compare them with results from other processes. Second, in Sec. V B, we make no such
assumption but take the CKM matrix elements from unitarity and combine our theoretical
branching fractions with the experimental measurements to constrain the Wilson coefficients
of the b — ¢l (¢ = d, s) effective Hamiltonian. We then compare them with Standard-Model
values.

These analyses are possible because, as stressed above, the B — 7w and B — K form
factors are decoupled, via the effective Hamiltonian, from physics at energy scales above the
electroweak scale.

A. Constraints on Vig, V34, and |Viq/Vis|

In the Standard Model, the ratios of differential branching fractions
AB(B — wlti™) o AB(B — mvw)
AB(B — K{+() AB(B — Kvp)

are both proportional to the ratio of CKM matrix elements |V;4/Vis|*>. Thus, they enable
determinations of |V;4/Vis|, independent of that from the ratio of By-to-Bs-meson oscillation
frequencies [136], which is currently the most precise.

The LHCb experiment’s initial observation of B — wu*pu~ [151] enabled the first deter-
mination of this ratio of CKM matrix elements from rare semileptonic B decays. In that
work, they obtained |V;4/Vis| = 0.266(35) using form factors from light-cone sum rules [166]
and neglecting the theoretical uncertainty. More recently, LHCb measured the differential
decay rate for B — mu™p~ and the ratio AB(B — wp™p™)/AB(B — Kptp™) in two bins
of ¢ below and above the charmonium resonances [55]. Although the measurement errors
decreased, the quoted error in |Viq/Vis| = 0.23(*}) increased from including now the theory
uncertainty. Here we obtain the first determination of |V,;/Vis| from rare b — d(s)¢T ¢~
decay processes using only ab-initio lattice-QCD information for the hadronic form factors.

Following Refs. [122, 151] we calculate

Vis|" AB(B* — mtptp)
Via| AB(B* — K+ptp-)’

FTI’/K —

(5.1)
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which removes the CKM matrix elements. Taking Eq. (4.7) for the second factor in Eq. (5.1)
and removing the CKM ratio used there (from Table XVII), we obtain
0.60(12), 1 GeV? < ¢?
/K _ )
F { 1.055(81), 15 GeV? < ¢? (5-2)

where the errors stem predominantly from the form-factor uncertainties. Combining this
Standard-Model calculation of F*/% with LHCb’s recent measurement [55], Eq. (4.8), yields

0.252(25)(30), 1GeV?< ¢*>< 6 GeV?

[Via/Vis| = { 0.187(7)(20), 15 GeV2 < ¢2 < 22 GeV? (5:3)

where the errors are from theory and experiment, respectively. A joint fit over both bins
including theoretical correlations (which in practice are negligible) yields our final result for
the ratio of CKM matrix elements:

‘V;td/vtsl = 0'201(20)7 (54)

where the error includes both experimental and theoretical uncertainties, and the combined
x?/dof =2.3/1 (p = 0.13). Equation (5.4) agrees with the more precise determination from
the oscillation frequencies of neutral By mesons, |Viq/Vis| = 0.216(1)(11), as well as that
from CKM unitarity, |Via/Vis| = 0.2115(30) [167].

The error on |Viq/Vis| in Eq. (5.4) is more than two times smaller than that obtained
by LHCb in Ref. [55] using the same experimental information. This improvement stems
entirely from the more precise form factors. Because the error on |Viq/Vis| in Eq. (5.4)
is dominated by the experimental uncertainty, especially for the high-¢? bin, it will be
reduced as measurements of B — K (m)¢*¢~ decays improve. Better form-factor calculations
will also aid the determination of |V;4/Vis| from the low-¢* region. Future observations of
B — K(m)vv in combination with our Standard-Model predictions in Sec. IIC will enable
yet another way to determine |V;q/Vis|.

We can also determine the products of CKM elements |Vi V5| and |Vi, V5| that appear in
the individual decay rates for B — w/*¢~ and B — K/{(*{~ decay, respectively. In analogy
with the analysis above, we combine our calculations of the CKM-independent quantities
AB(B*T — mrutp™)/|[ViVE? and AB(BY — K utp™)/|ViVi|? with experimental mea-
surements of the partial branching fractions for the same ¢? intervals. Using the B — wutpu~
partial branching fractions measured by LHCb [55], and quoted in Eq. (4.2), we obtain

8.34(49)(95), 1 GeV?*< ¢ < 6 GeV?,

6.90(26)(81), 15 GeV2 < ¢ < 22 GeV>. (5:5)

VW] x 10° = {

Similarly, using the B — Kpu™pu~ measurement from Ref. [45], quoted in Eq. (4.5), we obtain

33.3(2.8)(1.0), 1.1 GeV* < ¢* < 6 GeV?,

* 3 _
[VipVigl > 107 = { 36.0(1.1)(1.1), 15 GeV? < ¢* < 22 GeV?,

(5.6)

The errors given in Egs. (5.5) and (5.6) are from theory and experiment, respectively. Com-
bining the values from the individual ¢? bins above including correlations gives

|VioVis| x 10° = 7.45(69), (5.7)
[V Vii| x 10° = 35.7(15), (5.8)
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for our final results, where the errors include both the experimental and theoretical uncer-
tainties.

Taking |Vi| = 0.9991 from CKM unitarity [167], where the error is of order 10~° and
hence negligible, we can infer values for the magnitudes of the individual CKM elements

|Via| and |Vis|. We find

|Via| = 7.45(69) x 1072, (5.9)
[Vis| = 35.7(1.5) x 1073, (5.10)

where the errors include both the experimental and theoretical uncertainties. This determi-
nation of |Vi4| agrees with the Particle Data Group (PDG) value |V;4| = 8.4(6) x 1073 [136]
obtained from the oscillation frequency of neutral B; mesons, with commensurate precision.
Our |Vi,| is 1.4 lower than |V = 40.0(2.7) x 1072 from B,-meson oscillations with an error
that is almost two times smaller. Compared with the determinations |V;q| = 7.2(*3) x 1073
and |Vis| = 32(4) x 1072 by LHCb [55]—using the same experimental inputs but older form
factors—the uncertainties in Eqgs. (5.9) and (5.10) are 1.2 and 2.7 times smaller, respectively.
Again, this illustrates the value added from using the more precise hadronic form factors.
It is worth noting that the errors on the B-mixing results [136] are dominated by the un-
certainties on the corresponding hadronic matrix elements [168, 169]. Therefore the errors
on |Vi4| and |Vi,| from both neutral B-meson oscillations and semileptonic B decays will de-
crease with anticipated lattice-QCD improvements (see Refs. [170, 171] and our discussion

in Sec. VII).
Finally, assuming CKM unitarity, our result for |V| implies a value for |V | via |Vy| =
|Vis] = AX? + O(\1), where the explicit expression for the correction can be found in

Ref. [167]. Taking numerical values for {A, A, p, 7} from Table XVII to estimate the correc-
tion term, we obtain |V = 36.5(1.5) x 1073, where the error stems from the uncertainty
in |Vis| in Eq. (5.9) and the parametric uncertainty due to higher-order corrections in A is
negligible. This alternate result for |V, is 1.60 below the exclusive |V| determination from
B — D*lv [172], 2.60 below that from B — D/lv [53], and 3.50 below the inclusive |V|
determination [54]. This tension is simply another perspective on the differences we found
between the experimental measurements for the B — K u ™~ partially-integrated branching
fractions and our Standard-Model predictions, discussed in Section IV A 2.

B. Constraints on Wilson coefficients

In this section, we investigate the constraints on the Wilson coefficients of the effective
Hamiltonian implied by present B — (K, 7)u"u~ measurements combined with the Fermi-
lab/MILC form factors [48, 62, 63]. We focus on high-scale (pp ~ 120 GeV) contributions
to the Wilson coefficients Cy and Ciy:

Cy(po) = C5™ (110) + G5 (po) (5.11)
Cro(ko) = Cio" (o) + Cy (10) (5.12)
where the Standard-Model matching conditions are given in Eqs. (25) and (26) of Ref. [82]
and, for our choice of inputs, correspond to C§M(ug) = 1.614 and C{M(ug) = —4.255.

The excellent agreement between the experimental and theoretical determinations of B —
Xy (see, for instance, Ref. [173] and references therein) suggests that any new-physics
contributions to C7 and Cy are small, so we do not consider them here. We also assume that
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the Wilson coefficients for b — sf¢ and b — d¢¢ transitions are identical, as they would be in
minimal flavor violation, where new-physics contributions to the semileptonic operators for
b — gl are proportional to V,, V7. We further assume that there are no new CP-violating
phases and take C)" (o) and CY (o) to be real.

To obtain the constraints shown here, we employ the measured BT — wtu*p~ and
B* — K*yu*u~ branching ratios in the wide ¢? intervals [1(1.1),6] GeV? and [15,22] GeV?
from LHCb [45, 55], which are quoted in Egs. (4.2) and (4.5). We adopt a frequentist
approach, and construct a y? statistic for these four measurements using a covariance matrix
constructed from the correlation matrices given in Tables VII and VIII, and from the errors
quoted in Table IV of Ref. [63] and in Table V. We obtain the experimental contribution
to the covariance matrix by assuming that the four LHCb measurements in Egs. (4.2) and
(4.5) are uncorrelated, which should be a good approximation because the high- and low-¢?
bins are statistically independent, and the BT — 7"yt u~ measurement is dominated by
statistical errors, while that for B* — KTpu*u~ is limited by systematics.

The resulting allowed regions in the Re (CEP)—Re (C’%P) plane are shown in Fig. 12. In the
top two panels we present the 1o constraints from Bt — K™ utpu~ (left) and BT — ntputpu~
(right), where we show the allowed regions implied by each of the two bins separately (unfilled
bands) as well as their combination (solid bands). The lower left panel shows the constraint
from combining B* — K*u*p~ and BT — 7"t~ branching ratios. Comparing the top
and bottom left panels, we see that the combined B — (K, 7)u" ™ constraint is currently
controlled by the high-¢> B* — K*putpu~ [15,22] GeV? bin. In the lower right panel, the
orange and yellow solid bands are the 1o and 20 regions allowed by B — (K, 7)u*u~ data.
Allowing for new-physics contributions to Cy and C1q yields a best fit with x2, /dof = 1.8/2,
corresponding to p = 0.41. We find a 2.00 tension between the Standard-Model values for
CNP = O = 0 and those favored by the B — (K, 7)u*u~ branching ratios.

In the lower right panel of Fig. 12, we compare our allowed region in the Re(C{™)-Re(CHY)
plane obtained from B — (K, m)u"pu~ branching fractions alone with the constraints from
inclusive B — X /"¢~ and exclusive B — K*u*p~ measurements. The region favored
by inclusive observables (black contours) is taken from Ref. [174], where the most recent
experimental results from BaBar [175, 176] and Belle [177] were used. Similarly, the region
favored by B — K*utpu~ angular observables (red contours) is taken from Ref. [36]. Global
analyses of b — s data similar to that performed in Ref. [36] have also been presented in
Refs. [9, 152, 178-186].

In Fig. 13 we add the constraint from the leptonic decay rate B(Bs; — u*u~), for which
lattice QCD also gives a reliable input for the hadronic matrix element fp, [108-112, 187].
The expression for the Standard-Model rate is given in Eqs. (3) and (6) of Ref. [188], and is
proportional to f7 and to the CKM combination |V, V;i|?. For fp, we use the recent PDG
value fp, = 226.0(2.2) GeV [107], which was obtained by averaging the lattice QCD results
of Refs. [108, 110, 112, 113, 187]. We take the remaining parametric inputs from Table XVII
to obtain the Standard-Model total branching ratio

B(B, — p )™ = 3.39(18)(7)(8) x 1077, (5.13)

where the errors are from the CKM elements, decay constant, and the quadrature sum of all
other contributions, respectively. We take the nonparametric uncertainties to be 1.5%. [188].

In the most general Standard-Model extension, new-physics contributions to By — ™~
decay can arise from six operators in the effective Hamiltonian: in addition to (g, there
are operators with lepton currents ¢¢ and fvs¢, and three additional operators obtained

31



10+
—~~~ 57
%g [
S}
(0]
m L
(V)3 *SM
| B->Kuy |
_EBl B-Ky, B-K,
5. L1 ey 115 2b1cev.
-10 -8 -6 -4 -2 0 2 4
Re(C,"")
10+
—~~~ 57
%g [
S}
(0]
m L
(V]3 *SM
- B> (K, )
L Bom | FUBoRm
-10 -8 -6 -4 -2 0 2 4
Re(C,"")

10+
5,
or “SM
B-
el B- 71 B- 7y
5t LI 6lGev. T3 281Gev,
-10 -8 -6 -4 -2 0 2 4
Re(C,""
1o
10 20
N
of
B->(K,m)py
L B-K”*
51 Clangied™  CBoXar
-10 -8 -6 -4 -2 0 2 4
Re(C,""

FIG. 12. Constraints on the Re (CgP)—Re (C%P) plane implied by B — (K, m)u"u~ data. In
the top two panels, the light and dark unfilled bands show the 1o constraints from the low-¢*
([1(1.1),6] GeV?) and high-¢? ([15,22] GeV?) bins, respectively, for B* — K+putu~ (left) and
Bt — wtutpu~ (right). The filled bands show the 1o allowed regions when the two bins are

combined. Note that the outer low- and high-¢> B — K contours almost completely overlap.
The lower left panel shows these two 1o regions with an unfilled band obtained from combining
the two constraints (almost coincident with the filled B — K¢T¢~ band). The lower right panel
compares the 1o and 20 bands [in orange (gray) and yellow (light gray), respectively] from the
B — (K,m)u"u~ data with the constraints from B — K*{{ angular observables (red unfilled

contours, dotted for 20) [36] and inclusive processes (black open contours, dashed for 20) [174]).
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FIG. 13. Constraints on the Re(C)")-Re(CXY) plane implied by B — (K, m)utp~™ and By — putu~
data. The right panel shows the same contours as the left panel, but focuses on the region near
the Standard-Model value. The color and styling is the same as in Fig. 12 (lower right).

by flipping the chirality of the quark current [189]. In order to combine information from
B, — ptp~ with the constraints on the Wilson coefficients Cy and Cyg from B — K (m)u® ™
branching ratios presented above, we assume that only C' is affected by new physics. Under
this assumption, the By, — p*u~ rate is proportional to |Cig|?, so its inclusion reduces
constraint from a ring to a smaller, roughly elliptical, region. Taking the measured branching
ratio B(B, — ptp~)®® = 2.8(T5%) x 1079 from CMS and LHCb [190], we obtain the yellow
and orange shaded bands in Fig. 13. As shown in the left panel, at the 1o level there are four
distinct allowed regions in the Re(Co™)-Re(CYY) plane, which merge into two larger nearly
horizontal bands at 20. The lower-right orange contour is close to the Standard-Model value,
and we zoom in on this region in Fig. 13, right. The region allowed by B — K(m)u"u~
and B, — p*p~ branching ratios is compatible with the constraint from B — K*u™u~
angular observables, but is in slight tension with the constraint from inclusive B — X (¢~
decays. Because the Standard-Model B, — p*u~ total branching ratio is compatible with
experiment, including this information slightly decreases the tension between the Standard-
Model prediction and experimental measurements of B — (K, 7)uu branching ratios. The
compatibility with the Standard-Model hypothesis increases from p = 0.10 to p = 0.13, and
the significance of the tension decreases from 1.70 to 1.50. Allowing for new physics in Cy
and (g yields a best fit with x2. /dof = 1.8/3, corresponding to p = 0.61, and values of
Re(Cy") and Re(CLY) that differ by 2.10 from the Standard Model.

Because the constraints from B — (K )u*p~ branching ratios on the Re(CH)-Re(CRY)
plane are limited by the experimental uncertainties, the widths of the corresponding bands
in Figs. 12 and 13 will be reduced with new measurements by LHCb from the recently
started LHC run and by the upcoming Belle II experiment. Therefore, these decays will
continue to squeeze the allowed region in the Re(Co™)-Re(CT) plane.
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VI. SUMMARY OF MAIN RESULTS

We now summarize our main results to help the reader digest the large quantity of
information presented in the previous two sections. We present them in the same order in
which they appeared above.

We begin with tests of heavy-quark and SU(3) symmetries. By and large, the results
given in Sec. III show marginal-to-excellent agreement with the symmetry limits, but the
sizeable ¢ dependence we observe is an obstacle to providing a simple rule of thumb.

Our findings for the Standard-Model observables for decays with a charged-lepton pair in
the final state, B — K (m)¢(*¢~ with ¢ = e, u, 7 are more interesting. Here, the most reliable
results are those for the wide ¢? regions above and below the charmonium resonances. For
decays with a muon pair, we compare our results for the partially-integrated branching frac-
tions with the latest experimental measurements from the LHCb experiment [45, 55]. For the
wide ¢? bins below and above the charmonium resonances, we find that the Standard-Model
expectations for both AB(B — mutp~) and AB(B — Ku™p~) are in slight tension with the
experimental measurements (see Fig. 5), with the Standard-Model values being 1-2¢ higher.
The Standard-Model expectations for the ratio AB(B — wu*u~)/AB(B — Kutu™) are
compatible with experiment, however, within 1.10 (see Fig. 8). We also provide Standard-
Model values for the flat terms and lepton-universality-violating ratios for all lepton final
states £ = e, i, 7. We confirm the 2.60 discrepancy observed for R}, by LHCb [42]. Semilep-
tonic B decays with 7 pairs in the final state have yet to be observed, so our results for the
associated observables are theoretical predictions that will be tested by experiment.

For decays with a neutrino pair in the final state, B — K (m)vv, we provide Standard-
Model predictions for the total branching fractions. We do not present partially integrated
branching fractions because there are not yet experimental measurements of these processes
to guide our choice of ¢* intervals. Like B — K(m){*{~, these processes involve a b —
d(s) FCNC transition, and thus probe some of the same underlying physics. The decay
rates for B — K (m)vv, however, depend on only a single operator in the Standard-Model
effective Hamiltonian. Hence, once measured, they will provide complementary information.
Moreover, the B — K (m)vv decay rates do not receive contributions from u, ¢¢ resonances
or nonfactorizable terms, making the theoretical predictions particularly clean. Because the
current bounds on B(B — Kvv) from Babar [157] and Belle [158] are only about a factor
of ten larger than Standard-Model expectations, one may anticipate that this process will
be observed by the forthcoming Belle 1T experiment [57]. Once experimental analyses of the
B — K(m)vr differential decay rates have settled on bin sizes, we can provide predictions
for the partially integrated branching fractions matched to the ¢? bins employed.

We also predict the total branching ratio for the tree-level decay B — w7v. Although this
is not a FCNC process, the large 7-lepton mass makes this process sensitive to contributions
from charged Higgs or other scalar bosons. The ratio of the decay rate for B — wrv over
the decay rate for B — wlv (¢ = e, u) is of particular interest given the combined 3.90
deviation from the Standard Model for the analogous ratios for B — Dfv and B — D*{v
semileptonic decays [41]. We obtain

R(r) = l;g:—% — 0.641(17), (6.1)

where the error quoted includes statistical and systematic uncertainties. Because the CKM
element |V,;| cancels in the ratio, R(m) provides an especially clean test of the Standard
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Model independent of the tension between inclusive and exclusive determinations [4, 41,
136, 165, 191]. The Belle experiment recently presented a preliminary 2.40 measurement
of the B® — 7~ 77 v, total branching fraction, setting an upper limit only about five times
greater than the Standard Model prediction, so Belle IT may be able to measure not only the
total branching fraction but also the ¢? spectrum for this process [57]. Again, we can provide
partially-integrated branching ratios corresponding to the bins used in future experimental
analyses once they are needed.

The differential decay rates for B — w¢™¢~(vv) and B — K/("{~(vD) decay are pro-
portional to the combinations of CKM elements |V;4V;| and |VisVj;|, respectively. Thus
they enable determinations of |Vi4|, |Vis|, and their ratio that can be compared with the
current most precise results obtained from the oscillation frequencies of neutral B; and B
mesons. Assuming the Standard Model, we combine the theoretical values for AB(B —
wlt0~), AB(B — K{*(7), and their ratio with the recent experimental measurements from
LHCb [45, 55] to obtain the CKM matrix elements

1%
V—td = 0.201(20), (6.2)

ts

|Via| = 7.45(69) x 1073, |V;,| = 35.7(1.5) x 107,

where we take |Vj;| from CKM unitarity [167], and the errors include both experimental and
theoretical uncertainties. These results are compatible with the PDG values from neutral
B-meson oscillations [136], with a commensurate uncertainty for |Vi4], and an error on |V
that is almost two times smaller. Compared with the determinations |Vi4| = 7.2(*3) x 1073,
[Vis| = 32(4) x 1073, and |Vi4/Vis| = 0.24(*}) by LHCD [55] using the same experimental
inputs but older form factors, the uncertainties above are 1.2, 2.7, and 2.3 times smaller,
respectively. This illustrates the impact of using the precise hadronic form factors from
ab-initio lattice QCD [48, 62, 63]. Further, our predictions for B(B — mvv), B(B — Kvv),
and their ratio will facilitate new, independent determinations of |Vi4|, |Vis|, and their ratio
once these processes have been observed experimentally.

Finally, we also explore the constraints on possible new-physics contributions to the Wil-
son coefficients Cy and C}y implied by the LHCb data for the partially integrated wide-bin
B — K(m)utp~ branching ratios when combined with the new lattice-QCD form factors.
We find a 1.70 tension between the Standard Model and the values for Re(Cy) and Re(Chy)
preferred by semileptonic B-meson decay data alone, as shown in Fig. 12. Including the con-
straint from B; — pu, for which reliable hadronic input from lattice QCD is also available,
shrinks the allowed region and also slightly decreases the significance of the tension with the
Standard Model. The region allowed by these theoretically clean decay modes is consistent
with the constraints obtained from B — K*{{ observables, and the widths of the bands
are comparable in size. The B — K™ constraints, however, make use of additional theo-
retical assumptions, which are not needed in lattice-QCD calculations of B-meson leptonic
decays or semileptonic decays with a pseudoscalar meson in the final state. Hence, using the
Fermilab/MILC form factors from ab-initio QCD [48, 62, 63], we obtain theoretically clean
constraints on the Wilson coefficients with uncertainties similar to previous analyses.

VII. CONCLUSIONS AND OUTLOOK
Rare semileptonic B-meson decays provide a wealth of processes and observables with

which to test the Standard Model and search for new physics. Exploiting this wealth, how-
ever, requires that both the experimental measurements and the corresponding theoretical
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calculations are sufficiently precise and reliable. Recent progress in both areas has been
significant, in particular, on the form factors that parametrize the momentum-dependent
hadronic contributions to B-meson semileptonic decays with a pseudoscalar meson in the
final state. In this paper, we explore the phenomenological implications of new calculations
of the B — 7 [48, 63] and B — K [62] transition form factors by the Fermilab Lattice and
MILC Collaborations. With the new ab-initio QCD information on the hadronic matrix
elements, we are able to calculate the observables with fewer assumptions than previously
possible. Indeed, the comparison of our Standard-Model results for the B — K(m)u®u~
partial branching fractions with experimental measurements reveals that the theoretical un-
certainties are now commensurate with the experimental errors, especially in the high-¢?
region. As a result, these decays are already providing theoretically clean and quantita-
tively meaningful tests of the Standard Model and constraints on new physics. Once the
rare decays B — K(m)vv and B — 7wrTv are observed, our predictions for these processes
will enable further Standard-Model tests, and, if deviations are seen, provide complimentary
information on the underlying new physics.

Our work reveals 1-20 deviations between the Standard Model and experiment for both
B — mutp and B — Kputpu~ decays, where the theory values lie systematically above the
measurements for all four wide ¢? bins outside the charmonium resonance region. Although
the combined tension is less than 20, at the current level of uncertainty, there is still ample
room for new physics. Sharpening this and other tests and potentially revealing evidence
for new physics will require improvements in both experiment and theory, both of which are
expected. On the experimental side, measurements will continue to improve at the currently
running LHCb experiment. Further, the soon-to-start Belle IT experiment expects a great
increase in luminosity compared to the previous Belle experiment. It may therefore observe
heretofore unseen decays such as B — K (m)vv and B — w7, for which the Standard-Model
predictions are particularly clean. On the theoretical side, more precise B — K and B — 7
form factors from lattice QCD are anticipated. A dominant uncertainty in the form factors
from Refs. [48, 62, 63] employed in this work, and for similar efforts using different light-
and b-quark actions [66, 143, 192], is the combined statistical plus chiral-extrapolation error.
Fortunately, three- and four-flavor lattice gauge-field ensembles with the average light-quark
mass (m, + mg)/2 tuned to the physical value are becoming increasingly available [193—
196], the use of which will essentially eliminate this source of error. Further, the form-
factor uncertainties at ¢> = 0 are quite large due to the extrapolation from the range of
simulated lattice momenta ¢ > 16 GeV? to the low-¢? region using the model-independent
2 expansion. Reducing the form factor uncertainties at low-¢? is necessary in order to
make better use of experimental data at low-¢?, and to sharpen comparisons of ¢ spectra
between theory and experiment. Lattice-QCD ensembles with finer lattice spacings but
similar spatial volumes will enable simulations with larger pion and kaon momenta, thereby
shortening the extrapolation range and reducing the associated error. In particular, the form-
factor calculations of Refs. [48, 62, 63] will be repeated by the Fermilab Lattice and MILC
Collaborations on a new set of ensembles recently generated by the MILC Collaboration [196,
197] using the highly improved staggered quark (HISQ) action [198]. These four-flavor
ensembles include dynamical up, down, strange, and charm quarks; physical-mass light
quarks; and planned lattice spacings as small as approximately 0.03 fm.

We note that semileptonic B-meson decays with a vector meson in the final state, such
as B — K*0, provide an even richer set of observables with which to test the Standard
Model, many of which are already measured experimentally. For example, for the analysis
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of the Wilson coefficients, the constraint from B — K*u™p~ angular observables in the
Re (C)P)-Re (C}) plane is approximately perpendicular to that from B — w(K)u*p~
branching ratios and provides complimentary information. The presence of an unstable
hadron in the final state, however, makes ab initio calculations of their form factors much
more complicated. In fact, finite-volume methods for properly including the width of an
unstable final state hadron in semileptonic B-meson decays are still being developed [72].
Once such methods are fully established, they will bring the hadronic uncertainties for
B — K*utpu~ observables under equally good theoretical control as for B — w(K)u*u™.

B-meson leptonic and semileptonic decays are already testing the Standard Model in
the quark-flavor sector, in some cases yielding tantalizing discrepancies at the 2-30 level.
As discussed above, even more experimental and theoretical progress is anticipated. We
are therefore optimistic that the rare semileptonic B-meson decays studied in this work—
B — K(m)utp~, B — K(m)vw, or B — mrrv—may eventually reveal the presence of new
flavor-changing interactions or sources of C'P-violation in the quark sector.

ACKNOWLEDGMENTS

We thank our colleagues in the Fermilab Lattice and MILC Collaborations for an en-
joyable collaboration that helped spur this work. We also thank Ulrik Egede and Tobias
Tekampe for useful correspondence about LHCb’s recent B — K (m)u™p~ measurements,
and Wolfgang Altmannshofer, Gudrun Hiller, Jernej Kamenik, Alexander Khodjamirian,
David Straub, and Yuming Wang for valuable discussions about the theory. This work
was supported in part by the U.S. Department of Energy under Grants No. DE-SC0010120
(S.G.) and No. DE-FG02-13ER42001 (A.X.K.); by the National Science Foundation under
Grant No. PHY-1417805 (D.D., J.L.); and by the German Excellence Initiative, the Euro-
pean Union Seventh Framework Programme under grant agreement No. 291763, and the
European Union’s Marie Curie COFUND program (A.S.K). Fermilab is operated by Fermi
Research Alliance, LLC, under Contract No. DE-AC02-07CH11359 with the U.S. Depart-
ment of Energy. S.G.; A.S.K., E.L.,, and R.Z. thank the Kavli Institute for Theoretical
Physics, which is supported by the National Science Foundation under Grant No. PHY11-
25915, for its hospitality while this paper was being written. A.S.K., A X.K., and D.D.
thank the Mainz Institute for Theoretical Physics for its hospitality while part of this paper
was written.

Appendix A: Numerical results for B — K (m)£T£~ observables
Here we tabulate the numerical values of B — K(m)¢*{~ observables in the Standard

Model integrated over different ¢? intervals. We select the same ranges of momentum transfer
as the most recent experimental measurements from LHCb [45, 55].
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TABLE II. Standard-Model binned flat term F§ (g2

Qnin> qmax)

for Bt

(020 @) (GeV?) 10° F W0 F;  10'F
[0.10, 2.00] 242.0(2.2,0.6) 96.1(0.8,0.2)
2.00, 4.00] 50.6(1.1,0.1) 21.5(0.5,0.1)
[4.00,6.00] 28.6(1.0,0.1)  12.2(0.4,0.0)
[6.00,8.00] 19.9(0.9,0.1)  8.5(0.4,0.0)
[15.00, 17.00] 10.2(0.6,0.3)  4.3(0.3,0.1) 8.5(0.1,0.2)
[17.00, 19.00] 10.1(0.6,0.3)  4.3(0.3,0.1) 8.0(0.1,0.2)
[19.00, 22.00] 10.9(0.6,0.3)  4.7(0.3,0.1) 7.8(0.1,0.2)
[1.00,6.00] 52.7(1.3,0.2) 22.3(0.5,0.1)
[15.00, 22.00] 10.4(0.6,0.3)  4.4(0.3,0.1) 8.0(0.1,0.2)
[4m7, (Mp+ — M,+)?] 55.6(3.6,1.8) 17.1(1.0,0.5) 8.2(0.1,0.2)
TABLE III. Standard-Model binned flat term Ffj(q2,,, ¢2y)

for B® — 7%*¢~ decay. Errors
shown are from form factors and the quadrature sum of all other contributions, respectively.

[qmlrﬂ qmax] (GeVQ) 108 FI?I 103 FIl} 101 FIG
[0.10,2.00] 249.6(1.8,0.8) 98.9(0.7,0.3)

[2.00,4.00] 51.0(1.0,0.1) 21.7(0.4,0.1)

[4.00, 6.00] 28.7(0.9,0.1) 12.2(0.4,0.0)

[6.00, 8.00] 19.9(0.8,0.1)  8.5(0.4,0.0)

[15.00, 17.00] 10.1(0.6,0.3)  4.3(0.3,0.1) 8.5(0.1,0.2)
[17.00, 19.00] 10.0(0.6,0.3)  4.3(0.3,0.1) 8.0(0.1,0.2)
[19.00, 22.00] 10.8(0.6,0.3)  4.6(0.3,0.1) 7.7(0.1,0.2)
[1.00, 6.00] 53.1(1.2,0.2) 22.5(0.5,0.1)

[15.00, 22.00] 10.3(0.6,0.3)  4.4(0.3,0.1) 8.0(0.1,0.2)
[4m2, (Mpo — 58.1(3.9,2.0) 17.4(1.0,0.6) 8.2(0.1,0.2)

TABLE 1IV. Standard-Model partially-integrated branching fractions for BT — 7 pu*

Results for Bt — ntete™

are nearly identical. Errors shown are from the CKM elements, form
factors, and the quadrature sum of all other contributions, respectively. Results are from Ref. [63],
but additional digits are presented and the scale error has been included in the “other” error quoted

here, to facilitate use with the correlation matrices in Tables VII and VIII.

[qr2nin7 q12rlax] (G6V2)

10° AB(BT — nhutu™)

[1.00, 6.00]
[15.00, 22.00]

4.781(0.286,0.541,0.165)
5.046(0.303,0.338,0.162)
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TABLE V. Standard-Model partially-integrated branching fractions for BT — KT¢T¢~ decay.
Results for BT — KTeTe™ are nearly the same as for Bt — Ktu™pu~. Errors shown are from
the CKM elements, form factors, and the quadrature sum of all other contributions, respectively.
Results for the electron and muon final states are indistinguishable at the current level of precision.
At low ¢2, we present two wide bins [I GeV?, 6 GeV?] and [1.1 GeV?,6 GeV?] to enable comparison
with the LHCb measurements in Refs. [55] and [45], respectively.

(@21 Crax) (GeV?) 10° AB(BT — KTptp™) 10°AB(BT — KTr17)
[0.10, 2.00] 68.03(3.70,13.72,1.55)

[2.00,4.00] 71.72(3.91,12.44,1.63)

[4.00, 6.00] 70.59(3.84,10.36,1.54)

[6.00, 8.00] 68.94(3.75,8.47,1.46)

[15.00, 17.00] 46.15(2.51,2.48,1.62) 39.92(2.17,2.22,1.40)
[17.00, 19.00] 34.91(1.90,1.68,1.13) 39.31(2.14,1.81,1.33)
[19.00, 22.00] 25.73(1.40,1.17,0.86) 43.23(2.35,1.80,1.57)
[1.00, 6.00] 178.35(9.71,29.80,4.00)

[1.10,6.00] 174.75(9.52,29.07,3.92)

[15.00, 22.00] 106.79(5.82,5.21,3.49) 122.46(6.67,5.63,4.17)
[

Am2, (Mp+ — My+)?] 605.33(32.96,65.14,17.03)  160.36(8.73,7.87,5.46)

TABLE VI. Standard-Model partially-integrated branching fractions for BY — K°%/*/~ decay.
Results for B — K%%e~ are nearly the same as for B° — K% "pu~. Errors shown are from
the CKM elements, form factors, and the quadrature sum of all other contributions, respectively.
Results for the electron and muon final states are indistinguishable at the current level of precision.
At low ¢, we present two wide bins [1 GeV?, 6 GeV?] and [1.1 GeV?2,6 GeV?] to enable comparison
with the LHCb measurements in Refs. [55] and [45], respectively.

iy Crax) (GeV?) 10°AB(BY — K%%utp~) 109 AB(B° — K% +7r7)

a3

[0.10,2.00] 63.38(3.45,12.70,1.51)

[2.00,4.00] 65.88(3.59,11.35,1.46)

[4.00, 6.00] 64.94(3.54,9.47,1.37)

[6.00,8.00] 63.60(3.46,7.76,1.32)

[15.00, 17.00] 42.76(2.33,2.30,1.51) 36.96(2.01,2.04,1.30)
[17.00, 19.00] 32.25(1.76,1.55,1.04) 36.34(1.98,1.67,1.23)
[19.00, 22.00] 23.53(1.28,1.07,0.79) 39.74(2.16,1.65,1.44)
[1.00, 6.00] 164.09(8.94,27.23,3.59)

[1.10,6.00] 160.75(8.75,26.56,3.51)

[15.00, 22.00] 98.54(5.37,4.80,3.22)  113.05(6.16,5.19,3.85)
[

4m2, (Mpo — Myo)?] 558.80(30.43,59.72,15.73)  147.45(8.03,7.22,5.02)
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TABLE VII. Correlations between the form-factor contributions to the errors in the Standard-
Model partially-integrated branching fractions for B* — 7747/~ decay and B* — KT/T¢~ decay.
These should be combined with the central values and form-factor errors in the bottom panels of
Table IV from Ref. [63] and Table V above. The results for the neutral decay modes B® —
70(K%)¢* ¢~ should be taken as 100% correlated with those for the charged decays.

[qmlmqmax] (Gev2) [176]7r+ [15722]7r+ [176]K+ [1'176]K+ [15, 22]K+
[1,6],+ 1.0000  0.6071 0.0426 0.0428 0.1190
[15,22] .+ 0.6071 1.0000 0.1020 0.1023 0.2631
[1, 6] g+ 0.0426  0.1020 1.0000 1.0000 0.5099
[1.1,6] g+ 0.0428  0.1023 1.0000 1.0000 0.5112
[15,22] ¢+ 0.1190  0.2631 0.5099 0.5112 1.0000

TABLE VIII. Correlations between the “other” contributions to the errors in the Standard-Model
partially-integrated branching fractions for B* — 774/~ decay and BT — KT¢T¢~ decay. These
should be combined with the central values and “other” errors in the bottom panels of Table IV
from Ref. [63] and Table V above. The correlation between the combinations of CKM elements
that enter the BT — n¢*t¢~ and BT — KT¢T¢~ decay rates (|ViqV};| and [VisV3]) is 0.878. The
results for the neutral decay modes B? — 7°(K%)¢*¢~ should be taken as 100% correlated with
those for the charged decays.

[qunimqrznax] (Gev2) [1’6]7r+ [15)22]7r+ [1>6]K+ [1'176]K+ [157 22]K+
[1, 6]+ 1.0000 0.4504  0.9730  0.9728 0.4860
[15,22] .+ 0.4504 1.0000  0.4212  0.4207 0.6098
[1, 6]+ 0.9730  0.4212 1.0000 1.0000 0.4510
[1.1,6]x+ 0.9728  0.4207 1.0000 1.0000 0.4504
[15, 22] pr+ 0.4860  0.6098 0.4510 0.4504 1.0000

TABLE IX. Standard-Model binned flat term F§(q2; ,q2.) for BT — K*¢T¢~ decay. Errors

shown are from form factors and the quadrature sum of all other contributions, respectively.

[4amin: Gonax] (GeV?) 10° F; 10° 10" I
[0.10, 2.00] 248.0(2.2,0.5) 98.3(0.8,0.2)
2.00, 4.00] 55.7(0.7,0.0)  23.6(0.3,0.0)
[4.00, 6.00] 33.3(0.6,0.0) 14.2(0.2,0.0)
[6.00, 8.00] 24.3(0.5,0.0) 10.3(0.2,0.0)
[15.00, 17.00] 14.0(0.3,0.4)  6.0(0.1,0.2) 8.9(0.0,0.3)
[17.00, 19.00] 14.7(0.3,0.5)  6.3(0.1,0.2) 8.6(0.0,0.2)
[19.00, 22.00] 19.7(0.4,0.7)  8.4(0.2,0.3) 8.7(0.0,0.2)
[1.00, 6.00] 57.8(1.1,0.1) 24.5(0.5,0.0)
[15.00, 22.00] 15.6(0.3,0.5)  6.6(0.1,0.2) 8.7(0.0,0.2)
[4m2, (Mp+ — My+)?* 71.5(6.1,2.1) 22.2(1.7,0.7) 8.9(0.0,0.3)
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TABLE X. Standard-Model binned flat term F (g2

Qmin> qmax)

for BY —

KOt ¢~ decay. Errors shown

are from the form factors and the quadrature sum of all other contributions, respectively.

(@ins Bra] (GeV?) 10° Ff; 10° Fj; 10" Fjy
[0.10, 2.00] 258.6(2.4,0.4) 101.8(0.9,0.2)
2.00, 4.00] 55.8(0.7,0.0)  23.6(0.3,0.0)
[4.00, 6.00] 33.3(0.6,0.0)  14.2(0.2,0.0)
6.00, 8.00] 24.3(0.5,0.0)  10.3(0.2,0.0)
[15.00, 17.00] 14.0(0.3,0.4)  6.0(0.1,0.2)  8.9(0.0,0.3)
[17.00, 19.00] 14.7(0.3,0.5)  6.3(0.1,0.2) 8.6(0.0,0.2)
[19.00, 22.00] 19.8(0.4,0.7)  8.4(0.2,0.3) 8.7(0.0,0.2)
[1.00, 6.00] 58.0(1.1,0.1)  24.5(0.5,0.0)
[15.00, 22.00] 15.6(0.3,0.5)  6.7(0.1,0.2) 8.7(0.0,0.2)
[Am?, (Mpo — Mgo)?] 73.5(6.4,2.2) 22.4(1.7,0.7) 8.9(0.0,0.3)

TABLE XI. Standard-Model lepton-universality-violating ratios for B — wf*¢~ decay. Results are
shown for both the charged (R,+, left) and neutral (R0, right) modes. Errors shown are from the

form factors and the quadrature sum of all other contributions, respectively.

[9mins Gmax] (GeV?) — 10° (RIS —1) R 10° (RlG — 1) RIS

[0.10, 2.00] —5.81(0.62 0.07) —4.70(0.50 0.02)

[2.00, 4.00] —1.66(0.46 0.06) —1.49(0.41 0.05)

[4.00, 6.00] —1.38(0.42 0.05) —1.33(0.40 0.04)

[6.00,8.00] —1.14(0.39 0.04) —1.13(0.39 0.04)

[15.00, 17.00] 0.14(0.64 0.01)  0.52(0.08 0.00)  0.11(0.63 0.00)  0.54(0.08 0.00)
[17.00, 19.00] 0.58(0.82 0.02)  0.21(0.06 0.00)  0.54(0.82 0.02)  0.22(0.06 0.00)
[19.00, 22.00] 1.38(1.21 0.05) —0.05(0.04 0.01)  1.33(1.21 0.05) —0.04(0.04 0.01)
[1.00, 6.00] —1.64(0.45 0.06) —1.45(0.40 0.05)

[15.00, 22.00] 0.72(0.90 0.02)  0.18(0.06 0.01)  0.68(0.90 0.02)  0.19(0.06 0.01)

TABLE XII. Standard-Model lepton-universality-violating ratios for B — K/T¢~ decay. Results

are shown for both the charged (Rg+, left) and neutral (Ryo, right) modes.

Errors shown are

from the form factors and the quadrature sum of all other contributions, respectively.

min> qmax] (Gev2)

10% (RS, — 1)

AT

10° (R%S, — 1)

AT
R

=

[0.10, 2.00] —3.30(0.20 0.02) —4.27(0.22 0.03)

[2.00,4.00] 0.50(0.38 0.02) 0.44(0.39 0.02)

[4.00, 6.00] 0.62(0.59 0.02) 0.59(0.59 0.02)

[6.00, 8.00] 0.72(0.86 0.02) 0.70(0.85 0.02)

[15.00, 17.00] 1.79(3.20 0.06)  0.16(0.02 0.01)  1.78(3.20 0.06)  0.16(0.02 0.01)
[17.00, 19.00] 2.55(4.23 0.09) —0.11(0.02 0.01)  2.56(4.23 0.09) —0.11(0.02 0.01)
[19.00, 22.00] 5.08(5.95 0.19) —0.40(0.01 0.01)  5.13(5.94 0.19) —0.41(0.01 0.01)
[1.00, 6.00] 0.50(0.43 0.02) 0.43(0.44 0.02)

[15.00, 22.00] 2.83(4.20 0.10)  —0.13(0.02 0.01) 2.84(4.19 0.10) —0.13(0.02 0.01)
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TABLE XIII. Standard-Model ratio of partially-integrated branching ratios AB(B —
mlt0")/AB(B — K{(T(7). Errors shown are from the CKM elements, form factors, and the
quadrature sum of all other contributions, respectively.

Pins B (CeV?) 108 BBt ] g3 DB ]

[ AB(Bt=K+tputp— AB(BY—KO%utpu—)
[0.10, 2.00] 26.63(0.76,6.31,0.42) 13.07(0.37,3.12,0.20)
2.0, 4.0] 26.73(0.76,5.48,0.37) 13.04(0.37,2.68,0.17)
(4.0, 6.0] 27.01(0.77,4.74,0.35) 13.20(0.37,2.32,0.16)
[6.0,8.0] 27.47(0.78,4.11,0.34) 13.46(0.38,2.02,0.16)
[15.0,17.0] 36.64(1.04,2.95,1.05) 18.18(0.52,1.47,0.52)
[17.0,19.0] 43.37(1.23,3.15,1.24) 21.63(0.61,1.58,0.62)
[19.0,22.0] 71.37(2.02,4.69,2.03) 36.11(1.02,2.38,1.03)
[1.0,6.0] 26.82(0.76,5.30,0.37) 13.09(0.37,2.60,0.17)
[15.0,22.0] 47.21(1.34,3.38,1.34) 23.59(0.67,1.70,0.67)

TABLE XIV. Correlations between the form-factor contributions to the errors in the Standard-
Model ratio of partially-integrated branching ratios AB(B — w¢t¢~)/AB(B — K{*¢~). These
should be combined with the central values and form-factor errors in the bottom panel of Table XIII
above. The results for the ratio of neutral decay modes should be taken as 100% correlated with
those for the charged decays.

[4imin: Gmax) (GeV?) [1,6]  [15,22]
[1,6] 1.0000 0.4905
(15, 22] 0.4905 1.0000

TABLE XV. Correlations between the “other” contributions to the errors in the Standard-Model
ratio of partially-integrated branching ratios AB(B — m¢*¢~)/AB(B — K{*¢~). These should
be combined with the central values and “other” errors in the bottom panel of Table XIII above.
The CKM errors are 100% correlated between the two bins. The results for the ratio of neutral
decay modes should be taken as 100% correlated with those for the charged decays.

[4imin: Gmax) (GeV?) [1,6]  [15,22]
[1,6] 1.0000 0.0917
[15,22] 0.0917 1.0000
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Appendix B: B — K (m)£T£~ differential decay rates

Here we summarize the theoretical expressions for the B — K(7)¢*¢~ differential decay
rates in the Standard Model, including the complete dependence on the charged-lepton mass
my. We encourage the users of these formulae to cite explicitly the original papers [73, 76—
78, 90, 91, 98, 99, 199-204], in which the results collected below were first derived. In
Sec. B 1 we present a complete set of expressions needed to describe the high-¢? region. The
discussion of the running of the tensor form factor fr surrounding Eq. (B9) has not been
discussed in reference to exclusive b — sff decays elsewhere in the literature. The additional
non-factorizable terms of the type ¢5 x T x ®p required at low-¢? are collected in Sec. B 2.
For the £ = 7 case, the lower boundary of kinematic range, ¢2; = 4m?2, is larger than the v
mass implying that the high-¢?> OPE is sufficient to completely describe this mode. Relations
between the form factors fr and f, valid at low and high-¢® are presented in Sec. B3. A
discussion of scale and power-correction uncertainties is given in Sec. B 4.

1. Main formulas

The double differential B — Pl (P = K,m; { = e, u, T) decay rate is given by (see, for
instance, Ref. [78]):

dQ—FICL—i-bCOSG—FCCOSze (B1)
dq? d cos 6 ’

1/2 A0 | 2 5 (Ao 49 2 mf 2 212 £ |2
a=ToAg"Be | |G+ [Crol” { 7571 f+] +?(MB_MP) | fol (B2)
b=0, (B3)
¢ = —IT¥283 (1G2 + |Crofi ) (B4)

= 1 loA A 10/+1%) 5
2my"S ()
— (eft b eff B
G=Cq fy+ MB+MPC7 fr, (B5)
Gra2 |V Vil
Ty =Cp F;Q‘ 53’\’4?‘ : (B6)
T Mp
o = 4M3|pp|? = Mp + Mp + ¢* — 2(MEM} + Mzq? + M2q?), (B7)
4m?
ﬁé = 1 - q_2€7 (BS)

where 6 is the angle between the negative lepton direction and the B incoming direction in
the dilepton center of mass frame, and |pp| = \/FE% — M2 is the three-momentum of the
final-state meson in the B-meson rest frame. The isospin factor in Eq. (B6) Cp = 1 for
decays to kaons and charged pions (7%), while Cp = 1/2 for decays to neutral pions (7°).
When my =0, ¢ = —a.

The form factor f, is scale independent while the scale dependence of fr is simply
controlled by the anomalous dimension of the tensor current:

o *’Y(T())/Qﬁo
Frlus) = ) (2520) (B9)

43



where §y = (11N, — 2Ny)/3 = 23/3 (with N; = 5 active flavors) is the leading order QCD
beta function, and the leading order anomalous dimension of the tensor current is given by
the anomalous dimension of the operator ()7 minus the contribution of the explicit bottom
mass that appears in Q7, 7;0) = 7&0) — %(72) = 8CF — 6CF = 2Cr = 8/3 (see, for instance,
Ref. [205]).

We obtain the expressions for the effective Wilson coefficients C£% and C§¥ starting from
Eq. (47) of Ref. [201] where the notation C¢f is used; we also use results from Refs. [90,
99, 204]. We have made a number of changes in notation, however, and also removed some
terms, as described below. Reference [201] uses the notation & = V,V;} with i = u, ¢, ¢, which
can be generalized to replace d by ¢ so that the final state quark can be either d or s. In
either case, third-column and ¢'"-column unitarity implies &+ &+ & = 0, or equivalently,
£)6 = —1— &/ = —1 — A9, defining A\ = Vo Vio/ (VieViy). Also, the extra factor
as/(4m) in the definition of the operators ()79 has to be taken into account by replacing
A /asCr9 — Crg in Eq. (48) of Ref. [201]. Our notation simplifies that of Ref. [201] by not
being explicit about the 1 dependence of the C;. We set w79 — 0 to remove bremsstrahlung
contributions. We absorb the terms proportional to In(my/p) in Eq. (48) of Ref. [201] into
the definitions of the functions h(m,¢?) that we adopt here in Eqs. (B12)-(B14), so that
they are scale dependent. We use the exact relation F2( ) = 6F1( C) to simplify Eq. (B10).
Finally, we keep only the first term for Ag in Eq. (48) of Ref [201] since the other terms are
higher order, and take Ag = Cy because of different operator normalization.

With the above choices, our expressions for C¢f and C§f become

celt = ;- 3 {Cng SCi+20Cs+ 5 061 — E [(C1 —6Cy) ) +08F<7]
_ %@ N _ p
A (Cr = 6C3) ( o ) (B10)
4 64 64 1 2 32
G5 = Co+ 3Ca+ S0+ ot 10.7) (—3Ca = 500 804 - i)

7 2 32
+ h(mb, q2) (—503 — 504 — 3805 — 306)

4 4
+ h(me, ¢°) (—01 + Cy + 6C5 + 6005) + 2@ [h(mc, ¢*) — h(0, qz)} (501 + 02)

47T [Cl O CoFyY +OF(9)}

o (- ) (2 ) o

Numerically, the CKM factor [A] ~ 0.02 < [A?| ~ 0.4; thus terms proportional to A

are significant only for the B — 7 mode. Reference [204] provides a Mathematica notebook

for the functions £ 1( 9 ? in the charm-pole-mass scheme. Our expressions for Cet and C§T are

snmlar to Egs. (2.6) and (2.7) in Ref. [90]; however, we have included terms proportional to
9 for Ceft - and for C¢ we have not expanded h(m., ¢*) and Fi(;’g) in powers of m?/¢* as

in Eq. (2. 7) of Ref. [90].
The function h(my,¢*) is given in Eq. (11) of Ref. [99]. The function h(m,,q?) for
mg = 0,m, is also given explicitly in Eqgs. (3.11) and (3.12) of Ref. [76]. The functions
F8(7’9), By, and Cj are given in Egs. (B.1)—-(B.3), and (29) of Ref. [99]. The functions F9

lu »
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FQ(ZZQ) are given in Eqgs. (22)—(31) of Ref. [202] but with an extra minus sign compared with
the convention adopted here and in Refs. [200, 201, 204]). For the convenience of the reader,
we present the explicit expressions for all required functions here:

4 2 2
h<mcaq2) = § (hl?/j? +5+ Z)

273
4 arctan ——— = 4";‘5 > 1
NN TR o D PT e T (B12)
9 h’l T Y z = qQC S 1
8 4 2
h(0,¢%) = 77 + 9 (ln% +i 7T> , (B13)
4 29 4 1 Am2
h(my, ¢°) = 5 (ln :1% + 3 + z> — 5(2 + 2)vz — Larctan i1 2= %, (B14)
2 _ 164 a2
F§7)f—gl£—§ 8A1n§ § _4_111 168:!—85
9 mp, 91-35 9" "9 (1—35)?
4 1
+§<1 BE [(98 — 53% + 25%) By(3) — (4 +28) Co(3)] (B15)
16 1 8 5—25 8 4-—
F9 == In§+-— " -2 1+ 8) By(3) — 2Cy(5 B16
1
Bo<§) = —2 4/§ — 1 arctan m, (Bl?)
1 1 x?

Co(8)= [ d 1 B18
o(8) /0 TrA—9+1 1-2z(1-2)8 (B18)
F{) = Do = —A(3), (B19)
B = FD 0 = —6F 0 = BA(), (B20)
FY) = F{Y |0 = —B(3) — 4C(3), (B21)
P = P = _300 +6B(3), (B22)

104 43
AGG)= —=—n —[L 1 “11—A]
+ i 5 [6 (29 47s> n(8) + 785 — 16003 + 83382 + 6m'<2o 495+ 47§2>}
EEYEIBRE [2 z— ( 4495 — 158 + 4§3>arccot(\/z — 1) 4+ 95%In%(3)
+ 187is (1 — 23) ln(s)}
03
+ m [36 arccot?(vz — 1) + 7r2< 449598+ 3§3)] , (B23)
. 8 . M W) NN )
B(3) = 31 [(4 345 — 17mid) ln(ﬁ) +83I0° () + 178 In(3) m(ﬁ)]
24+ 8)vz—1 m?
+ % [— 48 ln(u—b) arccot(vz — 1) — 187 In(z — 1) 4+ 3iln*(z — 1)
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24 Lig(—aa /1) — 5% + 6@'( —9In%(21) + In?(29) — 2102 (24)
4 61n(z1) In(ws) — 41n(z1) In(zs) + 81n(er) ln(x4))

— 127 (2 In(z1) + In(z3) + ln(m))]
_ m [43( 84 17§) (Lig(s?) +1n(8) In(1 — §))

+ 3(2 + s) (3 - 3> In? (25 /21) + 127r< —6— 5+ §2)arccot(\/le)}
+ m [ 185(120 - 2115 + 738 ) In(3)

_ 988 — 85 + 93452 — 6928° + 18m’§(82 1735+ 73§2>]

4
— m |:—2\/Z— 1<4—3§ — 183’2 + 16§3 — 5§4>arccot(vz — 1)

— 98%In(8) + 2mis <8 — 335+ 5182 — 17§3) 1n(§)}

2 A ~2 2
+ 720501 — 37 [72(3 — 85+ 25 )arccot (Vz—1)
. (54 — 535 — 2865% + 6128° — 4463* + 113@5” , (B24)
16 m?. 428 64 16
) = — — In(82%) + =22 22 e(3) + — i B25
(5) 31 M) F o o B F g (B25)

where § = ¢?/m2, z1 = (1 +ivVz—1)/2, 2o = (1 —i/2—1)/2, 23 = (1 +i/v/z—1)/2,
xy = (1 —i/v/z—1)/2 and z = 4/3. Note that our functions E(g) follow the conventions
used in Ref. [204]. All charm- and bottom-quark masses that appear in these formulae are
in the pole scheme, with the exception of the explicit instance of the bottom MS mass in

Eq. (B5).

2. Additional nonfactorizable contributions required at low g2

The additional contributions of the form ¢p * T'x ¢p that arise in the SCET expansion
at low ¢* have been calculated in the m, = 0 limit in Ref. [99]. Some of these terms are
truly nonfactorizable effects while others appear when fr is expressed in terms of f, [see
Eq. (B48) below]; the latter have to be removed because, in this work, we use the tensor
form factor fr computed directly from lattice QCD.

Following the notation of Ref. [100], all of these terms are included in the quantity 7p

defined in Eq. (B.1) of that work. Compared to that work,? we set the terms C}B’f’“f) and

Tgi to zero in our formulae (where the superscripts “f” and “nf” denote factorizable and
nonfactorizable, respectively). Some of these terms correspond to contributions that we
have already included in C’?g. Others appear in the SCET expansion of fr, which we do not
use here because we have the tensor form factor from lattice QCD, or in the perturbative

2 Note that in Eq. (B.2) of Ref. [100] there is a typo in the definition of C}(,f) and its overall sign has to be
reversed.
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expansion of the MS b-quark mass in terms of the potential subtracted one, which is not
relevant because we adopt the MS scheme.

The remaining contributions TI(D L ") are genuine nonfactorizable corrections. From the
expression for Fyy = G/f, given in Eq. (3.2) of Ref. [100], we see that these terms all can
be included in a shift in the effective coefficient Cg™:

Zmb ATp

ACST = T (B26)
1
T ~ n
Arp — Ff]@fp / Ny / du ® p(u) [T,&?i +a,0p Tp jg] , (B27)
c B

The functions T}?ff) = TH(jE D are given in Egs. (17) and (18), (25) and (26), and (28)—(32)
of Ref. [99] and read:

T =0, (B28)
(0) Mpw 4Mp 4 64
T, = = 1 — B29
P eqMBw—QQ—iE — <03+304+ 605—|— 306 s ( )
n M
7?2:<_;§ et (u,me) (—C1 /6 + Cy + 6C)
b
+ edt”(u, mb) (Cg — 04/6 + 1605 + 1006/3)7
+eﬂMMOMCy—CM6+1&%—8Gﬂ$} (B30)
2M uM3 + ug? _
t)(u,mg) = uEB Ii(mg) + ;—EQQ (Bo(aMp, + ug®, my) — Bo(q®, my)) , (B31)
_ M+ ME—¢ (B32)
2Mp 7
2m?
Ii(mg) =1+ qu?) [L1($+) + Li(z-) = Li(ys) — Ll(y—)}; (B33)
r—1 2 x
Li(z)=1In . ln(l—m)—g—i—ng (x—l)’ (B34)
1/2
1 1
=—-= B35
=T (4 u]\/[2 +uq ) ’ (B33)
1 1 m2 1/2
S B
75 (4 e ) (B36)

[ o 5 1 1
Bo(q2, mq) = -2 4m2/q2 — 1 arctan \/ﬁ, (B37)
m2/qc —

T(nf)_ MBw 8Ceff
= MBw—q — i€ |u+ug? /M3
6M
-%mB@m%mg+w>eqm+@+@+m@>
b

+ h(my, WMz + ug?) (C3 + 5C4/6 + 16C5 + 22C5/3)
+ h(0,aM3 + uq?) (Cs + 17C4 /6 + 16C5 + 82C /3)
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- % (—15C4/2 +12C5 — 3206))] , (B38)

1 10
O = Cs + C3 — 50142005 — =Gy, (B39)

where &, = a,/(47), w =1 — u, h(my, ¢*) is defined in Eq. (B12), and e,, which appears in
Eq. (B29), is the charge of the spectator quark (i.e., e, = —1/3 for neutral B and e, = 2/3

for B*). The correct imaginary parts are obtained by replacing mg — mg —1¢. Note that

in Ref. [99] the functions repeated above are given in terms of barred coefficients C; that
are simple linear combinations of the coefficients C; (explicit expressions that relate the two
sets of coefficients are given in Appendix A of Ref. [99]). The nonfactorizable contribution
A7p in Eq. (B27) depends upon the light-cone distribution amplitudes (LCDA) of the kaon,
@ (u), of the pion, ¢, (u), and of the B meson, ®p 4 (w). It is customary to expand the kaon
and pion LCDAS in terms of Gegenbauer polynomials and keep only the first few terms [206]
(see Egs. (48)—(54) in Ref. [99]):

Dy (u) = 6u(l —u) [1 + alf CB®P(2u —1) + alf P u—1)+ - ] ) (B40)
&, (u) = 6u(l — u) [1 +al CP(2u—1)+a] CPP(2u—1) + - } . (B41)

Note that af vanishes due to G-parity. The u dependence of ®p(u) is needed because the
convolutions involve non-trivial functions of u. The first few coefficients a]"™ have been
computed in lattice QCD [206-209]. The B-meson LCDAs are known less precisely, but
enter only though the first inverse moments:

< P
ApL, = / de(“’), (B42)
, ] w
N > Op _(w)
M) = d = . B4
B,—(q ) A ww—QQ/MB—iE ( 3)
Following Ref. [99], we model @5 and ®p _ as
By (w) = —ge o/, (B44)
wo
1 —w/w
Qp_(w) = —e ¥/0, (B45)
wo

The value of wy can be fixed using A\p , giving

Wy = >\B,+7 (B46>

e~ @/(MpAp,+) e
Aol () = ———— {—Ei (—Am) +i w] . (B47)
' AB + Mp

3. Form-factor relations

We now present details on the relations between the form factors fr and f,, tested in
Sec. IITB. At low-¢* SCET gives [98]:

Mg

My i %o (mT o
Mg+ Mp'" ar F 2
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u

—1foPascF/—<1>B+ / W), (B48)
0

where L = —[2E/(Mp — 2E)]In(2E/Mp). The extension of this relation to order o is also
available [210].
At high-¢? the corresponding relation obtained from the high-¢?> OPE reads [73, 78|

(v)
My M} D\ my,

— =5 = = 14220 | =2, B49
My + M " fM( )= ( Cé”) My (B49)
D _ OfsC o1n - 49 B50
0 ax F . mp t2) (B50)

(v) Qs p
=1—-—— In—+4]). B51

Note that we do not use these expressions, except to test them, because we take the form
factors directly from lattice QCD.

4. Scale and power-correction uncertainties

Scale uncertainties are intended to account for errors introduced by truncating a pertur-
bative expansion, and should reflect the size of omitted higher-order perturbative correc-
tions. The standard approach for estimating such missing terms is to vary the unphysical
scales: in our case we vary the two scales up, ~ my and pg ~ myy, m;. Higher-order correc-
tions will cancel exactly the explicit dependence in the expressions for the branching ratios
that we use, while the residual scale dependence will be suppressed by one more power
of the strong coupling a,. In this work we adopt the standard choices p, = 5 GeV and
o = /mwmy = 120 GeV. The scale uncertainty is then obtained by varying simultane-
ously these scales by a factor of two and taking half the difference between the maximum
and minimum observed values.

Uncertainties associated with power corrections are more difficult to estimate because
higher-order terms in the OPE are dynamically suppressed; i.e., the suppression is expected
to appear in the non-perturbative calculation of the matrix elements of higher-dimensional
operators. We estimate this uncertainty by varying by 10% all terms in the amplitude that
are not directly proportional to Cyg10f+ or Cr fr.

Appendix C: Numerical inputs
Here we tabulate the numerical inputs used for the Standard-Model predictions in Secs. [V

and V. Table XVI provides the Wilson coefficients, while Table XVII provides the other
inputs.
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TABLE XVI. Numerical values of the Standard-Model Wilson coefficients used for the calculations
in this work, taken from Ref. [82]. The dominant source of error in the coefficients is from the
variation of the scale oy € [2.5,10] GeV. The scale dependencies of the coefficients in some cases
are somewhat large, but are meant to cancel against the corresponding scale dependence of the
matrix elements.

Ci(1p) value
Ci ~0.29(16
Cs 1.009(10
Cs —0.0047(42

)
(10)
(42)
Cy —0.081(39)
Cs 0.00036(31)
Ce 0.00082(97)
(26)
(15)
(33)
(73)

C7 —0.297(26
Cs —0.152(15
Co 4.04(33

Cho —4.292(73

20



TABLE XVII. Numerical inputs used in the phenomenological analysis of this paper. The CKM
combinations are obtained using the determinations of the Wolfenstein parameters {4, A, p, 7} =
{0.810(F33), 0.22548(153), 0.1453(1133),0.343(*13) } from the CKMfitter group’s global analysis in-
cluding results through CKM 2014 [167]. The hadronic parameters (decay constants and light-cone
distribution amplitudes) are taken from unquenched lattice-QCD calculations except for Ap 4, for
which lattice results are unavailable. Coupling constants, masses, and lifetimes are taken from the
PDG [136] unless otherwise specified.

as(my) = 0.1185(6) ae(myz) = 1/127.940(18)

s%, = sin? Oy = 0.23126(5) Gr = 1.1663787(6) x 107° GeV 2
my = 80.385(15) GeV my = 91.1876(21) GeV

me = 510.998928(11) keV m, = 105.6583715(35) MeV

m, = 1.77682(16) GeV Mt pole = 173.21(87) GeV

Mps = 5.27926(17) GeV Mpo = 5.27958(17) GeV

T+ = 1.638(4) ps 7o = 1.519(5) ps

M+ = 139.57018(35) MeV Mo = 134.9766(6) MeV

M+ = 493.677(16) MeV Mo = 497.614(24) MeV

mPl = 4.91(12) GeV [122] mPo® = 1.77(14) GeV [122]

mMS (my) = 4.18(3) GeV mMS (m,) = 1.275(25) GeV
ViV, | = 4.04(11) x 1072 ViV, = 8.55(26) x 1073

IAE| = 0.01980(62) arg(A\S)) = 114.0(1.9)°

MY = 0.404(14) arg(\Y) = —88.9(2.0)°

|Via/Vis| = 0.2115(30)

fB = 190.5(4.2) MeV [211] fx = 156.3(9) MeV [211]

af =0.061(4) [209] ak = 0.18(7) [209]

af = 0.23(7) [209] A4 (1.5 GeV) = 0.51(12) GeV [212-214]
Up =95 (fg5) GeV o = 120 (fégo) GeV

pr =2 GeV
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