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An important ingredient of many composite-Higgs scenarios is partial com-
positeness: a mass for the top quark is generated via mixing with baryonic
operators of the same new strong dynamics that produces the composite Higgs
particle. These baryonic operators are scale dependent. We construct these op-
erators, and calculate their one-loop anomalous dimension, in a set of ultraviolet

completions of the Standard Model proposed by Ferretti and Karateev.



I. INTRODUCTION

A common theme in the phenomenology of the electroweak interaction is that the Stan-
dard Model (SM) emerges as a low energy effective theory of some high scale dynamics.
That dynamics could be strongly interacting, with the Higgs boson appearing as a com-
posite Nambu-Goldstone boson (NGB). The strongly coupled sector is presumed to have a
global symmetry group G which spontaneously breaks to a subgroup H that, in turn, can
accommodate the electroweak symmetries SU(2),, x U(1),-. Turning on electroweak interac-
tions with the NGBs and, in addition, allowing them to interact with the top quark converts
some of the NGBs into pseudo Nambu-Goldstone bosons (pNGBs). The NGB manifold
G/H contains a field with the quantum numbers of the SM Higgs, which then develops
an expectation value, thereby inducing electroweak symmetry breaking. These models are
generically known as “composite Higgs models.” For reviews that reflect the evolution of
this field see [1-4].

We will call the new strong dynamics hypercolor, to distinguish it from the classic techni-
color scenario, and denote by Ay¢ its scale. Ayc must be larger than the electroweak scale
of 245 GeV, and phenomenological expectations place it in the range of 1 to few TeV. The
SM Higgs also gives masses to fermions. In all composite Higgs extensions of the SM we are
familiar with, this occurs through higher dimensional operators, so that the new interactions
are (formally) irrelevant. The most important of them are dimension-six, four-fermion oper-
ators. They are associated with a yet higher energy scale Apyc (for Extended hypercolor),
at which, presumably, another gauge symmetry undergoes spontaneous symmetry breaking,
much like the exchange of W* and Z bosons manifests itself at the hadronic scale through
effective four-fermion operators.

According to one possible mechanism for generating fermion masses, called “partial com-
positeness,” an elementary SM fermion couples linearly to strong-sector baryons, which, in
effect, allows it to couple to the composite Higgs as well [5]. Mass eigenstates are then linear
superpositions of SM fermions and hyperbaryons. Since it is the only fermion whose mass
is comparable to the electroweak scale, the top quark plays a special role. Indeed, in the
composite-Higgs models of Ref. [6] that we will study in this paper, the top’s contribution
to the Higgs effective potential is crucial in order to generate a negative curvature at the

origin, and, thus, a non-zero expectation value for the Higgs field [7, 8].



Schematically, each four-fermion interaction is given by

A()gB + A" (1) By

2
AEHC’

L(p) =

, (1.1)

where ¢, q are SM fermions, while B, B are interpolating fields for some three-fermion bound
states of the hypercolor theory. The coupling A(x) is dimensionless, and p is the scale at
which the interaction is probed. We presume that £(u) was induced by the exchanged of
superheavy gauge bosons with mass ~ Agyc > Apc, so that, when probed at that scale,
AMAggc) would be equal to the corresponding gauge coupling squared, up to some O(1)
number.

The basic tension confronting such scenarios is that, generically, the EHC interaction will
also induce four-fermion operators ~ gqqq, that involve only SM fermions. Flavor physics
constraints on such interactions can be quite severe. Depending on exactly what is assumed
about the EHC theory, meeting experimental bounds may require the scale Agyc to be
much larger than Agc. Then the question becomes, can the observed fermion masses, and,
in particular, the top-quark mass, be generated by interactions such as (1.1)? In order to
determine A(Agc), the strength of the interaction (1.1) at the hypercolor scale, we must
track the renormalization-group evolution of the hyperbaryon operator B from Agye down
to Agc. This evolution is driven by the same hypercolor interaction that holds together
the constituents of the hyperbaryon. We will assume that all the SM gauge interactions,
including QCD, are sufficiently weak at the relevant scales so that their contribution to the
renormalization-group flow can be neglected.

So finally, we come to the point of this short note: first, to write down a set of candidate
dimension-six operators which couple the top quark to hyperbaryons, and then to compute
their anomalous dimensions in the hypercolor theory to one loop.

Which hyperbaryon operators can couple linearly to the top quark, and how they evolve,
are questions that can only be addressed within a concrete hypercolor model. In this paper
we will study a family of models proposed by Ferretti and Karateev [6]. The requirements

underlying their classification include:
e The hypercolor gauge group is simple and asymptotically free.

e There are no gauge anomalies.



e The unbroken global symmetry H is such that

H 2 SU@3)color x SU(2)r, x SU(2)r x U(1) (1.2)
D) SU(?))color X SU(Q)L X U(l)y ,

with the gauge group of the SM in the last line. The group SU(2)g is the familiar
custodial symmetry of the SM. Hypercharge is Y = T + X.

e The coset G/H contains a field with the quantum numbers of the SM Higgs.

e There exist hypercolor baryons with quantum numbers that allow them to couple

linearly to SM fermions.

In these models, the Higgs field is identified with pNBGs that originate from the condensation
of fermions in a real or pseudoreal irreducible representation (irrep) of the hypercolor gauge
group. The classification of symmetry breaking patterns was given long ago in Ref. [9, 10].
In the case of a real irrep, the minimal number of Weyl (or Majorana) fermions needed to
satisfy all requirements is 5. The symmetry-breaking manifold is then SU(5)/SO(5), with
the Higgs field taking up 4 out of a total of 14 pNGBs. For a pseudoreal irrep, 4 Weyl
fermions are needed. The coset is SU(4)/Sp(4), with just 5 pNGBs altogether, where again
4 of them constitute the Higgs field.

In order to have hyperbaryons that can couple linearly to the top quark, fermions in at
least one more irrep of the hypercolor gauge group are needed. A list of models that satisfy
all these requirements was given in Ref. [6]. One model (argued to be the preferred one
by Ferretti in Ref. [7]) has an SU(4) gauge group, 5 Majorana fermions in the two-index
antisymmetric (as2) representation, and 3 fundamental representation Dirac fermions. Other
candidates include SO(d) gauge fields and a mix of vector and spinor representations. (Other
proposals for ultraviolet completions which we are aware of include Sp(2/V) gauge groups
and two representations of fermions [11] and SU(3) with many fundamentals [12].) Each
model is minimal in the sense that, if any fermions are removed, then it would not be possible
to satisfy some of the requirements listed above. Of course, additional fermions could be
added that do not play any direct role in meeting the above requirements. The main effect
of such additional matter would be to slow down the running of the hypercolor coupling.

With only the minimal fermion content listed in Ref. [6], many of the models appear

to be QCD-like: their beta function is not small, and they are not expected to exhibit
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near-conformality.

(This statement can be justified by looking at the two lowest-order coefficients of the beta
function. QCD-like behavior is expected when they are both positive, in the conventions of
Egs. (1.4) and (A4). For the SU(4) model, we can go further by invoking large- NV scaling as
an appropriate way to compare models. We do this by scaling the lowest order coefficients,
dividing by N and N2, b;/N and by/N?. They would compose the beta function for the 't
Hooft coupling g?N. The SU(4) Ferretti-Karateev model has by /4 = 7/3, by /16 = 461/192 ~
2.4. In contrast, SU(3) gauge theory with N; = 6 fundamental Dirac fermions has b; /3 =
7/3, by/9 = 26/9 ~ 2.9, equal running at one loop and slightly faster running at two loops.)

In the one-loop approximation, the enhancement (or suppression) factor resulting from
running from a high scale u down to a smaller scale y’ is then

) (g?(u’))z% _ (1og<u/AHc>)?Ti 13)
M)\ g?(n) log(1'/Anc) ’ '

where now A is the scale occurring the solution of the beta function®

dg g 9°
2y _ _ b — bo 4 - 1.4
B(g7) = p e 1672 1 (1672)2 2+ ’ (14)

within the one-loop approximation, and the anomalous dimension is

p 0Zp g9

_ _ 1.5
v(9) 70 On ezt (1.5)

where Zp is the wave-function renormalization factor for the hyperbaryon B. We use similar
conventions for the  and 7 functions. A negative value for v (or a positive one-loop
coefficient 7 ), means that the coupling \(y') grows when g’ is decreased. For the running

from Agpyc down to Aye we take u ~ Aggyc and 1/ =~ Ay, leading to

AMAgc)
MAEgHC)

As mentioned above, additional matter could be added to the model to slow down the

~ log®1 (Apuc/Auc) . (1.6)

running of the hypercolor coupling. Suppose that, all the way from Aggyc to Agc, the
hypercolor coupling was approximately constant and equal to g,. Then, instead of Eq. (1.6),
running would give a power law enhancement

MAne) _ (Apnc) Y (17)
MAgre) ~ \ Anc ’ '

1 See Eq. (A4) for the general form of the one- and two-loop coefficients.
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or, if the one loop formula were valid,

)\(AHC) N (AEHC>’Y193/(167T2)
MAgHCc)

potentially producing a much bigger effect.

: 1.8
Moo (1.8)

In this paper we construct the top-partner hyperbaryon operators for some of the models
of Ref. [6], and compute their one-loop anomalous dimension. In Sec. II we discuss the SU(4)
model, and in Sec. III we extend the discussion to models based on an SO(d) gauge group.
We discuss our results in Sec. IV. Technical details are relegated to appendices.

The technology needed for this calculation was originally developed for the study of proton

decay in Grand Unified theories [13]. A comprehensive review may be found in Ref. [14].

II. RESULTS FOR THE SU(4) MODEL

We review the construction of top-partner hyperbaryon operators, following Refs. [7, §].
The hypercolor gauge group is SU(4). The fermion content is the following: We have 5
Majorana fermions y;, ¢ = 1,...,5, in the real, two-index antisymmetric irrep, and three
fundamental representation Dirac fermions.

The Majorana field y can be written in terms of a right-handed Weyl fermion T as

T aBi
XABi = - ; (2.1a)
Teancp € Tep;
_ 1 _
XABi — §€ABCDXgDiC = <_%€ABC’DT5DZ'€ TABZ‘) . (2-1b)

We use capital letters for the SU(4) hypercolor indices. Multiple indices of a single object
will always be fully antisymmetrized. We have suppressed spinor indices. C'is the charge-
conjugation matrix, € = io is the two-dimensional e-tensor acting on the Weyl spinor index,
and the superscript 7' denotes the transpose in spinor space.

The three Dirac fermions v,, a = 1,2, 3, are in the fundamental representation. 1), can
be written in terms of two right-handed Weyl fermions, ¥, in the fundamental irrep and ¥,

in the anti-fundamental, as

o= T Day = (—\Hae \Tan) . (2.2)



SU(5) SU(3) x SU(3)’ SU(3). U(1)x U(1)
TOw)| 5 (3,1)x(3,1)—=(3,1) 3  2/3 7/3|Bg
YUT)| 5 (1,3)x(1,3)—(1,3) 3  2/3 -13/3|B,
YOU)| 5 (3,1)x(3,1)—(3,1) 3 -2/3 -7/3|Bgr
Y(U¥) 5 (1,3)x(1,3)—>(1,3) 3  -2/3 13/3|By
T(ww)l 5 (3,1)x(3,1)—(3,1) 3 2/3 13/3|ByL
YU¥) 5 (1,3)x(1,3)—>(1,3) 3  2/3 -7/3|B,
TYPU)| 5 (3,1)x(3,1)—(3,1) 3 -2/3 -13/3|Bg
YU)| 5 (1,3)x(1,3)—(1,3) 3  -2/3 7/3|B,

TABLE 1: Local hyperbaryon operators of the SU(4) model. The leftmost column gives the Weyl-
fermion content, and the rightmost column the notation used for the operator. The remaining

columns list the quantum numbers.

The global symmetry is
G = SU(5) x SU(3) x SU(3)' x U(1)y x U(1)", (2.3)

with quantum numbers (5,1, 1) 1) for T; (1,3,1)/35/3) for ¥; and (1,1,3)_1/35/3) for
¥. The symmetry-breaking pattern is G — H with

H = SU(3)eor ¥ SO(5) x U() .

The unbroken group H satisfies Eq. (1.2), with SU(2), x SU(2)g C SO(5). The symmetry
breaking SU(5) — SO(5) is induced by the Majorana-fermion condensate (x;x;) o 6.
Like in QCD, the breaking SU(3) x SU(3)" — SU(3)color, Where SU(3)co1or is the diagonal
subgroup, is induced by the condensate (1,1) o< d,. Both condensates also break U(1)".
Let us now discuss the hyperbaryon operators. We first require that the only source of
explicit breaking of SU(3) x SU(3)" to SU(3)color Will be the QCD interactions. This implies

that the hyperbaryon must contain two same-type fundamental fermions, e.g., YW or \il\i!,

but not WW. The quantum numbers of the allowed hyperbaryon operators are listed in



Table 1. The explicit form of the unprimed operators in Table 1 is

Bria = _%EABCDeabc P xapi (V& CPrUD) (2.4a)
= %EABCDEabc T asi (\I’gb € \I’Dc) )

Bria = %EABCDEabc XapilL (@Cb CPy Eik) (2.4b)
= §€ABC'D€abc T api (‘I’(Jb € ‘I’ip)c) )

Bria = _%EABCDEabc Prxapi (V& CPrDe) (2.4c)
= €abc € TiBi (\Iﬂb € \IIBC) ,

Bria = %EABCDEabc Xapilr (ﬂcz) CPy @gc) (2.4d)
= €abe Thpi€ (Vape UG, - (2.4e)

The chiral projectors are Pr = (1 4+ 75)/2 and Py, = (1 — v5)/2. The primed operators are
obtained from Eq. (2.4) by interchanging Pr <+ P inside the 1) and 1) bilinears. The
C'P transformation acts as
R TR S (2:5)
for both Dirac and Majorana fermions. The sign choices of Eqgs. (2.4a)- (2.4d) imply that
the hyperbaryon operators will transform in the same way, and eventually, that the 4-Fermi
lagrangian that couples the SM fermions to the hypercolor baryons will be C'P-invariant.
At the one-loop level we encounter the three one-particle irreducible diagrams shown
in Fig. 1. The double line represents the sextet Majorana fermion, while the single lines
represent the two fundamental Dirac fermions. In all cases studied in this paper the matrix
of wave-function renormalization factors is diagonal. The Z-factor of a given hyperbaryon
operator can be expressed as
2

Z=1+ ﬁ (g(a)p(a) 4+ G(b,e)D(b + ¢) — ;Cg(j)) , (2.6)

where € = 2 — d/2. With Eq. (1.5) and 3(¢% €) = —2eg* + B(g?), the one-loop anomalous
dimension ~; is half the expression inside the parentheses on the right-hand side.

In Eq. (2.6), the summation in last term accounts for the wave-function renormalization
factors of the external legs, here given by 2C,(fund) + Cs(sextet). After separating out a
common factor arising from the logarithmically divergent momentum integral, the contri-

bution of each one-particle irreducible graph can be expressed as the product of a group
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FIG. 1: One-loop diagrams. For the SU(4) model, the double line represents a sextet (as2) fermion,
which carries the open spin index of the hyperbaryon. The other two lines are fundamental-irrep
fermions. For SO(d) models, the double line belongs to the vector irrep, while the other fermion

lines belong to a (chiral) spinor irrep.

theoretical factor G and a Dirac-algebra factor D. Fig. 1(a) gives rise to the term G(a)D(a).
Figs. 1(b) and (c) share a common group theoretical factor that we denote as G(b,¢), and
their combined contribution is given by G(b, ¢)D(b + ¢), where D(b + ¢) sums up the Dirac
factors from both graphs. The necessary SU(N) group theory is summarized in App. A.
Details on the calculation of the Dirac factors are listed in App. C. The resulting factors
are summarized in Tables 2 and 3.

The operators in Table 1 all share the Dirac tensor structure P, ® P,, where P, and P,
can each be P; or Pg. The first projector P; is sandwiched between the two fundamental
fermions: either between ¢”C and 1, or between 1) and C@T, while P, multiplies the open
fermion index of the Majorana fermion y. The Dirac factors D(a) and D(b + ¢) do not
depend on the choice of the chiral projectors. Thus, for all the operators in Table 1 we
obtain

15

71(P1®P2):Z ; (2.7)

where we have indicated the common Dirac tensor structure of the hyperbaryons.
If we allow SU(3) x SU(3)" to be broken explicitly to SU(3)co1or by the SM-hypercolor
lagrangian, we may also consider hyperbaryons where the two fundamental fermions are

mixed, e.g., 0. This allows for two more operators

BP'% o< eapcp€ave Pr.rvu xasi (W Cus Upe) - (2.8)



P ® P Pl’yu ® Pg’yu O & opy

(a) 16 4 0
(b+c)| 8 20 24

TABLE 2: Dirac factors arising from diagram (a) and from the sum of diagrams (b) and (c), for
the various possible tensor structures that form the hyperbaryon. P; and P, can each be one of

the chiral projectors Pr, g.

The color factors are the same as before, while the Dirac factors are shown in the v, ® 7,
column of Table 2. The resulting one-loop anomalous dimension is

15
YO(Pry, ® Pyy,) = - (2.9)

which is twice as big as that of Eq. (2.7).
Since the spin wave function of the fundamental fermions must be antisymmetric, the

symmetry properties under charge conjugation (Eq. (C1)) imply that we cannot use ¥ C7y, ¢
nor ' Co,,, 1.

III. RESULTS FOR SO(d) MODELS

In this section we study models whose gauge symmetry is the orthogonal group SO(d).
We will mainly focus on even values of d. These models, which are discussed in Sec. IIT A,
correspond to the p = 3 case of Ref. [6]. We briefly discuss the p = 2 models [6] where
the gauge group is SO(d) with d odd in Sec. III B, and “flipped” models where the role of
the vector and spinor irreps is interchanged in Sec. III C. The calculation of the one-loop
anomalous dimension for all these models is summarized in Sec. III D. For convenience, we
review in App. B the needed SO(d) group theory, focusing mainly on the spinor irreps. This
Appendix is a bit long, but it turns out that determining the charge conjugation properties
of our states is not completely straightforward until we look at the explicit form of the Dirac

matrices.
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) SO(d)
(d—2)2—d

w2
I =
N

ot oolot

8
d—
(b,C) Tl

TABLE 3: Hypercolor factors arising from diagram (a) and from diagram (b) or (c). For some

more details on the SU(4) calculation, see App. A. For the SO(d) case, see App. B3.

A. SO(d = 2n)

Here we consider SO(d) models with d = 6,8,10,12,14. The d = 6, 8 and 10 models
are QCD-like in that b; and by are both positive. For d > 16 the hypercolor theory loses
asymptotic freedom. The d = 12 and 14 models have Banks-Zaks fixed points. Notice,
however, that the number of additional triplets of ordinary color grows with d, and that
QCD loses asymptotic freedom already for d > 10.

In all models, the fermion content includes 5 Majorana fermions y; in the vector irrep,
which, like the sextet fermions of SU(4), produce the coset SU(5)/SO(5) after chiral sym-
metry breaking. Instead of the SU(4) fundamental irrep fermions we will now have two
color triplets of Weyl fermions each belonging to some chiral spinor #rrep. The smallest
gauge group SO(6) is isomorphic to SU(4). Hence, this case provides a cross check of the
calculation.

The gauge singlets that form the hyperbaryons are always constructed from one SO(d)
vector, and from two SO(d) spinors (that also carry the ordinary color). As we will see, the
details of how a vector is formed from two spinors vary. Our SO(d) notation is explained in
App. B, and the results pertaining to the Dirac algebra and charge conjugation symmetry
in d = 2n dimensions are collected in App. B1. We are guided by Table 7, where we have
tabulated the sign factors that occur in some key relations, which, in turn, will influence
the construction. We will have to distinguish several cases. First, for d = 4n + 2 the chiral
spinor irreps are complex conjugate. We denote the chiral irrep projected by P, and P_
(Eq. (B12)) as s and S respectively. We will have to further distinguish between d = 8n + 2
and d = 8n+6. The last case is d = 4n where the chiral spinor #rreps are real (for d = 8n+4)

or pseudoreal (for d = 8n). The irrep projected by Py is denoted sy in this case.
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1. d=8n-+6

We start with the d = 8n + 6 case, remembering that SO(6) should reproduce the SU(4)
model of Sec. II. The same construction that works for SO(6) will work also for SO(14). The
complex-irrep Weyl fermions are W,,, transforming as (s, 3, 1) under SO(d) x SU(3) x SU(3)’,
and U, transforming as (8,1,3). We use «, 3,... = 1,2, for the 4-dimensional Weyl index,
and, as before, a,b,... =1,2,3, for triplets of SU(3) or SU(3)".

Performing the SO(d) contractions requires some care, because the spinor conventions
which are customary when SO(d) is the spacetime symmetry are different from those we will
prefer when SO(d) is an internal (gauge) symmetry. We start by grouping the chiral spinors
into SO(d) Dirac spinors,

S
I

¢=(.]. <¢=(vv (3.1)
i (v @)
These objects transform as (see Eq. (B10))
0¢ = XyC 0 = —C Xy . (32)

Of course, this implies that ¢, ( span a reducible representation of SO(d). In terms of the
irreducible chiral representations, this is equivalent to
00 = (%i)++ ¥, oV = —‘i’(zij)++ ) (3.3)
SV = (S)_ T, 00 =—U(D)__, (3.4)
where we are using the block notation of Eq. (B13). These look like conventional gauge trans-
formation rules, with generators (X;;) 4+ and (3;;)__ for the s and § irreps respectively. We

furthermore observe that, thanks to the d-dimensional charge conjugation symmetry (B16),

CZT and ¢ have the same SO(d) transformation properties, and the same is true for ¢ and
¢re.
With this information at hand, we may now construct bilinears that transform as an
SO(d) vector, and which are constructed from two copies of the same chiral irrep. They are
CH(CT)4+¢ = W3, (CT3) 44 Ueg (3.5)
— _T — —
CTiC)4+C = Upa(IiC ++‘I’cTﬁ )
crery)__¢ = ok
Z(FZ‘C)__ZT = \iba r,C __\ifgﬁ s

12



where on the right-hand side we have exposed the chiral irrep content, and reintroduced
the 4-dimensional Weyl index, as well as the triplet index of SU(3) or SU(3)". According
to Table 7, these products are antisymmetric on their SO(6) spinor indices, consistent with
the contractions of the fundamental-irrep fermions in the SU(4) language.

Next, we deal with the 4-dimensional Dirac structure. To this end, we will group the
Weyl fermions into ordinary Dirac fermions that belong to a specific irrep, s, of the SO(d)
gauge group.? Once again using the SO(d) charge-conjugation symmetry, the Dirac fermions

are (compare Eq. (2.2))

v _ - _
b = N <_\11T€c_+ xp) . (3.6)
€C+_\DT
To be explicit, the SO(d) transformation rules are 6¢p = ()14, 0 = —1h(3;5)4+. Con-

tracting the 4-dimensional fermion index into an as-yet unspecified Dirac matrix X, the

bilinears of Eq. (3.5) become

€abe ¥y (CT3) 14+ CPrX Pribe (3.7)
€abe y(TiC) 1 PLX PLOY,
€abe Eb(rz‘c)++PRXPRCECT )
€abe ¢g(cri)++0PLXPL¢c )

where we have performed the color contraction as well. The 4-dimensional Dirac matrix
X must commute with 75. Moreover, the 4-dimensional spinor wave function must be
antisymmetric, and consulting Eq. (C1), the only choice is X = I. As expected, after
multiplying by y; to form an SO(d) singlet, this reproduces the hyperbaryons of Table 1 and
Eq. (2.4).

As in Sec. II we may decide to relax the assumption that SU(3) and SU(3)" are good
symmetries separately, and insist only on SU(3)c0r. This allows us to replace PpX Py, or

PrX Pr by 7,75 in Eq. (3.7).

2 The 4-dimensional Dirac fermions are obviously different from the objects introduced in Eq. (3.1), which
have components transforming as both s and 8§ under SO(d), and are Weyl fermions as far as their

spacetime transformation is concerned.
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2. d=8n-+ 2

This case is represented only by SO(10). The construction is similar, except that the prod-
ucts in Eq. (3.5) are now symmetric on the SO(10) spinor index. Hence, the 4-dimensional
spin wave function must be symmetric as well. If we want SU(3) and SU(3)" to be good
symmetries separately, the Dirac fermion bilinears we can use are again given by Eq. (3.7),
but now we must take X = o0,,. As before, relaxing this condition will allow for X = v, as
well. [This time, both C'Pgry, and C'Pp7, will be projected to C,, which is the symmetric

spin wave function.]

3. d=4n

As mentioned already, for SO(4n) the chiral irreps are real or pseudoreal. This means
that there would be no hypercolor gauge anomalies even if we use Weyl fermions that
belong only to one of the chiral irreps. But, because now C commutes with P, we have
(Cl'y) 44+ = (CI;)—— = 0, as well as, as always, (I';)4+ = (I';)-— = 0. A bilinear transforming
as an SO(4n) vector must therefore be constructed from one irrep of each chirality. It
also follows that we cannot construct hyperbaryons that will respect SU(3) and SU(3)’
separately. Insisting on SU(3)el0r only, we take W,, to be in (s, 3) of SO(d) x SU(3)color,
while U, is in (s_,3). The products that transform as an SO(d) vector and SU(3)color
triplets are

€ane Vo (T3) 4 Ups | (3.8)

Eabc\I]baz (Fi>+— \Ilcﬁ .

Just in order to be able to use the 4-dimensional Dirac matrices, we can trivially embed the

Weyl fermions into 4-component fermions with one vanishing chirality,
UVn="Pey, Uon=mP,, V—oi=Psi, U—oij=iP,, (3.9)
so that Eq. (3.8) leads to
€ave My (Li) —+ PL X Prije (3.10)
€abe My (L) 4= PLX PRije -

Since we have two different chiral irreps there is no definite symmetry. Given the four-

dimensional chiral projectors we take X = .
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d [P ® P Pl’yu ® Pg’yu O & opy

in [8,12] — B -
sn+2/ 10| - B A
8n+6/6,14] A B -

TABLE 4: Summary of SO(2n) hyperbaryon properties. The first column shows the mod-8 family,
and the next the relevant values of d. For each of the three Dirac tensor structures, the symbols
have the following meaning: A or B indicate that the tensor structure is allowed for the given
family, whereas a — sign indicates that it is disallowed. For A, both SU(3) and SU(3)" are good
symmetries, whereas for B, only SU(3)clor is @ good symmetry. The disallowed cases refer to the

minimal fermion content as described in the main text.

This completes the construction of the hyperbaryon operators for SO(2n). For conve-
nience, we summarize our findings in Table 4. As a final comment, we note that our analysis
applies to the minimal fermion content of these models, and that adding more fermions will
in general lead to more possibilities. For example, in the d = 4n case, adding new fermions
¥’ in (si,3) and ¥/, in (s_,3) would allow for bilinears such as eabc\ffga(CFi)_Jr\I/’cﬁ and

€abcwga(cri)+—q]éﬁ’
B. SO(d=2n+1)

Some of the p = 2 cases of Ref. [6] make use of an SO(d) gauge group with d odd. In
this case there are no chiral spinor irreps, and the Dirac-like irrep is real or pseudoreal. We
take 6 Weyl fermions in the Dirac irrep, so that their global symmetry is SU(6). We embed
SU(3)color € SU(3) x SU(3)" € SU(6) by declaring that the first three copies, denoted ¥,
transform as 3 of SU(3), while the last three, denoted W,,, transform as 3 of SU(3)". As
before, we have the 5 Majorana fermions in the vector irrep.

When constructing the spinor bilinears we have to distinguish between d = 4n + 1 and
d = 4n + 3. In the latter case, the bilinear eabC\If;;FaCF Vs transforms as a d-dimensional
vector, whereas in the former case this is true for eabc\IlethCFi\Ifcg where 'y is 75 or its

generalization (see App. B2). The hyperbaryon—-SM coupling that uses these bilinears will
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break SU(6) explicitly to SU(3) x SU(3)". In addition, we may use the bilinear Eabc\ibariqycﬁ
for any odd d, in which case only SU(3)co1or is preserved. We leave it to the reader to figure
out which 4-dimensional Dirac structures are allowed by the symmetry properties in each

case.

C. Flipped models

When the spinor irrep is real or pseudoreal, we may interchange the role of the vector
and spinor irreps. For example, when the spinor irrep is real, we may use 5 copies of this
irrep to generate the SU(5)/SO(5) coset. In this case, 6 copies of the vector irrep will be
used, and the identification of ordinary color with a subgroup of SU(6) will be as in the
previous subsection. When the spinor irrep is pseudoreal, the minimal number is 4 copies,
which trades the SU(5)/SO(5) coset with SU(4)/Sp(4). Once again we leave the detailed

construction of the hyperbaryons to the reader.

D. Calculation of v;

The one-loop calculation is very similar to the SU(4) case. The SO(d) Feynman rules
are given in App. B4. Again the Z-factor of the hyperbaryon takes the form of Eq. (2.6).
This means that the anomalous dimension depends on which 4-dimensional Dirac tensor
structure is used (see Table 2), but not on further details of the construction. The SO(d)
group theoretic factors are of course different. For some details on their calculation, see
App. B3. The results for the one-particle irreducible graphs are given in the rightmost
column of Table 3, and for the wave functions of the external legs in Table 6.

The usual conventions for SU(N) and SO(d) (see Appendices A and B) are such that, for
SO(6), all group theoretic factors are bigger by a factor 2 than those of SU(4). To account
for this, the coupling constants are to be related according to g[SU(4)] = v/2¢[SO(6)].

Using Eq. (2.6) and Tables 6, 2 and 3 we finally obtain the following one-loop anomalous

dimension
(d 1)(d/4_1)a P1®P27
= ( 1) ’ P17u ® P27u ) (3'11)
(d—=1)(5-4d/4), Oy @ Opy

This result is valid for all the SO(d) hyperbaryons we have discussed.
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IV. DISCUSSION

The results we have presented are entirely straightforward. Yet, to our knowledge, this
is the first calculation of the scaling dimension of any partial compositeness operator, in a
four dimensional, field theoretic completion of a Composite-Higgs scenario.

By far, the literature on Composite Higgs makes use of effective field theories. (Compare
the discussion in [15-17] and in the review articles [1-4].) These can be higher-dimensional
theories, which are not renormalizable; or they can be four-dimensional non-linear sigma
models, generalizing the chiral lagrangian of QCD. The vast scope of this body of work
shows that much can be learned from the effective field theory approach. Still, there are
many questions that can only be answered within an ultraviolet completion. The values
of anomalous dimensions are one example. Following Ref. [6, 7], we have taken the notion
of an ultraviolet completion to mean an asymptotically-free gauge theory with fermionic
matter. These hypercolor models contain a candidate composite Higgs field arising as a
(pseudo) NGB from chiral symmetry breaking. In addition, they contain hyperbaryons that
can serve as top partners, thereby allowing for the scenario of a partially composite top
quark.

A key question for the viability of partial compositeness is whether the ultraviolet scale
Agpc introduced in Eq. (1.1) can be taken much higher than the hypercolor scale Agc so
that flavor constraints are satisfied, while, at the same time, the top-quark coupling to the
hyperbaryon is sufficiently enhanced relative to its naive magnitude, so that a realistic top-
quark mass emerges. Apart from noting that a large anomalous dimension is not in conflict
with rigorous bounds, the effective field theory approach has nothing concrete to say about
this question.

In order to establish scaling properties, a study of the dynamics of a concrete model is
required. As a first step, we have constructed in this paper the candidate top-partner hy-
perbaryon operators in various hypercolor models, and calculated their one-loop anomalous
dimension. Our main results are Eqgs. (2.7), (2.9) and (3.11). The encouraging aspect of
these results is that in essentially all cases that we studied, we find that quantum effects
enhance, rather than suppress, the coupling between the top quark and the hyperbaryon.

However, quite clearly, many of the models of Ref. [6], with their minimal fermion content,

would not give rise to nearly as much enhancement as one needs. (This includes the SU(4)
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(equivalently SO(6)) model, and the SO(8) model, the ones which maintain asymptotic
freedom for QCD.) The reason is that it is almost certain that the running gauge coupling
of these theories is QCD-like. In QCD, we enter the perturbative regime at about 0.1 Fermi.
The running on any shorter distance scale is then dominated by one loop. Experience with
QCD is that any further non-perturbative running from 0.1 Fermi to 1 Fermi would produce
at most some O(1) additional enhancement. In the hypercolor theory, the combined effect
of one-loop running from Agyc to, say, 10Ayc, for which the enhancement factor (1.6)
is logarithmic, plus some O(1) additional enhancement for the range of 10Ayc to Ayc,
would not come anywhere close to the total enhancement needed to overcome the power
suppression arising from naive dimensional counting.

Additional fermions could be added to the minimal fermion content of the models of
Ref. [6] for the purpose of slowing down the running. As long as the coupling is sufficiently
weak, the relevant one-loop formula, Eq. (1.8), is expected to provide a reasonable approx-
imation. Of course, when the coupling gets bigger, eventually perturbative calculations
cannot be trusted any more, and only a full-fledged non-perturbative lattice calculation can
determine the anomalous dimension.

Finally, we would like to comment that if it is assumed that the scale Agyc is only
involved in the mass generation for the top (or top and bottom) quarks, while some other
physics is responsible for mass generation for the four lighter quarks and for the leptons,
then the flavor constraints are significantly weaker. In this case the ratio Apyc/Apc can be
taken much smaller than is usually assumed. An important phenomenological constraint,
which appears to be satisfied quite comfortably by the hypercolor models, comes from the
7 — bb decay [7, 18]. To our knowledge, a more systematic study of the flavor constraints

of this scenario is not available to date.
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D T Cy

fund| N % N;];l

adj| N> -1 N N
sym?2 N(]\2f+1) N+2 (N+23\([N—1)
252 N(]\2f—1) N2 (N—23\([N+1)

TABLE 5: Dimensionality D(r), quadratic Casimir Cs(r), and trace T'(r) for some SU(N) repre-
sentations: fundamental (fund), adjoint (adj), two-index symmetric (sym2), and two-index anti-

symmetric (as2).

Appendix A: SU(N) groups

The group generators are hermitian, and satisfy the commutation relations [T,,7T,] =
1 farel., where the structure constants f,,. are fully antisymmetric. Given an irrep r, the
quadratic Casimir Cy(r) is defined by T,T, = C5I where I is the identity matrix, and the
trace T'(r) by tr(T,1y) = T'(r) dap- These invariants are related by

Ca(r) _ D(adj)
() ~ D)

(A1)

where D(r) is the dimension of the representation. See Table 5 for their values for some
1rTeps.
For the one-loop calculation we need the explicit form of the group generators. For the

sextet (as2) irrep, the infinitesimal transformation is given by d,xap = i(T,)55 xcp, With

(05 (To)p — 05(Ta)X — 0% (Ta)5 + 05 (T0)3) - (A2)

N —

(Ta>ig =

where (T,)5 are the usual generators in the fundamental rrep. We also need the closure

relation satisfied by these generators,
B p_1 (oo 1 ipwp
(Tw)a(To)c = 2 0c04 — NéAéc : (A3)

For completeness, we also record the general form of the one- and two-loop coefficients
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D T Cy

vec| d 2 d—1
adj| 491 2(d — 2) 2(d — 2)

chir|2d/2—1 9d/2—3 d(dg—l)

TABLE 6: Dimensionality D(r), quadratic Casimir Cy(r), and trace T'(r) for some SO(d) repre-
sentations: vector (vec), adjoint (adj), and chiral spinor (chir). The latter applies only when d is

everll.

of the beta function (for any gauge group),

by = —02 (adj) — = ZNf (A4)

by = —02 (adj) — ZNf (; Oz(adj)+402(r)) :

where the sum is over the fermion representations, and Ny(r) is the number of Dirac fermions

in the irrep r (a Majorana or Weyl fermion counts as one half Dirac fermion).
Appendix B: SO(d) groups

We label the generators as M;; where ¢,7 = 1,2,...,d, and M;; = —M,;. They are

conventionally antihermitian, and satisfy the commutation relations
[M;j, Myg| = 030 My, — 03 Mo — 050 Mipe + 055 Mip (B1)
In the vector irrep, the SO(d) generators are
(M) ke = dindje — 6100 - (B2)

The definitions of the invariants Cy(r) and 7'(r) given in App. A may be applied to iM;;,
the hermitian version of the generators. See Table 6 for the invariants of some urreps.

The groups SU(4) and SO(6) are isomorphic. However, the conventional normalizations
of SU(N) and SO(d) generators are such that every SO(6) group invariant is twice as big
compared to the corresponding SU(4) invariant. As explained in Sec. III D, we make up for

this by postulating that g[SU(4)] = v/2¢[SO(6)].
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1. Dirac algebra in d = 2n dimensions

The (euclidean) Dirac algebra
{I, T} =26, , 1,7 =12,....d, (B3)
is realized on 2" x 2™ matrices, where n = d/2. The generalization of 75 is defined as
Fp=nplTo - Tag (B4)

(the subscript h stands for “handedness”). The phase factor 7, is chosen such that Ty, is

hermitian and '} = 1.

Ezxplicit construction. In order to verify various properties we will need, it is useful to have
an explicit construction of the Dirac matrices as tensor products of the three Pauli matrices
o, and the 2 x 2 identity matrix I. The iterative construction works slightly differently in

d = 4n and d = 4n + 2 dimensions. Starting with the d = 4n sequence we have, for d = 4,

I' = oy ®o09, (B5)
I'y = 0o ®o0,,
I's = 03 ® 03,
Iy =1®o,
I'y =15 = I ®o;z.

For d = 8,

N =0®0 Qo ®oy, (B6)
I'y =000 ®0®09,
I's = 05®0®0®09,
'y =1®0,001®o09,
I's = I ®o3® 0, ® 0y,
I'e = I ®1 oy Ro09,
'y = 1®1 0309,
s =1®1®1 0,
'

ng I®I®[®O’3
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For the d = 4n + 2 sequence we start with d = 2,

Iy = o, (B7)
Iy = 09,
I, =1I's = o3.
Next, d = 6,
I'' =01 ®0®oy, (B8)
'y = 09®0 ®oy,
I's = 0300 ®oy,
I'y=1®0,®o0;,
I's = I ®o03®01,
I'e = I ® 1 ®oy,
ry =T;=1® 1 ®og,
and d = 10,

M =0®0®0 Q0 o, (B9)
[y =000 Q0 ®o1 R0y,
I's = 03®01 Q01 @01 @07,
I'y =1 ®0,001 ®01 ® o0y,
I'' = I ®03®@01®01 @071,
I'e = I ® 1 ®Roy,Q0; R0,
I'y=1® 1 ®Ro3x0 RQRoy,
s =1 ®1®I1QRc®07,
Ty = IQI®R0s00,,
Mg =1® 111 oy,
Iy =Tyu =111 Qos.

From these examples it should be clear how to proceed for each sequence.

Spinor representations. The antisymmetrized product of two Dirac matrices
1

Xij = T, Ty . (B10)
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d|CT = nC|CTy, = TR C{(CTH)T = nzCT;|(CT,T)T = n4OT, Ty,
2 - — - +
4 - - + -
6 — — —
8 - - +

TABLE 7: Sign factors 71, ...,n4 occurring in d = 2n dimensions in the relations defined at the top
of each column. Notice that 3 = —m; and that nansns = —1. In calculating 1y we use I'l’ = T,.
The periodicity is 8, so that the signs for 2n > 8 may be found on the line that corresponds to 2n
mod 8.

satisfies the SO(d) commutation relations (B1). We may use these matrices to reexpress the
Dirac algebra (B3) as

The 2™ dimensional space on which they act spans a Dirac-like reducible representation.

Introducing d-dimensional chiral projectors:
1
Py = 5(1 +1%), (B12)

and noting that [2;;,I',] = 0, we may split ¥;; = Z;’j + %, where ij = P.¥;; = 5Py
The generators ¥, and X7 act on the irreducible chiral representations of SO(2n).

We introduce block notation, where every 2™ x 2" Dirac-space matrix X is written in
2 x 2 block form corresponding to the projectors P,

X = . (B13)
X . X__

where each block is a 277! x 2"~ matrix.

Charge conjugation. In any even dimension d = 2n one can find a charge conjugation matrix
C that satisfies
cry=-rfc, i=1,2,...,2n, (B14)
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and C~! = C' = CT. For the Dirac matrices we have constructed explicitly, the charge

conjugation matrices follow a simple pattern (e = i)

Ci2) = e, (B15a)
C4) = e® o3, (B15b)
C6) = e®o3®e, (B15c¢)
C(8) = eRI3DeR0s (B15d)
C(10) = eRo3®e® o3¢, (B1be)

and so on. C is antisymmetric for d = 2,4 mod 8, and symmetric for d = 0,6 mod 8. Also,
[C,T';] = 0 for d = 4n, whereas {C,I',} = 0 for d = 4n + 2. We have tabulated the signs
that occur in some basic relations in Table 7.
It follows from Eq. (B14) that
CLiyj =—-35C. (B16)

In d = 4n + 2 dimensions we have {C,I',} = 0, which implies that the two chiral irreps
projected by Py are complex conjugates. For d = 4n, C commutes with I',. Taking into
account the symmetry properties of C itself (see the first column of Table 7) the chiral irreps

are real for d = 8n and pseudoreal for d = 8n + 4.

2. Dirac algebra in d = 2n 4+ 1 dimensions

When d is odd we take the last Dirac matrix to be I'y,, .1 = I',. We have to distinguish
between two families. For d = 4n + 3, C anticommutes with [',, and Eq. (B14) applies for
i=1,2,...,2n 4+ 1. As a result, the construction of an SO(d) vector from a spinor bilinear
works as for even d (except of course that the spinor irrep is not chiral any more). For

d=4n+ 1, Eq. (B14) does not generalize to the last Dirac matrix. Instead, we may use
(CT)T; = +T7(CTy) i=1,2,...,2n+1, (B17)
3. Some identities
Here we collect some useful identities. First,
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Next, using the above identity and Eq. (B11) we have

(d—2)%—d

—Z, 04Dy =

which is used for the color factor G(a) in Table 3. Last, for the color factor G(b,c), we use

an identity involving the generators of both the vector and spinor irreps,
L3 (M5 )ox = =2 De(M5 ) = (d = 1)T, (B20)

where the vector irrep’s generators (M), are given by Eq. (B2). In order to arrive at the
group theoretic factors in the rightmost column of Table 3 we have to divide these results
by 2, because the unconstrained summation on the left-hand side amounts to summing over

each SO(d) generator twice.

4. SO(d) Feynman rules

In order to avoid double counting, it is convenient to label the SO(d) generators by an

ordered pair [ij] where 1 <i < j < d. The tree-level gluon propagator is then

0,010
(A Avpy) = 252, (B21)
P
where we have used the Feynman gauge for definiteness. The (massless) fermion lagrangian

is

Ls = Yag (Vw)as(Dy) i s (B22)
(DM),:ZB = 6ABa +ZA [zy Z]])AB ) (B23)
1<J

where the 4+ superscript refers to the chirality of the irrep. Notice the absence of a factor
of i in front of the gauge field’s term in Eq. (B23), because the generators are already
antihermitian.

When we contract a gluon propagator between two fermion vertices with generators M, [(Zﬁ
and M, [(22 we will get, schematically,

1) @ _ (1)
> M ® M) = Z M) ® M) (B24)
i<j
where, in the unrestricted summation on the right-hand side, we have used that M;; = —M};

by definition.
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Appendix C: 4-dimensional Dirac matrices

Denoting by C' the charge conjugation matrix in four dimensions, Eq. (B15b), the behavior

under charge conjugation is

T

(¢
(C% ’

I)

)
(Cy)”

)

)

!

(C Y57y
(Cou T

(C1)

where in this appendix, I is the identity matrix in Dirac space. As usual (compare Eq. (B10))

T = (1/2) [y W] -

(C2)

When working out the one-loop diagrams, thanks to the common color factor of the graphs

in Figs. 1(b) and (c), summing them together always simplifies the Dirac algebra. For the

derivation of the results in the second row of Table 2 we have use the following identities.

First,

Y Vv & (7/1%/ + 71/7/1) =8I®1I,

which follows immediately from the Dirac algebra. The next identity

YV Yo @ (V¥ + Vo VoY) = 207, ® 7,

can be proved using

YWV = 5;11/7;) - 5up7y + 51/1/}/;1 + Cuvpr V5T -

Finally,

VuYvOrp @ ('VM’YVU)\p + O')\p%/}/u) =

= (0w — 103,) 02 @ [(Jy,

= 80, ® 0oxp — 5
- 240Ap ® UAp 9

v = 10) 0y + 0xp(0p +i0,)]

(O, Tap) @ [0 O]

where we have used ¢, = 2i¥,, and Egs. (B1) and (B11).
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