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Abstract

Naively applying holographic duality to gapped gravity on Anti de Sitter (AdS) space seems to suggest
that the stress tensor of the field theory dual cannot be conserved. On the other hand, by symmetry
arguments, it seems that the dual should not violate Poincare symmetry. To clarify this apparent
contradiction, we study a holographic dual of massive gravity where both the physical background
metric and the fiducial metric are AdS. Using the anomalous scaling of the energy momentum tensor as
our guide, we conclude that the dual theory is nonlocal. We find that the dual is similar to conformal
invariant “unparticle” theories. We show that such theories can be viewed as dimensional reductions of
flat-space field theories with inhomogeneous scaling properties.

1 Introduction

While the proposal that gravity is holographic in its nature is profound and mysterious [1,2], it does
have a concrete realization: the AdS/CFT correspondence [3-5]. How would this correspondence man-
ifest itself if conventional General Relativity (GR) were continuously deformed into a different theory?
Massive gravity on AdS space represents a playground in which we can explore this question.

The nonlinear theory of a massive graviton — referred to here as mGR — was constructed in [6, 7].
The theory guarantees that in (d + 1)-dimensional spacetimes, the graviton mode has (d 4+ 2)(d — 1)/2
physical polarizations (instead of GR’s (d 4 1)(d — 2)/2) on any sensible background [6-16] (e.g. AdS).
Furthermore, the m — 0 limit of a linearized massive gravity on AdS space is continuous [17]. Thus,
assuming that mGR has a stable asymptotically AdS solution for the metric — as we show is the case
— it is interesting to wonder what kind of holographic correspondence could exist between mGR on
AdS441 spacetime and some d-dimensional field theory.

The solution to the mGR equations of motion generically involves background values for the Stiickelberg
fields, which carry the additional degrees of freedom that appear due to the graviton mass. Such so-
lutions in general map to field theory vacua with non-trivial vacuum expectation values (vevs) or even
explicit sources. Since such vevs would break Poincare symmetry, the field theory’s energy-momentum
tensor (EMT) should not be conserved. Such a construction has already appeared in the AdS/CMT
literature. [18,19] for example, break translational invariance in the dual theory by turning on an inho-
mogeneous reference metric, which corresponds to adding a lattice of ions in the otherwise homogeneous
field theory.

This statement is not surprising if we follow standard AdS/CFT lore. Gauged symmetries on AdS
correspond to global symmetries in field theory, and AdS gauge fields are dual to conserved currents.
Giving the gauge field a mass in AdS breaks the corresponding global symmetry in the field theory,
generating a nozero divergence for the field theory current. Since the massless graviton is dual to the
EMT, turning on a mass for the graviton should ruin EMT conservation. While this is indeed the case
for [18-20] and others in theories that ezplicitly break some of the conformal invariance, there exists a
very simple example for which the interpretation is not so clear.
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The covariant formulation of mGR necessitates a “reference metric” f,5, which defines the geometry
of the target space parametrized by Stiickelberg fields ®“. It is the choice of f,; which defines — in
part — which of a large set of possible mGR theories we are studying. Say we choose the reference
metric fgp to be AdS, and work in a vacuum where ®* = 5ﬁ4xM . (Uppercase indices denote spacetime
indices, lowercase target space indices.) In that case, a pure AdS metric gy n with no Stiickelbergs
exactly solves the nonlinear mGR equations of motion. AdSgi; with massive graviton represents a
valid vacuum state. Since the solution maintains the symmetries of AdS, the dual field theory should
still enjoy unbroken conformal invariance. Yet the graviton is massive: its dual operator now displays
unusual scaling properties, which naively implies a violation of Poincare symmetry.

Addressing this puzzle is the focus of the present note. First, we describe the holographic inter-
pretation of mGR in general terms. We then focus on the operator content of its dual conformal field
theory (CFT), using the the m — 0 limit as a guide. We then analyze two-point functions in the m # 0
theory, concluding eventually that the dual theory must be nonlocal. We furnish an example of such a
theory: the “unparticle stuft” of [21]. We illustrate how such nonlocal conformal theories could arise
as dimensional reductions of flat space theories. Finally, we conclude and suggest some directions for
future work.

2 Massive gravity and duality

Let us begin by outlining the general structure of mGR theories, and how to interpret it in the context
of holography.

In (d + 1) dimensions, mGR possesses (d + 2)(d — 1)/2 physical degrees of freedom (DOF). We can
package all of these DOF into fluctuations of the massive metric gysn, but it is often more convenient to
introduce a gauge redundancy that restores diffeomorphism invariance. We can thus define mGR in terms
of the bulk metric gpry and (d+ 1) Stiickelberg fields ®¢. The reference metric f,; is a function of these
®* which transform as scalars under diffeomorphisms. One can then construct diffeomorphism invariant
terms using the object 00 P*OnPlgarn. Hence mGR possesses an additional internal symmetry due
to the reference metric f,p, and is not simply a deformation of massless GR. As we see below, even
the zero-mass limit of mGR is not identical to standard GR. We can, instead, think of massive gravity
as a non-linear sigma model (NLSM) in the presence of bulk gravity gan. The reference metric fqp
defines the metric on the target space, while the Stiickelbergs ®* denote target space coordinates. The
symmetries of f,; then correspond to internal symmetries: when f,;, is AdSg41, for instance, the target
space of the NLSM features a non-linearly realized SO(2,d) symmetry that transforms the ®* among
themselves.

Consider background values for the Stiickelbergs, ®*6M = 2™ which break the spacetime diffeo-
morphism invariance and the reparametrization invariance of f,, to the diagonal subgroup. We now
have fo,00®°ON®P gy = frung™Y, and solve Einstein’s equations in this background. A generic
solution could have a non-trivial gj;ny and non-vanishing fluctuations of the Stiickelberg fields §®“.
However, it turns out that taking gany AdSg41, with §&* = 0 also solves the equations of motion. It is
straightforward to see that this is the case. The full non-linear action takes the form [7]

S =ME /dd"'l:z:\/—g [R(g) — 2Acc + 2m*UKN)] + Scay + Set (1)
where
A
KA =05 —Vg'f 5 fun = faOu®*On®’, (2)

for bulk metric gpsy and reference metric fasn. Ace is the cosmological constant. The potential U(K)
is a sum of all the determinants of the matrix K, from dets(K), to dety+1(KC) with arbitrary coefficients.
V/gdet1(K) can be expressed — up to a total derivative — as a linear combination of the cosmological
constant and the other determinants.

Meanwhile, Sgpy is the usual Gibbons-Hawking-York boundary term of massless GR. There are no
additional boundary terms needed for a consistent variational principle: the invariants in the potential
U(KAF) contain at most one derivative per field, so their variations can be eliminated with boundary
conditions alone. S; refers to a set of boundary counterterms that are needed to regularize the near-
boundary divergence of AdS/CFT correlation functions.



For any reference metric fy;n that solves the massless Einstein equation, taking guyn = fun
reduces the massive gravity equations of motion to the massless Einstein equation, which fy;n satisfies
by definition. We can then consider weakly coupled fluctuations in this background as long as the energy
scale of fluctuations is below some scale Agrong o0 the gravity side (we return to this point briefly in
our concluding remarks). We will take both fy;n and gasn to be Anti de Sitter. This solution not only
solves the equations of motion, but is stable under small fluctuations, as it reduces in the linearized
approximation to the Fierz-Pauli quadratic Lagrangian on an AdS background (see [17], and references
therein).

We can now ask: what does this story looks like in holography?

From the perspective of the dynamical metric gpsn, there is simply no holographic description until
we choose the AdSgy1 vacuum for gary. Once we fix this background, we have a dual field theory
consisting of a d-dimensional CFT with a spin 2 current (i.e. the EMT), a spin 1 current, and a scalar
operator. The n-point functions of these operators are fully determined by the action (1). The action
depends on the fact that fu; is AdS, so the NLSM of the ®“ fields has an internal conformal symmetry.
However, the ®¢ fields have no kinetic terms if the theory is expanded around (®*) = 0; thus, the
gravity theory is infinitely strongly coupled at the origin in the field space. In other words, holography
does not afford us any advantages at this point. On the other hand, if we choose a vacuum in which
e = §9, XM which defines a non-trivial vev for some operators in the CFT, and there is an “emergent”
weakly coupled theory. The conformal symmetry and internal Poincare symmetry are now broken to a
diagonal subgroup, as the background solution explicitly mixes the internal and bulk degrees of freedom.

From now on we focus on the dual field theory of massive gravity with ®* = §¢,2* and background
metric AdSgy1, under which we have fu;,0p ®?On® = fyn = 9(0)MN -

3 The massless limit: counting degrees of freedom and identi-
fying dual operators

Let us now turn to a more technical study of the operator content in the d-dimensional flat space field
theory. We have taken the reference metric f,, to be AdSg41. As shown above, pure AdSyy; with no
Stiickelbergs exactly solves the massive gravity equations of motion, so we also take gy to be AdSg41:

L2
57 = e e = L st + 7). @)

We work in the mostly plus convention. Uppercase Latin indices denote coordinates in AdSy1; lowercase
Greek indices denote coordinates in d-dimensional Minkowski space. z € [0,00) is the radial AdS
coordinate, with boundary at z = 0. L is the AdS radius.

We now study fluctuations hpn around the background gg)arn. The quadratic order action for
metric fluctuations is simply the Fierz-Pauli action on AdSg41:

d—1
1
P dd+1I /_g(o) [_hMNgMNPQhPQ _ §m2 (hMNhMN _ h2):| , (4)

Srp =

where h = k3L, all indices are raised and lowered with the AdS metric 953)1\/ (3), and & is the Einstein
(Lichnerowicz) operator [22],

1
(Eaash)un = — 3 [V2 (hMN - gg\%\;h) — (VaVnhi + VaVuhyy)

2d 1
+ VuVnh + gﬁ(})NVAVBhAB Iz (hMN - 595\%/71)] ; (5)
and Mp is the (d + 1)-dimensional Planck mass. hpsy is a symmetric two-tensor in (d 4+ 1) dimensions.
By naive counting it has % (d+2)(d+1) independent components, but the linearized equations of motion
impose d + 2 constraints, so on shell there are a total of

m = G+ 1)(d+2) ~ ([@d41) ~ 1= S(d+2)(d - 1) (6)

physical DOF. The mGR theories described in [6,7] with action (1) maintain this number of degrees of
freedom in the full nonlinear theory, even on arbitrary backgrounds. These degrees of freedom should
precisely match the operator content of the corresponding CFT.



As noted above, it can be helpful to decompose the graviton mode in a way that restores the
diffeomorphism invariance of the theory. We thus take

d—1

Mp® hyn = hun + oLV Ay + BLPV y VNT (7)

where the Ay; and 7 are the Stiickelberg fluctuations in the vacuum ®¢ = 5ﬁ4xM ,and «, 0 are parameters
to be determined. Since the decomposition takes the form of a diffeomorphism hyn — harn +Varény,
the Einstein-Hilbert action is unaffected; all new terms quadratic terms come from the m? term. The
linearized action becomes

1 _ .
Srp =7 /ddﬂx\/ —g O {=hMNErnpohT?

o2 L?

1 L _ L o
— §m2 |:(hMNhMN — h2) + FMNFMN + dOzQAMAM + dﬂszvMﬁ'vMﬁ

+2aL (hynVMAN — WM Ap) + 2BL20M NV Vv e — BRV 7
d - _
; aﬂﬁANvaﬂ } , (®)
where Fyyny = OpAn — OnAy = VarAy — Vv Ay, We have used the fact that the Ricei tensor on
d

AdSg41 is given by Ry n = —7z9(0)ymn- A conformal transformation allows us to eliminate cross kinetic
terms between hjsny and 7

- ~ mL)?
hyn — hyun + 8 (d _)1 JO)MNT- 9)

Appropriately choosing a, 8 yields canonically normalized kinetic terms for 7 and Az, so the original
graviton in terms of h, A, 7 is now

—(d-1)/2 | 7 22 2v/d —1 1 _
harn = M hin + Y2V Ay + VoV
MN P MN + =V ) Vi mO)JmIrrd=1 MVN
+ 2 T (10)
™
JAd —D)((mLE 1 d_1) OMN

with linearized action

1- - m2 /- - -
SFP :/derlJ:,/g(O) {ZhMN(gh)MN - ? (hMNhMN - h2)

1_ _un l2d - -, 1. . ld+1 5,

4F]\4NF 2L2AMA 2(9]\471’(9 T+ 2d— lm s

m ~ _ _ m [d(d—14 (mL)?)- _
— —hWMN(VyAn — VpALP — h

NG ( MAN — gy MN VP )+ 57 d—1 T

1 d(d—1) i —p

- VpA ) 11
+L\/2(d—1+(mL)2)7T P } (11)

Note that the action contains three different scales: Mp, m, and L~'. For generic values of these scales,
the spin 2, spin 1, and spin 0 parts mix nontrivially. In the massless limit on AdS (when m — 0, L=*
small but finite), however, the spin 2 piece decouples completely from the spin 1 and spin 0 fields, and
the spin 1 and spin 0 fields then combine into a single massive vector on AdS with mass m$, = 2dL~2.
There is no limit in which this vector is massless, so this set of theories always includes the same number
of degrees of freedom, regardless of the value of m.

Let us now turn to the CFT. Unlike the case of the standard AdS/CFT correspondence, where string
theory helped identify both the large N, CFT and the corresponding supergravity theory, here we can,
at best, characterize our CFT in terms of its symmetry structure and correlation functions, viewing it
perhaps as an effective description of a more complicated UV theory. Let us say, t?en,) that the operator

d(d+1

dual to hpsn is some tensor 7,,,. A symmetric tensor in d dimensions would have ——— components, one



more than the number of DOF in the bulk field hyn. 7, should thus suffer one additional constraint.
Only two possibilities do not violate Lorentz invariance:

T =0 and 00" Ty, =0 . (12)

In order to see that 7/ = 0 is the only viable option, we consider the tensor and vector parts of 7, dual

to hasn and Ajpy, respectively. These modes have scaling dimension A for tensors and A ; for vectors.
Using the well-known AdS/CFT relations between mass and scaling dimension, we have

vector: Ay (d +/(d 2+ 4(myL)? ) , (13)
spin 2 Ar =g (d + @&+ 4(mhL)2) . (14)

As m — 0 limit, h MmN becomes massless, so the tensor part of 7, must correspond to a dimension d
operator, the EMT T},,. Meanwhile, the CFT current J,, dual to Ays has Ay = d+1 when m = 0. Thus,
the appropriate m — 0 limit consists of a theory with conserved EMT, and a non-conserved current
J, = (JE, O) with large “anomalous” scaling dimension. We still need to impose one of the conditions
(12) in order to get the right number of degrees of freedom. .J,, unequivocally contains d DOF, so we need
to effectively impose the extra restriction on 7},,. When m — 0, 01}, = 0, so imposing 0*9"1},, = 0
does not get rid of any additional components. For consistency with the massless limit, then, 7/ =0 is
our only choice.® Note that this amounts to the s = 2 case of a well-known group theory result: that
the representation of the conformal group defined by a primary operator having rank s, zero trace, and
scaling dimension (d + s — 2) (together with all of it descendants) is reducible to a conserved traceless
symmetric primary of rank s and dimension (d + s — 2), a rank (s — 1) traceless symmetric primary of
dimension (d + s — 1), and all descendants (see e.g. [23]).
How, then, do THTJ, JT and O fit into TW? Since 7 must be traceless, we can only write

Ty = T L t+a= 8( JE i b (d0, 0, — 1, 0°%) O, (15)

0?2 2 82
with B”JE = 0. Note the factors of 1/9? in this definition, which are essential to making sure that all
parts of 7 transform in the same way under dilatations. For the same reason, we cannot use a constant
scale to soak up the dimensions of the J,, (with dimension d+ 1) appearing in the decomposition of 7,
(with dimension d).

The parameters a, b are arbitrary so far. We can determine them for small mL, by requiring that
T[;Flf decouples from J,, as m — 0. Consider the source term in the CFT generating functional for 7, :

ZorT = exp {iSCFT +1 / ddxhgwm,,} . (16)

houw is the boundary value of the (d + 1)-dimensional grav1ton which we have now decomposed in
terms of the massless graviton h m N with boundary values hou,,, and the Stiickelbergs Ay and 7 which
constitute a massive gauge field having boundary values Ao, and 7. Using equations (10) and (15), wi
can write the coupling of the boundary values of the AdS4y; fields to the dual operator 7,,,. Rewriting
the source term appearing in the partition function (after integration by parts) :

—ilog Zcpr = Scrr + /ddxhgwrw

= Scrr + / My Y {Eg“ (TTt +ass L0, g gai (d0,0y — 1 0%) (9)
4 a—2A0 JTe MA#@ O+ (d— 1)3/2b 7?0820 .
m m O mL\/d({d — 1+ (mL)?)

(17)

For small mL, we can take

a= % +O((mL)?) and b= %mljlvd — 1+ (mL)2+0((mL)?), (18)

'Indeed, for a conformally invariant local theory, we should have T’ n=0.



so Ao, and 7 directly source JJ: and O, respectively. As m — 0, iLQMU decouples from JE and O, and
sources only the transverse traceless EMT. The coupling between Ao, and 9,0 remains finite, however,
in line with our expectation that A,; and 7 together source a single, non-conserved current in the CFT.

In sum, we have derived a decomposition for the operator 7, which maps onto the conformal EMT
and a decoupled vector current in the massless case. For small but finite mass, however, it is clear that
the operators J,, and T}, mix, and the EMT is no longer conserved.

4 Two-point functions

We saw above that the CFT operator 7, is dual to a symmetric traceless tensor. In the limit of zero
mass, we understood that 7, must contain a conserved traceless EMT, and a non-conserved current
Ju. Let us now study the simplest CFT data available to us, the two-point functions of 7, originally
derived in [24]:

Cui 1 1 1
(T (X)Tpo (V) = 0z |3 Iue (X = ¥) oo (x = ¥) + 5o (X = ¥)Jup(x = ¥) = Zuipe | (19)
Ix -yl
where
T, AA+2+ 1A+ 9)
J(x)=n,, — 2228~ and C x= 2 2. 20
122 ( ) um |X|2 d,A 27‘rd/2/£2(A—|— 1) (A) ( )
with

A =/(mL)? + dz : (21)

Henceforth we will absorb all factors of Mp into the definition of the operators, which amounts to setting
Mp = 1.

Note that we did not explicitly impose any tracelessness condition on hysn (or its boundary values)
— nevertheless the two-point function is traceless. Technically speaking this is due to a suppression in z
of the trace part of h,,,, which in turn means that there is no coupling to the trace parts of the boundary
sources. We have also seen, from the CFT side, that tracelessness of 7, is essential to matching DOF.

To analyze the two-point function in greater detail, we work in momentum space, where we can
decompose (19) in terms of traceless Lorentz structures as

<T,ul/ (Q)Tpo (p)> = 6d(p + q) [H ]P)ﬁl/po' + Hﬁ]P)HVpo' + H ]P)gypo-} I (22)
with form factors
N - d/d
M, = — dQE) y (A2—(d—1)A+—(——1)) : (23)
(A §)(A+ 5—1) 2\2
d
Iz = — — , 24
= as (3-8 @1
Q) , (25)
and
AT(1 - A)p*A
Q) =~ Ty &) (26)
The traceless Lorentz structures
1 PuPv PpPo
P = (p,, —dE ” —d=2 27
b= gy - 2 (- 22). &
1 Dup DuPDo Dubo Dup,
B _ HEp 12 P
Fiives = =3 [(n“p_ P? ) (n'”_ P? )+ (n’” P ) (n””_ P? )]
1 PuPuvPpPo
5 (gt + aohop) = =50 (28)
1 1
Biovpo = 5 (gl + o) = iutlpr — B4 — PP (29)



form an orthonormal basis for Lorentz structures with four indices. They obey P* . =P, * =0,
Puvps = Puupe = Ppopw, where PIps = §17p!,
Recalling that in momentum space

1 b1
T (p) = Tyl + app(uJZ; B (uwp® = dpupy) O (30)
we can extract T}, using PC:
Th =P, T (31)
and JE, O with
PA, P ——Qi( > — dpupy) O (32)
Y po — 2p2 NuvP PuPv )
and
- 1
Pfl,p Tpo = —aﬁp(#J,T) . (33)

Applying these projectors P! to the correlation function in momentum space, we recover all possible
two-point functions among 7%, J7', and O. In particular, due to the orthogonality of the projectors,
we can quickly see that there are no mixed two-point functions. For instance

(T, 0) (10, J2 (@) )) = 0% + )P ()PP o POPF =0 . (34)

The two-point functions are simply

(T ()T (a) = 6D (p + )IL P, (35)
1 P> 2p?
F@(uJE)(p)Q(pJ;F) (Q)> = _5(d)(p+ Q)EHBPEIJ;)U = _Wé(d)(p—i_ Q)Hﬁpfupa' ’ (36)

4 A(d — 1)?
dld— 102~ @m?L2(d— 1+ (mL)?)

(O(p)O(q)) =6 (p+q) 8D (p+q)y . (37)

For small m, the leading terms in Iz and II, go like (mL)?, so the JE and O two-point functions
given in (36), (37) are finite even in the massless limit. The 7).,/ two-point function is always order 1,
and is not only traceless but transverse. When m # 0, TMT,f is still conserved in momentum space, but
its conservation is due entirely to the Lorentz structure PY, and is satisfied despite the fact that its
two-point function scales as p?2 instead of the p>? of conserved, d-dimensional EMTs in local quantum
field theories.

We argue that this unusual scaling property, combined with conformality, implies that the dual of
mGR is a nonlocal theory. Why exactly do conserved currents have a prescribed dimension? Consider,
for instance, a d-dimensional system with non-abelian internal symmetry that has corresponding vector
currents th (i labels the generators T%). The constant which parametrizes internal symmetry transfor-
mations is not dependent on spacetime at all, and is thus dimensionless. The symmetry is generated by
global charges proportional to 7. For local theories, these charges can be realized as integrals over the
time components of the conserved currents, and in fact we can write down a local version of the global
algebra: ‘

Ta(@), T @)] = if 769 (F - ) J5 (@) (38)

In order for this relation to hold, the current must have dimension (d—1).% Similarly, the EMT generates
spacetime translations, and is described by a parameter which has dimensions of length. By the identical
argument to the above, then, we can see that for d-dimensional local theories, the EMT must have mass
dimension d if it is related to a conserved charge. In the dual to mGR, this is clearly not the case: the

2This argument clearly applies only to non-abelian symmetry groups. Another argument is that in both the abelian and
the non-abelian case, we can always choose to gauge the symmetry. The gauge field has mass dimension 1 by definition, so
the current to which it couples must have dimension (d — 1).



fact that the scaling dimension of 7}, differs from d implies that there is no relationship between the
global charge and the current. So while the global conformal symmetry may remain, we cannot realize
its commutation relations in terms of local currents.

Furthermore, the unusual scaling dimension of 7},,, cannot arise as the result of renormalization group
(RG) flow from some local, Lorentz invariant UV fixed point. In that case, non-conserved operators would
acquire anomalous dimensions, but the EMT would retain the same scaling it possesses at m = 0.

We argue in the next section that this strange behavior can arise in a conformal but non-local
framework, sometimes termed an “unparticle” theory.

5 Unparticles and toy models for anomalous scaling

The “unparticle stuff” of [21] defines a theory having a non-trivial IR fixed point, which couples weakly
to the Standard Model (SM) at high energies. Below some scale Ay, the new “unparticle” fields decouple
from the SM, matching onto a generically strongly coupled conformal sector consisting of “unparticle”
operators. Because this sector is conformally invariant, it cannot be characterized by excitations of well-
defined mass. Instead, one can think of them as a non-integer number of states [21], or as fields with
continuous mass distributions [25,26]. Similar ideas were applied in [27] to deduce correlation fucntions
in strongly correlated electron matter.

A continuous mass distribution can arise as an effectively continuous KK tower, which begs interpre-
tation in terms of the AdS/CFT correspondence. Indeed, [28] demonstrated the emergence of unparticle
behavior in the CFT dual of a single massive scalar field on asymptotically AdS space.

We will now show that such theories, which effectively possess a fractional number of particles, are
one way to produce the conserved, traceless tensors with non-integer scaling that we observed above.

Consider symmetric traceless two-tensor unparticles (“ungravitons” in the language of [29]) O,,,. We
can decompose the operator O, in a basis of individual particle operators ¢,(f,3: Ow = > ¢ f},}
Each ¢ produces a particle of mass m; and polarization €, When it acts on the vacuum. We will
eventually take n — oco: an continuum of particles with a continuous mass distribution. The unparticle
propagator has form

= |ci]? c L Puvpo(t)
<OHV(p)OP‘7(O)> = Zl p2 _ mg + 7€ ]P)HVPO"on—shell = ‘/0 dtp2 — 1+ e ’ (39)
i—
with spectral function puype = Yoy |cil?6(t — mi)*PS, ,,. By “on-shell” we mean that the factors of

momentum p? are replaced by (—m?

) in the projector.

When the mass splitting vanishes, we achieve a spectral density p(t) ~ t2~1, which gives a propagator
~ p?A=1) for some (non-integer) A [26]. [28] details how such spectral functions can arise from scalar
or vector fields in asymptotically AdS space. The interior of the (d + 1) dimensional space affects the
spectrum and spectral densities of the CFT operators — by tuning the background metric, then, it seems
that one could produce a variety of different spectral functions.

According to this picture, the bulk AdS theory corresponds to a conformal sector featuring unparticles
generated by a vector current J, and a traceless, transverse two-tensor Tﬁrf The theory is strongly
coupled, so there is no straightforward way to capture the content of the unparticle sector, or in fact the
relationship between Tﬁf and J,. Nevertheless this theory is conformal: we know the dual geometry
still possesses the full AdS symmetry. It also seems to have dynamical gravity, which would imply the
existence of an EMT — but from the scaling of the correlation functions we understand that this cannot
be the case.

5.1 Unparticle actions

Though the unparticle sector is strongly coupled by definition, we can write down a nonlocal action that
generates the spectral functions defined above. This very simple for scalar particles, because the Lorentz
structure of the propagator is trivial:

1

Sy=73 / d'p x(=p)p~*’x(p) , (40)



where § is some (usually non-integer) number. This generates a propagator of the form (xx) ~ ip?.
Similarly, we can reproduce the vector propagator by taking the action

1 _ v _ v
5= [[atp {1EGr O 1y B0} ()

where FP(L,C,) (p) = ipuCy — ip,C,. The first term in the action still possesses the usual gauge freedom of
Maxwell theory, so we include Og4¢((,,) to fix the gauge. Say we choose

5 1
MOy = —2—§2(p“éu)2 - (42)
The propagator for the vector unparticles is thus
. 95— PubPv
DI = =i (= (1 )28 ) (43)

Taking ¢ — 0 for example yields a transverse propagator.
Now consider spin 2 unparticles. We want the Lorentz structure of the propagator to be that of
massive spin 2 particles, but for the scaling to differ from the usual A = d. Consider the action

Sc = [ dp 0 (=) [Euupm + Qs 0)] 007 1) (a4)

where £ is the Lichnerowitz operator in momentum space (which is of order p?) and Q,(f) again refers
to some “gauge fixing” operator that eliminates the redundancy of the description. In order to match
onto the propagator for the two-tensor unparticles, we should require

¢ v 14
PC, = 3 (8465 + 6101 (45)

wrafp
) afpo

p % (5 + 1% Qqgs(0)

where Pgouu is precisely the tensor structure appearing the two-point function, and

1 1
ng = - 4_’72 |:I? (puppnua + PuPoNvp + PuPpNuc + pupanup) + ﬁnuunpa ) (46)

with v — 0 and § an arbitrary non-zero constant yields the desired result.
We can now assemble these three different types of unparticles into a single action, designed in such
a way that the scaling dimensions of the “un-propagators” match those computed via holography:

Stotal = /ddp {Kg@‘“’(—p) [guvpo + p? ng(G)] p*Q(AH)@po(p)

1 _9A . AL 5 _A
+ K¢ {—ZFﬁi)p PAFOm 4 (RpT2RT2050C ] + Kyx(—p)p*©® A)X(p)} : (47)
where

Kl = _M (48)
v 22A+1ID(1 4 A)
_ L2AT(1-A

Kl =—— ( - )d : (49)

2280 (14 A)(A + £)2

_ LY(d—1)? Ar(1—-A

KX 1_ ( ) ( ) (50)

PA+d-1)2 (A+4) PA7TA+A4)

Note that this is a toy mock-up of a quadratic action that recovers the desired correlation functions we
found using AdS/CFT.



5.2 A nonlocal effective field theory from inhomogeneous scaling

In the previous subsection, we demonstrated a way to write down a d-dimensional action for unparticles
to yield the Lorentz structures and scalings of the correlators derived from mGR. These theories preserve
Lorentz (and in fact conformal) invariance, but are nonlocal — in addition to being somewhat ad hoc.
It is illuminating, then, to understand how such effective theories could arise from more local flat
space theories. We will consider, in particular, (d + 1)-dimensional flat space theories, which are local
in d dimensions (labeled by z#), but which exhibit inhomogeneous (“Lifshitz-like”) scaling along one
direction, y. These Lagrangians are still invariant under (a modified set of ) diffeomorphisms. We
eventually integrate out of the auxiliary (y) direction to find nonlocal conformally invariant field theories.

5.2.1 Scalar particles

Consider an action for a scalar in half of (d + 1)-dimensional Minkowski space.

1 oo
S = —5/0 dy/dda: [8;‘@<I>(x,y)8;‘®<1>(a:,y) +8#<I>(:c,y)8“<13(x,y)] + Sbdy (51)

where the “(d + 1)”th coordinate y € [0,00). Given appropriate boundary conditions for the fields and
choice of Spqy, this action has a well-defined variational principle. The parameter ag characterizes a
theory inhomogeneous scaling in the auxiliary y direction. We assume that g > 0. The equations of
motion are

08 = /OOO dy/ddzzr [—(—1)_0‘“’5@(17,y)@io“"@(x,y) +5<I)(x,y)82<1>(:17,y)}

n—1 00
dnfkfl dk+2aq>fn
d n—1+k—«
_/d x>y (-1) » dyn_k_15q>dyk+2aq)_nq>‘ , (52)
k=0

where n is an integer such that n — 1 < ag < n. We impose the boundary conditions that (1) ® and all
of its derivatives vanish as y — oo, and (2) §®(y = 0) = 0, with ®(z,0) = ¢(z). We can eliminate any
remaining boundary terms at y = 0 by adding a boundary action (& la Gibbons-Hawking-York):

n—2
1 n—k—14+aaq —n+age
Shay = §/dy/ddx d, <Z(—1)’€ay h-ltos gkt 4@) : (53)
k=0
Assuming (for technical reasons) that ag is a ratio of odd integers, we can show that

B(z,y) = e VI o) (54)

solves the equations of motion in the y direction. Plugging this solution into the action and integrating
out y, we end up with the dynamics of the effectively d-dimensional field ¢(x):

1 _ oo
Son—shell,® = 3 /ddx @35“’ 1(1)}0

- (_1)2%7 /ddx p(—07) (55)

In order to match the scaling of the scalar propagator derived in previous sections, we should choose
ag = (2A + 2)71. Such scaling should of course be neutralized by a dimensionful parameter to achieve
the correct scaling in the Lagrangian.

5.2.2 Vectors

Similarly, we can construct a (d + 1)-dimensional theory with inhomogeneous scaling for vectors, that
leads to a non-local but conformal-invariant effective action upon dimensional reduction. The vector case
is a bit more complicated, because it is not sufficient to achieve the correct scaling, we also want to extract
d-dimensional modes which are transverse. To this end, let us introduce the gauge transformations

A, — A, +0,G , (56)
Ay 5 Ay + 004G | (57)
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Under these transformations, the modified field strength Fyy is invariant:

E, =0,A, —0,A, , (58)
~uy = 8#-’47; - 8,77A~Au ) (59)
and we can write the action
(e o) 1 ~ ~
S = / ddx /0 dy {—ZFMNFMN] + Shay (60)

where Spqy denotes the boundary action determined as before to cancel boundary variations, given
boundary conditions . A,(y =0) =0 and A, — 0 as y — oo.

Using the gauge freedom, we set A, = 0, with which the A, EOM yields 9,49, A" = 0. The
longitudinal part of A, thus has no dynamics in the y direction, and we take it to vanish. The EOM
now take on a similar form to the ones we found in the scalar case:

PAL = (=1)" "0} A; | (61)

with similar solutions. The on-shell effective action in d dimensions becomes

-1 2000 —2
Son—shell,A :/dde

5 AL A AL (62)

Matching dimensions to the transverse part of the vector current two-point function calculated holo-
graphically, we have aq = (2A +4)71L.

5.2.3 Spin 2

For spin 2, we can use a similar strategy to the vector. We will write the action for the tensor H sy in
terms of modified lapse and shift functions

1
N=(g")""?~1+ sHuy - (63)
Ny=gyu~Hyu+ .., (64)

where now
S:/dd:v/ooody N\/g—d(RdH%ﬁ,,—K?) : (65)
and K uv is @ modified extrinsic curvature, which to linearized order in Hsy is
R ~ % (020 Moy — My — DM,y - (66)

The action is symmetric under a modified set of diffeomorphisms,

Huw = Huw + 0u& + 0,8, (67)
Hpy = Hpuy + 0,7, (68)

‘H,, does not transform, and has no dynamics in the y direction. We have a total of d gauge parameters
defining the transformation, we expect the number of dynamical degrees of freedom to be

(d+1)(d+2)

1
5 ~1-2d=gd(d-1). (69)

It will be convenient to decompose the fields as

Hyw(2,y) = B + Ay + 0y Ay + 00,7 + o (70)
H,(z,

uy( y) = B, + 8#80 ) (71)
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where ’Hf,f is transverse traceless, and A, B, are transverse. We can use the gauge freedom to set
A, =0and 7 = 0. Under this gauge fixing and after some manipulation, the EOM in d + 1 dimensions
are

PHIL — (—1) o2 H ] =
= 0,0, [Hyy — (d—2)0 +2(=1)"*" 02" 0] 4 ny (1) 7" (d — 1)02%
+2(= 1)1, 05 0% — (—1) 705" (B, + 0,B,) - (72)

As before, we seek solutions to these equations from which we can derive the effective d-dimensional
dynamics. Let us set o = 0. This implies 9?B,, o o = 0, so we can assume B, = 0 as well. Now

ML — (1) 0 HL = 2(=1)' T 05, 070 (73)
Since the trace must vanish, we also have 92%»9%¢ = 0 and
24 4Tt —« 2a Tt __
O*H,,, — (=1)" 9" H,, = 0. (74)

Imposing the boundary condition H!(x,0) = # ! (x), we have the same effective action,
1
Son—shell,'H = /dd‘r(_l)_ahH;{i (_82)1 2n H;,J;Ii . (75)
Here oy, = (2A +2)~! as for the scalar case.

5.2.4 Assembling the effective action

The goal of this exercise was to show that we can reproduce the correlators of the operator 7,,, or
equivalently, the correlation functions of the unparticle theory in the previous subsection. Putting
together the results just derived, we have a 1-PI effective action in d dimensions derived from the
(d+ 1)-dimensional theory with anomalous scaling along an auxiliary direction. The (d+ 1)-dimensional
Lagrangian is given by

1 s 1. - -
Suir = /dd“x 5 {—(a;m“ )2 = ,90,® — 5 Fan PN + N /g (Rd + K2, - K2)} . (76)

where the inhomogeneous field strength, lapse and shift, and extrinsic curvatures are defined as above.
Note that the action in d of the (d+1) dimensions is local- it only exhibits unusual scaling in the auxiliary
direction. Furthermore, though the action (76) contains “gravity,” it does not feature a cosmological
term — the background is not curved. We now assume that these bulk terms interact with some operators
on the “brane” at y = 0. Recall the decomposition of 7, as

Tuw = (PR + PRE7 + POE7) 7po (77)

in terms of idempotent, mutually orthogonal operators P/. We assume that these (irreducible) operators
living on the brane couple to ®, A, H. The couplings of the source 7, to the fields goes like

1 v lod 1 17 lod 17 lod
Sint = /ddfZj |:OA§ (8277#1/ - daﬂal/) (I)P‘ZPUTP =+ OB?((?#AV + 81/"4#)]?%;)074) + OChlw]P)épan ] )
(78)

where the couplings C4, Cp, and C¢ are determined via the coefficients appearing the two-point function
as computed via AdS/CFT.
Now, upon integrating out in y, we have the 1-PI effective action

2A41

Sepp = (1) &% /ddx [@(_32)*% + (1) TEE AL (=0?) AT ALk 4 T (—g?) ATt
(79)

We have thus shown how the nonlocal behavior in a field theory might arise. This 1-PI effective action
is related to the unparticle description of (47) in that it yields the same correlation functions for the
irreducible parts of 7, .
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6 Conclusion and Outlook

We have described the dual of massive gravity (with small m) on AdS with AdS reference metric, which
we conjecture to be a nonlocal conformal theory characterized by a spin 2 operator. As m — 0, this
operator reduces to the conserved EMT and a vector current. We showed, furthermore, that it is possible
to generate such theories as the dimensional reductions of frameworks with inhomogeneous scaling.

Our discussion is complementary to existing work on field theory duals for bigravity. Indeed, an
appropriate limit of bigravity — whose AdS/CFT dual was studied in the compelling work of [30,31] —
might takes us to massive gravity alone. Bigravity theories feature two dynamical metrics, with two
different Planck masses, each corresponding to the EMT of some field theory. The setup of [30], for
instance, features two copies of AdS space — each housing a massless graviton and a scalar field — which
share a boundary. A particular choice of boundary condition couples the two scalar fields, which in turn
generate a mass for a linear combination of the two gravitons via loop corrections. The full theory now
has one massive graviton (g,,) dual to some symmetric two-tensor operator, and a massless graviton
(fur) dual to the conserved total EMT. One arrives at mGR by decoupling the metric f,, from the rest
of the bigravity dynamics by taking its Planck mass to infinity, as shown in [32]. However, this still does
not answer the question of what the dual theory of the decoupled system should look like, especially
since mGR exists as a well-defined theory in its own right, not only as a limit of bigravity.

In this work, we studied the quadratic order Lagrangian. An important next step would be to
understand the interpretation of mGR parameters in terms of CFT data, which would go hand in hand
with an analysis of the interaction terms. Top-down formulations of gauge-gravity duality have the
advantage that we can precisely identify the relationship between parameters in AdS to parameters in
the CFT. For standard AdS5/CFTy, the large Mp, small curvature (L~1) theory corresponds to a large
N, large 't Hooft coupling A = g2 ,,N, limit of the CFT via the well-known relations (see e.g. [33] for
a review)

4 2
<£> ~A, (Myols)® ~ Ne L = LMo~ NY* . (80)
ls A gy ‘
L is the AdS radius, Mg is the 10d string theory Planck mass, and [, is the string length. Only relative
scales are important, and the string length /5 never appears on its own in the supergravity approximation
(because all massive string excitations are infinitely massive). If we choose the 10d Planck mass as our

reference scale, we can clearly see from these relations that the string scale I;! ~ gxl// 1\24M 10 > M7o when
the CFT is strongly coupled (gyas > 1). Similarly, when /N, > 1 the spacetime curvature of AdS is
weak, R~ L2« M1_02- It is in this limit that we can use perturbative (super)gravity.

We can, at most, treat mGR on AdS,y;1 as some effective theory which may (or may not) derive
from a string theory, so any identification of mGR parameters with CFT parameters is thus conjectural
at best, though as m — 0 we should recover the pure gravity identifications. We might conjecture,
then, that our low energy effective theory on the mGR side corresponds to a strongly coupled conformal
theory, characterized by a coupling A. Just as the AdS scale is dual to the magnitude of the CFT
coupling, we conjecture that the ratio m/Mp defines an additional CFT coupling, A which encodes the
non-locality of the theory. Future work should explore the details of this relationship via higher-point
correlation functions.

mGR itself displays interesting phenomena, which beg CFT interpretation. For instance, here is
generically a scale above which the gravitational excitations in mGR become strongly coupled. This
implies some parametric threshold in terms of the CFT parameters beyond which we cannot reliably use
perturbative gravity. It seems naively that for small m, this regime is always out of reach.

In order to use a perturbative gravity description, one should consider excitations with energies below
some cutoff Acye(m, Mp, L). This is simply the lowest scale suppressing interactions that appear as we
expand the potential Y. We can read off the scale from the Galileon-type interactions of the type

Ox(o7)? (81)
which, once we canonically normalize the fields, are suppressed by a coeflicient
2
EEINE:] -1 a+3
_dt3 B Lt m 2 3/2
Acut2 :MP 2 ﬂ L e = AcutNMP [<—MP M—p ((mL) +d—1)
(82)
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If we take d = 3, and L — oo and m finite, we recover the Minkowski space result [6]: Acyr ~ (Mpm?)'/3.

While the graviton mass is a small, i.e. m < L=' < Mp we are free to consider momenta of order
the AdS scale without straying into the regime of strong gravitational interactions (for any dimension
d>1):

L7 npys <L—1)d <1. (83)

This means that the gravitational description of the CFT should be reliable, even for higher point
functions of CFT operators.
If we consider a graviton mass near the AdS scale L™!, e.g. m = pL~! where p ~ O(1),

d—1
Lt 2/ 9 _31ats (L_1> e
~ d—1 — . 84

It is straightforward to check that this function is maximized at p? = (d — 1)/2. As long as L~ < Mp
by a few orders of magnitude, this ratio remains less than unity (for dimensions 2, 3, 4). For values of
m up to the AdS scale, then, strong interactions in gravity are safely above Mp, and we can explore
the full parameter space of the dual couplings A and A. It would be interesting to explore these limits
in greater detail, and to understand in particular what conspiracy of CEFT parameters A and X induces
strong coupling behavior in mGR.

In this work we considered the duality between mGR with small m, and conformal theories. One
might also study other mGR solutions which are only asymptotically AdS. Is there, for instance, a
Hawking-Page transition in these frameworks? And if so, how is this reflected in the structure of the
CFT?
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