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A confining, symmetry-preserving, Dyson-Schwinger equation treatment of a vector⊗ vector con-
tact interaction is used to formulate Faddeev equations for the nucleon and ∆-baryon in which the
kernel involves dynamical dressed-quark exchange and whose solutions therefore provide momentum-
dependent Faddeev amplitudes. These solutions are compared with those obtained in the static
approximation and with a QCD-kindred formulation of the Faddeev kernel. They are also used to
compute a range of nucleon properties, amongst them: the proton’s σ-term; the large Bjorken-x
values of separate ratios of unpolarised and longitudinally-polarised valence u- and d-quark parton
distribution functions; and the proton’s tensor charges, which enable one to directly determine the
effect of dressed-quark electric dipole moments (EDMs) on neutron and proton EDMs.
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I. INTRODUCTION

A Poincaré-covariant Faddeev equation for baryons
was introduced in Ref. [1]. In principle, it sums all pos-
sible quantum field theoretical exchanges and interac-
tions that can take place between the three dressed-
quarks that characterise a baryon’s valence-quark con-
tent; and first, rudimentary computations were described
in Ref. [2]. Numerous analyses of baryon properties us-
ing this framework have subsequently appeared, with the
level of sophistication and breadth of application increas-
ing steadily, e.g. Refs. [3–23]. The computational effort
required to solve the Faddeev equation has naturally in-
creased as the kernels have become more complex, so that
one can consume significant resources in formulating and
tackling even straightforward problems [12, 13, 15].

On the other hand, numerous practical and realistic
simplifications present themselves. Chief amongst these
is suggested by the observation that bound-state studies
which employ realistic quark-quark interactions [24, 25]
predict the appearance of nonpointlike colour-antitriplet
quark+quark (diquark) correlations within baryons [26–
29]. Consequently, the baryon bound-state problem may
be transformed into solving the linear, homogeneous ma-
trix equation depicted in Fig. 1. The veracity of this
approximation was established in Ref. [12]; and it has
yielded a wide variety of novel predictions for baryon
structure and interactions [14, 16, 17, 20–23]. Notably,
empirical evidence supporting the presence of diquarks
in the proton is accumulating [19, 21, 23, 30].
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The diquarks within baryons are correlated by dressed-
gluon exchange [23] and their structure is therefore de-
scribed by a Bethe-Salpeter equation [26–29]. These
correlations are thus fundamentally different from the
rudimentary, elementary diquarks introduced roughly
fifty years ago in order to simplify treatment of the
three-quark bound-state [31, 32]. As highlighted by the
shaded region in Fig. 1, the two-body correlation pre-
dicted by modern Faddeev equation studies is not frozen:
all dressed-quarks participate in all diquark clusters [23].
The baryon spectrum produced by this Faddeev equation
should therefore possess significant overlap with that of
the three-quark constituent model and bear no simple
relationship with that of the quark+elementary-diquark
picture.

Given that solving the Faddeev equation can demand
extensive numerical analysis, many authors have sought
simplifications. A drastic approach is to replace the
Bethe-Salpeter kernel for the quark-quark system by
a momentum-independent interaction, a motivation for
which may be found in the Nambu–Jona-Lasinio model
[33, 34]. On the other hand, following a body of re-
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FIG. 1: Poincaré covariant Faddeev equation. Ψ is the Fad-
deev amplitude for a baryon of total momentum P = pq +pd.
The shaded rectangle demarcates the kernel of the Faddeev
equation: single line, dressed-quark propagator; Γ, diquark
correlation amplitude; and double line, diquark propagator.
(See Sec. II for details.)
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cent work [14, 35–44] it may also be viewed differently.
Namely, since gluon propagation is characterised by a
mass-scale mg ≃ 0.5GeV, which screens infrared field
modes [25, 45–56], a vector⊗ vector contact-interaction
can be a realistic representation of the quark-quark scat-
tering kernel in QCD so long as the momentum scales
being resolved are smaller than mg. Indeed, a symmetry-
preserving Dyson-Schwinger equation (DSE) treatment
of this interaction yields many results that are practi-
cally indistinguishable from those obtained with the most
sophisticated kernels that have thus far been employed
[57–62].
Recall now that quark exchange within the Faddeev

equation kernel, highlighted by the shading in Fig. 1,
guarantees that no single dressed-quark is treated dif-
ferently from the others. This exchange also provides
additional binding within the baryon. Here, in the con-
text of a contact vector⊗ vector quark-quark interac-
tion, which produces diquark correlations amplitudes (Γ
in Fig. 1) that are momentum-independent, dynamical
quark-exchange is the only feature of the Faddeev ker-
nel which can introduce momentum dependence into the
baryon Faddeev amplitude, Ψ. This complication, too,
may be avoided if one employs a “static approximation”
for the exchanged quark, viz. [3]

S(p) =
1

iγ · p+M
→ 1

M
, (1)

where M ≈ 0.4GeV is the momentum-independent
dressed-quark mass obtained in solving the gap equation
using a contact interaction that provides an efficacious
phenomenology. Using Eq. (1), or variants thereof, the
Faddeev equation collapses to a simple algebraic expres-
sion, whose solution provides both a baryon’s mass and
a momentum-independent Faddeev amplitude, which ex-
presses the relative strength of various possible diquark
correlations in the bound-system [38].
Today, Eq. (1) is often a convenience, not a necessity.

It is employed by some authors because it can assist
with the development of intuition about the bound three-
valence-quark system and its properties. Furthermore,
where comparisons with more sophisticated studies can
be made, such as for the nucleon, ∆-baryon, and the
Roper resonance [13, 21, 22], the static-approximation
provides an equally good description of baryon masses.
On the other hand, it provides a flawed description of
hadron elastic and transition form factors because it leads
to extreme hardening [21], and fails completely in de-
scribing the internal structure of the Roper resonance
[22].
Herein we therefore analyse the nucleon and, to a lesser

extent, ∆-baryon Faddeev equations using the contact-
interaction but eschewing the static-approximation, with
an aim of determining whether the increased complexity
brings benefits which outweigh the loss of simplicity. We
formulate the associated Faddeev equations in Sec. II and
describe a procedure for their solution in Sec. III. The
results for the masses and amplitudes are presented and

discussed in Sec. IV.
As noted at the outset, the Faddeev equation is impor-

tant because its solutions enable computation of numer-
ous observable properties of baryons. Hence, in Sec. V
we present results for the nucleon σ-term, Bjorken-x = 1
values for the separate ratios of unpolarised and longi-
tudinally polarised u- and d-quark parton distribution
functions (PDFs), the proton’s tensor charges, and de-
rived results for the neutron and proton electric dipole
moments (EDMs). We conclude in Sec.VI.

II. CONTACT-INTERACTION AND THE

FADDEEV EQUATION

A. Gap Equation

The basic pieces of the Faddeev equation in Fig. 1
are the dressed-quark and -diquark propagators, and the
diquark Bethe-Salpeter amplitudes. The dressed-quark
propagator is obtained from a gap equation:

S−1(p) = (iγ · p+mbm) + Σ(p) , (2a)

Σ(p) =

∫ Λ

dq

g2Dµν(p− q)
λa

2
γµS(q)

λa

2
Γν(q, p). (2b)

Here Dµν is the gluon propagator; Γν , the quark-gluon

vertex;
∫ Λ

dq
, a symbol representing a Poincaré invariant

regularisation of the four-dimensional integral, with Λ
the regularisation mass-scale; andmbm(Λ) is the current-
quark bare mass. We employ a confining, symmetry-
preserving DSE treatment of a vector⊗ vector contact-
interaction, which is implemented by writing

g2Dµν(p− q) = δµν
4παIR

m2
G

, (3)

where mG = 0.5GeV is a gluon mass-scale typical of
QCD and the fitted parameter αIR = 0.36 π is com-
mensurate with contemporary estimates of the zero-
momentum value of a running-coupling in QCD [25].
This interaction is embedded in a rainbow-ladder (RL)
truncation of the DSEs [63, 64], viz. one writes

Γν(p, q) = γν (4)

in the gap equation and in the subsequent construction of
the Bethe-Salpeter kernels. Notably, with realistic inter-
actions [24], the RL truncation is known to be reliable
for properties of the following ground-states: isospin-
nonzero-pseudoscalar- and vector-mesons, and octet and
decuplet baryons [57–62].
Using Eqs. (3), (4), the gap equation becomes

S−1(p) = iγ · p+m+
16π

3

αIR

m2
G

∫ Λ

dq

γµ S(q) γµ . (5)

We have assumed isospin symmetry, so that mu = m =
md and strong interactions do not distinguish between u
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TABLE I: Computed dressed-quark properties, required as
input for the Bethe-Salpeter and Faddeev equations, and
derived scalar and axial-vector diquark properties. All re-
sults obtained with αIR = 0.36π and (in GeV) Λir = 0.24 ,
Λuv = 0.905. N.B. These parameters are taken from the
spectrum calculation of Ref. [38]. (Dimensioned quantities are
listed in GeV.)

M0 mu Mu mqq0+ mqq1+ Eqq0 Fqq0 Eqq1

0.36 0.007 0.37 0.78 1.06 2.74 0.31 1.30

and d-quarks, and use a Euclidean metric, which is de-
tailed in AppendixA of Ref. [14]. Equation (5) possesses
a quadratic divergence; but if that is regularised in a
Poincaré covariant manner, the solution is

S(p)−1 = iγ · p+M , (6)

where M is momentum-independent and determined by

M = m+M
4αIR

3πm2
G

∫ ∞

0

ds s
1

s+M2
. (7)

We implement a confining regularisation of the
contact-interaction by following Ref. [65] and writing

1

s+M2
=

∫ ∞

0

dτ e−τ(s+M2) (8)

→
∫ τ2

ir

τ2
uv

dτ e−τ(s+M2) =
e−(s+M2)τ2

uv − e−(s+M2)τ2
ir

s+M2
, (9)

where τir,uv are, respectively, infrared and ultraviolet reg-

ulators. This will be our definition of
∫ Λ

dq
. Evidently, a

finite value of τir =: 1/Λir in Eq. (9) implements confine-
ment by ensuring the absence of quark production thresh-
olds in colour singlet amplitudes. It is worth adding to
this remark. Contemporary theory predicts that both
quarks and gluons acquire mass distributions, which are
large at infrared momenta [25, 45–56, 66–69]. The gen-
eration of these mass distributions leads to the emer-
gence of a length-scale ς ≈ 0.5 fm, whose existence is ev-
ident in all modern studies of dressed-gluon and -quark
propagators and which signals a marked change in their
analytic properties. In this realisation, which has been
canvassed by numerous authors (e.g. Refs. [70–75] and ci-
tations thereof), confinement is a dynamical process that
may be realised via Eq. (9).
The interaction in Eq. (3) does not define a renormalis-

able theory and hence Λuv := 1/τuv cannot be removed.
Instead, it plays a dynamical role, setting the scale of all
dimensioned quantities. Using Eq. (9), the gap equation
becomes

M = m+M
4αIR

3πm2
G

Ciu(M2) , (10)

where Ciu(ω)/ω = Ciu
(ω) = Γ(−1, ωτ2uv) − Γ(−1, ωτ2ir),

with Γ(α, y) being the incomplete gamma-function. So-
lutions are listed in Table I. N.B. It is a feature of Eq. (10)

that in the chiral limit, m = m0 = 0, a nonzero solution
forM0 := limmf→0Mf is obtained so long as αIR exceeds
a minimum value. With Λir,uv as specified in the Table,
that value is αc

IR ≈ 0.16π. This appearance of “mass
from nothing” expresses the phenomenon of dynamical
chiral symmetry breaking (DCSB), which is the source
of more than 98% of the mass of visible material in the
Universe [76].

B. Diquark Correlations

It has long been known [26] that scalar and axial-
vector diquark correlations are overwhelmingly dominant
in the nucleon because all are positive-parity states and
the correlation masses satisfy mqq0+ , mqq1+ . mN . No-
tably, the ∆-baryon involves only axial-vector diquarks
because it is impossible to build an isospin-3/2 state from
a dressed-quark and an isospin-zero scalar diquark.
A contact interaction treatment of diquark correlations

is detailed in Sec. 2.2 of Ref. [14]. In this case, the scalar
and axial-vector diquarks are described by the following
amplitudes:

Γ0+

qq (P ) = iγ5Eqq0(P ) +
1

M
γ5γ · PFqq0(P ) , (11a)

iΓ1+

qq µ(P ) = iγTµEqq1(P ), (11b)

where Pµγ
T
µ = 0. These amplitudes do not depend on the

quark-quark relative momentum; and in all applications
they are canonically normalised (q+ = q+ P, SPµ

(q+) :=
∂S(q+)/∂Pµ):

Pµ = 2tr

∫ Λ

dq

Γ0+

qq (−P )SPµ
(q+)Γ

0+

qq (P )S(q) , (12a)

Pµ =
2

3
tr

∫ Λ

dq

Γ1+

qq α(−P )SPµ
(q+)Γ

1+

qq α(P )S(q) . (12b)

The computed values of the correlation mass-scales and
the constants which characterise the amplitudes are listed
in Table I.

C. Faddeev Equation

Numerous details relating to the Faddeev equation
treatment of the nucleon and ∆-baryon are provided else-
where (e.g. Sec. 3 and Appendix C in Ref. [14]). Here we
merely recapitulate the main ideas, as they are relevant
to our analysis.
The nucleon Faddeev amplitude is

Ψ = Ψ1 +Ψ2 + Ψ3 , (13)

where the subscript identifies the bystander quark and,
e.g. Ψ1,2 are obtained from Ψ3 by a cyclic permutation
of all quark labels. As remarked above, the nucleon is
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composed from a sum of scalar and axial-vector diquark
correlations:

Ψ3(pj , αj , τj) = N 0+

3 +N 1+

3 , (14)

with (pj , αj , τj) representing the momentum, spin and
flavour labels of the quarks constituting the bound state,
and P = p1 + p2 + p3 is the system’s total momentum.
The scalar diquark piece in Eq. (14) is

N 0+

3 (pi, αi, τi) =
[

Γ0+(K)
]τ1τ2

α1α2

∆0+(K) [S(l;P )u(P )]τ3α3
,

(15)
where S is a 4×4 Dirac matrix, which describes the rela-
tive quark–scalar-diquark momentum correlation within
the nucleon, the spinor satisfies

ū(P )(iγ · P +mN ) = 0 = (iγ · P +mN )u(P ) , (16)

with mN the nucleon mass, K = p1 + p2 =: p{12}, l :=
(−p{12} + 2p3), and

∆0+(K) =
1

K2 +m2
qq0+

(17)

is the scalar diquark propagator. The colour antisymme-

try of Ψ3 is implicit in ΓJP

, with the Levi-Civita tensor,
ǫc1c2c3 , expressed via the antisymmetric Gell-Mann ma-
trices, viz. ǫc1c2c3 = (Hc3)c1c2 when

{H1 = iλ7, H2 = −iλ5, H3 = iλ2} . (18)

The axial-vector component in Eq. (14) is

N 1+

3 (pi, αi, τi)

=
[

tiΓ1+

µ (K)
]τ1τ2

α1α2

∆1+

µν (K)
[

Ai
ν(l;P )u(P )

]τ3

α3
, (19)

whereAν is a 4×4 Dirac matrix, which describes the rela-
tive quark–pseudovector-diquark momentum correlation
within the nucleon, the symmetric isospin-triplet matri-
ces are

t+ =
1√
2
(τ0 + τ3), t0 = τ1, t− =

1√
2
(τ0 − τ3) (20)

and, with T 1
µν(K) = δµν +KµKν/mqq1+

,

∆1+

µν (K) =
1

K2 +m2
qq1+

T 1
µν(K) . (21)

The ∆-baryon contains only an axial-vector diquark:

Ψ∆
3 (pi, αi, τi) = D1+

3 ; (22)

and when computing the mass and Faddeev amplitude
one can focus on the ∆++, owing to isospin symmetry,
in which case:

D1+

3 =
[

t+Γ1+

µ (K)
]τ1τ2

α1α2

∆1+

µν (K) [Dνρ(l;P )uρ(P )]
τ3
α3
,

(23)

where Dνρ is a 4 × 4 Dirac matrix, which describes the
relative quark–pseudovector-diquark momentum correla-
tion within the ∆++, and uρ(P ) is a Rarita-Schwinger
spinor (see Appendix A of Ref. [14] for details).
The Dirac-matrix structure of Eqs. (15), (19) may be

expressed as follows:

S(l;P ) =
2

∑

n=1

sn(l;P )τ
n(l;P ) , (24a)

Ai
µ(l;P ) =

8
∑

n=3

ain(l;P )τ
n
µ (l;P ) , i = +, 0 , (24b)

where sn(l;P ) and a
i
n(l;P ) are scalar functions of l

2, l·P ,
and the 4 × 4 matrices {τ i, τ jµ | i = 1, 2; j = 3, . . . , 8}
are defined in Eq. (A1) of AppendixA. The ∆-baryon
amplitudes may be expressed similarly:

Dνρ(l;P ) =

8
∑

n=1

fn(l;P )τ
n
νρ(l;P ) , (25)

where fn(l;P ) are scalar functions and the 4×4 matrices
{τ iνρ | i = 1, . . . , 8} are defined in Eq. (A2).
One can now express the Faddeev equation for Ψ3:

[

S(k;P )u(P )
Ai

µ(k;P )u(P )

]

= − 4

∫ Λ

dl

M(k, l;P )

[

S(l;P )u(P )
Aj

ν(l;P )u(P )

]

, (26)

where

M(k, l;P ) =

[

M00 (M01)
j
ν

(M10)
i
µ (M11)

ij
µν

]

, (27)

with

M00 = Γ0+(lqq)S
T(lqq − kq)

× Γ̄0+(−kqq)S(lq)∆0+(lqq) , (28a)

(M01)
j
ν = t

j Γ1+

µ (lqq)S
T(lqq − kq)

×Γ̄0+(−kqq)S(lq)∆1+

µν (lqq), (28b)

(M10)
i
µ = Γ0+(lqq)S

T(lqq − kq) t
i

×Γ̄1+

µ (−kqq)S(lq)∆0+(lqq), (28c)

(M11)
ij
µν = t

j Γ1+

ρ (lqq)S
T(lqq − kq) t

i

×Γ̄1+

µ (−kqq)S(lq)∆1+

ρν (lqq). (28d)

where: lq = l + P/3, kq = k + P/3, lqq = −l + 2P/3,
kqq = −k+2P/3; Γ̄ = C† Γ(P )T C, with C = γ2γ4 being
the charge conjugation matrix, C† = −C; and the super-
script “T” denotes a transposing of all matrix indices.
At this point one can use isospin symmetry to define

A(k;P ) := A0(k;P ) = −A+(k;P )/
√
2 and therewith
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simplify Eq. (26):

[

S(k;P )u(P )
Aµ(k;P )u(P )

]

= −4

∫ Λ

dl

M(k, l;P )

[

S(l;P )u(P )
Aν(l;P )u(P )

]

, (29)

where, with all entries referring to i, j = 0,

M(k, l;P ) =

[

M00 3(M01)ν
(M10)µ −(M11)µν

]

. (30)

The ∆-baryon Faddeev equation is

Dλρ(k;P )uρ(P )

= 4

∫ Λ

dl

M∆
λµ(k, l;P )Dµσ(l;P )uσ(P ) , (31)

with

M∆
λµ(k, l;P ) = t+Γ1+

σ (lqq)

× ST (lqq − kq)t
+Γ̄λ(−kqq)S(lq)∆1+

σµ(lqq) . (32)

III. DEFINING AND SOLVING THE FADDEEV

EQUATIONS

A. Scalar Equations

Since we are not going to employ the so-called static-
approximation, Eq. (1), the Faddeev equations must be
solved numerically, with momentum-dependent results
for all the functions in Eqs. (24), (25). To begin that
process, we define a set of Dirac-matrix-valued projec-
tion operators, Eqs. (A3), (A4) in Appendix A, in order
to convert the linear, homogeneous, Dirac-matrix-valued
Faddeev equations into a set of equations for these scalar
functions. Left-multiplying Eq. (29) with the projection
operators, right-multiplying with ū(P ), and forming the
spinor trace, one obtains:

φNm(k;P ) = −4

∫ Λ

dl

8
∑

n=1

K mn
N φNn (l;P ) , (33)

where each kernel entry K mn
N is a function of k2, l2, k ·P ,

l · P , k · l, and we have defined

φNm(k;P ) :=

{

sm(k;P ) , m = 1, 2

am(k;P ) , m = 3, . . . , 8
, (34)

K mn
N :=



















K mn
00 , m = 1, 2 , n = 1, 2

K mn
01 , m = 1, 2 , n = 3, . . . , 8

K mn
10 , m = 3, . . . , 8 , n = 1, 2

K mn
11 , m = 3, . . . , 8 , n = 3, · · · , 8

, (35)

where the form of the entries is obvious, given the de-
scription above and Eq. (A6), e.g.

K mn
00 = tr τ̄m(k;P )Γ0+(lqq)S

T (lqq − kq)Γ̄
0+(−kqq)

× S(lq)∆
0+(lqq)τn(l;P )Λ+(P ) . (36)

Following a similar procedure, an analogous equation
for the ∆-baryon is readily obtained:

φ∆m(k;P ) = 4

∫ Λ

dl

8
∑

n=1

K mn
∆ φ∆n (l;P ) , (37)

where

Kmn
∆ = tr τ̄mλν(k;P )Γ

1+

ρ (lqq)S
T (lqq − kq)Γ̄

1+

λ (−kqq)
× S(lq)∆

1+

ρσ (lqq)τ
n
σκ(l;P )R∆

κν(P ) . (38)

B. Regularised Equations

As is typical for bound-state equations founded on a
contact interaction, Eqs. (33), (37) involve divergences,
which we tame by using the confining regularisation pro-
cedure described in connection with the gap equation,
Eqs. (8), (9). For illustration, consider the first entry on
the right-hand-side (rhs) in the equation for φN1 (k;P ),
viz.

∫ Λ

dl

K 11
N φN1 (l;P ) =

∫ Λ

dl

N 11(k, l;P )

D1D2D3
φN1 (l;P ) , (39)

where, using Eq. (36),

N 11 = tr τ̄1(k)Γ
0+(lqq)[−i(γ · lqq − γ · kq) +M ]T

× Γ̄0+(−kqq)(−iγ · lq +M)τ1(l;P )Λ+(P ) , (40a)

D1 = l2q +M2 , (40b)

D2 = (lqq − kq)
2 +M2 , (40c)

D3 = l2qq +m2
qq0+ . (40d)

The explicit form for N 11 is cumbersome, so we do not
include it here; but it is worth detailing our treatment of
the denominator product:

1

D1D2D3
= 2

∫ 1

0

dx dy x
1

D3
, (41)

where

D = (1− x)D1 + x(1 − y)D2 + xyD3

= (l + xyk − (x− η(1 + xy))P )2 + ω , (42a)

ω =M2[1− x(1 − y)] + xy[k2 − 2k · P (1− η − x)

− (2ηk · P + k2)xy] + x[m2
qq0+(1 − y)

−m2
N (1− [2− η]ηy + x[1− ηy]2)] . (42b)
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Assuming a Poincaré-covariant regularisation proce-
dure, one may shift the integration variable as follows
lµ → lµ − xykµ + (x− η(1 + xy))Pµ, so that

N 11(k, l;P ) → Ñ 11(k, l;P )

= N 11(k, l − xyk + (x − η(1 + xy))P ;P ) (43)

and hence

∫ Λ

dl

N 11(k, l;P )

D1D2D3
φN1 (k;P )

= 2

∫ 1

0

dx dy x

∫ Λ

dl

Ñ 11(k, l;P )

(l2 + ω)3
φ1(l;P ) . (44)

N.B. After the change-of-variables, l · P = 0; and in the

computation of Ñ 11(k, l;P ) one may then follow Ref. [38]
and set:

k2qq → −m2
qq, l

2
qq → −m2

qq, kqq µ → 2
3Pµ, lqq µ → 2

3Pµ.
(45)

At this point we use Eqs. (8), (9) and infer

1

zn+1
→ E iu

n (z) :=
(−1)n

n!

dn

dωn

e−τ2
uvz − e−τ2

irz

z
, (46)

in which case Eq. (44) becomes

∫ Λ

dl

N 11(k, l;P )

D1D2D3
φN1 (k;P ) = 2

∫ 1

0

dx dy x

×
∫ ∞

dl

N 11(k, l;P )E iu
2 (l2 + ω)φN1 (k;P ) , (47)

where
∫∞
dl

=
∫

d4l/(2π)4 represents the unbounded four-
dimensional momentum integral. The integral on the rhs
is now free from ultraviolet divergences and exhibits no
quark production thresholds, i.e. confinement is realised.

C. Solving the Regularised Equations

Full implementation of the procedures illustrated
above yields a collection of well-defined linear, homoge-
neous integral equations, one set for the nucleon Faddeev
amplitude and another set for the ∆-baryon. These equa-
tions only have solutions at discrete, separated values of
P 2. As usual, therefore, we consider a modified equation,
which takes the form, using the nucleon as an example:

λ(P 2)φNm(k;P ) = −4

∫ Λ

dl

8
∑

n=1

K mn
N φNn (l;P ) . (48)

Equation (48) has at least one solution for every value of
P 2; and Faddeev equation solutions for physical bound-
states are obtained at those values of P 2 for which
λ(P 2) = 1. Any sensible numerical procedure may now
be used to locate bound-state masses and determine the
associated Faddeev amplitudes.

TABLE II: Computed masses of the nucleon and ∆-baryon,
obtained with the contact interaction parameters listed in Ta-
ble I. The quantities gN,∆ are described in connection with
Eq. (49). (Dimensioned quantities are listed in GeV.)

Herein gN = 1, g∆ = 1 gN = 1.28, g∆ = 1.73

mN 1.30 1.14

m∆ 1.65 1.39

Ref. [14] gN = 1, g∆ = 1 gN = 1.18, g∆ = 1.56

mN 1.27 1.14

m∆ 1.60 1.39

IV. RESULTS FROM THE FADDEEV

EQUATIONS

We solved the Faddeev equations using the contact-
interaction parameters described in connection with Ta-
ble I. The computed masses are listed in Table II.
The first column of numerical entries compares our re-
sults, obtained with a full treatment of the contact-
interaction, with those produced using the original static-
approximation, Eq. (1). It provides a surprise, viz. any
additional attraction introduced by our complete treat-
ment of the quark-exchange kernel is compensated by
the appearance of additional spin-orbit repulsion, ex-
pressed in the momentum-dependent Faddeev amplitude
by the presence of the components s2(k;P ), a4,6,7,8(k;P )
in Eqs. (24). The calculated masses are therefore almost
unaffected by eliminating the static-approximation.
The numerical values of the calculated masses are

shifted roughly 25% above their respective empirical val-
ues. It is appropriate that the Faddeev equation in Fig. 1
should yield masses that are larger than experiment be-
cause, as explained elsewhere [10, 77], the kernel in Fig. 1
omits all those resonant contributions which may be as-
sociated with the meson-baryon final-state interactions
that are resummed in dynamical coupled channels mod-
els [78–80] in order to transform a bare-baryon into the
observed state. Our Faddeev equation should therefore
be understood as producing the dressed-quark core of
the bound-state, not the completely-dressed and hence
observable object. The problem here is that the shift is
too large.
Analysis of the effect of meson-baryon final-state in-

teractions indicates that they typically produce a 15%
reduction in nucleon and ∆-baryon quark-core masses.
As noted in Ref. [38], a Faddeev equation kernel capa-
ble of producing more realistic quark-core masses can be
obtained through a modest modification of the quark ex-
change kernel, which is herein implemented thus:

S(p) =
1

iγ · p+M
→

g2N,∆

iγ · p+M
. (49)

Using this expedient, one obtains the results in the last
column of Table II, where the parameters gN,∆ were cho-
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FIG. 2: Upper panel – Zeroth Chebyshev moment of the
dominant amplitude in the scalar-diquark component of the
nucleon’s Faddeev amplitude, s1(p;P ) in the notation of
Eq. (24), plotted for the two values of gN in Table II:
solid (blue) gN = 1.28; red (dashed) gN = 1.0. Lower
panel – similar image for the dominant amplitude in the
pseudovector-diquark component of the nucleon’s Faddeev
amplitude, a3(p;P ).

sen in order to obtain values for the baryon masses which
are consistent with estimates of the respective quark-core
masses.

It is important to determine whether the modification
induced by Eq. (49) has any effect on baryon internal
structure. That question can be answered by peering
into the Faddeev amplitudes. In the static approxima-
tion, the effect is modest, e.g. including gN > 1 via the
value in Table II increases the scalar-diquark component
of the nucleon by 3%. The outcome is similar when the
quark exchange is dynamical, as evident in Fig. 2: with
the normalisation fixed such that the zeroth Chebyshev
moment of s1(p;P ) is unity at p2 = 0, the p2 = 0 strength
of the leading pseudovector component drops by . 10%
when gN = 1 → 1.28 and the p2-dependence of both
moments is only affected modestly.

Figure 2 also highlights a salient difference between
our results and those obtained using the static approx-
imation, Eq. (1); namely, whereas the static approxima-
tion produces a momentum-independent result, our am-
plitude, obtained with dynamical quark exchange, ex-
hibits strong momentum dependence: for p2 & 3m2

N the
leading Chebyshev moments of the dominant scalar and
pseudovector amplitudes depicted in Fig. 2 fall as 1/p2,

FIG. 3: Top panel – Depiction of the complete space-
time dependence of the dominant piece in the nu-
cleon’s eight-component Poincaré-covariant Faddeev ampli-
tude, s1(|p|, cos θ), computed herein using the contact inter-
action with dynamical quark exchange. Middle panel – Same
function computed using the QCD-kindred Faddeev equation
kernel described in Refs. [21, 23], which differs from that used
herein by using momentum-dependent dressed-quark masses
and diquark Bethe-Salpeter correlation amplitudes. Bottom
panel – Difference between these two functions.

up to ln p2-corrections. Such behaviour is typical of two-
body systems in quantum field theory; and here we have
a quark-diquark system, with the diquark described by a
momentum-independent Bethe-Salpeter correlation am-
plitude.

This outcome motivates a comparison, depicted in
Fig. 3, between the amplitude computed herein and
that obtained using the QCD-kindred Faddeev equa-
tion kernel described in Refs. [21, 23], which success-
fully unifies the description of nucleon, ∆-baryon and
Roper resonance properties and differs from ours by us-
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ing momentum-dependent dressed-quark masses and di-
quark Bethe-Salpeter correlation amplitudes. Whilst the
spacetime dependence of the dominant piece in the nu-
cleon’s eight-component Poincaré-covariant Faddeev am-
plitude, s1(|p|, cos θ), computed using the contact inter-
action with dynamical quark exchange is quantitatively
different from that obtained with the more realistic ker-
nel, the functions nevertheless show marked qualitative
similarities. For example, the support for both is concen-
trated in the forward direction, cos θ > 0, so that align-
ment of p and P is favoured; and the amplitude peaks
at (|p| ≃ MN/6, cos θ = 1), whereat pq ≈ P/2 ≈ pd
and hence the natural relative momentum is zero. In
the antiparallel direction, cos θ < 0, the support for both
these functions is concentrated at |p| = 0, i.e. pq ≈ P/3,
pd ≈ 2P/3. Figure 3 shows that using the static approx-
imation in the contact-interaction Faddeev equation, in
which case the analogous plot would simply depict the
curve s1(|p|, cos θ) ≡ 1, provides a description of nucleon
structure that is badly flawed in connection with any
probe sensitive to the nucleon interior; whereas imple-
mentation of dynamical quark exchange in the contact-
interaction Faddeev equation yields a significant improve-
ment in the description of a baryon’s internal structure.
Notwithstanding this, it should be borne in mind that
when computed using a QCD-kindred kernel, the func-
tions in Fig. 2 fall as 1/p4, up to ln p2-corrections, as one
would expect of a three valence-body system.

V. PROBING THE NUCLEON

A. Sigma Term

Following Refs. [81, 82], it is straightforward to ob-
tain the nucleon’s scalar charge by using the Feynman-
Hellmann theorem. This method skirts the need to com-
pute the canonical normalisation constant for the nu-
cleon’s Faddeev amplitude because one need only com-
pute the variation of the nucleon’s mass produced by a
change in current-quark mass. With the Faddeev equa-
tion kernel constructed as described in connection with
Eqs. (3), (4), (49), one obtains

mN (m)
m≃7MeV

= 1.12 + 2.85m+ 8.54m2 (50)

and hence

∂mN

∂m

∣

∣

∣

∣

ζH

m=7MeV

= 2.73 . (51)

This result is quoted at an hadronic scale appropriate to
our formulation, viz. ζH = 0.39± 0.02GeV (see Ref. [20],
Appendix E). On the other hand, the product

σN = m 2.73 = 19MeV (52)

is independent of scale. (Inclusion of meson-baryon loop
effects is likely to increase the result in Eq. (52) by
roughly 7MeV [81].)

i

iΨ Ψ
Pf

f

P

Q i

iΨ Ψ
Pf

f

P

Q

i

iΨ Ψ
PPf

f

Q

Γ−

Γ

scalaraxial vector

i

iΨ Ψ
Pf

f

P

Q

FIG. 4: Vertex which ensures a conserved electromagnetic
current for on-shell baryons described by the Faddeev ampli-
tudes, Ψi,f , described in Sec. II. As in Fig. 1, the single line
represents S(p), the dressed-quark propagator, Sec. II A, and
the double line, the diquark propagator, Sec. II B; Γ is the
diquark Bethe-Salpeter amplitude, Sec. II B; and the remain-
ing vertices are described in AppendixB – the top-left image
is Diagram 1; the top-right, Diagram 2; and so on, with the
bottom-right image, Diagram 4.

The result in Eq. (52) is approximately one-half that
reported in computations using a QCD-derived interac-
tion [81, 82] and contemporary simulations of lattice-
regularised QCD [83, 84]. As explained elsewhere [20],
this mismatch exposes a defect of the contact interaction,
viz. it produces rigid, momentum-independent diquark
Bethe-Salpeter amplitudes, an artefact which leads to a
weakerm-dependence of the diquark (and hence nucleon)
masses than is obtained with more realistic kernels. Con-
sequently, Eq. (52) is an underestimate of σN .

B. Canonical Normalisation

The σ-term is an exception. Typically, one must calcu-
late the normalisation before reporting a physical value
for any observable. The canonical normalisation constant
for the Faddeev amplitude associated with an isospin
multiplet is fixed by ensuring that the zero momentum-
transfer (Q2 = 0) value of the electric form factor con-
nected with a charged member of the multiplet is equal
to the electric charge of that state [85]. In connection
with the nucleon, whose Poincaré-covariant electromag-
netic current may be written (Q = Pf − Pi)

ū(Pf )
[

γµF1(Q
2) + 1

2mN
σµνQνF2(Q

2)
]

u(Pi) , (53)

this means imposing F1(Q
2 = 0) = 1 for the proton.

The nucleon current is detailed in Ref. [6]; and using a
vector⊗ vector contact-interaction, that current may be
described in terms of the four diagrams depicted in Fig. 4.
(The so-called seagull terms vanish in our case because
the diquark Bethe-Salpeter amplitudes are momentum-
independent.) Diagram 4 vanishes at Q2 = 0 and hence
does not contribute to the normalisation. Its analogue
does contribute to the tensor charge, however. If one
chooses to distinguish between quark flavours, the re-
maining diagrams produce fourteen distinct contribu-
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tions: Diagrams 1 and 2, three each; and Diagram 3,
eight terms.
Using the symbols (0,→, ↑) to denote diquark isospin

labels – 0, scalar [ud] diquark; →, pseudovector {ud}
diquark; and ↑, pseudovector {uu} diquark, then the dis-
tinct proton diagrams can be expressed as follows:

C 1,2
00 , C 1,2

→→ , C 1,2
↑↑ ,

C 3
00 , C 3

0→ , C 3
0↑ , C 3

→0 , (54)

C 3
→→ , C 3

→↑ , C 3
↑0 , C 3

↑→ .

Here, e.g. C 1
00 represents a [ud] diquark in both the initial

and final-state proton, with the probe striking a u-quark;
and C 3

↑→ describes a {ud} diquark in the initial-state,

{uu} in the final state, and the probe striking a u-quark
exchanged between the two. (The neutron diagrams are
obtained by exchanging u ↔ d so that “↑” becomes “↓”
and the {uu} diquark is replaced with the {dd} correla-
tion.) Naturally, isospin symmetry reduces the number
of truly independent computations to just seven:

C 1,2
00 , C 1,2

↑↑ ∝ C 1,2
→→ , C 3

00 ,

C 3
↑0 ∝ C 3

→0 ∝ C 3
0↑ ∝ C 3

0→ , (55)

C 3
↑→ ∝ C 3

→↑ ∝ C 3
→→ ;

and current-conservation makes one of these redundant.
Our calculation of the normalisation is sketched in Ap-
pendixB.

C. Valence-quark Distributions

It is now possible to exploit a connection between the
Q2 = 0 values of elastic form factors, i.e. the Faddeev
amplitude’s normalisation, and the dimensionless struc-
ture functions of deep inelastic scattering at Bjorken-x =:
xB = 1. As remarked elsewhere [17, 21, 39, 86], whilst all
familiar parton distribution functions (PDFs) vanish at
xB = 1, ratios of any two need not; and, under DGLAP
evolution [87–90], the value of such a ratio is invariant.
Thus, e.g. with dv(xB), uv(xB) the proton’s d, u valence-
quark PDFs, the value of limxB→1 dv(xB)/uv(xB) is an
unambiguous, scale invariant, nonperturbative feature of
QCD. It is therefore a keen discriminator between frame-
works that claim to explain nucleon structure. Further-
more, xB = 1 corresponds strictly to the situation in
which the invariant mass of the hadronic final state is
precisely that of the target, viz. elastic scattering. The
structure functions inferred experimentally on the neigh-
borhood xB ≃ 1 are therefore determined theoretically
by the target’s elastic form factors.
In this connection, consider the current depicted in

Fig. 4. Since diquarks are soft, the only contributions
which survive at xB = 1 are those from Diagrams 1 and
3, in which the probe interacts with an isolated quark.
Each piece from these diagrams appears with a strength
determined by the proton’s Faddeev amplitude, which

TABLE III: Selected predictions for the xB = 1 value of the
indicated quantities. The DSE results are computed using
the formulae in Eqs. (58) – (60): “realistic” denotes results
obtained with a sophisticated QCD-kindred Faddeev equa-
tion kernel [21]; “contact-S” are contact-interaction results
obtained using a static approximation, described in connec-
tion with Eq. (1); and “contact-D” are the results obtained
herein, deriving from a Faddeev equation kernel with dy-
namical dressed-quark exchange. The next four rows are, re-
spectively, results drawn from Refs. [91–94]: the row labelled
0+[ud]-frozen reproduces results from a model in which a non-

dynamical scalar-diquark is used to describe nucleon struc-
ture, i.e. it is not based on a Faddeev equation and hence
Diagrams 3 and 4 in Fig. 4 are absent. The last row, labeled
“pQCD,” expresses predictions made in Refs. [95, 96], which
are based on an SU(6) spin-flavour wave function for the pro-
ton’s valence-quarks and assume helicity conservation in their
interaction with hard-photons (for reference, 3/7 ≈ 0.43).

Fn
2

F
p
2

d
u

∆d
∆u

∆u
u

∆d
d

An
1 Ap

1

DSE-realistic [21] 0.50 0.29 −0.12 0.67 −0.29 0.16 0.61

DSE-contact-S [37] 0.41 0.18 −0.07 0.88 −0.33 0.34 0.88

DSE-contact-D 0.38 0.14 −0.05 0.83 −0.33 0.43 0.79

0+
[ud]

-frozen 1
4

0 0 1 0 1 1

NJL 0.43 0.20 −0.06 0.80 −0.25 0.35 0.77

SU(6) 2
3

1
2

− 1
4

2
3

− 1
3

0 5
9

CQM 1
4

0 0 1 − 1
3

1 1

pQCD 3
7

1
5

1
5

1 1 1 1

expresses the effect of weightings derived from both the
amplitude’s spacetime- and isospin-dependence. These
properties are expressed in Eq. (B32), which yields the
following probabilities for finding a quark of flavour f =
u, d at xB = 1:

Af =
∂ep
∂ef

, Pf = Af/(Au +Ad) . (56)

Inserting computed values for each of the elements in
Eq. (B32), one finds

Pu = 0.88 , Pd = 0.12 , lim
xB→1

dv(xB)

uv(xB)
= 0.14 , (57)

which corresponds to Fn
2 /F

p
2 = 0.38 at xB = 1.

These results are collected in Table III. The value of
limxB→1 dv(xB)/uv(xB) in Eq. (57) is 20% smaller than
that computed using the contact interaction in tandem
with the static approximation [39]. In part this is be-
cause the static approximation kills Diagram 3 and that
diagram favours hard u-quarks; but the reduction oc-
curs mostly because removing the static approximation
strengthens the Diagram 1 scalar-diquark contribution
(hard u-quark only) relative to that from the heavier
pseudovector-diquark. (This can be seen via the discus-
sion of Fig. 2.)



10

The observations that open this subsection have also
been exploited [17] in order to deduce a collection of sim-
ple formulae, expressed in terms of the diquark appear-
ance and mixing probabilities, from which one may com-
pute ratios of longitudinal-spin-dependent u- and d-quark
parton distribution functions on the domain xB ≃ 1:

An
1 =

4(Pd↑
− Pd↓

) + (Pu↑
− Pu↓

)

4(Pd↑
+ Pd↓

) + (Pu↑
+ Pu↓

)
, (58a)

Ap
1 =

4(Pu↑
− Pu↓

) + (Pd↑
− Pd↓

)

4(Pu↑
+ Pu↓

) + (Pd↑
+ Pd↓

)
, (58b)

where the probabilities for the different quark flavours to
have helicity aligned (↑) or opposite (↓) to that of the
proton are:

Pu↑
= P p,s

u↑
+

1

9
P p,a +

1

3
P p,m (59a)

Pu↓
= P p,s

u↓
+

2

9
P p,a +

1

3
P p,m, (59b)

Pd↑
=

2

9
P p,a +

1

6
P p,m, (59c)

Pd↓
=

4

9
P p,a +

1

6
P p,m . (59d)

The first line of Eq. (59) can be understood once one
understands that P p,s is the probability for finding a u-
quark bystander in association with a scalar [ud]-diquark
correlation in the proton. Owing to Poincaré covari-
ance, this term expresses a sum of quark-diquark angu-
lar momentum Lu[ud] = 0 and Lu[ud] = 1 correlations
within the nucleon. With Lu[ud] = 0, the bystander
quark carries all the nucleon’s spin. On the other hand,
the Lu[ud] = 1 correlation contributes to both the par-
allel and antiparallel alignment probabilities of the by-
stander quark: 2[ud]

L
u[ud]
z =1

u↓ ⊕ [ud]
L

u[ud]
z =0

u↑. The rel-

ative strength of these terms is fixed by solving the Fad-
deev equation and expressed thereafter in the Faddeev
amplitude: Ψ0+ ∼ ψL=0 + ψL=1, so that, converting the
amplitude to probabilities,

P p,s = P p,s
u↑

+ P p,s
u↓
,

P p,s
u↑

= ψ2
L=0 + 2ψL=0ψL=1 +

1
3ψ

2
L=1,

P p,s
u↓

= 2
3ψ

2
L=1.

(60)

With the Faddeev equation used herein, P p,s = 0.82,
ψL=0 = 0.67, ψL=1 = 0.24 cf. ψL=0 = 0.55, ψL=1 = 0.22
in Ref. [21] and ψL=0 = 0.88, ψL=1 = 0 in Ref. [39].
The other two quantities in Eqs. (59) are P p,a, P p,m,

which, respectively, gauge the probability that the pho-
ton interacts with an axial-vector diquark component of
the nucleon or induces a transition between diquark com-
ponents of the incoming and outgoing nucleon. Our dy-
namical dressed-quark exchange Faddeev kernel gener-
ates P p,a = 0.18 and P p,m ≈ 0; and we list results for
numerous ratios in Table III. (As remarked above, the
result P p,m ≈ 0 owes to the generally small magnitude
of each Diagram 3 term and interference between their
contributions, see Table B.1.)

It is worth reiterating that the results in Table III high-
light that no single ratio is capable of completely distin-
guishing between distinct pictures of nucleon structure.
Conversely, they show that a comparison between exper-
iment and different predictions for the combination of all
tabulated quantities provides a very effective means of
discriminating between competing descriptions [17].

D. Tensor Charges

With the normalisation computed, one may also read-
ily calculate the proton’s tensor charges, which are de-
fined via (q = u, d):

〈P (p, σ)|q̄σµνq|P (p, σ)〉 = δT q ū(p, σ)σµνu(p, σ) , (61)

where |P (p, σ)〉 is a state vector describing a proton with
momentum p and spin σ.1 The derived isoscalar and
isovector tensor charges are:

g
(0)
T = δTu+ δTd , g

(1)
T = δTu− δTd . (62)

Importantly, the tensor charges are scale-dependent
quantities, as explained, for instance, in Appendix F of
Ref. [20]. The values decrease uniformly as the resolving
scale is increased. We compute the results at ζH and
use one-loop evolution equations in order to also report
values at ζ2 := 2GeV.
The nucleon’s tensor interaction is qualitatively iden-

tical to the photon-nucleon interaction depicted in Fig. 4.
If one distinguishes between quark flavours in this case,
there are sixteen distinct contributions to each tensor
charge because Diagram 4 is nonzero. Using isospin sym-
metry, this tally is reduced to only eight. The analysis is
illustrated via consideration of Diagram 4 in Appendix C.
Notably,

C 4T
→0 = C 4T

0→ (63)

and C 2T
00 ≡ 0 because a scalar correlation cannot possess

a tensor charge.
Our computed results for the proton’s tensor charge

at the hadronic scale ζH are summarised in the upper
panel of Table IV. It is natural to compare the listed
values with those in Ref. [20], obtained using the contact
interaction and the static approximation, and listed in
Table C3 therein. To facilitate that comparison, we note
that Diagram 1 herein equates to the sum of Diagrams 1
and 2 therein, Diagram 2 herein is the sum of Diagrams
3 and 4 therein, Diagram 3 is absent in Ref. [20] owing to
the static approximation, and our Diagram 4 equates to
the sum of Diagrams 5 and 6 therein. The net results of

1 In the isospin symmetric limit: δ
p
T
u := δT u = δn

T
d, δ

p
T
d :=

δT d = δn
T
u, where the superscripts denote the hadron in which

the indicated valence-quark resides.
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TABLE IV: Upper panel – Proton tensor charges evaluated at
the model scale: ζH = 0.39± 0.02GeV, partitioned according
to contributions from the diagrams in Fig. 4 and summed to
provide the complete result. Lower panel – Same quantities
evaluated using the static approximation. The listed values
serve as an update of the results in Ref. [20].

Dynamic δu δd g
(0)
T g

(1)
T

Diagram 1 0.72 −0.039 0.69 0.76

Diagram 2 0.14 0.027 0.16 0.11

Diagram 3 0.12 −0.050 0.075 0.17

Diagram 4 −0.19 −0.19 −0.38 0

Total 0.79 −0.25 0.54 1.05

Static δu δd g
(0)
T g

(1)
T

Diagram 1 0.56 −0.036 0.53 0.60

Diagram 2 0.29 0.059 0.35 0.23

Diagram 3 0 0 0 0

Diagram 4 −0.25 −0.25 −0.50 0

Total 0.61 −0.23 0.38 0.83

both calculations are semi-quantitatively similar. How-
ever, there are some line-item discrepancies. We have a
nonzero result for Diagram 3, which adds to both δu, δd,
whereas this contribution is naturally absent when the
static approximation is used. There is also a difference
between the Diagram 2 contributions. This owes to a
combination of the inadvertent omission in Ref. [20] of a
factor of two in the probe-diquark vertices, which we have
restored, with the corrected results listed in the lower
panel of Table IV, combined with our use of Eqs. (B21)
in simplifying computation of the currents.
It is worth analysing the microscopic origin of the pro-

ton’s tensor charges in our calculation. The dominant
contribution to δTu arises from Diagram 1: tensor probe
interacting with a dressed u-quark when a scalar diquark
is the bystander. The next largest piece is produced by
Diagram 4, in which the tensor probe excites a transi-
tion between the scalar and pseudovector diquarks; but
this is largely cancelled by the sum of Diagram 2 (tensor
probe interacting with the pseudovector diquark with a
dressed-quark spectator) and Diagram 3 (two-loop dia-
grams in which the tensor probe interacts with a dressed-
quark “in-flight”). Qualitatively equivalent interference
was seen in Ref. [20], so that one may still conclude that
δTu directly probes the strength of DCSB and hence the
strong interaction at infrared momenta. Owing to anal-
ogous interference between Diagrams 1-3, Diagram 4 in
Fig. 4 is responsible for the bulk of δTd.
Notably herein, in contrast to Ref. [20], δTd 6= 0 even

in the absence of pseudovector diquark correlations: ow-
ing to Diagram 3, the tensor probe can interact with a
dressed d-quark exchanged during the breakup and ref-
ormation of a scalar diquark. However, as already noted,
the contribution is small, viz. this term produces just

20% of the Diagram 3-δd entry in the upper panel of Ta-
ble IV and all other entries would be zero in the absence
of pseudovector diquarks. The magnitude of δT d may
therefore still be interpreted as a measure of the strength
of pseudovector diquark correlations in the proton.
In ascribing an error to our final result for the ten-

sor charges, we follow the reasoning in Ref. [20]. Namely,
since one generally finds that systematic treatments of
the contact interaction yield results for low-momentum-
transfer observables which are practically indistinguish-
able from those produced by RL studies that employ
more sophisticated interactions [14, 35–44]; and analy-
ses of hadron physics observables using the RL trunca-
tion and one-loop QCD renormalisation-group-improved
(RGI) kernels for the gap and bound-state equations pro-
duce results that are normally within 15% of the experi-
mental value [59], we therefore attach a relative error of
15% to the results in Table IV. Hence, our predictions
are:

δTu δT d g
(0)
T g

(1)
T

ζH ≈M 0.79(12) −0.25(4) 0.54(8) 1.05(16)
. (64)

Given that our computed value of the proton’s σ-term
is too small by a factor of roughly two, one might be
concerned by the size of our error assignment. This
concern can be allayed by first noting that the small
size of σp can be tracked directly to an underestimate
of the diquarks’ σ-terms [20]. These quantities mea-
sure the rate-of-change of a “charge” (the diquark mass,
in this case) associated with variations in an external
source. Although those rates-of-change are underesti-
mated, the masses are not. Thus, whilst our framework
might produce rates-of-change for the tensor charges that
are too small, the values of the tensor charges themselves
should be accurate within the usual error associated with
rainbow-ladder truncation.
The results in Eq. (64) are quoted at the model scale.

In order to make a sensible comparison with estimates ob-
tained in modern simulations of lattice-regularised QCD,
those results must be evolved to ζ2 = 2GeV.We therefore
list here the results obtained under leading-order evolu-
tion to ζ2 = 2GeV, obtained via multiplication by the
factor 0.794, explained and computed in Appendix F of
Ref. [20]:

δTu δTd g
(0)
T g

(1)
T

ζ2 0.63(9) −0.20(3) 0.43(6) 0.83(12)
. (65)

We use the one-loop expression owing to the simplicity of
our framework. Employing next-to-leading-order evolu-
tion leads simply to a 25% increase in ζH with no material
phenomenological differences.
The predictions in Eq. (65) are compared in Fig. 5 with

phenomenological analyses [98, 99] that benchmark a
proposed JLab experiment [97] and results obtained us-
ing numerous other methods [100–108]. Evidently, our
predictions match, within errors, the most recent results
obtained using lattice-QCD [100, 101], which appear at
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FIG. 5: Flavour separation of the proton’s tensor charge: “1”
– illustration of anticipated accuracy in planned JLab ex-
periment [97], with central values based on the analysis in
Ref. [98]; “2” – results drawn from Ref. [98]; “3” phenomeno-
logical estimate in Ref. [99] “4” – prediction herein, Eq. (65);
“5” – corrected results from Ref. [20], drawn from the lower
panel of Table IV and evolved to ζ2; “6-14” – estimates from
Refs. [100–108], respectively. The bands drawn from “4”–“7”
are described in connection with Eq. (66). By way of con-
text, we note that were the proton a weakly-interacting col-
lection of three massive valence-quarks, then [108] the quark
axial and tensor charges are identical, so that δTu = 4/3 and
δT d = −1/3 at the model scale. These values are located at
“15”. If one assumes that ζH may reasonably be assigned as
the scale of that model, then those values evolve to δTu = 1.06
and δT d = −0.26, which we also plot at “15”.

“6” and “7” in Fig. 5. A weighted combination of the
most recent DSE- and lattice-QCD results yields the fol-
lowing estimates, drawn in Fig. 5:

δTu = 0.70± 0.03 , δTd = −0.21± 0.01 . (66)

Another interesting point is highlighted by a compar-
ison between our predictions and the values obtained
when the proton is considered to be a weakly-interacting
collection of three massive valence-quarks described by
an SU(4)-symmetric spin-flavour wave function [108]:

δ
SU(4)
T u = 2eu and δ

SU(4)
T d = ed cf. our results, Eq. (64),

δTu = 0.59(2eu), δTd = 0.75(ed). It is thus apparent
that the presence of diquark correlations in the proton
Faddeev amplitude materially suppresses the magnitude
of the tensor charge associated with each valence quark
whilst simultaneously increasing the ratio δT d/δTu by
approximately 30%.

E. Electric Dipole Moments

In typical extensions of the Standard Model, quarks
acquire an EDM [109, 110], i.e. an interaction with the

photon that proceeds via a current of the form:

d̃q qγ5σµνq , (67)

where d̃q is the quark’s EDM and here we consider
q = u, d. The EDM of a proton containing quarks which
interact in this way is defined as follows:

〈P (p, σ)|J EDM
µν |P (p, σ)〉 = d̃p ū(p, σ)γ5σµνu(p, σ) , (68)

where

J EDM
µν (x) = d̃u ū(x)γ5σµνu(x)+ d̃d d̄(x)γ5σµνd(x) . (69)

At this point, using a simple Dirac-matrix identity:

γ5σµν = 1
2εµναβσαβ , (70)

one can write

J EDM
µν = 1

2εµναβ

[

d̃u ūσαβu+ d̃d d̄σαβd
]

. (71)

It follows that

〈P (p, σ)|J EDM
µν |P (p, σ)〉

=
[

d̃u δTu + d̃d δT d
]

ū(p, σ)γ5σµνu(p, σ) ; (72)

namely [20], the quark-EDM contribution to a proton’s
EDM is completely determined once the proton’s tensor
charges are known:

d̃p = d̃u δTu + d̃d δTd . (73)

With emerging experimental techniques, it is possible to
place competitive upper-limits on the proton’s EDM us-
ing storage rings in which polarized particles are exposed
to an electric field [111].
An analogous result for the neutron is readily inferred.

In the limit of isospin symmetry,

〈N(p, σ)|ūσµνu|N(p, σ)〉 = 〈P (p, σ)|d̄σµνd|P (p, σ)〉 ,
〈N(p, σ)|d̄σµνd|N(p, σ)〉 = 〈P (p, σ)|ūσµνu|P (p, σ)〉 ;

(74)

and hence d̃n = d̃u δTd + d̃d δTu. Using the results in
Eq. (64), we therefore have

d̃n = −0.25 d̃u + 0.79 d̃d , d̃p = 0.79 d̃u − 0.25 d̃d . (75)

It is worth contrasting Eqs. (75) with the results one
would obtain by assuming that the nucleon is simply a
collection of three massive valence-quarks described by
an SU(4)-symmetric spin-flavour wave function. Then,
by analogy with magnetic moment computations, a pro-
cedure also made valid by Eq. (70):

d̃n = − 1
3 d̃u + 4

3 d̃d , d̃p = 4
3 d̃u − 1

3 d̃d , (76)

values which are roughly 50% larger than ours.
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The impact of our tensor-charge predictions on
beyond-Standard-Model phenomenology may be eluci-
dated, e.g. by following the analysis in Refs. [112, 113].
In this connection it is worth remarking that the pos-
sibility of a s-quark contribution produces considerable
uncertainty in estimates of nucleon EDMs [114], largely
because its size is very uncertain [115]. Therefore, even a
rudimentary DSE estimate of this contribution could be
useful. Such may be obtained via a simplified treatment
of meson-loop corrections to the quark gap equations,
as used elsewhere [116, 117] to estimate the proton’s
strangeness-magnetic-moment and -σ-term. Following
that reasoning, one is led to δT s(ζ2) ≈ 0.02g0T = 0.009.

VI. CONCLUSION

We employed a confining, symmetry-preserving,
Dyson-Schwinger equation treatment of a vector⊗ vector
contact interaction in order to formulate and solve Fad-
deev equations for the nucleon and ∆-baryon in which
the kernel involves dynamical dressed-quark exchange.
These are the first contact-interaction calculations to pro-
duce momentum-dependent Faddeev amplitudes. Pre-
vious contact-interaction studies have imposed a sup-
plementary condition on the Faddeev equation kernel,
viz. a “static approximation” [Eq. (1)], which leads to
momentum-independent amplitudes.
So far as computed masses of the nucleon and ∆-

baryon are concerned, eliminating the static approxi-
mation has little effect [Table II]. On the other hand,
the impact on the Faddeev amplitudes is dramatic. In
stark contrast to static approximation results, contact-
interaction dynamical quark exchange produces ampli-
tudes that compare far more favourably with those ob-
tained using kernels built from elements that possess
momentum-dependence typical of QCD [Fig. 3]. This
marked improvement can potentially lead to a better de-
scription of those baryon properties which are sensitive
to momentum scales that exceed the dressed-quark mass,
M ∼ 0.4GeV. That can be tested, e.g., in a study of the
nucleon’s first radial excitation and the related transition
form factors, for which the contact-interaction+static-
approximation yields poor results.
Regarding the proton’s σ-term, the contact interac-

tion result is one-half that obtained using more realistic
interactions [Eq. (52)], whether or not the static approx-
imation is employed. The small value is thus a defect of
the contact interaction itself, which may be traced to the
rigid nature of the diquark masses and Bethe-Salpeter
amplitudes obtained with this interaction.
Implementing dynamical quark exchange in the

contact-interaction Faddeev equation kernels yields re-
sults for the large Bjorken-x values of the separate ra-
tios of unpolarised and longitudinally-polarised valence
u- and d-quark parton distribution functions that are no-
ticeably different from those obtained using the static ap-
proximation. The differences owe primarily to an increase

in strength for the scalar diquark component of the nu-
cleon. Our dynamical results [Eqs. (57)] should be viewed
as a truer representation of the contact-interaction’s pre-
dictions.
The increase in strength for the scalar-diquark com-

ponent of the nucleon, induced by dynamical quark ex-
change, also affects the computed values of the proton’s
tensor charges, δTu, δTd [reported in Eq. (65) and com-
pared with other estimates in Fig. 5]: it acts primarily to
increase δTu. Our calculations confirm that the presence
of diquark correlations in the proton reduces the size of
δTu, δTd compared with results obtained in simple quark
models whilst simultaneously increasing |δTd/δTu|; ver-
ify that δTu is a direct measure of the strength of DCSB
in the Standard Model; and emphasise that |δT d/δTu| di-
minishes with P p,a/P p,s, i.e. the ratio of pseudovector-
and scalar-diquark interaction probabilities.
With this analysis we have completed the first im-

provement promised in Ref. [20] and so must address the
question posed in the Introduction, viz. Does the in-
creased complexity which accompanies dynamical quark
exchange in the Faddeev kernel outweigh the loss of sim-
plicity inherent in using the static approximation? If
one is driving toward a realistic picture of a wide range
of hadron physics observables, including those sensitive
to probe momenta greater than the dressed-quark mass,
then the answer must be affirmative. This question has
a natural extension, however: Is there merit in contin-
uing to use a contact interaction when computational
resources are beginning to enable the use of realistic in-
teractions in the study of baryons? Here the answer is:
Yes, depending upon the problem in hand; but the char-
acter of those problems is rapidly evolving.
Finally, returning to the proton’s tensor charges, the

next step should be computation using the approaches of
Refs. [13, 21, 23] in order to obtain continuum predictions
with a direct connection to QCD.
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Appendix A: Collected Formulae

The matrices in Eqs. (24), (25), which express the
Dirac-matrix structure of the positive-energy nucleon and
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∆, are

τ1(l;P ) = I4×4 , τ2(l;P ) = iγ · l̂⊥ ,
τ3µ(l;P ) =

1√
3
γ⊥µ γ5 , τ

4
µ(l;P ) =

i√
3
γ⊥µ γ · l̂⊥γ5 ,

τ5µ(l;P ) = −iP̂µγ5 , τ6µ(l;P ) = P̂µγ · l̂⊥γ5 ,
τ7µ(l;P ) =

1√
6
(γ⊥µ − 3γ · l̂T l̂⊥µ )γ5 ,

τ8µ(l;P ) =
i√
6
(γ⊥µ γ · l̂T − l̂⊥µ )γ5 ,

(A1)

where l̂⊥ν = l̂ν + l̂ · P̂ P̂ν , γ
⊥
ν = γν + γ · P̂ P̂ν , l̂

2 = 1,

P̂ 2 = −1; and

τ1νρ(l;P ) = δµν ,

τ2νρ(l;P ) =
i√
5

(

2γ⊥ν l
ρ
T − 3δνργ · l⊥

)

,

τ3νρ(l;P ) = −i
√
3P̂µl

⊥
ν γ · lT ,

τ4νρ(l;P ) =
√
3P̂µ l̂

⊥
ν , (A2)

τ5νρ(l;P ) = γ⊥µ l̂
⊥
ν γ · l̂⊥,

τ6νρ(l;P ) = −iγ⊥µ l̂⊥ν ,
τ7νρ(l;P ) = −γ⊥µ l̂⊥ν γ · l̂⊥ − δµν + 3l̂⊥µ l̂

⊥
ν ,

τ8νρ(l;P ) =
i√
5

(

δµνγ · l̂⊥ + γ⊥µ l̂
⊥
ν − 5l̂⊥µ l̂

⊥
ν γ · l̂⊥

)

.

We using the following projection operators in arriving
at the scalar-valued integral equations in Sec. III – for the
nucleon,

τ̄1(l;P ) = 1
2I4×4 , τ̄2(l;P ) = − i

2γ · l̂⊥,
τ̄3µ(l;P ) =

1
2
√
3
γ5γ

⊥
µ , τ̄4µ(l;P ) = − i

2
√
3
γ5γ

⊥
µ γ · l̂⊥,

τ̄5µ(l;P ) = − 1
2 iγ5P̂µ , τ̄

6
µ(l;P ) = − 1

2γ5P̂µγ · l̂⊥,
τ̄7µ(l;P ) =

1
2
√
6
γ5(γ

⊥
µ − 3γ · l̂T l̂Tµ ),

τ̄8µ(l;P ) = − i

2
√
6
γ5(γ

T
µ γ · l̂T − l̂⊥µ );

(A3)

and for the ∆-baryon,

τ̄1νρ(l;P ) =
1

4
δµν ,

τ̄2νρ(l;P ) = − i

4
√
5

(

2γ⊥ν l
⊥
ρ − 3δνργ · l⊥

)

,

τ̄3νρ(l;P ) = −i
√
3

4
P̂µl

⊥
ν γ · l⊥,

τ̄4νρ(l;P ) = −
√
3

4
P̂µ l̂

⊥
ν , (A4)

τ̄5νρ(l;P ) =
1

4
l̂⊥ν γ · l̂⊥γ⊥µ ,

τ̄6νρ(l;P ) =
i

4
γ⊥µ l̂

⊥
ν ,

τ̄7νρ(l;P ) = −1

4
l̂⊥ν γ · l̂⊥γ⊥µ − δµν + 3l̂⊥µ l̂

⊥
ν .

τ̄8νρ(l;P ) = − i

4
√
5

(

δµνγ · l̂⊥ + γ⊥µ l̂
⊥
ν − 5l̂⊥µ l̂

⊥
ν γ · l̂⊥

)

These projectors are defined such that, for the nucleon:

tr
[

τ̄ i(l)τ j(l)Λ+(P )
]

= δij , i, j = 1, 2 , (A5a)

tr
[

τ̄ iµ(l)τ
j
µ(l)Λ+(P )

]

= δij , i, j = 3, . . . , 8 , (A5b)

tr
[

τ̄ i(l)τ jµ(l)Λ+(P )
]

= 0 , i = 1, 2, j = 3, . . . , 8 , (A5c)

where the positive-energy projector is defined via

2M Λ+(P ) :=
∑

s=±
u(P, s) ū(P, s) = (−iγ · P +M) .

(A6)
In connection with the ∆-baryon,

Tr
[

τ̄ iµν(l)τ
j
µρ(l)R∆

ρν(P )
]

= δij , i, j = 1, . . . , 8 , (A7)

where

R∆
µν(P ) = [δµν

− 1
3γµγν + 2

3 P̂µP̂ν − i
3 (P̂µγν − P̂νγµ)]Λ+(P ). (A8)

Appendix B: Nucleon-Photon Vertex

1. Diagram 1: Normalisation

When a symmetry-preserving regularisation of the con-
tact interaction is employed, one finds

Γγ
µ(Q

2 = 0) = γµ , (B1)

i.e. the dressed-photon–quark vertex preserves its bare
form at zero momentum-transfer [36]. Consequently, the
C 1
00 (scalar-diquark) contribution to the nucleon normal-

isation constant, Np, can be written

Q1
00Λ+(P )γµΛ+(P )= NpΛ+(P )

∫ Λ

dk

S(k;−P )

× S(kq)euγµS(kq)∆
0+(kqq)S(k;P )Λ+(P ) , (B2)

where S(k;P ) is the [ud] scalar-diquark component
of the nucleon’s Faddeev amplitude in Eq. (24a) and
S(k;−P ) = C†S(−k;−P )C; S(kq) is the dressed-quark
propagator described in Sec. II A; and eu = (2/3).
After some algebra, following the pattern in Sec. III B,

Eq. (B2) yields

Q1
00 = 2euNp

∫ 1

0

dxx

∫ ∞

dk

E2(k
2 + ω0)D

1
00(k̃;P ) , (B3)

where, with n(ℓ) = −iγ · ℓ+M ,

D1
00(k;P ) = tr 12γµΛ+(P )

× S(k;−P )n(kq)γµn(kq)S(k;P )Λ+(P ) , (B4a)

k̃ = k + (23 − x)P , (B4b)

ω0 = xM2 + (1 − x)m2
qq0+ − x(1− x)m2

N . (B4c)
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Inserting our gN = 1.28 computed nucleon mass and
Faddeev amplitude into Eq. (B3), we obtain

Q1
00 = 0.0163 euNp =: Q 0euNp . (B5)

Diagram 1 also represents two other cases, viz. a
dressed-quark struck with either {ud} or {uu} axial-
vector diquarks as the spectator, C 1

→→, C 1
↑↑ respectively.

Consider first the case of a u-quark struck with a {ud}
spectator. Analysis of the type described above yields

Q1
11 = euNp

∫ 1

0

dxx

∫ ∞

dk

E2(k
2 + ω1)D

1
11(k̃;P ) , (B6)

where

D1
11(k;P ) = tr 12γµΛ+(P )Aα(k;−P )
× n(kq)γµn(kq)T

1
αβ(kqq)Aβ(k;P )Λ+(P ) , (B7a)

ω1 = xM2 + (1− x)m2
qq1+ − x(1− x)m2

N . (B7b)

Inserting our gN = 1.28 nucleon mass and Faddeev
amplitude into Eq. (B6), we obtain

Q1
11 = 0.00148 euNp =: Q 1euNp . (B8)

Owing to isospin symmetry, the other case, d-quark
struck with a {uu} spectator, C 1

↑↑, contributes (ed =

−eu/2)

(ed/eu)Q
1
11(−

√
2)2 = −Q1

11. (B9)

Plainly, therefore, diagrams with axial-vector diquark
spectators do not contribute to the proton’s normali-
sation. More generally, in fact, they contribute noth-
ing to the proton’s electromagnetic form factors [39]:
C 1
→→ + C 1

↑↑ ≡ 0.

2. Diagram 2: Normalisation

In this instance, the first contribution we consider is
a u-quark spectator to a photon–scalar-diquark interac-
tion, C 2

00:

Q2
00Λ+(P )γµΛ+(P )= NpΛ+(P )

∫ Λ

dk

S(k;−P )

×∆0+(kqq)Vµ(kqq)∆
0+(kqq)S(kq)S(k;P )Λ+(P ) , (B10)

where, owing to a Ward-Green-Takahashi identity main-
tained by a symmetry-preserving regularisation of the
contact interaction [37], the dressed photon–scalar-
diquark vertex at zero momentum transfer is (eud =
eu + ed)

Vµ(kqq) = 2 eud kqq µ . (B11)

Using this result and the now standard procedures,
Eq. (B10) yields

Q2
00 = 0.0152 eud Np =: D0eud Np . (B12)

Diagram 2 also represents two other cases, viz. a
dressed-quark spectator to a photon interacting with ei-
ther a {ud} or {uu} axial-vector diquark, C 2

→→, C 2
↑↑ re-

spectively. The u-quark spectator contribution is:

Q2
11Λ+(P )γµΛ+(P )= NpΛ+(P )

∫ Λ

dk

Aα(k;−P )∆1+

αα′(kqq)

× Vµ,α′β′(kqq)∆
1+

β′β(kqq)S(kq)A(k;P )Λ+(P ) , (B13)

which involves the dressed photon–pseudovector-diquark
vertex at zero momentum transfer [37]:

Vµ,αβ(kqq) = 2 eudkqq µT
1
αβ(kqq) . (B14)

Using this result, Eq. (B13) yields

Q2
11 = 0.000879 eud Np =: D1eud Np . (B15)

Owing to isospin symmetry, the analogous result for C 2
↑↑,

the d-quark spectator diagram, is (euu = 2eu = 4eud)

(euu/eud)(−
√
2)2Q2

11 = 8D1eud Np . (B16)

3. Diagram 3: Normalisation

If quark flavours are distinguished, then this image in
Fig. 4 corresponds to eight two-loop diagrams. The sim-
plest example involves a scalar-diquark in the initial and
final states, so that a dressed d-quark is struck “in-flight”
by the photon, C 3

00:

Q3
00Λ+(P )γµΛ+(P ) = NpΛ+(P )edg

2
N

∫ Λ

dk

∫ Λ

dl

S(k;−P )

× S(kq)∆
0+(kqq)Γ

0+(lqq)[S(−kX)γµS(−kX)]T

× Γ̄0+(−kqq)S(lq)∆0+(lqq)S(l;P )Λ+(P ) , (B17)

where kX = k + l − P/3. After some algebra, Eq. (B17)
can be recast in the following form:

Q3
00 = edg

2
NNp

∫ Λ

dk

∫ Λ

dl

N 3
00

D1D2D3D4D2
5

, (B18)

with

D1 = k2q +M2, D2 = k2qq +m2
qq0+ ,

D3 = l2q +M2, D4 = l2qq +m2
qq0+ , (B19)

D5 = k2X +M2,

and

N 3
00 = tr12γµΛ+(P )S(k;−P )S(kq)∆0+(kqq)Γ

0+(lqq)

× [n(−kX)γµn(−kX)]TΓ̄0+(−kqq)
× n(lq)∆

0+(lqq)S(l;P )Λ+(P ) . (B20)
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In the algebraic evaluation of N 3
00, the following replace-

ments are used sequentially:

k2qq → −m2
qq0+ , l2qq → −m2

qq0+ ,

kqq µ → 2
3Pµ, lqq µ → 2

3Pµ.
(B21)

As usual, the next step is to combine the denomi-
nators using a Feynman parametrisation, in which case
Eq. (B18) becomes

Q3
00 = edg

2
NNp

∫ Λ

dk

∫ Λ

dl

× 24

∫ 1

0

dx1dx2dx3dx4x
4
1x

3
2x

2
3x4

N 3
00(k̃, l̃;P )

[D3
00]

6
, (B22)

where the variable transformations k → k̃, l → l̃ are
constructed so that D3

00 = f (k2, l2, P 2 = −m2
N). At

this point one can implement the confining regularisation
prescription and thereby obtain

Q3
00 = edg

2
NNp

∫ ∞

dk

∫ ∞

dl

24

∫ 1

0

dx1dx2dx3dx4x
4
1x

3
2x

2
3x4

× N 3
00(k̃, l̃;P )E5(f (k

2, l2,−m2
N) . (B23)

The precise forms for the elements in Eq. (B23) are
lengthy so we do not present them here. Notwithstanding
that, their computation is straightforward; and inserting
our gN = 1.28 nucleon mass and Faddeev amplitudes
into the expressions one derives, the following numerical
result is obtained:

Q3
00 = 5.34× 10−5edg

2
NNp = 8.75× 10−5edNp (B24)

=: X 00edNp . (B25)

There are seven more contributions; but, owing
to isospin symmetry, as described in connection with
Eq. (55), only two additional computations are necessary:
{ud} pseudovector-diquark breakup, d-quark struck in-
flight, [ud] scalar diquark recombination ([ud] dγ{ud}),
C 3
0→; and {ud} pseudovector-diquark breakup, d-quark

struck in-flight, {ud} pseudovector diquark recombina-
tion ({ud} dγ{ud}), C 3

→→. The results are:

Q3
0→ = 1.79× 10−5edNp =: X 0→edNp , (B26a)

[ud]uγ{uu} = C 3
0↑ = −

√
2euX 0→Np , (B26b)

{ud} dγ [ud] = C 3
→0 = edX 0→Np , (B26c)

{uu} uγ[ud] = C 3
↑0 = −

√
2euX 0→Np ; (B26d)

and

Q3
→→ = −8.8× 10−7edNp =: X →→edNp , (B27a)

{ud} uγ{uu} = C 3
→↑ = −

√
2euX →→Np , (B27b)

{uu} uγ{ud} = C 3
↑→ = −

√
2euX →→Np . (B27c)

TABLE B.1: Breakdown by diagram of contributions to the
nucleon’s canonical normalisation. Column 2: Results scaled
as described in Sec. B 5. N.B. In relation to Eqs. (B28), (B32):
Diagram 1 corresponds to summing Q terms; Diagram 2, sum-
mation of D terms; and Diagram 3, summation of X terms.
(Actual value of each entry is obtained via division by 103.)

1/N p 1/N R
p

Diagram 1 10.9 10.5

Diagram 2 7.70 8.46

Diagram 3 −0.0729 0.157

Diagram 4 0 0

Total 18.5 19.2

4. Collected Results: Normalisation

For ease of reference, we gather all independent results
computed in Secs.B 1–B3 into Eq. (B28), wherein each
entry should be divided by 103:

Q 0 Q 1 D0 D1 X 00 X 0→ X 00

16.3 1.48 15.2 0.879 0.0875 0.0179 −8.80× 10−4
.

(B28)
The associated contributions to the nucleon’s canonical
normalisation constant are listed in Table B.1.

5. Current Conservation

In a symmetry preserving treatment of the contact in-
teraction, using integration by parts and changes of vari-
ables, one can establish the following Ward identities be-
tween the contributions described above:

Q 0 = D0 + 2X 00 + 2(1−
√
2)X 0→ , (B29a)

Q 1 = D1 + 2X 0→ + 2(1−
√
2)X →→ , (B29b)

X →→ =
1 +

√
2

1−
√
2

X 0→ . (B29c)

In the static approximation, Eqs. (1), (49), the exchange
diagrams vanish and Eqs. (B29) reproduce the identities
used in Refs. [39, 43, 44].
At the same level, the neutron should be neutral. Con-

sider, therefore, that in the isospin symmetric limit, the
neutron’s charge can be computed from the diagrams de-
tailed in Secs. B 1–B3 by making the exchange u↔ d:

en = Np[Q
0ed + Q 1(ed + 2eu)

+ D0eud + D1(eud + 2edd)

+ X 00eu + 2X 0→(eu −
√
2ed)

+ X →→(eu − 2
√
2ed)] = 0 , (B30)

if Eqs. (B29) are satisfied. Numerically, however, they
are not. That is because the last step in our regularisa-
tion procedure involves the introduction of hard infrared
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and ultraviolet cutoffs, which naturally spoils the condi-
tions necessary to prove Eqs. (B29). Following Ref. [20],
a remedy is straightforward. Namely, we use Eq. (B29c)
as a definition of X 11 and introduce rescaling factors r0,1,
with Q 0 → Q̄ 0 = Q 0(1+ r0), D0 → D̄0 = D0(1− r0) and
Q 1 → Q̄ 1 = Q 1(1 + r1), D1 → D1 = D1(1 − r1), such
that Eqs. (B29) are satisfied when expressed in terms of
Q̄ 0,1, D̄0,1. This procedure yields

r0 = −0.0298 , r1 = −0.203 , (B31)

and entails X →→ → X̄ →→ = 119X 0→ =: rX X 0→. N.B.
These same scaling factors are applied to the analogous
diagrams that appear in computing the proton’s tensor
charges.
The nucleon Faddeev amplitude can now be nor-

malised, following the procedure described in Sec.VB.
One has

ep = Np[Q̄
0eu + Q̄ 1(eu + 2ed)

+ D̄0eud + D̄1(eud + 2euu)

+ X 00ed + 2X 0→(ed −
√
2eu)

+ X̄ →→(ed − 2
√
2eu)] = 0.0192Np (B32)

⇒ Np = 52.2 . (B33)

The contribution from each diagram-number is listed sep-
arately in Table B.1.

Appendix C: Nucleon-Tensor Vertex

When a symmetry-preserving regularisation of the con-
tact interaction is employed, one finds [20]

Vµν = σµν , (C1)

i.e. the tensor vertex is not dressed, a result which owes
to the inability of any symmetry-preserving regularisa-
tion of a contact interaction to support nonzero relative
momentum in a quark-antiquark system.
Following our analysis of the proton’s electromagnetic

current atQ2 = 0, only one type of diagram remains to be
explicated, viz. Diagram 4 in Fig. 4. In connection with a
zero-momentum tensor probe, this image translates into
two terms: C 4

0→ = C 4
→0, with the latter corresponding to

T 4
0→Λ+(P )σµνΛ+(P ) = NpΛ+(P )

∫ Λ

dk

Aα(k;−P )

×∆1+

αβ(kqq1+ )Vβµν(kqq1+ , kqq0+)∆
0+(kqq0+)

× S(kq)S(k;P )Λ+(P ) , (C2)

where the tensor transition vertex is (Nf = 2, ND
c = 2):

Vβµν(kqq1+ , kqq0+) = −2NfN
D
c tr

∫ Λ

dq

S(q + kqq1+ )σµν

× S(q + kqq0+ )Γ
0+(kqq0+)S(q)Γ

1+

β (−kqq1+) . (C3)

Analysing and combining these integrals in the now
customary way, then at the hadronic scale ζH = 0.39 ±
0.02GeV one obtains

T 4
0→ = −3.68× 10−3Np = −0.192 . (C4)

Both C 4
0→, C 4

→0 contribute half their strength equally to
δTu, δTd, so that

δ4Tu = δ4Td = T 4
0→ . (C5)

The complete list of contributions from Diagrams 1-3
is:

T 1
00 = 0.0147Np (1 + r0) = 0.744 , (C6a)

T 1
→→ = −4.86× 10−4 Np (1 + r1) = −0.0195 , (C6b)

T 1
↑↑ = 2T 1

→→ , (C6c)

T 2
00 = 0 , (C7a)

T 2
→→ = 8.48× 10−4 Np (1− r1) = 0.0544 , (C7b)

T 2
↑↑ = 2T 2

→→ , (C7c)

T 3
00 = −1.93× 10−4 Np = −0.00992 , (C8a)

T 3
0→ = 8.8× 10−5 Np = 0.00459 , (C8b)

T 3
0↑ = −

√
2T 3

0→ , (C8c)

T 3
→0 = T 3

0→ , (C8d)

T 3
↑0 = −

√
2T 3

0→ , (C8e)

T 3
→→ = −7.87× 10−6 Np rX = −0.0487 , (C8f)

T 3
→↑ = −

√
2T 3

→→ , (C8g)

T 3
↑→ = −

√
2T 3

→→ . (C8h)

In terms of the contributions in Eqs. (C5)–(C8), the pro-
ton’s tensor charges are:

δTu = [T 1
00 + T 1

→→] + [ 12T 2
→→ + T 2

↑↑]

+ [T 3
0↑ + T 3

→↑ + T 3
↑0 + T 3

↑→] + T 4
→0 , (C9a)

δTd = T 1
↑↑ +

1
2T 2

→→

+ [T 3
00 + T 3

0→ + T 3
→0 + T 3

→→] + T 4
→0 . (C9b)

These expressions yield the results in the upper panel of
Table IV.
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[10] G. Eichmann, I. C. Cloët, R. Alkofer, A. Krassnigg and

C. D. Roberts, Phys. Rev. C 79, 012202(R) (2009).
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C. D. Roberts, Few Body Syst. 46, 1 (2009).
[12] G. Eichmann, R. Alkofer, A. Krassnigg and D. Nic-

morus, Phys. Rev. Lett. 104, 201601 (2010).
[13] G. Eichmann, Phys. Rev. D 84, 014014 (2011).
[14] C. Chen, L. Chang, C. D. Roberts, S.-L. Wan and D. J.

Wilson, Few Body Syst. 53, 293 (2012).
[15] G. Eichmann and C. S. Fischer, Phys. Rev. D 87,

036006 (2013).
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