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We give simple arguments for new non-renormalization theorems on higher derivative couplings of

gauge theories to supergravity, with sixteen supersymmetries, by considerations of brane-bulk super-
amplitudes. This leads to some exact results on the effective coupling of D3-branes in type IIB string
theory. We also derive exact results on higher dimensional operators in the torus compactification

of the six dimensional (0, 2) superconformal theory.

I. INTRODUCTION

A great deal of the dynamics of maximally su-
persymmetric gauge theories and string theories can
be learned from the derivative expansion of the ef-
fective action, in appropriate phases where the low
energy description is simple. On the other hand,
it is often nontrivial to implement the full con-
straints of supersymmetry on the dynamics, due to
the lack of a convenient superspace formalism that
makes 16 or 32 supersymmetries manifest (see [1-
7] however for on-shell superspace and pure spinor
superspace approaches). It became clear recently [8—
11] that on-shell supervertices and scattering ampli-
tudes can be used to organize higher derivative cou-
plings efficiently in maximally supersymmetric theo-
ries, and highly nontrivial renormalization theorems
of [12, 13] can be argued in a remarkably simple way
based on considerations of amplitudes.

In this paper we extend the arguments of [11]
to gauge theories coupled to maximal supergravity,
while preserving 16 supersymmetries. Our primary
example is an Abelian gauge theory on a 3-brane
coupled to ten dimensional type IIB supergravity,
though the strategy may be applied to other dimen-
sions as well. We will formulate in detail the brane-
bulk superamplitudes, utilizing the super spinor he-
licity formalism in four dimensions [14] as well as in
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type IIB supergravity [15, 16]. By considerations
of local supervertices, and factorization of nonlo-
cal superamplitudes, we will derive constraints on
the higher derivative brane-bulk couplings of the
form F*, RF? D?RF? D*RF? R? D?R?. These
amount to a set of non-renormalization theorems,
which when combined with SL(2,7Z) invariance, de-
termines the 7,7 dependence of such couplings com-
pletely in the quantum effective action of a D3 brane
in type IIB string theory. Some of these results have
previously been observed through explicit string the-
ory computations [17-28].

We then turn to the question of determining
higher dimensional operators that appear in the four
dimensional gauge theory obtained by compactify-
ing the six dimensional (0, 2) superconformal theory
on a torus. While it is unclear whether this the-
ory can be coupled to the ten dimensional type IIB
supergravity, we will be able to derive nontrivial con-
straints and an exact result on the F* term by inter-
polating the effective theory in the Coulomb phase,
and matching with perturbative double scaled little
string theory. Our result clarifies some puzzles that
previously existed in the literature.

II. BRANE-BULK SUPERAMPLITUDES

We begin by considering a maximally supersym-
metric Abelian gauge multiplet on a 3-brane cou-
pled to type IIB supergravity in ten dimensions.
The super spinor helicity variables of the ten dimen-
sional type IIB supergravity multiplet are (4,4 and
na, where a = 1,--- 16 is an SO(1,9) chiral spinor



index, and A = 1,---81is an SO(8) little group chiral
spinor index. The spinor helicity variables (44 are
constrained via the null momentum p,, by

af
5ABpm = mechCgB~ (Ill)

A 1-particle state in the type IIB supergravity mul-
tiplet is labeled by a monomial in 74.
stance, 1 and n® = éeAl...AgnAl -+-M4g correspond
to the axion-dilaton fields 7 and 7, nanp) and
N4, correspond to the complex-

For in-

FEABAL - AGTIA, -
ified 2-form fields, and nanpncnp; contains the
graviton and the self-dual 4-form. The 32 super-
charges q,,q, act on the 1-particle states as [16]

0

Qo = CQAnAv ag = CQA% (112)

The supersymmetry algebra takes the form

{qg’ aé} = %pmrgﬁ-

(I1.3)
To describe coupling to the brane, let us decompose
the supercharges with respect to SO(1,3) x SO(6),
and write

Ao = (¢a1,3a"), q, = (Qur>Ta’)- (I1.4)
Here o and & are four dimensional chiral and anti-
chiral spinor indices, and the lower and upper index
I label the chiral and anti-chiral spinors of SO(6).
The coupling to four dimensional gauge multiplet on
the brane will preserve 16 out of the 32 supercharges,
which we take to be g.; and Gs'.

The four dimensional super spinor helicity vari-
ables for the gauge multiplet are )\Q,XB,QI. The
null momentum and supercharges of a particle in
the multiplet are given by [14]

5~ ~ 0
Pu =i Aadg dar =l "= Ny
(IL5)
The SO(2) little group acts by
A= e\, A eT N f e (IL6)

Here we adopt a slightly unconventional little group
transformation of 0y, so that q.rz, qNBI are invariant
under the little group, and can be combined with
the supermomenta of the bulk supergravitons in con-
structing a superamplitude. A 1-particle state in a

gauge multiplet is represented by a monomial in 6;.
For instance, 1 and §* = %EIJKLGIQJQKGL repre-
sent the — and + helicity gauge bosons,[29] while
070, represent the scalar field ¢z ).

In an n-point superamplitude that involves parti-
cles in the four dimensional gauge multiplet as well
as the ten dimensional gravity multiplet, only the
four dimensional momentum P, = Y | p;, and the
16 supercharges (Q. I,QBI ) are conserved. Here we
have defined

n
QaI = quz[ =
i=1
n
= '
i—1

Z Aiabir + Z Ejaran;ja,
Z)‘ZB@Q +Z5m AG—

677 A

(I1.7)
where Eml is the decomposition of the supergrav-
ity spinor helicity variable (o4 with respect to
SO(1,3) x SO(6) C SO(1,9), namely

Ciaa = (Siaza, é:gIA). (11.8)

A typical superamplitude takes the form[30]

A = 64(PM)68(Q(!1)~7:()‘1'7 X?ﬁ eia gjv 77])) (119)

where

0*(Qar) H Qar; (IL.10)

and F obeys supersymmetry Ward identities [10]

0*(Pu)6%(Qar) Q" F =0 (IL.11)

associated with the 8 @ supercharges.
If the amplitude A (I1.9) obeys supersymmetry
Ward identities, then so does its CPT conjugate

A=§"(P)Q F(Ni X, 000, (;,0/0n;) Ho‘*Hnj,

(II 12)
78 J—
where @ =[], ; Q..

In formulating superamplitudes purely in the
gauge theory, it is useful to work with a different
representation of the 16 supercharges, by decompos-
ing

Qal - (Qaaa@ad)a Q !

where (a, @) are spinor indices of an SU(2) x SU(2)
subgroup of the SU(4) R-symmetry. We can then

= (Qaar Qaa), (IL13)



represent the supercharges for individual particles
through Grassmannian variables (¢4, %;) as

0
Qaa = )\aql)om Qaa = )\
o, o (IL14)
Qaa = /\aaT/}a, Qaa = Mala.

In this representation, a basis of 1-particle states
is given by monomials in 1, 1Z The — and + helicity
gauge bosons correspond to 12 and ¢2 whereas the
scalars are represented by 1, ¢21/)2 and wawa We
can assign v, and wa to transform under the SO(2)
little group with charge —1 and +1, respectively.

The 6-representation of superamplitude is con-
venient for coupling to supergravity, while the -
representation is convenient for constructing ver-
tices of the gauge theory that solve supersymme-
try Ward identities. The superamplitudes in the 6-
representation and in the t-representation are re-
lated by a Grassmannian twistor transform:

Ag = /Hd% eZi Vi A, (IL.15)

where we make the identification 6, = (¥, xa), after
picking an SU(2) x SU(2) subgroup of SU(4) R~
symmetry.

A typical supervertex constructed in the -
representation is not manifestly R-symmetry invari-
ant. In a supervertex that involves bulk supergravi-
tons, we can form R-symmetry invariant superver-
tices by contracting with the spinor helicity variable
of the supergraviton, or simply its transverse mo-
mentum to the 3-brane, and average over the SO(6)
orbit. It is useful to record the non-manifest R-
symmetry generators in the -representation,

Rai) = Zwia{gﬂ)’ R Z awa a¢b

=2 (%awm g2

(11.16)

A. F-term and D-term Supervertices

Let us focus on supervertices, namely, local su-
peramplitudes with no poles in momenta. As in
maximal supergravity theories, we can write down
F-term and D-term supervertices [11] for brane-bulk

coupling. One may attempt to write construct a
simple class of supervertices in the form (I1.9) by
taking F to be independent of the Grassmann vari-
ables 6;,7n;, and depend only on the bosonic spinor
helicity variables, subject to SO(1,3) x SO(6) in-
variance. When combined with the CPT conjugate
vertex, this construction appears to be sufficiently
general for purely gravitational F-term vertices. For
instance, a supervertex involve 2 bulk supergravitons
of the form

5 (P)3%(Q) = 6* (o) + p1)o% (a1 + a2)

corresponds to a coupling of the form R? + --- on
the brane.

(IL.17)

When there are four dimensional gauge multiplet
particles involved, however, such simple construc-
tions in the f-representation of the superamplitude
may not give the correct little group scaling. It is
sometimes more convenient to start with a superver-
tex in the 1)-representation, average over SO(6), and
perform the twistor transform into 6-representation.
For instance, we can write a supervertex that in-
volves (4 + n) gauge multiplet particles in the -
representation, of the form

(54(P)(58(Qw) = 64(P)68(Qaaa Qdd)

n+4 n+4~ "
4 (Z Aia%a) 5t (Z )\m%‘a) .
=1 i—1

(I1.18)
This vertex is not SO(6) invariant; rather, it lies
in the lowest weight component of a rank n sym-
metric traceless tensor representation of the SO(6)
R-symmetry. In component fields, it contains cou-
plings of the form ¢’ --- ¢ F* 4 ... where ¢’ de-
notes the 6 scalars, and the traces between iy, iy are
subtracted off.
Indeed, one can verify that for the 4-point super-
amplitude,
= ; 34)2
J TL0 550842150 = 6°(P)5* @) 3,
i=1
(I1.19)
while the analogous twistor transform on
§4(P)6%(Qy) for m > 0 produces §4(P)5%(Qp)
multiplied by an expression of degree 2n in ¥,
that transforms nontrivially under the SO(6).
It is generally more difficult to extend a gauge
supervertex constructed in the -representation to
involve coupling to the supergraviton however.




As an example, we construct supervertices in the
h-representation which contain ¢™9™R? couplings
on the brane. These supervertices are naturally
related to the R? vertex by spontaneously broken
translation symmetry. To proceed, we first need
to extend the w-representation to the supergraviton
states.

Just as we split the 16 preserved supercharges on
the brane in (II.13), we can split the 16 broken su-
percharges as follows,

@al = (éaa; éad)v édl = (éda, édc’b)a (11'20)
We’d like to consider a representation of the super-
graviton states such that (Qua, Qaa, éad, éaa) are
represented as supermomenta, and the remaining
16 supercharges are represented as superderivatives.
This is possible provided that (Qaa, Qaa, éaa, éda)
anticommute with one another. The anticommuta-
tor of Q. with @5 7 contains the transverse mo-
mentum P;;. Hence while Q,, anticommute with
éﬂb, it may not anticommute with é,@ir However,

the anticommutator {Qq, éﬁi)} contains only the
component P ; that lies in the representation (2, 2)0
through the decomposition 6 — (2,2)° @ (1,1)* @
(1,1)” under SU(2) x SU(2) x U(1) C SO(6). As
long as there are no more than two supergravi-
tons in the supervertex, we can always choose the
SO(4) subgroup of SO(6) to leave the two trans-
verse momenta of the supergravitons invariant so
that P; = 0. With this choice, for each super-
graviton, (Qua, Qaa, @ad, @da) then anti-commute
with one another, and they can be simultaneously
represented as supermomenta.

Let us compare this with the standard represen-
tation of the supercharges in the 10D type IIB super
spinor helicity formalism, for which we can decom-
pose

Can = (Cara; Ca' 4) = (Caans Caans Caans Caan)-
(I1.21)
By requiring that P_; = 0, we have
€*PCaanlayn = €7Caanlspy = 0. (IL.22)
When this condition is satisfied, we can go to the
1-representation by a Laplace transform on half of
the 8 na’s.
A supervertex of the form

58(Q0¢a7 Qdd7 éad7 éda) (1123)

for 2 supergravitons and m D3-brane gauge multi-
plets is not SO(6) invariant (unless m = 0). Rather,
it lies in the lowest weight component in a set of su-
pervertices that transform in the rank m symmetric
traceless representation of SO(6). To form an SO(6)
invariant supervertex, we need to contract it with m
powers of the total transverse momentum Pj;, and
average over the SO(6) orbit. In this way, we ob-
tain the desire supervertex that contains ¢™9™R?
coupling.

B. Elementary Vertices

There are a few “elementary vertices” that are
the basic building blocks of the brane coupling to
supergravity, and are not of the form of the F and
D-term vertices discussed above. One elementary
vertex is the supergravity 3-point vertex (Figure 1),
as discussed in [16]. In the notation of [11], it can
be written in the form

9 <10 12
(p+)45 (P)o=(W),
where g is the cubic coupling constant, W represents
12 independent components of the supermomentum,
specified by the null plane that contains the three ex-
ternal null momenta, and p* is an overall lightcone
momentum as defined in [11]. The explicit expres-
sion of this vertex will not be discussed here, though
the cubic vertex is of course crucial in the consider-
ation of factorization of superamplitudes.

The supergraviton tadpole on the brane is a 1-
point superamplitude, of the form

Az = (11.24)

By = T5*(P)I*BL (Onansnenp,  (11.25)

where T stands for the tension/charge of the brane,
and II4BCP(() is an anti-symmetric 4-tensor of the
SO(8) little group constructed out of the (, 4 associ-
ated with a (complex) null momentum in the 6-plane
transverse to the 3-brane, of homogeneous degree
zero in . If we take the transverse momentum to
be in a lightcone direction, after double Wick rota-
tion, the little group SO(8) transverse to the light-
cone is broken by the 3-brane to SO(4) x SO(4).
We may then decompose na = (n},,n5,), where
(o, &) are spinor indices of the SO(4) along the brane
worldvolume, whereas (a, @) are spinor indices of the
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FIG. 1. Elementary supervertices. The wiggly line rep-
resents a bulk 1-particle state while the straight line rep-
resents a brane 1-particle state. The red dot represents
the bulk vertex, whereas the blue and green dots are
brane vertices.

SO(4) transverse to the brane as well as the null mo-
mentum. With respect to the SO(4) x SO(4), the
16 supercharges Q,, I,@BI preserved by the 3-brane

coupling may be denoted Qaa,Qaa, Qs @pj- Qaa
and Qg trivially annihilate the 1-particle state of
the supergraviton, Qu.q ~ 17, and QBB ~ 0/0nPb,
The supergraviton tadpole supervertex can then be
written as

By = T5*(P)(n™)*. (11.26)
This amplitude contains equal amount of graviton
tadpole and the charge with respect to the 4-form
potential, reflecting the familiar BPS relation be-
tween the tension and charge of the brane.

The supergraviton-gauge multiplet 2-point vertex
Bi,1 is another elementary vertex. Here again there
is no Lorentz invariant to be formed out of the two
external null momenta. Both the transverse and par-
allel components of the graviton momentum are null.
To write this vertex explicitly, we take the graviton
transverse momentum to be along a lightlike direc-

tion on the (X8, X?) plane, and the parallel momen-
tum to be along a lightlike direction on the (X°, X'1)
plane. We will write the null parallel and transverse
momenta pl, p- in this frame as

p‘ (p‘<||»7p|<‘k307"'7030)a
=(0,0,0---, ipy, py)

Note that puﬂ pry transform under the boosts on the
(X% X1 and (X8, X9) planes which will be impor-

tant for us to fix the p‘_L, py dependence in the su-

(I1.27)

pervertex B 1.

The “tiny group” SO(6) that acts on the trans-
verse directions to the null plane spanned by the
momenta of the two particles (one on the brane, one
in the bulk) rotates X2,---, X", which is broken by
the 3-brane to SO(2) x SO(4). The spinor helicity
variables are decomposed as

§ara = <€+a|A> §—ajas Eralas E—ala = 0>,
&la= <g+a|Aa gfa\fh §+d|A7 ffla\A = 0),
Ao = (A+ =/l A :0),

%= (R = (W3 =0).

We will also split ; = (0,,6,).
supercharges are represented as

(I1.28)

The 16 unbroken

Qta = Erajana + A0, Q_a =& _4ana,

Q+a =E&rajana + Apbe, Q- =0,
0 0 ~ 5}
/\ =
Q4 §+a\Aan M50 Q_,=¢& a\AanA
— 0 0
Q+ £+a\A 67’] + +ana 89‘1’ Q, ,a =
(11.29)
The supervertex can be written in this frame as[31]
Bl = \/>54 Q-‘raaHQ a Q-‘ra)7 (11.30)
p+p+

From boost invariance on the (X, X*!) plane, we
know there is one power of p” in the denominator.
Since the supervertex scales linearly with the mo-
mentum, we determine the factor pi in the denom-
inator.

The normalization of B; ; is unambiguously fixed
by supersymmetry. Note that there is a unique 2-
supergraviton amplitude of the form [32]

*(Q)

I1.31
" (IL.31)

)



17 3r

1R manang X QR

FIG. 2. Factorization of the R? amplitude through el-
ementary vertices. The red dot represents the bulk su-
pergravity vertex whereas the blue and green dots are
brane vertices.

at this order in momentum. Here s = —(p; + p2)?,
t = (pi)? = (py)?. The 2-supergraviton ampli-
tude factorizes through By As and B 1811 (Figure
2), from which the relative coefficients of these two
channels are fixed (proportional to T'g).

C. Examples of Superamplitudes

Let us now attempt to construct a 4-point super-
amplitude that couples one supergraviton to three
gauge multiplet particles, that scales like p® (Fig-
ure 3). We will see that such a superamplitude must
be nonlocal, and an independent local supervertex
of this form does not exist. This superamplitude
should be of the form 6*(P)é%(Q) times a rational
function that has total degree 2 in 1 and 6,[33] homo-
geneous degree —1 in the momenta, and must have
the little group scaling such that a term ~ 1162036032
(representing three scalars coupled to the graviton
or the 4-form potential) is little group invariant.

RANNANNA

FIG. 3. A factorization for the RF?® superamplitude for
the case of an Abelian gauge multiplet coupled to super-
gravity.

To construct this superamplitude, we will pick the
supergraviton momentum to be in the X direction,
and decompose the spinor helicity variables accord-
ing to SO(3) x SO(5) C SO(8), where the SO(8)
that rotates X', .-, X® can be identified with the
little group of the supergraviton, and the SO(3)
and SO(5) rotate X!, X2, X3 along the 3-brane and
X4, ..., X® transverse to the 3-brane, respectively.
We can write 74 = 141, where « is an SO(3) spinor
index and I an SO(5) spinor index. We can split
Caa into (Ca,(p,), where B and B are chiral and
anti-chiral SO(8) indices. Then the spinor helic-
ity constraint on ¢ is simply that (3, = 0, and
(pa = \/pT(SB 4. Further decomposing the index
B into SO(3) x SO(5) indices J, and identifying
A ~ al, we have

Carar = VDrepaldir,

where 7 is the invariant anti-symmetric tensor of
SO(5) ~ Sp(4). The supercharges can now be writ-
ten explicitly (in SO(3) x SO(5) notation) as

3
Qa[ =V pJ_naI + Z)\iaeilu
=1

— 0 LEGU)
0. =/pt § ' .
ol p oned P Aia 20!

(I1.32)

(11.33)

The general superamplitude that solves the super-
symmetry Ward identity and has the correct little
group scaling and momentum takes the form

FH(PYH(Q) Y iy (ks M)
,J
X (Xmﬂaf - \/PT&'I) (XjﬁnBJ - \/PT%J) o',

(I1.34)
where f;; is a rational function of Ay, and X;m,
k = 1,2,3. Note that since we are working in a
frame tied to the supergraviton momentum, « is an
SO(3) index, and we can contract \; with Xj, and
write for instance [ji) = Xja/\?. The little group
and momentum scaling demands that f;; has homo-
geneous degree —4 in the \;’s and degree 0 in the
Xk’S.
Due to the §%(Q) factor, we can rewrite (I1.34) as

S PIH@P) Y ()

x ([ik)0rkr + pt0;1) ([50)0cs + p0;5) Q.
(I1.35)



It appears that such an amplitude with the cor-
rect little group scaling will necessarily have poles,
thereby forbidding a local supervertex.[34]

The corresponding 4-point disc amplitude on D3-
brane in type IIB string theory has a pole in (p)?
and no pole in s,t,u (at zero value). Here s =
—(pr +p2)% t = —(p2 + p3)®, u = —(ps + p1)?,
with s +t 4+ u = (p+)2. In particular, there is a
coupling (9;07)¢'F?, that corresponds to the term
proportional to n%0;70; 70!/ in (I11.35). This coupling
is represented by

b

ot ([12)20316035 + (2312611615 + [31]%62,65,) Q7.

(I1.36)
Comparing to (I1.35), we need
2
Z fisli1)[51) + 2p* Z fuilil) + (pH)* fun = ([212.
v 1 (1L.37)

A solution for f;; with the correct little group scaling
is

_ [23? [31]? _ 2P
fll* (pl)‘“ f22* pl)47 f33* (pL)47
g 033 pupy (3202
12 (pL)4 5 23 (pJ_)4 ) 31 (pJ_)4 .
(I1.38)

To see this, we make use of the following identity for
SU(2) spinors,

[23][11) — [13][21) + [12][31) = 0. (I1.39)
It then follows that
> fulki) = 0. (IL.40)
k

Then, the superamplitude can be simplified to

s (P (Q)p D fii0ir0;,2"

8 b
= ()R {2 + B + 12 63)
— [18]123)(6:02) — [21][31)(663) — [32][12] (6a01) }.

(I1.41)
where (0,0;) = 9”9]-!19”. One can verify that, de-
spite the (p)? in the denominator, this amplitude
has only first order pole in (p*)2. For instance, con-
sider the component proportional to n°0%, that cor-
responds to an amplitude that couples the 2-form
potential Cs in the bulk to one 4+ helicity gauge

bosons and two — helicity gauge bosons. This term
in (I1.41) scales like A14A15[23]? in our frame, which
agrees with the amplitude constructed out of FEF 2
vertex (in DBI action) and the 2-point CoF_ ver-
tex, sewn together by a gauge boson propagator, in
our frame which is infinitely boosted along the mo-
mentum direction of the supergraviton. The covari-
antized form of this term in the superamplitude is
proportional to

§*(P)(n°) aB(07)
TEL(AN Cara) (N CaB) (e ro) (23]
(p*)? '

X

(11.42)

In the case of non-Abelian gauge multiplet cou-

pled to supergravity, there is a simpler 4-point

brane-bulk superamplitude we can write down, of

order p. The color ordered superamplitude (Figure
4) is

*(Q)

O P) (12 23 31)

+ (CPT conjugate). (I1.43)
Note that this expression only has simple poles in
S12, Sa23, or s13. For instance, if we send (12) — 0,
the residue is proportional to (p*)2. In particular,
this amplitude couples 67 (or 67 from the CPT con-
jugate term) to three gluons of — (or +) helicity,
that factorizes through a cubic vertex in the gauge

theory and a brane-bulk cubic vertex.

fabc

FIG. 4. A factorization for the RF?® superamplitude for
the case of an non-Abelian gauge multiplet coupled to
supergravity.

As another example, let us investigate a superam-
plitude that contains the coupling 67F2 F2. We will
label the momenta of the four gauge multiplet fields
Pp1,- -+ ,ps. Such an amplitude must take the form

54(P)58(Q)‘F(>‘ia7>\via)7 (1144)

where F is a rational function of A; and Xi, 1 =
1,2,3,4, of a total homogeneous degree —4 in the



Ai’s and degree 4 in the Xi’s. A local supervertex
would require F to be a polynomial in )\,X, which
is obviously incompatible with the little group and
momentum scaling. We thus conclude that there
is no local supervertex that gives rise to (5TF42_FE
coupling.[35]

On the D3-brane in type IIB string theory, there
is a nonlocal (57’FjiF_ amplitude. This should be
part of a 5-point superamplitude of the form

SPEQ) Y, S

11,12,13,14

4
<11 (/\isanc’fs - vpL9isIS) ;
s=1

hhhh
11122314 )\ )\)

(11.45)

where fflléigﬁ“()\ ) is a rational function of homo-
geneous degree —4 in the A’s and degree 0 in the
N's. This amplitude has a pole in S123, S124, S134,
s234, and no pole in s;; nor in (pt)%. In partic-
ular, the components proportional to 7%0] and to
616303 (corresponding to 67F3 F, and 67F3 F_ re-
spectively) should have only a pole in s123.

D. Soft Limits and D3-brane Coupling

So far our considerations of brane-bulk coupling
are based on supersymmetry Ward identities and
unitarity of scattering amplitudes. In the context
of D-branes in string theory, a crucial extra piece of
ingredient is the identification of the Abelian gauge
multiplet on the brane as the Nambu-Goldstone
bosons and fermions associated with the sponta-
neous breaking of super-Poincaré symmetry. The
amplitudes then obey a soft theorem on the scalar
fields of the gauge multiplet. The soft theorem re-
lates the amplitude A(¢?7,---) with the emission of
a Nambu-Goldstone boson ¢!/ in the soft limit to
the amplitude A(- - -) without the ¢!” emission,

oy = LA 11.46
Jim A6, -) = [P A (I146)
Here p!” is the [IJ]-component of the total momen-

tum transverse to the 3-brane. The normalization of
the soft factor is unambiguously determined by the
relation between B; ; and the 1-point amplitude B;.

Let us consider the 3-point amplitude between a
supergraviton and two gauge multiplets. The mo-
menta of the two gauge multiplets and the graviton
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are py, P2, p3, With p1 + po + pl = 0. The amplitude
takes the form

*(Q)
= 1.4
Bi2=g70% ) (11.47)
Expanding in components, we have
Byy = g<[12]2n§ +(12)20%04 + - ) (IL.48)

where the terms proportional to 0163 and 70§ give
the vertices for 7'F_2Ir and 7F2 coupling, respectively.
Note that (p3)? = —(p1+p2)? = —2p1-p2 = (12)[12].

pd)*)o

FIG. 5. Single soft limit of B ».

B2 is related to B; 1 by taking the soft limit on a
scalar ¢y on the brane (Figure 5). The soft theorem
on the Nambu-Goldstone bosons ¢;; implies that, in
the limit p; — 0,

19 15
61,2|91191J — Tp Bl,lv

where p!’ = pl7 is the ¢!’ component of the trans-
verse momentum. More explicitly, we can write

(I1.49)

AlaA1s
81’2|91191J =972 (12)2 golemI] (g2 +q3), (I1.50)
where
1
66(&[‘3 [1J]
(@) = =

Q% Qa1 Qusty )€ 2 (QF 1, Q1 1,Q°% 5,)

+ Bl Qo QP 1,Q 1,QV? e 2 (QalJlQang)} :
(IL.51)
The RHS of (I1.50), after imposing ps + pg =0, is
independent of the choice of A1, and is proportional
to the 2-point bulk-brane vertex B 1.
More specifically, let us choose the frame as in
the supervertex By ;. We take pa, pg to be along a
lightlike direction in the (X° X1) plane and p3 to



be along a lightlike direction on the (X8, X) plane.
The SO(6) spinor indices I is broken into spinor
indices a, @ of SO(4) that rotates X4, X%, X6 X7,
We pick the transverse momentum of the supergravi-
ton to be along the direction [IJ] = [ab] on the
(X%, X?) plane (while [IJ] = [ab] would be a di-
rection in the X*, X® X6 X7 space). The spinor
helicity variables in this frame are given by (I1.28).

In particular, Aoy = \/pl,/\g, =0 and pt/ = pi.

Focusing on the (a, 8) = (—, —) term in (I1.50), this
is indeed proportional to the supervertex By ; in the
soft limit in this frame:

A4 A4 (-
212 56(——)[abd]
g <12>2 (qQ + QS)

56(Q+G7Q—G7Q+d) _ 2 J_B (1152)
g ” - Tp-l,- 1,1-
by

E. The Brane-Bulk Effective Action

Let us comment on the notion of effective ac-
tion for the brane in our consideration of higher
derivative couplings. We will be interested in the
“massless open string 1PI” effective action for a D3-
brane in type IIB string theory. Namely, we will
be considering a quantum effective action through
which the full massless open-closed string scatter-
ing amplitudes are reproduced by sewing effective
vertices through “disc type” tree diagrams, that is,
diagrams that correspond to factorization through
either massless open or closed string channels of a
disc diagram.

This effective action is subject to two subtleties.
The first is the appearance of non-analytic terms.
This is familiar in the massless closed string effec-
tive action already: in type IIB string theory, there
are for instance string 1-loop non-analytic terms at
o' D?R* and o/*D8R* order in the momentum ex-
pansion. Often, the higher derivative terms one
wishes to constrain does not receive non-analytic
contributions in the quantum effective action of
string theory. Sometimes, when the non-analytic
terms do appear, such as those of the same order
in momentum as D?RF? and R? terms in the D3-
brane effective action, as will be discussed in the next
section, their effect is to add a term that is linear in
the dilaton (logarithmic in 75) to the coefficient of
the higher derivative coupling of interest, which is

related to a modular anomaly.

If we work with a Wilsonian effective action, take
the floating cutoff A to be very small (compared to
string scale) and then consider the momentum ex-
pansion, the non-analytic term is absent, and in-
stead of the log 7o contribution, we will have a con-
stant shift of the coefficient of the higher derivative
operator (like D?RF? or R?) that depends logarith-
mically on A. Our analysis of supersymmetry con-
straints applies straightforwardly in this case (and
as we will see, such constant shifts are compatible
with supersymmetry). In doing so, however, one
loses the exact SL(2,Z) invariance in the effective
coupling, and the modular anomaly must be taken
into account to recover the SL(2,7Z) symmetry.

2% 4 3
R
1+ . 4-
IR
R
1+ + 3

FIG. 6. Examples of non-disc type diagrams. The black
dots represent (bare) brane-bulk coupling.

The second subtlety has to do with the brane.
Note that, in the “massless open string 1PI” effec-
tive action, closed string propagators that connect
say a pair of discs have been integrated out already.
This is because the tree diagrams that involves bulk
fields connecting pairs of brane vertices behave like
loop diagrams (Figure 6), where the transverse mo-
mentum of the bulk propagator is integrated [36, 37].
Therefore, in analyzing tree level unitarity of super-
amplitudes built out of higher derivative vertices of
the effective action, we will consider only the “disc
type” tree diagrams.



III. SUPERSYMMETRY CONSTRAINTS
ON HIGHER DERIVATIVE BRANE-BULK
COUPLINGS

Following a similar set of arguments as in [11],
we will derive non-renormalization theorems on
fr(r,7)F* terms that couple the Abelian field
strength on the brane to the dilaton-axion of
the bulk type IIB supergravity multiplet, and on
frerp(T,7)RF? and fr(7,7)R? terms that couple
the brane to the bulk dilaton-axion and graviton.

A. F* Coupling

Let us suppose that there is supersymmetric F*
coupling on the brane, whose coefficient fz(7,7) de-
pends on the axion-dilaton field 7 in the bulk. Con-
sider a vacuum in which the dilaton-axion field 7
acquires expectation value 7y, and we denote its fluc-
tuation by é7. Expanding

fr(m, F)F* = fr(ro,70)F*
+ 0, fr (70, 70)0TF* 4+ 0= fr (70, T0)6TF* (IIL.1)
+ 873?]‘}:(7'0,7"0)675?F4 + e,

one could ask if the coefficient of §7 F*4, namely 0, fr
at 7 = 79, is constrained by supersymmetry in terms
of lower point vertices. This amounts to asking
whether the coupling 67 F* admits a local supersym-
metric completion, as a supervertex. As already ar-
gued in the previous section, such a supervertex does
not exist. The reason is that the desire supervertex,
in f-representation, must be of the form

54 (P)8%(Qa) F(Ais M), (II1.2)
where F (/\i,xi) must have total degree —4 in \;,
i =1,---,4, and degree 4 in Xi, as constrained by
the little group scaling on the massless 1-particle
states in four dimensions. Such a rational function
will necessarily introduce poles in the Mandelstam
variables, and will not serve as a local supervertex.

The situation is in contrast with the 4-point F*
supervertex, which does exist. There, the rational
function F can be written as [34]%/(12)2, which due
to the special kinematics of 4-point massless ampli-
tude in four dimensions does not introduce poles in
momenta. This is not the case for higher than 4-
point amplitudes, where the local supervertex of the
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Also note that, had
there been such a 5-point supervertex, it would give
rise to an independent 5TFEFE coupling, whereas
in string theory the analogous nonlocal superampli-
tude on the D3-brane contains an amplitude of the
form §7F} F_ instead.

Now that an independent 67F* supervertex does
not exist, the coefficient 0, fp, which is given by
the soft limit of a 5-point superamplitude, is fixed
by the residues of the 5-point superamplitude at its
poles. It must then be fixed by lower point superver-
tices, namely, by the coefficient of F%. This means
that there is a linear relation between 0, fr and fr,
which takes the form of a first order differential equa-
tion on fr(7r,7). In fact, as noted already below
(I1.45), the actual 5-point superamplitude that fac-
torizes through an F* supervertex has degree 12 in n
and 6 (see Figure 7), so the 67F? F? coupling which
has degree 8 in 1 and 6 must not be part of this
superamplitude and the first order differential equa-
tion simply says that fr(7,7) is a constant.

907 3+
1+ é+ ({}} 4+
5

FIG. 7. Factorization of the 6TF_:,)’_F, amplitude through
one F3F? vertex and an RF? supervertex.

similar form does not exist.

This is indeed what we see in the DBI action for
a D3-brane in type IIB string theory. In the usual
convention, the gauge kinetic term is normalized as
7oF?, and the DBI action contains mF* coupling
in string frame, which translates into 72 F* in Ein-
stein frame [38]. In the consideration of scattering
amplitudes, it is natural to rescale the gauge field by
Ty 172 5o that the kinetic term is canonically normal-
ized. This is the correct normalization convention in
which the expansion (II1.1) applies, and the DBI ac-
tion corresponds to fr(7,7) = 1. Thus, we conclude
that the tree level F* coupling is exact in the full
quantum effective action of type IIB string theory.
Note that, rather trivially, this result is consistent
with SL(2,Z) invariance. Unlike the R* coupling in
type IIB string theory, however, here the constraint



from supersymmetry is stronger, and one need not
invoke SL(2,7Z) to fix the F* coefficient.

The above discussion is in contrast to the F'* cou-
pling in the Coulomb phase of a four dimensional
gauge theory with sixteen supersymmetries.[39] In
this case, one may consider the F'* coefficient as a
function of the scalar fields on the Coulomb branch
moduli space. There are independent supervertices
of the form

5H(P)5®(Qy) (I11.3)
in the i-representation, that contains couplings of
the form ¢ ---¢i» F4 + ... and transforms in the
rank n symmetric traceless tensor representation of
the SO(6) R-symmetry. As a consequence, through
consideration of factorization of 6-point superampli-
tudes at a generic point on the Coulomb branch, one
derives a second order differential equation that as-
serts Ay f(¢) is proportional to f(¢). Comparison
with DBI action then fixes this differential equation
to simply the condition that f(¢) is a harmonic func-
tion. This reproduces the result of [40, 41].

B. RF? Coupling

The 3-point superamplitude between one super-
graviton and two gauge multiplets is particularly
simple because there is only one invariant Mandel-
stam variable, t = (p3)? = (12)[12], where p3 is
the momentum of the supergraviton. A general 3-
point superamplitude of this type takes the form (in
f-representation)

Avz =S P) T I (0, f0)= D, Jut™
n>—1
(I11.4)
Previously, we have considered the term f_; which
we called By 2 in (I1.47). We have seen that it is not
renormalized, and is fixed by the bulk cubic cou-
pling. We will work in units in which this coupling
is set to 1. Now let us consider the possibility of
having f, for general n > 0 as a function of the
dilaton-axion T, 7.
First, let us ask what are the independent local
supervertices that could couple §7, 67 to RF?. Such
an (3 4 m)-point supervertex, with the correct little
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group scaling in four dimensions, must take the form

Pn+1
(12)2’

54 (P)3%(Qo) (IIL.5)
where P, is a function of the spinor helicity vari-
ables that scales with momentum like ¢"*!. For
m > 1, the (12)? in the denominator must be can-
celed by a factor from the numerator in order for
the supervertex to be local (there is no longer the
special kinematic constraint as in the case of the 3-
point vertex that renders (III.4) local even for the
f—1 term). For this, we need n > 1, so that we can
write a local supervertex of the form

51 (P)6(Qo)[122P,_1. (IIL6)

The 4-point superamplitude for TRF, F_ can not
factorize through lower point supervertices. It fol-
lows that the coefficient fy in (II1.4) as a function
of 7,7 is subject to a homogenous first order dif-
ferential equation, which simply states that fy is a
constant. Moreover as we shall see below, fj is fixed
to be identically zero using tree-amplitude in type
IIB string theory.

Supervertices of the form (IIL.6) are F-term ver-
tices, and give rise to (7)™ D?"RF? coupling. We
would like to constrain 0,0:f, from supersymme-
try, by showing that as the coefficient of a coupling
of the form §767D?*" RF?, it cannot be adjustable by
introducing a local supervertex. So let us focus on
the 5-point supervertices. When n > 2, such a cou-
pling may be part of a 5-point D-term supervertex
of the form

58(Q)@8}-()‘27 YR Cj? 773‘)» (1117)
where F is of homogeneous degree 2(n — 2) in the
momenta. For n = 1, on the other hand, the only
available supervertex is the F-term vertex of the
form (I11.6), which gives (67)?D?RF? rather than
d78TD?RF? coupling. There appears to be no in-
dependent 5-point supervertex for 767D?RF?, and
the supersymmetric completion of such a coupling
can only be a nonlocal superamplitude. Therefore,
f1 is determined by the factorization of the 5-point
superamplitude into lower point superamplitudes,
that involves 1 or 2 cubic vertices of the type fy or
f1 (Figure 8). Thus, we have relations of the form

47’22878;f1 (r,7)=af1 + bfg7 (I11.8)



where a,b are constants that are fixed entirely by
tree level unitarity and supersymmetry Ward iden-
tities.

257— 35-7—

R
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FIG. 8. Factorization of the d767TRF.F_ amplitude
through lower-point vertices.

Let us compare this with the disc amplitude on
D3-branes in type IIB string theory, where f(t) is
given by (in string frame) [32]

S =t @+ 2B+

(I11.9)
which, after going to Einstein frame and rescaling
the gauge field so that the gauge kinetic term is
canonically normalized, corresponds to

=(@)m, fo=20)7",

(111.10)
etc. As remarked earlier, fo = 0 is an exact result
in the full quantum effective action for the D3-brane
in type IIB string theory. Comparing with (II1.8),
we learn that fi(7,7) is a harmonic function on the
axion-dilaton target space. Knowing its asymptotics
in the large 7o limit, we can then determine this
function by SL(2,Z) invariance.

There is a subtlety here, having to do with non-
analytic terms from the open string 1-loop ampli-
tude, that gives rise to a log(7o) D2RF? term. As a
consequence, f1(7,7) is only SL(2,Z) invariant up to
an additive modular anomaly. This is similar to the

f—1:17 fOZOa fl

12

modular anomaly of the R? coefficient, pointed out
in [17, 21] and to be discussed below. After taking
into account the modular anomaly, f; is unambigu-
ously fixed to be

1 T
fi(r,7) = 521(7' 7)=((2)m2 — 511172
S
4+ Z 27rzmn7- e—27rzmn7-) )
m,n= 1

Here we denote the non-holomorphic Eisenstein se-
ries by Zs = 2((2s)E; [42],

> T
|m + nt|2s’

(m,n)#(0,0)

Zs = (I11.12)

which have the weak coupling expansion (for s # 1),
Zs = 24(25)7—28
+ 2\/7?7’21_SF(S — 1/2)C(2S — 1) + 0(6727”2)'
I'(s)
(T11.13)
For n = 2, the candidate 5-point D-term super-
vertex (I11.7) has an F which is of degree 0 in the
momenta. In order to achieve the correct little group
scaling for D*RF?, F must be a non-constant func-
tion of [12]/(12) which would lead to a nonlocal ex-
pression in the absence of special kinematics. There-
fore we conclude there’s no independent 5787 D* RF?
supervertex, which again results in a 2nd order dif-
ferential equation of the form,

4730, 07 fo(T,7) = afo(T,T) (I11.14)

where we’ve used fy = 0. String tree level amplitude
(IT1.10) fixes a = 3/4. Combining with SL(2,Z) in-
variance, we have f, = E3/5. In particular, the per-
turbative contributions to D*REF? come from only
open string tree-level and two-loop orders.

C. R? Coupling on the Brane

Now we turn to R? coupling on the 3-brane. The
F-term supervertices for n-point super-graviton cou-
pling to the brane at four-derivative order are given
by

58 Z Qzal - 54

(Z Sial 77m>

(II1.15)



and its CPT conjugate. Since there are no four-
dimensional particles involved in this amplitude,
there is no little group scaling to worry about. These
F-term vertices contain §7"2R? and 67" 2R? cou-
plings. The mixed 67767™ D?* R? couplings, as part
of a local supervertex, can come from D-term super-
vertices for k > 2, but not for k£ = 0,1. The §767R?
coupling can only be the soft limit of a 4-point brane-
bulk superamplitude, that factorizes through either
an R? vertex or a D> RF? vertex, along with the el-
ementary vertices (Figure 9).[43] The coefficient of
0707 R? is determined by the residues at these poles,
thereby related linearly to R? and D?RFE? coeffi-
cients. We immediately learn that the coefficient
fr(7,7) of R? coupling must obey

47—2287&7.]013(7—7 77—) = afR(T7 77—) + bf1(7—777—)> (11116)

where f1(7,7) is the coefficient of D2RF?2.

W m4R
1R 267— 367’— 4R
LLE(
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FIG. 9. Potential factorizations of the §767R? amplitude
through lower-point vertices.

Let us compare this relation with the perturbative
results in type IIB string theory. In the previous sub-
section we have fixed f1(7,7) to be $71(7,7). fr re-
ceives the contribution 2{(3)7y from the disc ampli-
tude [32]. This gives a linear relation between a and
b. Modulo the modular anomaly due to non-analytic
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terms, f1 is a harmonic function, and so afr + bf1
is either zero (which implies that fr is harmonic)
or an eigenfunction of the Laplacian operator with
eigenvalue a. If a is zero, the equation (III.16) is
incompatible with the tree level result of f1. If a is
nonzero, comparison with the tree level answer then
implies that afr +bf1; cannot have an order 75 term,
and its perturbative expansion in 7, ! only contains
non-positive powers of 5. On the other hand, writ-
ing @ = s(s — 1), then the eigen-modular function
afr + bf1 must have perturbative terms of order 73
and 7,7, which would lead to a contradiction un-
less this function is identically zero. In conclusion,
fr(7,7) is also a harmonic function, and since it
should be a modular function modulo the modular
anomaly due to a log 7o term coming from the non-
analytic terms in the quantum effective action, it is
given by the modular completion of its asymptotic
expansion at large 7o, namely Z; (7, 7). This proves
the conjecture of [21].

In a similar way, we can derive the supersymme-
try constraint on D?R? coupling. The independent
D?R? supervertices are

54(P)58(Q1a1 + QQal)Sf—%

§*(P)6®*(Q1ar + Q2ar)u12, (IL17)

where si5 = —(p1 +py)? and w1z = —4(p1)* +(pi +
p3)?, pi- being the component of the momentum of
the i-th particle perpendicular to the 3-brane. F-
term n-point supervertices give rise to §7""2D2R?
and 67" 2D?R? couplings, but §767D?R? coupling
is not part of a local supervertex, and must be the
soft limit of a 4-point superamplitude that factorizes
through the D?R? vertex. Note that the first D-term
supervertex that contributes to the 4-point ampli-
tude starts at the order of D*R? (Figure 10), and
would not affect the D?R? superamplitude. Thus
the independent coefficients f3 ,(7,7) and f} o(7,7)
of D2R? supervertex obey a second order differential
equation of the form

2 fha(T, ﬂ) _ (f}sz,z(T’ 7_'))
o (0 0) =V (1200) - s
M e Matgxg(R .

ll

By comparing with the D?R? term in the disc
and annulus 2-graviton amplitude on a D3-brane
in type IIB string theory, which is proportional to
7'23/2U12R2(1+O(T_2)) in Einstein frame[44] [21, 32],



we conclude that M has an eigenvector (§) with
eigenvalue 3/4. Combined with SL(2, Z)-invariance,
this allows us to determine f}éz = Z3/3 up to an
nonzero constant coefficient. Now the other in-
dependent differential constraint is 4720, 0- Thao =
afro +bfpo I b # 0, the leading contribution

to fio in 75 1 must be 73/2 log 72 up to a nonzero
constant, but such non-analytic piece cannot appear
at tree level in string perturbation theory. Writ-
ing & = s(s — 1), then f}, is an eigen-modular
function with perturbative terms of order 75 and
7'2175. However since ff 5 receives no contribution
at order 73/2 (tree) and 7'/ (open string one loop),
consistency of string perturbation theory demands
J# 2 = 0 identically. To sum up, the D?R? coupling
on the brane is captured by a single eigen-modular
function fg, = Z3/5(7, 7).

R.

1R 257 367’— 4R
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X
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FIG. 10. A factorization channel of the §767D*R? am-
plitude and a D-term supervertex that contributes at the
same order.

IV. TORUS COMPACTIFICATION OF 6D
(0,2) SCFT

Let us consider the six dimensional Ay_; (0,2)
superconformal theory compactified on a torus of
modulus 7, to a four dimensional quantum field
theory that may be viewed as the SU(N) N = 4
super-Yang-Mills theory, deformed by higher dimen-
sional operators that preserve 16 supercharges and
SO(5) € SO(6) R-symmetry. We would like to de-
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termine these higher dimensional operators.

A. Harmonicity Condition on the Coulomb
Branch Effective Action

A clear way to address this question is to consider
the Coulomb phase of the theory, and study the ef-
fective action of Abelian gauge multiplets. We will
focus on couplings of the form

f(’ra?; ¢i;y)F47 (IVl)

where ¢;, ¢+ = 1,---,5 and y constitute the six
scalars ®; in the gauge multiplet, with the ¢; trans-
forming in the vector representation of SO(5). We
may view the compactification as first identifying the
6D A; (0,2) SCFT compactified on circle with a 5D
gauge theory, which is 5D maximally supersymmet-
ric SU(2) gauge theory up to D-term deformations,
and then further compactifying the 5D gauge theory
[45-47]. On the Coulomb branch, the scalar y comes
from the Wilson line of the Abelian gauge field, and
is circle valued.

It is known from [40] that the (¢;,y) dependence
is such that f(7,7,¢;,y) is a harmonic function on
the moduli space R® x S'. In the amplitude lan-
guage, as already explained in section 2, this can be
argued as follows. Expanding near a point on the
Coulomb branch, the only supervertices of the form
(0¢)?F* are in the symmetric traceless representa-
tions of the local SO(6) R-symmetry, whereas the
R-symmetry singlet (6¢)2F* coupling can only be
part of a nonlocal amplitude. Unlike the supergrav-
ity case, here the Coulomb branch effective theory
would be free without the F* and higher derivative
couplings, and the six point amplitude can only fac-
torize into a pair of F* or higher order supervertices,
and in particular cannot have polar terms at the
same order in momenta as (6¢)2F*. It follows that
the SO(6) singlet (§¢)2F* vertex is absent, which is
equivalent to the statement that f(7,7, ¢;,y) is an-
nihilated by the Laplacian operator on the Coulomb
moduli space. The (7,7) dependence of the F** cou-
pling, on the other hand, does not follow from su-
persymmetry constraints on the low energy effective
theory.

As a side comment, if we start with M-theory on
a torus that is a product of two circles of radii Rig



and Ry, wrap Mb-branes on the torus times R':3,
reduce to type IIA string theory along the circle of
radius Ry and T-dualize along the other circle, we
obtain D3-branes in type IIB string theory with 7 =
1R10/ Ry, compactified on a circle of radius

(1V.2)

that is transverse to the D3-branes. Here /17 is the
11 dimensional Planck length and ¢, is the string
length. To identify the four dimensional world vol-
ume theory with the torus compactification of the
(0,2) SCFT requires taking the limit Ry, Ry > 11,
which implies that R < (. Thus, it is unclear
whether the four dimensional gauge theory of ques-
tion can be coupled to type IIB supergravity, with
7 identified with the dilaton-axion field.

B. Interpolation through the Little String
Theory

Nonetheless, without consideration of coupling to
supergravity, we will be able to determine the func-
tion f(7,7, ¢i,y) completely (including the 7,7 de-
pendence) by an interpolation in the Coulomb phase
of the torus compactified (0,2) little string theory,
in a similar spirit as in [48]. Based on the SO(5)
symmetry and the harmonicity of f(7,7, ¢:,vy), we
can put it in the form

f(r, 7, diy) = c(1,7)

R v (7, T,v)
+Z/0 d[|¢|2+(y—v—27m73)}2.

ne”Z
(IV.3)

J
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Here 27R is the periodicity of the field y. The con-
stant term ¢(7,7) and the source profile p(7,7,v)
are yet to be determined functions. Now let us com-
pare this to the Coulomb branch effective action of
the Ay (0,2) little string theory (LST) compacti-
fied on a torus, of complex modulus 7 and area
L?. The Coulomb moduli space Mg is param-
eterized by the expectation values of four scalars
¢;y i = 1,---,4, a fifth compact scalar ¢5, and
the zero mode of the self-dual 2-form potential A =
%Awdx“ A dz¥, namely

y=1L"1 A.
T2
Here we defined y such that it has a canonically

normalized kinetic term, and has periodicty L~} (=
27R). The compact scalar ¢5, on the other hand,
has periodicity L/¢2.[49] The torus compactified
(0,2) superconformal theory is obtained in the limit
ls — 0 while keeping L finite. In this limit ¢5 de-
compactifies while y retains the periodicity L~?.

(IV 4)

Far away from the origin on the Coulomb branch,
the (0,2) LST can be described by the double
scaled little string theory, whose string coupling g,
is related to the expectation values of the scalar
fields ¢; (after compactification to four dimensions)
through[50]

1

NS

Together with the SO(4) symmetry and harmonicity
condition on R* x T2, the coefficient of F* in LST
should take the form

(IV.5)

p(T7 ?’ L/€SV u? v)

fLST(Ta?v ¢2»y) = C(Tv?a L/‘es) + Z

n,me”Z

where wu,v are integrated along the ¢5 and y cir-
cles in the moduli space. In the weak coupling limit
gs — 0, and therefore large |¢;| with ¢ = 1,--+ ,4,
the F* term in the Coulomb effective action can be
computed reliably from the LST perturbation the-

/ dudv [Z

£1V.6)
107+ (65 —u—mL/B)2 + (y —v—n/L)]

(

ory. In particular, in the large ¢; limit, the lead-
ing contribution to frgr comes from the tree level
scattering amplitude, which scales like g2 ~ |¢|~2,
plus corrections of order e~!¢1.[51] This then fixes



the constant term ¢(7,7, L/¢s) to be zero and

/dudv p(r, 7, L/ ls,u,v) =1, (IV.7)
which is in particular independent of 7, 7.
In the limit
es — 07 L, ¢1a e 7¢57 Yy ﬁnitev (IV8)

the (0,2) LST reduces to the (0,2) superconformal
theory, and we should recover SO(5) R-symmetry.
In this limit, the F* coefficient (IV.6) becomes a
harmonic function on R x S, thus the source p in
(IV.6) should be localized at « = 0. This argument
also determines ¢(7,7) = 0 in (IV.3). Next, if we
further take the limit

L—0, ¢, -,¢s5, y finite, (Iv.9)

we should recover four dimensional N = 4 SYM,
where the higher dimensional operators (to be dis-
cussed below) are suppressed, with the SO(6) R~
symmetry restored. In this limit, the coefficient
f(r,7, ¢i,y) for the F* term becomes a harmonic
function on RS, so we learn that p must be supported
at v = 0 as well. Importantly, as stated below (IV.6),
the matching with tree level DSLST amplitudes at
large || fixes the overall normalization of p to be in-
dependent of 7,7, hence p(7, 7, 00, u,v) = d(u)d(v).
Thus, we determine f (7,7, ¢;,y) to be given ezactly
by (after rescaling all scalar fields by L/(2))

1

nEE:Z [16]% + (y — 27m)?)?

as the coefficient of F* in the Coulomb branch of the
Ay (0,2) SCFT. [52]

The key to the above argument is that while the
dependence on 7, which are the complexified cou-
pling constant, of the torus compactified (0,2) the-
ory could a priori be arbitrarily complicated, the
dependence on 7, which becomes the modulus of the
target space torus, of the LST tree level scattering
amplitude is completely trivial. By interpolating be-
tween the weakly coupled (0,2) LST with the (0, 2)
superconformal field theory, we determine the 7 de-
pendence of the F* coefficient of the latter theory.

We have implicitly worked in the convention
where the gauge fields have canonically normalized
kinetic terms. If we work in the more standard field

H(¢i,y) (IV.10)
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theory convention where the kinetic term for the
gauge field is written as 75F?2, then the F* term
acquires a factor 75, and so we can write

f(7—7 Fa ¢ia y) = 7—22‘1;‘[

(i, 9)- (IV.11)

Let us compare this with our expectation in the
large 7> regime, where F* coupling can be computed
from 5D maximal SYM compactified on a circle, by
integrating out W-bosons that carry Kaluza-Klein
momenta at 1-loop. As argued in [48], the 5D gauge
theory obtained by compactifying the (0,2) SCFT
(as opposed to little string theory) does not have
trF'* operator at the origin of the Coulomb moduli
space, thus the 1-loop result from 5D SYM holds in
the large 75 regime. This indeed reproduces (IV.11).

Near the origin of the Coulomb branch, expand-
ing in ¢; and in y, the term n = 0 in (IV.10) can be
understood as the 1-loop F* term in the Coulomb
effective action of A/ = 4 SYM. The n # 0 terms,
which are analytic in the moduli fields at the origin,
can be viewed as F* and higher dimensional oper-
ators that deform the N/ = 4 SYM at the origin.
From the expansion

1
2 912 + (2mn — )]

n#0
(@) C6) o 0
= Rt J;lGWG (55" = 10I%)
+ 12;728 [35y" — 42%[0]* + 3(|6*)*] +

(IV.12)
we can read off the operators at the origin of the
moduli space,[53]

W e, 3¢0) 3C( ) 72000 (IV.13)

84 66

Here O®) is the 1/2 BPS dimension 8 operator that
is the supersymmetric completion of trF*, whereas
Ogo) is the 1/2 BPS dimension 10 operator in
the symmetric traceless representation of SO(6) R-
symmetry, of the form
00 = tr(®(;®;)F*) — é&ijtr(@\zF‘l) +
(IV.14)
Likewise, there is a series of higher dimensional 1/2
BPS operators that transform in higher rank sym-
metric traceless representations of the R-symmetry.
In fact, these are all the BPS (F-term) operators



that are Lorentz invariant in the SU(2) maximally
supersymmetric gauge theory. In the higher rank
case, i.e. torus compactification of A, (0,2) SCFT
for » > 1, the 4D gauge theory is also deformed by
the 1/4 BPS dimension 10 double trace operator of
the form D?tr2F* + ..., and analogous higher di-
mensional operators in nontrivial representations of
R-symmetry. These receive contributions from the
circle compactified 5D SYM at two-loop order.
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