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Abstract

The quartic self-coupling of the Standard Model Higgs boson can only be measured by observing
the triple-Higgs production process, but it is challenging for the LHC Run 2 or ILC at a few TeV
because of its extremely small production rate. In this paper, we present a detailed MC simulation
study of the triple-Higgs production through gluon fusion at a 100 TeV hadron collider and explore
the feasibility of observing this production mode. We focus on the decay channel HHH — bbbby~,
investigating detector effects and optimizing the kinematic cuts to discriminate the signal from the
backgrounds. Our study shows that in order to observe the Standard Model triple-Higgs signal, the
integrated luminosity of a 100 TeV hadron collider should be greater than 1.8 x 10* ab~!. We also
explore the dependence of the cross section upon the trilinear (A3) and quartic (A4) self-couplings
of the Higgs. We find that, through a search in the triple Higgs production, the parameters A3 and
A4 can be restricted to the ranges [—1,5] and [—20, 30], respectively. We also examine how new
physics can change the production rate of triple-Higgs events. For example, in the singlet extension
of the Standard Model, we find that the triple-Higgs production rate can be increased by a factor
of O(10).
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I. INTRODUCTION

The discovery of the Higgs boson with a mass of around 125-126 GeV! at the Large
Hadron Collider (LHC) [1, 2] makes it possible to understand electroweak symmetry breaking
(EWSB) in detail. To obtain the full knowledge of EWSB, an important task is to measure
the Higgs couplings so as to determine whether its properties agree with the Standard Model
(SM) predictions. In particular, the measurement of Higgs self-couplings is crucial because
it is the only way to reconstruct and verify the scalar potential [3], which can be directly
related to our understanding of baryogenesis [4] and vacuum stability. In the second part of
this paper, we use the singlet extension of the SM to demonstrate how the scalar potential
can be affected by new physics.

In the language of an effective field theory, we can parameterize the Higgs self-interaction

Lagrangian as:
1 1
LD —§m§{H2 — Mgy vH? — ZMASMH‘* AR (1)

where higher dimensional operators denoted by an ellipsis, like operators HOH - OH studied
in [5] and H®, are neglected here. In Eq. (1), v = 246 GeV is the Higgs field vacuum
expectation value (vev) and my = 126 GeV is the Higgs boson mass. In this Lagrangian,
we define two free parameters, \3 and A4, to describe the triple- and quartic-Higgs vertices,

respectively:

guEH = 6 A3 sV, gurHH = 6A A5 (2)

In the SM, these two free parameters are equal to one, i.e. A3 = Ay = 1 and all higher
dimensional operators vanish. The self-coupling parameter Ag;; is related to mpy by gy =
m?2 /2v?. Due to the fact that Agps &~ 0.13, the range of A4 can be taken to be around 20
(its sign is undetermined) in order to guarantee either the validity of perturbation method
or the unitary bound.

Recently, the di-Higgs production at LHC [8-11, 22| has been a hot topic due to its
sensitivity to ggypgm and Az. It is well-known that gluon fusion is the dominant process for
di-Higgs production at the LHC, and decay channels like bbyy [12, 13], bbr7 [14, 15], bW W
[16] and bbbb [17] have been well studied. Previous studies show that the triple self-coupling

L' We use my = 126 GeV in this study. Recent results from the LHC collaborations suggest my = 125

GeV. This change in my barely affect our results.



can be measured within 40% accuracy at LHC Run 2 [10, 18]. The double Higgs production
at a 100 TeV hadron collider has also been studied [19, 20]. A study on HH — WW*WW*
shows that the sensitivity can reach up to 13c in the SM [21].

In contrast, very little attention has been paid to triple-Higgs production. Early work
on triple-Higgs production has shown that in the SM it is very challenging to discover the
signals at ete™ colliders, because the cross section of ete”™ — ZHHH is very small. For
example, the cross section is only 0.4 ab at /s = 1 TeV [23] and the total production is just
1.2 events for a designed integral luminosity 3 ab~!. However, the triple-Higgs production
rate can be enhanced dramatically if there is an extended Higgs sector. The cross section
of triple-Higgs production can be at @(0.1) pb in the Two-Higgs-Doublet Model (2HDM)

[24, 25]. So the triple-Higgs production at eTe™ colliders is an important process to probe
new physics. It is also remarkable that the Higgs self-couplings could be measured to some
degree via indirect or loop processes at ete™ colliders [26].

The cross section of triple-Higgs production at hadron colliders was calculated in [27, 28].
Its SM value, via gluon fusion, is ©(0.01) fb at 14 TeV LHC, which is too small to be
observed with the current designed luminosity. Moreover, the dominant contribution of this
process is the top-loop pentagon diagram [28], which suggests that measurement of \; is
very challenging even if the triple-Higgs production is discovered. (A4 can be read out from
the fit cross section given in Eq. (6).) In this case, the top mass effect is crucial and leads to
a K-factor which is similar to the di-Higgs case. A more precise prediction of triple-Higgs
production at 100 TeV can be found in the Ref. [29], where it is shown that the cross section
can be increased from 3 fb to 5 fb after taking into account the next-to-leading-order (NLO)
corrections.

If we can suppress the SM backgrounds effectively or increase the integrated luminosity
enough, it is still possible to observe this process at a 100 TeV machine. Recently, the channel
pp — HHH — bbbbyy at hadron level (with part of detector simulations implemented) is
studied in [30]. We will comment on it in Section VI.

Although the cross sections of triple-Higgs production have been studied, to our knowl-
edge, serious feasibility studies are still absent in the literature. In this paper, we will focus
on the feasibility of triple-Higgs production at a future 100 TeV hadron collider via bbbbyy
so as to fill this gap. We includes detector simulations by using DELPHES 3.0 [31, 32]. We
explore the following three questions related to the physics of a 100 TeV collider.
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1. What is the minimal luminosity to observe the signature of triple Higgs production via
4b2+? final state in the standard model at a 100 TeV collider after taking into account

more realistic detector effects?

2. What are the bounds on the trilinear and quartic couplings A3 and A\, defined in Eq.

(1) that we can achieve by using the triple Higgs production signature?

3. What is the potential to discover new physics via the observation of the final states of
triple Higgs bosons? We will use the singlet-++SM model as an example to demonstrate

this potential.

The structure of this paper is organized as follows. In Section II, we describe our Monte
Carlo (MC) simulation method. Our analysis is mainly demonstrated in Section III. The SM
results are presented as a standard candle and the kinematic cuts are explored and exposed.
We also apply two multivariate analysis methods to improve the signal and background dis-
crimination. Based on those analysis methods, we can determine the integrated luminosity
for discovering the triple-Higgs boson final states. In Section IV, the sensitivity of Higgs
quartic couplings in the effective Lagrangian are addressed. In Section V, the triple-Higgs
production in the singlet+SM model is presented. We end this work with some discussions

and future outlook.

II. THE MC SIMULATION

We use MadLoop/aMC@NLO [33] and GoSam [34] to generate the matrix elements of
triple-Higgs production via gluon fusion. Then we use the VBFNLO code [35-37] to per-
form the phase space integration, where we set the parton distribution functions (PDFs) as
CTEQS6L1 [38].

As a cross check, our code yields a cross section o4 rev = 6.67 x 1072 fb for the same
parameters given by [28]. The two results agree. To arrive at this result we choose the phase
space cuts for the final Higgs bosons as |n(H)| < 5.0 and P,(H) > 1 GeV. Then we set both
the renormalization scale and the factorization scale to be the invariant mass of the final

states. Our code also performs a reweighting in order to generate unweighted parton level

2 We use the shorthand, for example, ‘2b’ or ‘4b’ to denote bb or bbbb, respectively.



events. After finishing these cross checks, we use our code to generate unweighted parton
level signal events at the center-of-mass energy of 100 TeV. Higgs bosons decays to bbbby~y
via the DECAY package provided by MadGraph 5. Then we pass each event to PYTHIA
6.4 [39] to simulate the parton shower and to perform hadronization and further decays.

The parton-level background events are generated by MadGraph5/aMC@NLO [40] di-
rectly and showered through PYTHIA 8 [41]. In this paper, we only consider events with at
least two tagged b-jets, i.e. the n, > 2 case (cases with a different number of tagged b-jets
are discussed in Section VI). Then we take into account two types of dominant background
events: pp — bbjjyy and pp — Htt. To generate the most relevant events, several gener-
ator level cuts are applied for pp — bbjjyy event generation: for b-jets, P,(b) > 30 GeV
and |n(b)| < 5.0; for other jets, Pi(j) > 20 GeV, |n(j)| < 5.0; and for v’s,P,(y) > 30 GeV,
In(y)| < 2.5 and |M,,—126 GeV| < 15 GeV, where M., is the invariant mass of two photons.
After those cuts, the cross section of pp — bbjjy7y, op, is 192.8 fb. We do not introduce any
extra generator level cuts for the Higgs or tops in the event generation of pp — Htt. We
also require a resonant decay from Higgs to 7+ when the events are passed to PYTHIA 8.
The cross section of pp — H(v7)tt, o2, with a branching ratio BR(H — vv) = 0.25%, is
found to be 68.2 fb.

In order to reduce the fluctuation effects from the MC simulation, we generate 50k,
150k, and 150k events for the signal, pp — bbjjvyy background, and H(v~)tt background,
respectively.

We use FASTJET [42] for jet clustering. Jets are clustered by using the anti-k; algorithm
[43] with a cone of radius R = 0.5 and minimum F;(j) = 30 GeV. For photon identification,
the maximum of isolation efficiency is 95%, with transverse momentum Pi(vy) > 10 GeV
and |n(y)| < 2.5. The efficiency decreases to 85% for 2.5 < |n(vy)| < 5.0. Pile-up effects
are neglected in this work. The detector simulation is performed by DELPHES 3.0 [31, 32].
Details about the set-up are shown in Appendix A.

The b-tagging is simulated by assuming 60% b-jet efficiency working point. The (mis-
Jtagging efficiencies vary with respect to different P, and n of jets. The efficiency curves are
given in Appendix B. For P,(j) = 120 GeV, the b-tagging efficiencies for (b, ¢, light) jets
are (0.6, 0.1, 0.001). Those efficiencies dramatically drop down to (0.28, 0.046, 0.001) at
P,(7) = 30 GeV.

We neglect the background events from the processes pp — HWTW =, because W+ is
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unable to decay to b quarks, and these background events can be efficiently rejected by two
b-taggings and its production cross section is much smaller than the process pp — ttH.
We also neglect the process pp — HZZ. It has a cross section oyzz = 29.3 b, but its
branching ratio of HZZ — ~vybbbb is smaller than 0.006%. The other backgrounds like
Hbbbb and bbbby~y can be safely neglected for their small cross sections when compared with
the process pp — bbjjyy. We also neglect the background process pp — HHjj, because
the cross section is much smaller than those of two dominant background processes we

considered here.

III. THE ANALYSIS OF THE SM
A. Parton Level Distributions

The leading order cross section of gg — HHH in the SM is o4 = 3.05 fb at a 100 TeV
colllider. The invariant mass of a pair of Higgs boson mpypy in each event and the invariant
mass of final states mypyy distributions are shown in Fig. (1). The NLO corrections for
this process is large. Therefore, throughout this paper we assume that the K-factor is 2.0
[30]. The peaks of myy and mypyy are around 350 GeV and 600 GeV, respectively. The
dominant contributions are from box and pentagon diagrams as we will explain in the next
section from our fit by Eq. (5). It is noticed that there are long tails in these distributions

due to the high centre-of-mass energy.

B. Detector level analysis

Below we focus our analysis on channel gg — HHH — bbbby~y, which possesses a branch-
ing ratio &~ 0.15% in the all decay final states. In order to suppress the huge background
events and select the most relevant events, we introduce several preselection cuts listed

below.

1. Only the events with 4 or 5 jets are considered, including at least 2 tagged b-jets. The

transverse momentum of jets are required P;(j) > 30 GeV.

2. The events with exactly 2 isolated photons with P,(y) > 30 GeV are selected.

6



Do Doaz2-
c c !
Q o1 Q oa-
L r (NN [
S 0.08- qao.osj
€ 0.06 = 0.06F
o . je) [
$0.04F 0 0.041
@ ©
LL 0.02;( LL 0-02-

of

Cow b b b b b b 0D oo b b P by 1T
900 300 400 500 600 700 800 9001000 400 600 800 1000 1200 1400 1600

(a) My (GeV) (b) My (GeV)

FIG. 1. Distributions of (a) invariant mass of two Higgs myy and (b) invariant mass of three

Higgs mppg at the leading order parton level are shown.

3. For pp — ttH background with fully hadronic ¢t decays, where top quark decays to b
and W7, we require that the number of jets reconstructed by the detector should be
no more than 5. The distribution of the number of jets for this type of background is
shown in Fig. 2(a), which explains why we only consider events with the number of

jets 4 and 5.

4. For pp — ttH background with semi-leptonic and dileptonic t# decays, where W=
decays to lepton and neutrino, the detector can reconstruct leptons and a large missing
transverse energy (MET). In order to suppress these two types of backgrounds, we
veto the events with any leptons. Details about the detector simulation for leptons are
shown in Appendix A. As the leptons and all other visible objects are reconstructed,
the MET can be reconstructed. The distribution of MET is shown in Fig. 2(b), where
one can clearly see that the background has a large MET. However, the MET of Htt
events are typically much larger than the signal, so the events with MET > 50 GeV

are vetoed.

We would like to have one comment on the first two cuts. These two cuts are quite
essential in order to suppress the QCD background from the processes pp — 472v. The cross
section of the cross section is computed by the package alpgen [44], which yields a result 14.6
pb. After imposing the mass window cut 110GeV < m,, < 140 GeV, the cross section of

pp — 452~ is around 2.3 pb, which is still around 10 times larger than the main background
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pp — 2b252v. But after being required at least two tagged b jet, this type of background
without charm is suppressed by a factor 107°, the total cross section of background is
less than 2 fb, which is less than 2 percent of the main background pp — 2b2j2~ in our
analysis. The background with 2¢2j2v could have a similar cross section (5.8 pb) as that
of pp — 20252, but after the first two cuts and the mass window cut the contribution of
this type of background is only 8 fb or so, which is 4 percent of that of 20252+ due to the
mistagging rate is assumed to be 0.1 in contrast to the tagging efficiency of b jet which is
assumed to be 0.6. Therefore, due to these two cuts, we simply omit the background events
from the processes pp — 452y and pp — 2¢2527 in the following analysis.

All the preselection cuts are summarized in TABLE 1. After these cuts, the number of
events are listed in TABLE II. The results given in Table (II) explicitly demonstrate that
the background events are so huge that the observation of triple-Higgs production is very

challenging if no more analysis is conducted.
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FIG. 2. The distributions of (a) number of jets for the fully hadronic final states and (b) missing en-
ergy transverse for the semi-leptonic and dileptonic final states for both signal and the background

pp — ttH at the detector level are demonstrated.

To further suppress the background by using the kinematics of the signal, we reconstruct

Higgs mass by introducing a x? method, where 2 is defined as

\M(j1,j2) —m|* | M(js, ja) —m|*  |[M(v,7) —m|?
X%J(m) = 2 + 2 + 2 : (3)
O'j O'j U7



Preselection Cuts Description
1 Number of tagged b-jets ny > 2 and P;(j) > 30 GeV with 4 <n; <5
2 Number of photons n, = 2 with P;(y) > 30 GeV
3 Number of leptons n; = 0
4 Missing energy cut MET< 50 GeV

TABLE I. The preselection cuts in our analysis.

o X BR (fb) |K factors|Events after preselection cuts
Signal | 9.5 x 1073 2.0 50
bbjjyy | 1.9 x 102 1.0 2.3 x 10°
H(yy)tt 77 1.2 2.2 x 10*
S/B 1.9 x 1074
S/\VS+ B 9.8 x 102

TABLE II. The total cross section and the number of events after preselection. Here total in-
tegrated luminosity is 30 ab~!. To appreciate the efficiency of each cut, the values of S/B and
S/v/S + B are provided. For the signal and H(y7)tt background, we adopt a K-factor of 2.0 [30]
and 1.2 [45] respectively. The K-factor for bbjjyy background is not shown in literature. We take
a representative value of 1.0. Discussions on its estimated value and its impacts on our results are

presented in the Section VI.

Here M(j1,j2) and M(js, js) are the invariant mass of arbitrary two hard jets pair of the
events, and o; = 10 GeV is the uncertainty of resolving two jets. M (v,~) is the invariant
mass of photons, and o, = V2 GeV is the uncertainty of resolving a pair of photons. All
combinations of pairing jets are considered and the reconstruction mass m’¢ is chosen as
the m which minimizes x%. The distribution of the minimum of x?% is shown in Fig. 3(a).
Here we have combined bbjjvyy events and Htt events based on their weights in the total

background. It can be seen that the background tends to have a large X7, S0 we can

introduce a cut X%{,min < 6.1 to suppress the background.

Because the Higgs boson in a Htt event decays to two photons, we noticed that the cut

rec

on ma~ or my;¢ cannot suppress this type of background effectively. In order to veto such

type of background, we reconstruct the top by three jets. We use the reconstruction method
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FIG. 3. The distribution of the minimum of y? are shown.

described in [46], where a x? for top reconstruction is

M (1, ja, j3) — mul* | M (1, jo) — mw
X3:| (J1 223) ¢l +! (J1 z) \ ()
o UW

Here m; = 173 GeV is the top mass, my = 80.4 GeV is the W mass, o, = 15 GeV and
ow = 10 GeV. The reconstructed top mass and W mass are defined as M!., = M(j1, jo, j3)

and MY = M(j1,72) when x? is minimum. In the top reconstruction, all combinations of
paring jets are considered and we require that M(j, j2) does not include b-jets if only two
jets are tagged. The distribution of the minimum of x? is shown in FIG. 3(b).

The reconstructed top and W masses are shown in FIG. 4. There are peaks around
m;* = 173 GeV and mj© = 80 GeV both in the signal and backgrounds due to the
constraint in the definition of x?. However, there is another peak around mii = 126 GeV
in FIG. 4(b), which indicates that these jets have decayed from the Higgs boson.

We are interested in three invariant mass variables: the reconstructed Higgs mass (m¢),
the invariant mass of the hadronic Higgs bosons (mgy), and the total invariant mass of
Higgs bosons (mypp). They can be extracted after the reconstruction of Higgs bosons.
The distribution of these observables are shown in Fig. 5. In FIG. 5(a), there is a peak
around mj;¢ = 126 GeV of signal, but the distribution of background is flat at the region 100
GeV< My < 150 GeV, which is consistent with the cuts we imposed at the generator level.

After taking the resolution power of photons into consideration, we introduce a reconstructed
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FIG. 4. The distributions of (a) reconstructed top mass and (b) reconstructed W mass.

mass cut |mjs¢ — 126 GeV| < 5 GeV. FIG. 5(b) shows the distribution of the invariant mass
of photons. The decay width effect of Higgs boson is not considered in our analysis, so
the broadening of the peak in invariant mass m., is attributed to the detector effects. The
invariant mass of photons gives a strong constraint on m’¢, so a peak can be observed in FIG.
5(a). The peak of Higgs boson mass is reconstructed from a di-photon rather than photons
from QCD, as shown in FIG. 5(a) and FIG. 5(b). The invariant mass of two Higgs bosons
which decay to bbbb and total invariant mass of triple-Higgs, respectively are shown in FIG.
5(c) and FIG. 5(d). Because of the detector effects, the distributions of these observables
are broadened when compared with those at parton-level ones given in Fig. (1(a)) and
Fig.(1(b)).

All cuts we introduced are concluded in TABLE III. This result shows that the cuts we
have introduced can enhance S/B by almost one order of magnitude, but cannot improve
S/\/S+ B too much. The smallness of the signal cross section and the detector effects

prevent effective background suppression.

C. DMultivariate analysis

We apply two multivariate analysis approaches, 1) Boost Decision Tree (BDT) and 2)
Multi Layer Perceptron (MLP) neural network, to utilize the correlation of observables in

the signal to further suppress backgrounds. In this case, we only consider the events with
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FIG. 5. The distributions of (a) recontructed Higgs mass, (b) invariant mass of two photons, (c)

invariant mass of the hardronic Higgs, and (d) the total invariant mass of three Higgs.

Signal| bbjjyy Htt

preselection 50 (2.3 x 10°|2.2 x 10%

XFmin < 61 26 4.6 x 10[9.9 x 103

mise — 126 GeV| < 5.1 GeV| 20 |1.7 x 10%]7.0 x 103

S/B 8.3 x 107*
S/\VS+ B 0.13

TABLE TIII. The efficiency of the cuts are demonstrated. Here total integrated luminosity is 30

ab~!. To appreciate the efficiency of each cut, the values of S/B and S/v/S + B are provided.
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4 jets exactly, and do not introduce any cuts on MET. The observables P.(j;), P:(vi), n(j:)
and n(;) are considered, where i = 1,2,3,4 for jets and i = 1,2 for photons. In addition,
the observables we discussed above (MET, X g min, Xf’mm, MEE, My, Mp e, Mama, MG and

mii)

are also used.

The results are presented in FIG. 6, and the efficiencies are summarized in TABLE IV.
The BDT method can increase the value S/v/S + B to 0.20, which can be much better than
that of the simple cut method. But it is still far from the discovery of triple-Higgs signal.

To observe the triple-Higgs signal of the SM at 50 level, a much larger integrated luminos-
ity is necessary. TABLE V shows the values of S/y/S + B at different integrated luminosity.
There we scale up the integrated luminosity for both signal and background. From the table,
we see that the integrated luminosity should be around 1.8 x 10* ab™! if we want to discover
the triple-Higgs production via bbbbyy mode at a 100 TeV machine. If we want to extract
the information of A4, we need an even larger luminosity, as we can see from Eq. (6), where

the coefficient B’ of A4 is only one eighth of C’. This is indeed challenging when considering

the realistic integrated luminosity for the future collider projects, as addressed in Ref. [47].
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FIG. 6. The response of the discriminants to signal and background in two multivariate analysises,

(a) BDT method and (b) MLP neural network method.

IV. THE SENSITIVITY TO QUARTIC COUPLING

It is well known that the process gg — H H H includes four kinds of Feynman diagrams,

as shown in FIG. 7. They are: three Higgs bosons are produced by a pentagon quark-loop
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Cuts based method | BDT> 0.02|MLP> 0.51
Signal 20 34 49
Background 2.4 x 10% 2.8 x10* | 9.9 x 104
S/B 8.3 x 1074 1.2 x 1073 | 5.0 x 1074
S/\VS+B 0.13 0.20 0.16

TABLE IV. The number of events and the significances of the BDT and MLP neural network

method are demonstrated. Here total integrated luminosity is 30 ab—!.

Integrated Luminosity (ab=1)|30{300/3000(1.83 x 10*
S/V/S+ B 0.2/0.6| 2.0 5.0

TABLE V. The values of S/v/S + B with BDT> 0.02 at different assumed integrated luminosity

are displayed.

(FIG. 7(a)), two Higgs bosons are produced by a box quark-loop with a subsequent decay via
trilinear coupling (FIG. 7(b)), a Higgs boson is produced by a triangle quark-loop and then
decay to three Higgs through two trilinear vertices (FIG. 7(c)), and the triangle quark-loop
produce a Higgs boson which decay to three Higgs bosons through quartic coupling (FIG.
7(d)). Only the last kind of diagram involves the quartic coupling.

g g
f oy --H __-H _H
- t HX t e
t t  ~H t 0w t Hel -y
g g ; - g g ; S
[ H ~H
(b) (©) ()

FIG. 7. The example Feynman diagrams of the process g9 — HHH in SM.

To explore the dependence of the cross section of the process g¢9 — HHH upon the
parameters A3 and A4, we can use the Feynman diagrams as a guide and can parameterize

the cross section in the following form

+ EXNj+ FAJ+ GA+ Hh\3 + 1, (5)
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where the coefficients A-I can be determined by choosing a certain number of cross section

values which are able of to be determined by a set of input pairs of (A3, \4). It should be

pointed out that in this formula we have not included the NLO corrections. We have chosen

21 cross section values in total by using our codes and determined the fitted coefficients A-1,

which are tabulated below,

A B| C | D E F G H 1

5.28 x 1072(0.14|—0.76(0.15|2.28 x 10~2|—5.36 x 1072|3.11|—14.57|15.36

TABLE VI. The fitting coefficients of Eq. 5.

From the fitted coefficients given in Table (VI), there are a few comments in order.

1.

The largest three are G, H, and I. [ is the contribution of pentagon diagram. The
term proportional to G is the contribution of box diagrams. And the term proportional

to H corresponds to the interference between the pentagon diagram and box diagrams.

The sign of H is opposite to those of G and I. Consequently the total cross section
could be sensitive to the sign of A\3: when A3 is positive, it corresponds to a destructive
interference; when A3 is negative, it corresponds to a constructive interference. It is

the former case for the SM.

The coefficients A, E and F, are of order (1072) and are proportional to A3, A3, and

A3 respectively. These three terms can only be large when A\, and )3 are significant.

The interference between the triangle and pentagon/box/triangle diagrams are pro-
portional to B, C, and D. Tt is of the order O(10~!). Tt should be noticed that the sign
of C'is different from those of B and D, which indicates that a destructive interference

occurs in the SM.

When Aj is fixed to the SM value , i.e. A3 = 1, the cross section can be simply

parameterized as
O'()\4) = A/\Zzl + B/>\4 + O/ . (6)

We find that B’ = —0.47 and C” = 3.82, which are consistent with the formula given

in Eq. (5). The fitted cross section and the input cross sections which are red spots
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as shown in Fig. (8(a)). It shows a good agreement in our numerical results. The
minimal value of the cross section happens when Ay, = 4.46 and the corresponding

cross section is 2.77 fb.

By using the fitted cross section given in Eq. (5) and combining it with our feasibility
analysis given in the section above, we explored the projected sensitivity of a 100 TeV collider
project to both A3 and A4 from the measurement of pp — hhh via 4b and 2+ final states.
The result is demonstrated in Fig. (8(b)).
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FIG. 8. (a) The fitted cross section when A3 = 1; (b) The feasibility contours of o(pp — hhh) in

the A4 — A3 plane.

In Fig. (8(b)), we show 6 contours of cross section which correspond to 1000 fb (pink),
300 fb (yellow), 100 fb (blue), 30 fb (black), 10 fb (red), and 3 fb (green), respectively. It
should be noticed that the K-factors of the signal are not included in this plot. If they are
included, the results could be better.

Among them, we estimate that the contour with 30 fb is the minimal required cross
section for the discovery, which is depicted by a dark line; the contour with 3 fb is depicted
by a green line, which is close to the cross section of the SM. In the plot, the big red spot
denote the value of the SM. It is worthy of mentioning that to reach 30 fb the value of A4 is
so large that the perturbativity and the perturbative unitarity are violated.

From the contour with 30 fb, we can read that to discover gg — HH H, the parameter
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A3 should be confined to the range [—1,5] and A4 should be confined to the range [—20, 30].

For the purpose of comparison, we also depict the projected upper and lower bounds of A3
from the measurements of di-Higgs production from the final states bbyy [13] and 3(25 +
[21], which could narrow the value of A3 down to 1703 due to its larger production rate.
Accordingly, the parameter \; can be determined into two windows: one is a very narrow
one near —20, the other is within [25, 30]. In order to distinguish these two windows, further
analysis on the shape of distribution is needed. For example, we can separate these two
cases by fitting the distribution of transverse momenta of the Higgs boson reconstructed
from two photons, an approach which is conducted in [21] by using the tri-lepton invariant

mass.

V. TRIPLE-HIGGS PRODUCTION IN THE HIGGS SINGLET MODEL

Although the Higgs boson has been discovered, the direct measurement of Higgs self-
couplings are still under confirmation. Exploring the shape of the EW Higgs potential
is extremely important and could serve as a window to new physics. Probing Higgs self-
couplings can either confirm the SM or discover new physics, which is a No-Lose theorem.

In addition, the matter and antimatter asymmetry has been one of the most fundamental
questions in particle physics. A very promising solution is baryogenesis, which requires three
criteria to explain the generation of baryon asymmetry observed in the present universe: 1)
baryon number violation, 2) C and CP violations, and 3) departure from thermal equilibrium.
In the SM the CP violation phase is not big enough. Furthermore, even if the CP violation
phase is sufficiently large, for a Higgs with mass at 125-126 GeV, the first order phase
transition is not strong enough. This gives us a strong motivation to introduce new physics.

We have learned that the production rate of triple-Higgs events is small in the SM, but it
can be enhanced dramatically in a new physics model. One simple extension is adding a real
scalar singlet to the SM Higgs sector [48-52]. Moreover, in this model, it is straightforward
to produce a strong first order phase transition [6, 7]. In particular, we find that there exists
a part of parameter space where the quartic couplings play important roles. Although the
main discovery channels are still through Hy — WW, ZZ and tt (which can either be used to
determine the value of the mixing angle or put a constraint on it), triple Higgs production can

provide another opportunity to directly observe a new heavy scalar if BR(Hy — HHH) is
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sizeable and thus open up the possibility of a precision measurement of the quartic couplings.
Therefore we propose a new channel in which a heavy singlet scalar is produced at resonance
and decays into three 126 GeV Higgs bosons. We point out that in this part of parameter
space, the resonant di-Higgs production is highly suppressed and the resonant triple Higgs
production becomes an important channel to look for the new heavy singlet scalar.

In the singlet+SM model, the Higgs potential can be parameterized as [52]

2
Vions) =2 (- B0 ) + % (- B0 )54 2 (s34 B0 ) 2

1
+7 (22 + asviy) 5 + 257+ 2S5, (7)

where ¢q is the neutral component of Higgs doublet and S is the additional real singlet. ¢
is expressed as ¢y = (h + v)/v/2, where v is the vev of the doublet. Similarly, the vev of
singlet is denoted as z. In the limit of (v, z) = (vgw,0), the EWSB is minimized.

After EWSB, a new Higgs boson, Hs, is introduced by diagonalizing the Higgs mass
matrix from the gauge eigenstates into the mass eigenstates. The mixing angle # and the

parameters of Eq. (7) satisfy following relations:

m2, —m?
ap = —4—2 gin 20, (8)
VEwW
by + %U%W = mj; sin® 0 + mj;, cos® 0, 9)
m?2, cos? ) + m?, sin 9
A=A o (10)
ZUEW

Above my = 126 GeV and mpy, is the mass of Hy. Given (v,z) = (246 GeV,0), the

remaining free parameters of SM+S are
mg,, 9, as, bg, b4.

After EWSB, the Higgs self-interaction (in the mass eigenstates) of SM+S are given by

A A A A
Vself gll H3 + 2211 H2H2 + 2221 HH2 2622 H2
>\1111 4 )\2111 3 )\2211 2 7172 )\2221 3 )\2222 4
—H ——H°Hy+ ——H"H. ——HH —H,. 11
T T 2ty 2+ 75 2 o (11)

Expressions for above cubic and quartic couplings in terms of mpy,, 0, as, bs, by are listed in
[52].

The introduction of the heavy Higgs, Hs, adds five kinds of diagrams to the process gg —
HHH. They are: box quark loop — H(Hs) — H(HH) (FIG. 9(a)); triangle quark-loop
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— Hy — H(H}) — H(HH) (FIG. 9(b)); triangle quark-loop — Hy — H(H*) — H(HH)
(FIG. 9(c)); triangle quark-loop— H — H(H;) — H(HH) (FIG. 9(d)); and the triangle
quark-loop— Hy — HHH (FIG. 9(e)). The first four diagrams all involve the trillinear

coupling A\o17. The last diagram instead contain the quartic coupling Agiq.

FIG. 9. Extra Feynman diagrams which contribute to the process gg — H H H in the Higgs singlet

model are provided.

We chose benchmark points that introduce a resonance of Hy, — H H H where the triple-
Higgs production is enhanced and other decay channels of Hy are suppressed. Besides we
require the benchmark points satisfy the Higgs vacuum stability requirement, i.e., the Higgs
potential at extrema (v,x) = (vgw,0) is no larger than those at other eight potential local

3

extremac.

In the parameter scan, we require
378 GeV < mpy, S 2 TeV, (12)

where the lower limit is set by requiring on-shell triple Higgs final states and the upper limit
is from the perturbative unitarity constraint. We adopt the restriction sin§? < 0.12 on 6

from fittings of the Higgs coupling strengths [53]. We also constrain
lag| < 4w, |bs|/vpw <4m, 0<by S87/3, 0< A<4m/3, a<4Xby.  (13)

from requirements of perturbative unitarity, perturbativity and the positivity of the po-
tential. The perturbative unitarity bounds above are obtained as following: we compute
the normalized spherical amplitude matrix for quadratic scattering between W,/ W, |, Z1Z;,
HH, HHy; and HyH5. Then we require the real parts of the eigenvalues of the matrix to be
smaller than 1/2 [48, 54-56]. Under a good approximation, we take the limit § — 0. This

3 The nine potential local extrema of the Higgs potential are (v,z) = (vew,0), (—vEw,0), (vi,z4),
(—vg,2y), (v_, o), (—v_,2_), (0,29), (0,29) and (0,2%). Detailed expressions are given by Eq. 24 and

Eq. Bl in [52])
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Bl | B2 | B3

mu, (GeV)| 460 | 500 | 490
0 0.354/0.354|0.354
as 3.29 | 3.48 | 3.43
bs (GeV) |—706|—612|—637

by 8.38 | 8.38 | 8.38

TABLE VII. The benchmark points to probe the singlet+SM model.

Bl B2 B3
Tiot(Hz) (GeV) 5.6 7.5 7.0
BR(Hy — W+W™) 0.57 0.56 0.57
BR(Hy — Z7) 0.27 0.27 0.27
BR(Hy — tt) 0.15 0.16 0.16
BR(Hy — bb) 3.4 x107%|2.8 x 1074]2.9 x 1074
BR(Hy — HH) 53 x1077|8.8 x 1077|1.5 x 107
BR(Hy — HHH) 1.0 x 1073{1.4 x 1073|1.3 x 1073
o(gg — Hy) @ 14 TeV (fb) 3.2 x 102 | 2.3 x 10% | 2.5 x 102
o(g9 — HHH) Q 14 TeV (fb) 0.70 0.69 0.71
o(gg — Hs) @ 100 TeV (fb) 1.4x10* | 1.1 x 10* | 1.2 x 10*
o(gg — HHH) @ 100 TeV (fb)| 37 38 39

TABLE VIII. The total width and branching ratios of Hy. The cross sections of gg — Hs and

g9 — HHH are listed to demonstrate the enhancement due to the resonance.

leads to restrictions A < 47/3 and by < 87/3. The former restriction yields an upper limit
on mpy, as shown in Eq. 12.

The benchmark points are listed in VII. They are obtained by optimizing the cross section
for pp - Hy — HHH under the narrow width approximation (o(pp — Hy - HHH) =~
0(99 — Hy) x BR(Hy — HHH), here we only consider Hy production via gluon fusion).
We found a maximal triple Higgs production cross section is in coincidence with a minimal

BR(Hy — HH).
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There are a few comments in order on these benchmark points:

1. It is remarkable that the resonance of H, can enhance the production of triple Higgs

boson final state by one order of magnitude for the benchmark points.

2. Enhancements in other channels, like ZZ, could be marginally feasible at the LHC
Run 2. Meanwhile, the triple Higgs boson final states could also be reachable for the
LHC high luminosity run (HL-LHC). For a 100 TeV collider, both ZZ and triple Higgs

boson final states could be reachable.

3. Enhancements in di-Higgs boson final states can be safely neglected due to the tiny

branching fraction of Hy — HH.

We implement the model based on the loop_sm module in MadGraph5/aMC@QNLO [40].
Firstly, we add the model parameters, then implement all the relevant vertices and couplings.
As well as the tree level vertices, the relevant vertices for R2 terms are also added according
to Ref. [57].

The triple-Higgs events at this model can be generated efficiently by the new version of
MadGraph5/aMC@NLO [58], which can handle the loop-induced process. To perform the
feasibility study, we generate 40,000 events for each benchmark point. We conduct the same
analysis as demonstrated in the previous sections. Here we present our results on these three
benchmark points in FIG. (10) and TABLE IX.

FIG. 10(a) shows the invariant mass of triple Higgs boson on three benchmark points.
Comparing to the SM signal and background, the distributions of B1 and B2 has a resonance
peak around 450 GeV and 500 GeV, respectively. These peaks are close to the peak from
pentegon diagrams, so the resonance peaks are broadened. FIG. 10(b) shows the invariant
mass of di-Higgs bosons. When the new diagrams are introduced, the invariant mass of
three Higgs bosons tends to be around threshold around 300 GeV. Because the branching
ratio BR(Hy — HH) =~ 0 in B1 and B2, there are not peak around the mass of mpy,.

TABLE IX shows the significances of these three benchmark points. It is observed that
the significances can be improved from 0.2 to 2.1, 2.5 and 2.3, respectively. To obtain these
numbers, we estimate the production rate by multiplying the LO cross section computed by
the MG5 with a K-factor extracted from the reference [59] where N3LO QCD corrections

and NLO EW corrections for gg — Hjy have been taken into account. There are two reasons
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SM(BDT> 0.02)|B1(BDT> —0.02) | B2(BDT> —0.02)|B3(BDT> —0.03)
Signal 34 3.7 x 102 4.4 x 10? 4.6 x 102
Background| 2.8 x 104 3.0 x 10* 3.1 x 10% 4.0 x 10*
S/B 1.2 x 1073 1.2 x 1072 1.4 x 1072 1.1 x 1072
S/\VS+ B 0.20 2.1 2.5 2.3

TABLE IX. The numbers of events and the efficiencies of the BDT method on SM and the three

benchmark points of the singlet+SM model. Here total integrated luminosity is 30 ab—!.

to do so: 1) Hy couples to top quark is similar to that of the SM-like Higgs boson. Its
coupling strength is equal to y, sin(#)/v/2; 2) the contribution of gg — Hy — HHH is the
overwhelming process for the triple Higgs boson production in these benchmark points. As
described above, the new resonance can enhance one order of magnitude of the triple-Higgs
production rate. Moreover, the new cuts from the invariant mass of triple Higgs and di-Higgs
can also improve the discrimination of signal and background events. Therefore, we use the
K-factor of gg — Hj to estimate the K-factor of g9 — Hy — HHH. It is noticed that this

agrees with the K-factor computed in the reference [60].
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FIG. 10. The detector level distributions of (a) invariant mass of three Higgs bosons and (b)
invariant mass of di-Higgs bosons on three benchmark points of the singlet+SM model, comparing

with the distributions of SM signal and backgrounds.

22



VI. DISCUSSION AND CONCLUSION

In this paper, we have studied the feasibility of triple Higgs production via 462y final
states at a 100 TeV hadron collider. We explore some kinematic cuts which can reduce
background effectively. And we find it is challenging to measure the quartic coupling of the
Higgs boson in the SM even at a 100 TeV hadron collider if luminosity is assumed to be 30
ab™! due to its small cross section and the huge QCD background. In order to observe the
signal of the SM, an integrated luminosity up to 1.8 x 10* ab™! is required.

If new physics is taken into account that can enhance the triple Higgs production rate, it
is promising to discover triple-Higgs production via bbbbyy channel. For the effective Higgs
potential model introduced in Eq. (1), we find that A3 can be confined to the range [—1, 5]
and A4 can be confined to the range [—20, 30].

In our detector simulation, we have assumed that b-tagging efficiency at most is around
60%. According to the current results from both CMS and ATLAS collaborations, the b-
tagging efficiency can reach up to around 70%. Therefore we can expect that a better result
could be yielded when a larger b-tagging efficiency is taken.

In above analysis, we have applied a b-tagging cut at n, > 2. We also expose other
n, cases in Table B. It is found that the analysis with either n, > 2 or n, > 3 is the
best. For n; > 3, the signal events are lost by a factor of 60%, but the background events
pp — bbjjyy and pp — H(y7)tt are suppressed by one order of magnitude. Although the
background pp — bbbbyy becomes as important as pp — H(vY)tt, we obtain a better S/B
and S/v/S + B.

Although most of the signal events are kept for n, > 1, backgrounds there are substantial.
They are three times larger than those for n, > 2. Besides, QCD contributes a huge
background of 452~ with one light-jet faking a b-jet. On the other extreme, n, > 4 can
effectively suppress the background (a factor of O(10) less than n, > 3). But the signal then
suffers a huge loss that leads to a low significance. Analysis of the case n > 4 should only
be considered if the production rate of signal is sufficiently large, such as in the singlet+SM
model.

It is interesting to explore the underlying reasons for the loss of signal events in both
ny, > 3 and n, > 4 analyses. Such a loss can be expected from the b-tagging efficiency

characterized by Eq. (B1). One find that the hardest b-tagging jet has a peak around 120
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ny > 1 ny > 2 ny > 3 ny >4

SM signal 79 50 18 2.8
bbjjyy | 7.0 x 10° | 2.3 x 10° | 1.8 x 10* 850
H(yy)tt | 7.0 x 10* | 2.2 x 10* | 1.7 x 103 21
bbbbyy | 5.1 x 103 | 3.6 x 103 | 1.4 x 103 260

S/B 1.0 x 107*|1.9 x 1074|8.5 x 1074|2.5 x 1073

S/VS+ B89 x1072(9.8 x 1072| 0.12 |8.3x 1072

TABLE X. The significances for analyses with different number of tagged b-jets. Here the luminosity
is 30 ab™ 1.

GeV, while the second hardest jet has a peak around 50 GeV. Based on Eq. (B1), the
b-tagging efficiency €, reduces to 0.4 when P,(j) ~ 50 GeV. In the events with 3 or more
b-tagged jets, the third hardest jet has a transverse momentum less than 50 GeV and ¢, is
further reduced, which leads to a 50% loss of signal events. It becomes even worse when we
require ny, > 4, where the peak of the transverse momentum of the fourth hardest jet is less
than 30 GeV and the b-tagging efficiency is dropped down to less than 0.3, as demonstrated
in Table (XII). FIG. 11 shows the transverse momentum of the third and fourth hardest
tagged b-jets, which provide evidence why the signal events suffer a big loss when we increase
the number of tagged b-jets. It will be greatly helpful for the triple Higgs discovery if the

detectors of future colliders can improve the b-tagging efficiency for soft b-jets.

We find Ref. [30] has done a similar study on triple-Higgs productions but with only
the case n, > 4 considered. The authors show that a signal-to-background ratio can reach
~ 1 at a 100 TeV hadron collider, which requires a high b-tagging efficiency (80%), a low
light-jet mis-tagging rate (1%) and excellent photon identification. We have focused on the
case ny, > 2 instead. We show that an important background pp — bbjj could contribute
significantly in those cases n, > 2, n, > 3 and n;, > 4 Meanwhile, the process pp — ttH can
contribute around 30% of the total background of the SM in the case n, > 2. After taking
into account more realistic b-tagging efficiency, especially those soft b jets in signal events,
our analysis shows that the discovery of the signature of triple Higgs final state in the SM
is indeed challenging.

In the model where an extra Higgs singlet is added to the SM, we propose a few benchmark
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FIG. 11. The transverse momentum distributions of (a) the third and (b) the fourth hardest tagged

b-jets.

points where the production rate of g9 — HHH can be enhanced dramatically by new
resonances. Due to the existence of resonances, we can have more efficient kinematic cuts
to suppress the SM background. In our work, the efficiency can be up to 2.5 on benchmark

point B2 when the luminosity is 30 ab™!.

In our analysis, the K-factor of 26272y is assumed to be 1. We may also use the result
computed for the process pp — 4b [61] to estimate it, where K-factor is around 1.4. Since
this is the main background for the signal channel, our results could be significantly affected
by this factor. But our results could serve as a guide to estimate the required luminosity.
Meanwhile, this work indicates that the QCD corrections of the process pp — 20252~ could
be important for triple Higgs production and should be studied carefully.

Here we would like to address the fake photon issue. The high energy neutral pions can
fake photons in the ECAL. The cross section of the processes pp — 2b4;5 and pp — 2b357y
are found by using Alpgen[44] to be 2.1 x 10° pb and 250 pb, respectively. When the fake
photon rate is assumed to be 0.1%, the cross sections are dropped down to 1260 fb and 750
fb (combinatorial factors have been taken into account), respectively. After the invariant
mass window cut on the diphoton invariant mass, we noticed that only around 10% events
can contribute like events 2b252y. Then we noticed that the combination of these type of

background can be of the same size as pp — 2b252~. This will make the minimum luminosity
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even larger by the number estimated in Table (V). The minimum luminosity derived from
the results of mode n, > 3 could be more robust than that of the mode n, > 2 after taking
into account the contribution of fake photon events to the main background 26252+ and the
minimal luminosity close to that quoted in Table (V). If the fake rate can be further reduced
experimentally, then combine both n, = 2 and n, = 3 modes gains us a little in reducing

the minimal required luminosity.

The next step of this work is to study the feasibility of other channels, either in the SM or
new physics models. The potential discovery channels and their branching ratios for triple-
Higgs production are listed in TABLE XI. One can find that the bbbbW =W~ channel has
the largest branching ratio and the number of signal events should be increased dramatically.
However, the SM backgrounds might be too large for this channel. For example, the cross
section of pp — bbtt can be up to ~ 10° pb and it could be difficult to reduce such a large
background. For the same reason, the HHH — bbbbbb channel might also be difficult, unless
we can find a better way to suppress the background. The channels with more than 4 W
bosons might also be feasible. For highly boosted Higgs bosons in the triple Higgs boson
final states, the jet substructure techniques, like Higgs-tagger methods [62], could also be

investigated. These studies will be carried out in our future projects.
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Decay Channel Branching Ratio
HHH — bbbbW+ W~ 22.34%
HHH — bbbbbb 20.30%
HHH — bW W-W+Ww- 8.20%
HHH — bbbbrt 7~ 7.16%
HHH — bbbbgg 6.54%
HHH — bbbbZZ 2.69%
HHH —» WW-WTW-W+Ww- 1.00%
HHH — WtW-WHtW-rt7r- 0.96%
HHH — WtW-W+tWgg 0.88%
HHH - WtW-W*tW~-ZZ 0.36%
HHH — bbbbyy 0.29%

TABLE XI. Some possible discovery channels for triple-Higgs production are listed. Channels with

branching fraction less than 0.1% are omitted.

Appendix A: Set-up for the detector simulation

In the detector simulation, the radius and half-length of the magnetic field coverage are
assumed to be 3.0 m and 5.0 m, respectively. The axial magnetic field is 5.0 T. The energy

resolution formula of electromagnetic calorimeter (ECAL) is assumed to be

VJ0.0072 ()7 +0.072 () + 0352, if [n] < 3.0,

OpcAL = ; (A1)
\/0.1072 (&) +2.082 (&%). if 3.0 < |n] < 5.0,
The energy resolution formula for hadron calorimeter (HCAL) is assumed to be
\/0.052 ()" +1.52 (&), if|n] <3.0,
orear = /013 ()" + 2.7 (&), 3.0 < |n| < 5.0, (A2)
0, otherwise.

here opcar, and opcar, are the resolutions of ECAL and HCAL, respectively. They are
functions of energy, E, and pseudo-rapidity, 7, of charged leptons and jets respectively. In
these formulae, the coefficients are taken from the default CMS card in DELPHES, but the

regions of n for leptons and jets are extended from +2.5 to £5.0.
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Details for the lepton detection are list as following. The electron efficiency is 95% when
P,(e) > 10 GeV and |n(e)| < 2.5, but decreases to 85% when 2.5 < |n(e)| < 5.0. For muons,
the efficiency is 95% when 10 GeV< P(u) < 1 TeV and |n(p)| < 5.0. When P,(u) > 1
TeV, the muon efficiency satisfies 0.95 exp[0.5 — P;(1) x 5.0 x 107%]. The photon efficiency

is found to be close to the electron efficiency.

Appendix B: b-tagging efficiency curves

We adopt b-tagging efficiency curve at the 60% b-jet efficiency working point. It is given
by

0.6 tanh [0.03 (ﬁ;‘@)) - 0.4] . for [n(j)] < 2.5,

e = { 0.5 tanh [0.03 (Pf@) - 0.4] . for 2.5 < [n(j)| < 5.0, (B1)
0, otherwise.

The corresponding mistagging rate of charm quark is

0.1tanh [0.03 (g_@) - 0.4] . for [n(j)| < 5.0,

€cnb = (B2>
0, otherwise.
And the corresponding mistagging rate of light quarks and gluons is
0.001, for |n(j)| < 5.0,
€j—b = (B3>

0, otherwise.

The light quarks has a small mistagging rate €;_,, = 0.001 for |n(j)| < 5.0.
In Table (XII), we show how b-tagging efficiency vary with reference to the transverse
momentum and 7 of jets. We would like emphasize that when the transverse momentum of

a b-jet is soft, the tagging efficiency is low.

28



By (GeV)|ey(In()] < 2.5)|es(25 < In(j)] < 5)
120 0.60 0.50
100 0.59 0.49
80 0.58 0.48
50 0.48 0.40
30 0.28 0.23

TABLE XII. The b-tagging efficiency varying with P; is presented.
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