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Abstract

By combining the color dipole model of the nucleon with the assumption that cross sections

behave asymptotically as ln2(s), we are able to describe the data for photon, neutrino and hadron

interactions with protons at all energies; s is the center-of-mass energy of the interacting par-

ticles. Specifically, we extrapolate the perturbative QCD calculations into the regime of small

fractional parton momenta x using a color dipole description of the proton target that guarantees

an asymptotic ln2(s) behavior of all cross sections. The ambiguity of introducing a parametrization

associated with the dipole approximation is mitigated by the requirement that the saturation of the

small-x structure functions produces ln2(s)-behaved asymptotic cross sections, in agreement with

the data. The same formalism allows us to calculate the cross section for the hadronic pair pro-

duction of charm particles. The results, in particular those for the high-energy neutrino and charm

cross sections, are relevant for evaluating the sensitivity as well as the background in neutrino

telescopes.

PACS numbers: 12.38.Bx, 12.38.-t, 13.15.+g, 13.85.-t

Keywords: perturbative calculations, quantum chromodynamics, neutrino interactions, electromagnetic form

factors, hadronic induced high and super-high interactions, charmed mesons, meson production
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I. INTRODUCTION

The high-energy behavior of photon, neutrino and proton cross sections on protons cannot

be calculated perturbatively when the fractional momenta x carried by the constituents

become vanishingly small [1–3]. The structure functions develop a ln(1/x) divergent behavior

that results in a violation of unitarity bounds [4]. It has been argued for some time that

accelerator and cosmic ray data favor a ln2(s) behavior of hadronic cross sections [5]. In fact,

a model-independent analytic extrapolation of a ln2(s) description of the lower energy data

on proton-proton total cross sections correctly anticipated [6–8] the measurements at the

LHC and the Auger cosmic ray observatory [9–11]. In this paper, we extend this successful

phenomenological approach to photon and neutrino cross sections.

We present the unified dipole model framework [12–17] that describes the behavior of

γp, νp and pp cross sections at high energies and small-x. Perturbative QCD calculations

break down at high energy when the proton has an increasing number of partons with small

fractional momenta x. In a parton picture one can simply think of saturation as screening

resulting from the fact that the increasing number of small-x partons have to be confined

to a high energy proton of finite size. Asymptotically, the proton is a black disk of (mostly)

gluons with a radius that increases as ln s. The dipole description of the proton incorporates

color saturation [16]. What is new here is that we constrain the parameterization associated

with the dipole model by the requirement that the cross section behaves asymptotically

as ln2(s) [6, 8]. Our main result is that a single dipole parameterization that incorporates

saturation in this way results in a successful description of all high-energy cross section data.

Our results are relevant to high-energy neutrino detectors [18] whose sensitivity is di-

rectly proportional to the neutrino cross section. When operating in the PeV regime, where

IceCube recently discovered a flux of cosmic neutrinos, the neutrino cross section can be cal-

culated perturbatively with an accuracy of better than 5%, constrained by measured HERA

structure functions [19–23]. At EeV energies, relevant for the detection of cosmogenic neu-

trinos produced in the interactions of cosmic rays with background microwave photons, this

is no longer the case and saturation effects must be included in evaluating the sensitivity

of ARA [24], ANITA[25], ARIANNA [26], JEM-EUSO [27], and LUNASKA [28]. Our for-

malism provides a prediction of the EeV-neutrino cross section that, although relying on a

(dipole) parameterization, is directly supported by a wealth of data.
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FIG. 1: Diagram for the γ(∗)p → qq̄X interaction in the dipole picture.

The same framework can be used to predict the hadronic production of charm particles,

for instance by cosmic ray-air interactions in the atmosphere [29–33]. Above energies of

∼ 100TeV, charmed hadron decay into neutrinos is the dominant atmospheric background

for the detection of cosmic neutrinos. While perturbative QCD calculations are less reliable

at high energies since saturation effects, associated with mc/
√
s ≪ 1, are not included, our

scheme includes these effects and makes definite predictions for the cross section using a

dipole form that incorporates a wide range of data. We find that our charm production

cross section is in good agreement with previous studies using other dipole model parame-

terizations [34–37]. The charm production cross section and charm energy distribution is

of great interest because a poor understanding of the charm neutrino background interferes

with the precise characterization of the cosmic flux observed by IceCube [38].

The paper is organized as follows: in Section II we review the γ∗p cross sections in the

dipole formalism; in Section III we use a hybrid pQCD and dipole approach to calculate

the νN cross section; in Section IV we calculate the pp→ cc̄X in the dipole formalism. We

conclude in Section V.

II. THE DIPOLE FRAMEWORK FOR PHOTON-PROTON CROSS SECTIONS

In the color dipole picture of the proton [12–17, 39, 40], the virtual photon-proton pro-

duction cross section for producing qq̄ pairs, shown in Figure 1, has longitudinal (L) and

transverse (T) contributions given by

σ
T/L
γ∗p→qq̄+X(Eγ) =

∫

dz d2r |ψγ
T/L,q(z, r;Q

2)|2σdip(x, r), (1)

where Eγ is the energy of the photon and x the fractional momentum carried by the quark

of the struck proton. The quantity |ψγ
T/L,q(z, r;Q

2)|2 is the probability that γ∗ fluctuates
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into a qq̄ pair with transverse separation r and longitudinal momentum fraction z and is

given by [12, 41]

|ψγ
T,q|2 = e2qNc

αem

2π2

[

(z2 + z̄2)ǫ2K2
1 (ǫr) +m2

qK
2
0 (ǫr)

]

(2)

|ψγ
L,q|2 = e2qNc

αem

2π2
(4Q2z2z̄2)K2

0(ǫr) (3)

where eq is the quark charge, Nc the number of colors, ǫ2 = zz̄Q2 +m2
q, z̄ = 1− z, and K0

and K1 the modified Bessel functions.

We have extracted σdip from the deep inelastic structure function F γ∗p
2 (x,Q2) (see, for

example, [42, 43]) using the high Q2 approximation [44]

σdip(x, r) = π3r2Q2 ∂

∂Q2
F γp
2 |Q2=(z0/r)2 . (4)

with z0 = 2.4. Exploiting the convenient parametrization of F2(x,Q
2) by Block et al.

[45, 46], using their most recent result [47] for small x, we obtain:

σdip(x, r) = d0
π3r2(1− x)n

r̃2 + z20

[

a0r̃
2 + c1z

2
0

+ A
(

a1z
2
0 + 2B

(

a2z
2
0 + b1r̃

2 + b2r̃
2B

)

+ 2b0r̃
2
)

+ r̃2B (a1 + a2B) + z20A2 (b1 + 2b2B)
]

(5)

A = log

(

z20
r̃2x+ z20x

)

(6)

B = log

(

1 +
z20
r̃2

)

(7)

where r̃ = µr and the dipole parameters are given in Table I. Our approach is to include

primarily the small-x behavior so an overall normalization factor d0 is also required [48].

Our parametrization of σdip is determined at low r by the high energy behavior of F2 that

correctly incorporates saturation. Also, note that the large-r behavior does not contribute

to high energy cross sections because it is suppressed by the wave function in Eq. (1). In

fact, our procedure makes no attempt at describing F2 for values of x > 10−2. In Figure 2 we

show the dependence of our dipole parametrization on x and τ ≡ rQs, which is related to the

color saturation scale Qs = Q0(x0/x)
λ/2 [49]. In order to compare dipole cross sections as a
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Parameter Value

c1 1.475 × 10−1

a0 8.205 × 10−4

a1 −5.148 × 10−2

a2 −4.725 × 10−3

b0 2.217 × 10−3

b1 1.244 × 10−2

b2 5.958 × 10−4

d0 0.71

µ2 2.82 GeV2

z0 2.4

TABLE I: Values of our model parameters defined for Eq. (5). The d0 value is obtained by

matching Eq. (1), using Eq. (5), to the Block et al. [47] structure function, while keeping the

remaining parameters as fitted by Block et al. [47] from HERA data.

function of τ , we fix the saturation scale parameters to Q0 = 1 GeV, x0 = 1.642× 10−5 and

λ = 0.2194 as in Ref. [16]. The dipole cross section monotonically increases as x decreases

for large τ .

In Figure 3 we compare our dipole cross section for x = 10−5 with other parameterizations

in the literature [16, 41, 50]; details can be found in the appendix. The Golec-Biernat-

Wusthoff (GBW) dipole [16] only depends on τ , while the Soyez dipole [41] also depends

ln(1/x). Our model for σdip displays approximate scaling behavior for large r values where

different dipole cross sections vary by less than a factor of two for x in the range of 10−3−10−6;

see also Figure 2.

At this point we can compute the real photon-proton charm production cross section. In

this case Q2 ≈ 0, σL ≈ 0 and x ≈ (2mq)
2/(2mpEγ), the threshold value that dominates the

cross section. We fix mq = mc = 1.275 GeV, the Particle Data Group value [52]. The result

of this calculation is shown in Figure 4 where it is compared to the results of other dipole

models. The difference between our result (similar to using the Soyez dipole [41]) and the

Gonçalves and Machado [35] result (using the Munier dipole [50]) comes from a combination

of the choice of charm quark mass and the form of the dipole cross section. The Soyez and
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FIG. 2: Our dipole model for different values of x is shown from 10−10 (dark purple) to 10−3 (red)

with intermediate lines every power of ten. The dipole cross section monotonically increases as x

decreases for large τ .
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FIG. 3: Our dipole model compared with other models in the literature [16, 41, 50, 51] at x = 10−5.

Note that at small r all the models become color transparent and that at large r they only have

linear scale differences.

Munier dipoles use the same Iancu-Itakura-Munier form [17], but with different parameters.

For example, the values for x0 differ by two orders of magnitude.
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FIG. 4: Photon-proton charm production as a function of the photon energy is shown for our dipole

(upper solid orange) and other dipole models in the literature, namely Munier [50] (dashed blue),

Golec-Biernat et al.[16] (dot-dashed green), and Soyez [41] (dotted pink) dipole models. A similar

calculation by Gonçalves and Machado [35] (lower solid gray) is shown as a reference.
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FIG. 5: Diagram of νp interaction in the dipole picture. In the charge current interaction V = W±

whereas in the neutral current V = Z.

III. NEUTRINO-PROTON CROSS SECTION

The total neutrino charged (neutral) current cross section for an incident neutrino with

energy Eν is given by

σCC/NC
νp (Eν) =

∫ s

Q2

min

dQ2

∫ 1

Q2/s

dx

(

∂2σνp
∂Q2∂x

)

CC/NC

(8)
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with Qmin = 1 GeV and

∂2σνN
∂Q2∂x

=
G2

F

4πx

(

M2
i

M2
i +Q2

)2

× [Y+F
ν
T + 2(1− y)F ν

L ± Y−xF
ν
3 ] (9)

Here s ≈ 2mpEν , Y± = 1± (1− y)2 with y = Q2/(xs), Mi =MW (MZ) for charged (neutral)

current interaction, and “ + ” (“ − ”) refers to neutrinos (antineutrinos). To leading order

in pQCD F ν
L = 0, while F ν

T (x,Q
2) and F ν

3 (x,Q
2) are functions of the parton distribution

functions, e.g., for a neutrino charged (CC) and neutral current (NC) interaction with an

isoscalar target nucleon N [22]

CC :







F ν
T = x(u+ ū+ d+ d̄+ 2s+ 2b+ 2c̄)

xF ν
3 = x(u− ū+ d− d̄+ 2s+ 2b− 2c̄)

, (10)

NC :



















































F ν
T = x

[

1

4
(L2

u +R2
u + L2

d +R2
d))(u+ ū+ d+ d̄)

+
1

2
(L2

u +R2
u)(c+ c̄)

+
1

2
(L2

d +R2
d)(s+ b+ s̄+ b̄)

]

xF ν
3 = x

[

1

2
(L2

u − R2
u + L2

d − R2
d)(u− ū+ d− d̄)

]

(11)

where sw = sin(θw) is the sine of the weak mixing angle and the weak couplings are given

by Lu = 1 − 4/3s2w, Ld = −1 + 2/3s2w, Ru = −4/3s2w and Rd = 2/3s2w. The antineutrino

structure functions for charged and neutral current are obtained by replacing q → q̄ and

F ν̄
3 → −F ν

3 . For high neutrino energy, i.e. small x, the F3 term does not contribute.

We evaluate F ν
L/T using the dipole formalism with

F ν
T/L =

Q2

4π2

∑

q

∫ 1

0

dz

∫

d2r|ψW,Z
T/L,q(z, r;Q

2)|2σdip(x, r) , (12)

where ψW,Z
T/L,q(z, r;Q

2) corresponds to the wave function for a vector boson (W or Z), of

virtual momenta Q2, to fluctuate into a qq̄ pair with fractional longitudinal momentum z

and transverse spatial separation r. They are computed from the diagrams in Figure 5; in
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the massless quark limit [53, 54]

|ψW
T,q(z, r;Q

2)|2 =
2Nc

π2
Q2 [zz̄]

[

z2 + z̄2
]

K2
1(ǫr), (13)

|ψW
L,q(z, r;Q

2)|2 =
8Nc

π2
Q2 [zz̄]2K2

0 (ǫr) , (14)

|ψZ
T,q(z, r;Q

2)|2 =
Nc

2π2
[L2

u + L2
d +R2

u +R2
d]

× Q2 [zz̄]
[

z2 + z̄2
]

K2
1 (ǫr), (15)

|ψZ
L,q(z, r;Q

2)|2 =
2Nc

π2
[L2

u + L2
d +R2

u +R2
d]

× Q2 [zz̄]2K2
0 (ǫr) . (16)

Following the Henley et al. [23] prescription, we switch from the pQCD parametrization of

the structure functions and the high energy dipole formalism by using Eqns. (10) and (11)

for x < x0 and Eq. (12) otherwise.

Our result for the total charged current cross section is shown in Figure 6. We used the

CT10nnLO PDFs [55] and x0 = 10−5. At low energies our calculation agrees with the pQCD

calculation, but it incorporates the saturation effect at ultrahigh energies that reduce the

neutrino cross section for Eν > 109 GeV. The ultrahigh energy cross section is not very

sensitive to the choice of x0 between 10−2 − 10−6. Our calculation with x0 = 10−5 can be

directly compared to the results of Block et al. [47]. As a reference, we show the Cooper-

Sakar et al. [22] calculation without saturation effects; see also [56–58]. In Table II, we have

tabulated the charge current cross section for the three calculations shown in Figure 6.

IV. PROTON-PROTON CROSS SECTION FOR CHARM PRODUCTION

In the dipole model the proton-proton cross section to produce quark pairs is given by

[13, 60]

σpp→qq̄+X = 2

∫ − ln(2mq/
√
s)

0

dy x1g(x1, µ)

× σgN→qq̄+X(x2;Q
2) , (17)

where g(x1, µ) is the gluon distribution function at the scale µ, and x1,2 satisfy x1x2 ≃
(2mq)

2/s with

x1 ≃ 2mq√
s
exp(y)

x2 ≃ 2mq√
s
exp(−y);

10
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FIG. 6: Neutrino cross sections calculated using HERAPDF NNLO PDFs [59] and our dipole

model (orange). For comparison, we show a recent calculation done in pQCD by Cooper-Sakar et

al. [22] (black), which does not incorporate saturation effects and a similar calculation by Block

et al. [47]. The solid lines represent the charge current cross sections, whereas the dashed line

portray the neutral current cross section.

N X
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σdip

FIG. 7: Diagram of pp → qq̄X for one dipole interaction topology, the remainder are shown in

Figure 8 . In this picture the gluon from the projectile proton has fractional parton momenta

x1 and it is modeled through PDF, while the target proton gluon has fractional parton momenta

x2 ≪ 1 and it is modeled through a dipole interaction.
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Eν [GeV]
σCC[cm

2]

Sarkar et al. Block et al. This work

1× 108 4.8 × 10−33 4.31 × 10−33 4.88 × 10−33

2× 108 6.2 × 10−33 5.46 × 10−33 6.15 × 10−33

5× 108 8.7 × 10−33 7.25 × 10−33 8.07 × 10−33

1× 109 1.1 × 10−32 8.87 × 10−33 9.71 × 10−33

2× 109 1.4 × 10−32 1.07 × 10−32 1.15 × 10−32

5× 109 1.9 × 10−32 1.36 × 10−32 1.42 × 10−32

1× 1010 2.4 × 10−32 1.61 × 10−32 1.65 × 10−32

2× 1010 3.0 × 10−32 1.90 × 10−32 1.90 × 10−32

5× 1010 3.9 × 10−32 2.33 × 10−32 2.28 × 10−32

1× 1011 4.8 × 10−32 2.69 × 10−32 2.60 × 10−32

2× 1011 5.9 × 10−32 3.10 × 10−32 2.96 × 10−32

5× 1011 7.5 × 10−32 3.69 × 10−32 3.49 × 10−32

TABLE II: Neutrino charge current cross section values for Sarkar et. al [22] pQCD calculation,

Block et al. [47], and this work.

g q̄

q

g
g
q̄

q
g

q̄

q

FIG. 8: Possible g → qq̄ interactions with a gluon in the dipole picture.

see Figure 7. Here σgN→qq̄+X is the partonic cross section, which in the dipole picture is

given by

σgN→qq̄+X(x2;Q
2) =

∫

dz d2r |ψg
T,q(z, r;Q

2)|2

× σgqq̄(x2, z, r) (18)

The partonic cross section is directly related to the dipole cross section [13, 60]:

σ̂gqq̄(x2, z, r) =
9

8
[σdip(x2, zr) + σdip(x2, z̄r)]

− 1

8
σdip(x2, r) (19)
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where the different terms correspond to the superposition of the diagrams shown in Figure

8. The gluon wave function is related to the photon wave function, given in Eq. (2) by [61]

|ψg
T,q(z, r;Q

2)|2 = αs

Ncαem

|ψγ
T,q(z, r;Q

2)|2. (20)

We calculate the cross section for producing charm particles. While such a calculation

is not new, our dipole calculational framework is directly constrained by a wealth of data.

Atmospheric neutrino measurements mostly sample the very forward, large Feynman-xF ,

cross section; we therefore show in Figure 9 our results for the dσ(pp→ cc̄)/dxF distribution.

We find that differences resulting from different dipole parametrizations are smaller than the

spread associated with different PDFs. In Figure 10 we have plotted the total proton-proton

charm production cross section for different dipole models using the CT10nnLO gluon PDF

with µ =
√

4m2
c and αs = 0.33. The high energy dipole model evaluations of σ(pp → cc̄X)

are lower than the central perturbative evaluation of the charm pair cross section shown

in, e.g. [62]. The perturbative calculation has large uncertainties associated with the scale

dependence and for Ep = 1010 GeV and scales dependent on factors of mc, the uncertainty

band drops to σ ∼ 10−26 cm2, the level of the dipole prediction. In addition to charm

production, it is possible to check if a rough calculation of the total proton-proton cross

section agrees with measurements using an effective gluon mass of O(ΛQCD) as shown in

[63].

V. CONCLUSION

We have used a theoretically motivated but approximate form of the dipole cross section

that extends perturbative QCD calculations into the small-x regime. Ambiguities associated

with the small-x behavior of the structure functions are mitigated by requiring a saturation

that reproduces cross sections that behave asymptotically as ln2(s), in agreement with data.

Using Eq. (5) to relate F2(x,Q
2) to σdip(x, r), we have used the structure function parame-

terization of Ref. [47] that reflects this asymptotic behavior. Using this formalism, we have

calculated the high-energy γp, νp and pp→ cc̄ cross sections. Our results agree remarkably

well with other dipole model calculations, and we predict the very high-energy behavior

of the neutrino cross section in the EeV energy range as well as the hadronic production

of charm pairs cross section. These are of interest to neutrino telescopes and high energy

13



0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
xF

10−3

10−2

10−1

100

101

102

103

104

105

106

∂
σ

∂
x
F
[µ
b
]

This work (HERAPDF 1.5)

This work (CT10)

Munier (HERAPDF 1.5) (2004)

Munier (CT10) (2004)

FIG. 9: Proton-proton charm production differential cross section as a function of Feynman xF

at incident proton energy of 109GeV is shown for our (orange) and Munier [50] (blue) dipoles.

Furthermore, solid lines are calculations done using HERAPDF 1.5 [59] while dashed lines uses

CT10 NNLO[55].
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FIG. 10: Proton-proton charm production deep inelastic cross section as a function of the proton

energy is shown for our dipole (orange), and other dipole models in the literature, namely Golec-

Biernat and Wusthoff [16] (green), Munier (blue) [50] and Soyez [41] (pink). In all cases, we have

used CT10 NNLO PDFs [55] parton distribution functions. Furthermore, a recent calculation by

Bhattacharya et al. [62] (gray) is shown as a reference as well as recent extrapolated experimental

results from the ALICE [64], ATLAS [65], LHCb [66], PHENIX [67], and STAR [68] collaborations.
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cosmic ray experiments.
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VI. APPENDIX

Here, we specify the dipole models used for comparison in the text. In Figure 3, we plot

the different dipoles together assuming the values given in their respective references.

A. The GBW dipole

This dipole cross section defined by Golec-Biernat and Wusthoff in Ref. [16] is

σGBW
dip (x, r) = σ0

(

1− exp

[

−1

4
r2Q2

s(x)

])

,

where the saturation scale is given by Qs(x) = Q0

(

x0

x

)λ/2
and the parameter values have

been fixed at Q0 = 1 GeV, λ = 0.277, x0 = 4.1× 10−5 and σ0 = 29.12 mb.

B. The Munier and Soyez dipoles

This dipole cross sections of Ref. [50] and Soyez [41] is of the Iancu-Itakura-Munier form

[17],

σ
Munier/Soyez
dip (x, r) = σ0N(τ, Y ) ,

where

N(τ, Y ) =







N0(τ/2)
2γeff (x,r), τ < 2

1− exp[−a ln2(bτ)], τ ≥ 2
,

15



where Y = ln(1/x), τ = rQs(x), and the factorization scale given by Qs(x) = Q0

(

x0

x

)λ/2
,

a = − ln(1−N0)

ln2
[

(1−N0)
1

γs
− 1

N0γs

]

b =
1

2
(1−N0)

1

γs
− 1

N0γs

and

γeff(x, r) = γs +
ln(2/τ)

κλY
.

The Soyez dipole parameter values [41] are N0 = 0.7, γs = 0.738, λ = 0.220, x0 =

0.163×10−4, κ = 9.94, and σ0 = 27.3 mb. The Munier dipole parameters [50] shown in Fig.

3 are N0 = 0.7, γs = 0.627, λ = 0.175, x0 = 0.19× 10−6, κ = 9.94, and σ0 = 37.5 mb.
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