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The potential of precision spectroscopy as a tool in systematic searches for effects of Lorentz
and CPT violation is investigated. Systems considered include hydrogen, antihydrogen, deuterium,
positronium, and hydrogen molecules and molecular ions. Perturbative shifts in energy levels and
key transition frequencies are derived, allowing for Lorentz-violating operators of arbitrary mass
dimensions. Observable effects are deduced from various direct measurements, sidereal and annual
variations, comparisons among species, and gravitational responses. We use existing data to place
new and improved constraints on nonrelativistic coefficients for Lorentz and CPT violation, and
we provide estimates for the future attainable reach in direct spectroscopy of the various systems
or tests with hydrogen and deuterium masers. The results reveal prospective sensitivities to many
coefficients unmeasured to date, along with potential improvements of a billionfold or more over

certain existing results.

I. INTRODUCTION

Hydrogen spectroscopy has been intimately linked with
precision tests of the foundations of relativity since the
exact solution of the Dirac equation for hydrogen [1, 2]
matched relativistic quantum mechanics with experi-
ments. Indeed, a famous classic test of special relativ-
ity, the Ives-Stilwell experiment confirming time dilation
[3], was first performed using a hydrogen clock. Another
classic experiment, Gravity Probe A [4], verified the rel-
ativistic frequency shift in a gravitational field using a
hydrogen maser launched on a suborbital rocket.

The underlying symmetry of relativity, Lorentz invari-
ance, can naturally be broken in some approaches to the
unification of gravity with quantum physics such as string
theory [5]. This possibility opens the door to the ex-
perimental detection of new physics emerging from the
Planck scale Mp =~ 10" GeV, and it has led to numerous
sensitive tests of relativity using techniques from vari-
ous subdisciplines of physics [6]. In the present work
we further this program, studying the prospects for sig-
nals of Lorentz violation using spectroscopy of hydrogen,
antihydrogen, and related systems, including deuterium,
positronium, and hydrogen molecules and molecular ions.

The methods of effective field theory offer a powerful
and general approach to describing physical phenomena
at accessible scales when the fundamental theory at a
larger scale is unknown [7]. The general realistic effective
field theory for Lorentz violation, the Standard-Model
Extension (SME) [8, 9], is built from General Relativity
and the Standard Model of particle physics by adding
to the action all coordinate-independent contractions of
Lorentz-violating operators with controlling coefficients.
Operators of larger mass dimension d can be viewed as
higher-order effects in a large-distance expansion of the
underlying physics. Since CPT violation in effective field
theory breaks Lorentz symmetry [8, 10], the SME also
provides a general description of CPT violation. The
limit of the SME restricted to operators with d < 4 is
called the minimal SME, and it is power-counting renor-
malizable in Minkowski spacetime [11].

The minimal-SME terms generate striking effects in
the spectra of hydrogen and antihydrogen, including
CPT-violating signals and shifts in the hyperfine and 15-
2S transitions that depend on sidereal time [13]. Pub-
lished searches for these effects have measured the hyper-
fine splitting using a hydrogen maser [14-16] and com-
pared the 15-25 transition in atomic hydrogen to a ce-
sium fountain clock [17, 18]. Related experiments with
antihydrogen are being developed [19-22], and experi-
ments with hydrogen molecules and molecular ions have
been proposed as well [23]. In the context of the minimal
SME, theoretical modifications to the spectra of hydro-
gen and antihydrogen have been widely studied [13, 24—
31], while spectral shifts are also known to arise from
specialized nonminimal SME interactions with d = 5 [32]
and from d = 6 terms originating in noncommutative
quantum field theory [33, 34]. The minimal SME also
introduces CPT-violating effects in positronium decay
[35, 36].

Here, we investigate the prospects for spectroscopic
searches for Lorentz and CPT violation using hydro-
gen, antihydrogen, deuterium, positronium, and hydro-
gen molecules and molecular ions. We focus on effects
that arise from general Lorentz and CPT violation in the
propagators of electrons, protons, neutrons, and their an-
tiparticles. An analysis of this type has recently become
feasible following the detailed classification and enumera-
tion of Lorentz-violating modifications to the Dirac equa-
tion at arbitrary d [37], which includes operators of both
renormalizable and nonrenormalizable dimensions. Op-
erators of higher d are of crucial interest in several con-
texts including, for example, foundational perspectives
such as causality and stability [38, 39] or the underly-
ing pseudo-Riemann-Finsler geometry [40, 41|, practi-
cal issues such as the mixing of operators of different d
through radiative corrections [42], and phenomenological
effects arising in certain theories such as supersymmetric
Lorentz-violating models [43] or noncommutative quan-
tum electrodynamics [33, 34, 44]. The spectroscopic ex-
periments proposed here therefore have potential to bear
on many aspects of Lorentz and CPT violation.



Dimensional analysis reveals that operators with larger
d can be expected to produce signals growing with en-
ergy, whereas the spectroscopic experiments of interest
here typically involve nonrelativistic species. Remark-
ably, however, the nonrelativistic observables for Lorentz
violation turn out to be combinations of operators of ar-
bitrary d [37], while spectroscopic methods can achieve
high sensitivity, so the experiments proposed here are
competitive with other techniques. Our treatment dis-
regards possible Lorentz-violating interactions, as these
produce suppressed effects. For instance, the dominant
contributions to the various spectra obtained below are
independent of the internal electromagnetic four-vector
potential in Coulomb gauge, while any applied exter-
nal electromagnetic fields are minuscule compared to the
electron and proton masses and so their Lorentz-violating
effects are heavily suppressed. This approach is consis-
tent with other studies of both minimal and nonminimal
effects in conventional and muonic atoms [45-47]. We
also disregard possible flavor-changing effects, which in-
volve simultaneous lepton- or baryon-number violation
with Lorentz violation and so can reasonably be taken as
smaller than the effects considered here.

Including the present introduction, the main text of the
paper is divided into eight sections. In Sec. II, we initi-
ate the explicit discussion of Lorentz and CPT violation
in hydrogen by presenting the underlying theoretical cal-
culations required to analyze spectroscopic experiments.
Some basic background information about perturbation
theory involving operators of arbitrary d is provided in
Sec. IT A, followed by a discussion in Sec. II B establishing
the coefficients for Lorentz violation relevant for hydro-
gen spectroscopy. Sec. II C contains the derivation of the
matrix elements for the calculation of the perturbative
energy shift due to Lorentz and CPT violation, including
both general results and analytical expressions for special
cases. In Sec. ITD, we address the modifications arising
from the presence of a external magnetic field, includ-
ing the key equations underlying the resulting sidereal
and annual variations of the Lorentz- and CPT-violating
energy-level shifts.

With the theory in hand, the analysis of various exper-
imental scenarios for hydrogen spectroscopy becomes fea-
sible. This is addressed in Sec. III. We first consider the
case of free hydrogen in the absence of applied fields. The
effects of Lorentz and CPT violation on the transition
probabilities and line shapes are discussed in Sec. IIT A,
along with the prospects for measuring signals. We then
turn in Sec. III B to the hyperfine Zeeman spectroscopy
of hydrogen, presenting the perturbative frequency shift
and studying signals from sidereal variations and from
changes in the orientation of the applied magnetic field,
corrections due to boosts, and the prospects for a space-
based mission. This is followed in Secs. ITI C and III D by
an investigation of potentially observable effects in vari-
ous nL-n'L’ transitions for which precision measurement
in hydrogen is experimentally feasible. Where possible in
all these applications, we use existing data to extract first

or improved constraints on nonminimal coefficients and
estimate sensitivities attainable in future experiments.

Following the discussion of hydrogen, we turn atten-
tion in Sec. IV to searches for Lorentz and CPT viola-
tion using antihydrogen. We begin in Sec. IV A with an
overview of the perturbation theory and effects on the
spectrum. Signals in hyperfine transitions are the sub-
ject of Sec. IV B, while effects on the 15-2S5 and similar
transitions are considered in Sec. IV C. We conclude the
treatment of antihydrogen in Sec. IV D with a discussion
of the prospects for an anomalous gravitational response
of antihydrogen.

Three sections are devoted to signals of Lorentz and
CPT violation in other related systems. Deuterium spec-
troscopy is considered in Sec. V. The perturbative ap-
proach adopted is presented in Sec. VA, followed in
Sec. VB by a discussion of frequency shifts relevant to
high-sensitivity spectroscopy. Observable effects from
isotropic coefficients are considered in Sec. VC, while
Sec. VD contains a discussion of the prospects for hy-
perfine measurements using a deuterium maser. Positro-
nium spectroscopy is the subject of Sec. VI, while spec-
troscopy of hydrogen molecules and related species is con-
sidered in Sec. VII. We conclude with a summary in Sec.
VIII. Throughout this paper we follow the notation of
Ref. [37], with a few exceptions noted in the text.

II. THEORY

In this section, we present the general theoretical
framework and calculations for determining the per-
turbative shifts in the hydrogen spectrum arising from
Lorentz and CPT violation. The basic framework for the
calculation is discussed, and then the symmetries of the
system are used to identify the subset of coefficients for
Lorentz and CPT violation that can contribute to mod-
ifications of the hydrogen spectrum. The general ma-
trix elements of the perturbative hamiltonian are calcu-
lated, and analytical expressions for the resulting energy
shifts are presented in simple cases. We finally address
generic effects arising in the presence of an applied mag-
netic field, including in particular the time dependence
of the energy-level shift due to sidereal and annual vari-
ations.

A. Basics

The dominant Lorentz-violating perturbations to the
spectrum of hydrogen arise from corrections to the prop-
agators of the electron e and the proton p. Introducing a
flavor index w taking values e and p, the Lagrange density
for the quantum fermion field ¢, of mass m,, including
all kinetic effects from Lorentz and CPT violation can be
written as [37]

L5 Lu(1i0y — muw + Qu)thw +hec., (1)



where @w is the sum of all possible terms formed by con-
tracting SME coefficients for Lorentz and CPT violation
with derivatives ¢0,,. The operator @w is a spinor ma-
trix. It can be expanded in Dirac matrices, converted to
momentum space, and decomposed in spherical coordi-
nates, which permits the classification and enumeration
of the corresponding effects. At each mass dimension d
and for each flavor w, only certain combinations of coef-
ficients for Lorentz violation are observable, due to the
freedom to redefine the spinor basis without affecting the
physics. Each of these combinations, called effective co-
efficients, controls a physically distinct Lorentz-violating
effect. Spectroscopy of the hydrogenic systems consid-
ered in this work offers access in principle to about half
of these effective coefficients, including some with sensi-
tivities corresponding to Planck-suppressed signals.

The leading-order perturbation dhy to the free Dirac
hamiltonian hy for the hydrogen atom can be obtained
from the Lagrange density (1) by adding the Lorentz-
violating contributions from the electron and the proton.
In the center-of-mass frame, the kinetic energies of the
electron and proton are small compared to their masses,
so it suffices to consider the hamiltonian perturbation in
the nonrelativistic limit,

Shiy™t = 6hY ™ + Shy . (2)

For calculational purposes, the operator §hY'R is under-
stood to represent the tensor product of an operator act-
ing on e states with the identity operator acting on p
states, and similarly for 5h§R. Note that the operators
ShNR depend on the fermion momentum p.

For much of the spectroscopic analysis that follows,
it is useful to perform a spherical decomposition of the
hamiltonian perturbation 5hER because tests of rotation

symmetry are the predominant focus of many searches

for Lorentz violation. The perturbation §hNE can be
decomposed as [37]

SPAR = hyo + huw0 - &+ hyt 0 - € + hy_o - €4, (3)
where o = (0!,02,03) is the vector of Pauli matrices.
The unit basis vectors & = p = p/|p|, €+ = (é:l:zqg)/\/_
are defined by introducing the usual unit vectors 6 and
d) for the polar angle 6§ and azimuthal angle ¢ in mo-
mentum space, so that p = (sin 6 cos ¢, sin 6 sin ¢, cos §).
The component hamiltonians h.,g, hwr, hw+ can be ex-
panded in a series of terms involving products of pow-
ers of |p|, spin-weighted spherical harmonics Y}, (p) of
spin weight s, and nonrelativistic spherical coefficients for
Lorentz violation. This permits a quantitative distinc-
tion among physical effects resulting from different mag-
nitudes and orientations of the particle momenta. For
the spin-independent term the expansion gives

kjm

’wk]m7 (4)

while for the spin-dependent terms the result is

NR(0B
hwr — —Z|P| OY]m wkjng )7
kjim
Pz = 2P 1Y (B) (T * £ Tang ) 45)
kjm

The quantities Vi, piv, and %g%qp), where the super-
scripts qP take the values 0B, 1B, 1FE, are the nonrela-
tivistic spherical coefficients for Lorentz violation, which
we denote generically by Kyni kjm- Each of these can be
separated into two pieces, controlling either CPT-even or

CPT-odd effects, [37]

VwNR NR NR

kjm — kajm awkgma
NR(¢qP) __ NR(gP) NR(gP)
771U’cjwz - JWkjm - Hwkjm ’ (6)

following the standard convention [8] in which a- and
g-type coefficients are associated with CPT-odd opera-
tors and ¢- and H-type coefficients with CPT-even ones.
Expressions involving antiparticles can therefore be ob-
tained by reversing the sign of the a- and g-type coefhi-
cients. The reader is cautioned that the a- and H-type
coeflicients contain contributions only from operators of
odd mass dimensions d, while the ¢- and g-type coeffi-
cients contain ones only from operators of even d. Note
that the mass dimension of each nonrelativistic coefficient
is1—k.

A primary target of spectroscopic experiments is mea-
surements of the nonrelativistic spherical coefficients (6).
These coefficients are linear combinations of the complete
set of spherical coefficients for Lorentz violation, given in
Egs. (111) and (112) of Ref. [37]. The allowed range
of the indices k, j, m and the counting of independent
coefficient components are provided in Table IV of Ref.
[37]. The subscript index k is used in the present work
instead of n to avoid confusion with the principal quan-
tum number of the atom. Note that the indices j, m
determine the rotational behavior of the spin-weighted
spherical harmonics and hence of the corresponding op-
erators for Lorentz violation, so these indices are distinct
from the angular-momentum quantum numbers J, M as-
sociated with the atomic states. The basic properties of
the spin-weighted spherical harmonics are presented in
Appendix A of Ref. [48]. The usual spherical harmonics
are recovered when s = 0, 50 Y (6, ¢) = oYjm (D).

For the special index choices jm = 00 the correspond-
ing physical effects are isotropic, and following Eq. (114)
of Ref. [37] it is convenient to adopt a ring-diacritic nota-
tion for the associated coefficients. For the applications
in this work, it suffices to define

aw%% =+VAnr &Ef}c, cwl,jo% =+VAnr égf}g (7)

We emphasize that the isotropic nonrelativistic coeffi-
cients a . and c 1, contain isotropic spherical coeffi-

(d) o(d)

cients a; ~ and ¢, of arbitrarily large d. For example,



using Eqgs. (93) and (111) of Ref. [37] gives

(M 4

- NR ()+m2 (5)—|—ma o

aw,O =

QN = a0l +2m?

a4 a(S) +m2al” + ... (8)

and

eNR O ()+m (6)+m (8) .

ANR ! &Y 4 3, é® 4 5md <8>+”_
2mw

1
&+ med® +mi e+ (9)

w

The dominant Lorentz-violating perturbative shifts in
the spectrum of atomic hydrogen are obtained by cal-
culating the matrix elements of the perturbation hamil-
tonian (2) with respect to the unperturbed states of
the system. Lorentz-violating effects involving transi-
tions between different states appear at higher order
in this scheme. We take the unperturbed states to be
the Schrodinger-Coulomb eigenstates for a reduced mass
My = MMy /(Me+myp), coupled to Pauli spinors for each
particle. When the perturbative shifts are smaller than
the hyperfine structure, the total angular momentum J
of the electron and the total angular momentum F' of
the atom are good quantum numbers. Other relevant
quantities for the system include the principal quantum
number n and the orbital angular momentum L.

The scales of the perturbative frequency shifts are con-
trolled by the nonrelativistic coefficients ICUJEJ-P},T The lat-
ter can be viewed as background fields in the chosen iner-
tial frame, which in the above equations for JAN® is the
zero-momentum frame for the hydrogen atom. However,
an Earth-based laboratory for spectroscopic experiments
is poorly suited to report coefficient measurements be-
cause it represents a noninertial frame due to the Earth’s
rotation about its axis and its revolution around the Sun.
Instead, a specified inertial frame can be used, widely
chosen to be the canonical Sun-centered frame [6, 49].
This frame adopts coordinates 7', X, Y, Z with the ori-
gin of the time T' chosen as the vernal equinox 2000, the
X axis pointing towards the vernal equinox, and the Z
axis aligned along the Earth’s axis of rotation. The Sun-
centered frame is inertial to an excellent approximation
on the timescale of laboratory experiments, so it provides
a standard and conveniently accessible frame for report-
ing and comparing experimental results.

The nonrelativistic spherical coefficients ’ka]m can
reasonably be taken as uniform and constant on the scale
of the solar system [8, 9] and hence are constants when ex-
pressed in the Sun-centered frame. The Earth’s rotation
and revolution therefore introduces variations with side-
real time in many coefficients expressed in the laboratory
frame, which implies time variations in physical signals
[50]. Since the Earth’s orbital speed Bg ~ 10~ is small,
the orbital motion can be disregarded for experimental
analyses focusing on searches for rotation violations. The
transformation between the Sun-centered and laboratory

frames then reduces to a simple rotation, so the spherical
decomposition summarized above offers definite calcula-
tional simplifications. Suppose for convenience the lab-
oratory frame coordinates x,y, z are specified with the
z axis pointing towards the zenith and the x axis lying
at an angle ¢ measured east of south. Then, the coef-

ficients lellijnldb in the laboratory frame are related to

the coefficients Ingffnsun in the Sun-centered frame by
LI 3 e ()RS, (10

where wg ~ 27/(24 h 56 m) is the Earth’s sidereal fre-
quency, Tg is the local Earth sidereal time, and x is the
colatitude of the experiment. The little Wigner matrices
d’ . are defined in Eq. (136) of Ref. [48]. The result
(10) reveals that the sidereal dependence of the transi-
tion frequencies is controlled by the azimuthal indices on
the coefficients contributing to the perturbation.

B. Coefficient selection rules

Before calculating explicitly the matrix elements of
ShAR in the unperturbed states, it is useful to study the
symmetries of the system. We show here that various
symmetries imply vanishing values for many matrix el-
ements of operators in the decomposition (3)—(5). This
identifies a subset of effective spherical coefficients that
are inaccessible at leading order via spectroscopy.

A first observation is that the unperturbed states are
parity eigenstates. It follows that only even-parity per-
turbations can contribute to the energy shift at first or-
der. Since all operators in the decomposition (3)—(5) have
definite parity [37], it is straightforward to identify the in-
accessible coefficients. For the coefficients awgﬁn, cwgffn,
which are associated with the usual spherical harmon-
ics, j must be even to contribute, which turns out to
imply that & must be even as well. For the coefficients

wlljj}:éqp), HwanEqP) the parity is even if k is even and
either P = F with even j or P = B with odd j.

A second observation is that the sums over j in Egs. (4)
and (5) can be truncated according to the angular mo-
menta of the unperturbed state of interest. The key to
implementing this truncation is the following proposition:
if T, transforms as a spherical-tensor operator under the
transformation generated by an angular-momentum op-
erator K with associated quantum numbers K and mg,
then the matrix element (Km/|Tj,|Kmg) vanishes un-
less j < 2K. This result is a direct consequence of the
triangular condition |71 —j2| < js < j1+j2 of the Clebsch-
Gordan coefficients (jymijams|jsms) and the Wigner-
Eckart theorem [51].

To illustrate the use of this proposition to truncate the
sums over j, consider first the spin-independent terms in
Eq. (4). These operators transform as spherical opera-
tors with K identified as L, J, or F. Now, if K is good



TABLE I: Contributing nonrelativistic spherical coefficients.

Kuw kNjffn kjm number  condition Cc PT CPT
Qwijin 200, 22m, 400, 42m, 44m 21 j<2J-1 — + -
Curgen 200, 22m, 400, 42m, 44m 21 j<2J—-1 + + +
wpe D) 01m, 21m, 23m, 41m, 43m, 45m 34 j<2F—-1 + - -
wpe P 01m, 21m, 23m, 41m, 43m, 45m 34 j<2F—1 + - -
Hup o 01m, 21m, 23m, 41m, 43m, 45m 34 j<2F—-1 — — +
Hup i M 01m, 21m, 23m, 41m, 43m, 45m 34 j<2F-1 — - +

quantum number, then a matrix element in the unper-
turbed state can be expressed as a linear combination of
matrix elements in the states |Kmg) with K fixed. As a
result, if the matrix elements in the states |Kmyg) van-
ish, then so does the matrix element in the unperturbed
state. For K = J, the proposition then implies that only
operators satisfying the inequality j < 2J can contribute
to the energy shift. Since 2.J is an odd number and since
only even values of j contribute to the energy shift as
noted above, we can express the condition on j for the
case K = Jasj <2J. For K = L or K = F, no stronger
constraints on the allowed values of j are obtained. For
example, if FF'=J —1/2 then j < 2F = 2J — 1, which is
equivalent to j < 2J because j is an integer. To summa-
rize, among the spin-independent operators only those
satisfying the condition j < 2.J can contribute to the en-
ergy shift of a state with angular momentum J. A sim-
ilar argument applies to the spin-dependent terms with
B-type parity, leading to the conclusion that among this
set of terms only those satisfying 7 < 2F — 1 can con-
tribute to the energy shift of a state with total angular
momentum F'.

Invariance under time reversal is another symmetry of
the system. This symmetry can be used along with the
Wigner-Eckart theorem to show that the spin-dependent
terms with E-type parity in Eq. (5) cannot contribute
to the energy shift at first order in perturbation theory.
To see this, we begin by considering a spin-dependent
operator of E-type parity having fixed 5 and m = 0,
which takes the schematic form

TE = V2 |pl* 756 1 Y0(D) (02 cos ¢ — ot sin ).
k

(11)
Under time reversal p — —p and o — —o, so the opera-
tor transforms as 75 — (—1)’T!T/5. Also, states trans-
form as |Fmp) — |F'(—mp)) up to a phase factor, which
implies

(Pmp T Fmp) = (—1>J‘+1<F<—mF>|TJ%|F<—mF>(>. |
12

The Wigner-Eckart theorem and the properties of
the Clebsch-Gordan coefficients permit the replacement
—mp — myp on the right-hand side of this equation, ac-
companied by a phase factor (—1)7. We thus obtain the

equality
(Fmp|Tj|Fmp) = —(Fmp|T5|Fmg), (13)

revealing that all the matrix elements of Tj van-
ish. Using the Wigner-Eckart theorem again, this re-
sult can be extended to the general matrix elements
<Fm’F|Tﬁn|FmF> via the identity

<FF|TJ%|FF>

Flg|TE |Fmp) = ~— 90"~/

(Fmpjm| Frve),

(14)
because the Clebsch-Gordan coefficient (FFj0|FF) al-
ways differs from zero when 2F > j. We can thus confirm
that (Fm/p|T}; |Fmp) vanishes and hence that the spin-
dependent terms with E-type parity in Eq. (5) cannot
contribute to perturbative energy shifts.

While the various constraints above restrict the sums
over j in the decomposition (3)—(5), the sums over k re-
main unconstrained. Evaluation of the matrix elements
of operators |p|¥ with k& > 4 reveals that they diverge
when n and L are small. This technical problem might
be resolved by a suitable regularization. However, on di-
mensional grounds the size of the matrix elements is gov-
erned by a factor (am,)¥, where o is the fine-structure
constant. This factor heavily suppresses the resulting
energy shifts even for sizeable coeflicients for Lorentz vi-
olation. For instance, a large & = 6 coefficient of order 1
GeV~ produces a spectroscopic frequency shift of only
about a nanohertz. We therefore limit attention to k < 4
in this work. This choice further restricts the allowed
values of j [37], with the maximum allowed value juax
given as jmax = k for the spin-independent terms and
Jmax = k + 1 for the spin-dependent terms of B-type
parity.

Combining all the results in this subsection, we can
identify the subset of nonrelativistic spherical coefficients
of interest for spectroscopic experiments. Table I sum-
marizes the situation for each type of coefficient. The
first column of the table lists coefficients that in princi-
ple can contribute at first order in perturbation theory
to a spectral shift of a state with quantum numbers F'
and J. The second column shows the allowed values of
the triplet kjm of indices, where —j < m < j as usual.
The third column gives the total number of independent



components for each type of coefficient. Since there are
two flavors for each coefficient for hydrogen, w = e and
w = p, a total of 356 independent nonrelativistic spheri-
cal components are measurable in principle via spectro-
scopic experiments on hydrogen, with each correspond-
ing to a distinct physical effect. The fourth column lists
the constraint on j for a measurement involving a state
of angular momentum J or F. The final three columns
display the C, PT, and CPT handedness of the corre-
sponding operators.

Note that among the listed coefficients only the eight
with jkm = 200 or jkm = 400 govern isotropic effects
that are spectroscopically observable. They correspond
to the coefficients aﬁ%, aE}}l, E%, and ¢NB given by the
definitions (7). The coefficients with jkm = 000, which
satisfy all the above criteria, have been omitted from Ta-
ble I because they produce only constant energy shifts
in a given frame and hence are undetectable via spec-
troscopy. Detecting them might be feasible, for example,
by studying anisotropies of the dispersion relation for hy-
drogen in a boosted frame, but investigating this lies out-
side our present scope. They also become detectable in
principle in the presence of interactions such as gravity
[9]. This issue is revisited in the context of studies of
the gravitational response of antihydrogen in Sec. IV D
below.

C. Matrix elements

In this subsection, we present some explicit results for
matrix elements of the perturbation hamiltonian JAER
introduced in Eq. (2). For each nonrelativistic spherical
operator in 5h§R, a given matrix element can be decom-

posed as the product of two pieces, one depending on the

principal quantum number n and the other independent
of it. In what follows, we provide general expressions for
each of these two pieces. For free-atom states with arbi-
trary total quantum number F', the energy shift cannot
be expressed in closed form due to the algebraic complex-
ities of degenerate perturbation theory. However, we can
obtain an analytical result for the cases F' = 0 and F' = 1.
The situation in the presence of an applied magnetic field
is discussed in Sec. IID.

1. General case

The piece of the matrix element that depends on the
principal quantum number 7 is given by the expectation
value of the operator |p|¥ in the unperturbed states. For
the cases k = 0, 2, and 4 of interest here, we find

(p)ur = 1.
(PP = (=

tolthe = () (r-3). (o)

The first of these equations reflects the normalization of
the unperturbed states. Note that only the case k = 4
depends on the angular-momentum quantum number L.

amr)2
b)

The second piece of the matrix element is independent
of n. Using the spherical decomposition, it can be ex-
pressed in terms of the Clebsch-Gordan coefficients.

To illustrate this fact, we begin by considering the spin-
independent term (4). Denoting the unperturbed states
by the ket [nF'JLmp), a calculation of the expectation
value of the usual spherical harmonics gives

R 2j +1 ) .
(nFJLmp| oYjm(P)|nFJLmp) = \/ 347T > (L0jmILO) (Lmpjm| L) (dmy Lmp | Tmy)* (Jmydma| Fmp)?.

mrpmgy mima

(16)

Note that the result is independent of the flavor w. In this equation, the Clebsch-Gordan coefficients involving J and
F arise from the addition of orbital and spin angular momenta. The other Clebsch-Gordan coefficients originate in
the triple integral of the spherical harmonics. This result and the Wigner-Eckart theorem in the generic form (14)
can be combined to derive the spin-independent matrix elements in the fixed-F subspace. We find

(FJLF| Yjo(p)|FJLF)

FJL he h FJL ,
(nFJLmiplheo + hpo|nF"J L) (FFjO|FF)

(17)

= Vi [P nr (Fmpjm| Fm)

wkjm

which demonstrates that the calculation of the matrix elements for the spin-independent term can be reduced to a
determination of Clebsch-Gordan coefficients. A similar result holds for the spin-dependent term.

More generally, the above methods can be used to determine the matrix elements of the full perturbation 5th.
Explicitly, after some calculation we find

(nF JLm/p|0hy  [nFJLmp) = Ajm(Fmpjm|Fm’), (18)

jm



where the weights A, (nFJL) are given by

=—Z p[*)

0B)

(
A(OE NR Aj

with d,p = 1 if @ = b and dgp = 0 otherwise. In this
expression, the factors A;qP) are related to the ratio of the
expectation value of the operator and the corresponding
Clebsch-Gordan coefficient. This can be verified for the
spin-independent term by comparing Egs. (17) and (19).
Note that the weights obey the identity

by virtue of the properties of the coefficients for Lorentz
violation [37].
The factors qup) can be expressed explicitly in terms

of the quantum numbers of the state involved. For the

factors A((JOE) (F, J) associated with the spin-independent
terms, we find
1

— (21)

APED) = o=

when j = 0, and

A E ) = il 1 (1 -

2,F—J) (J—j/2)!

22 J90+1) T+ j/2)
25+ 1DH)(2F+j+1)!
><\/ 7(2F + 1)(2F — ) (22)

when j = 2 or j = 4. For the factors Ang)(F) associated

with the spin-dependent terms, we obtain

9(1—3)/2

(0B)
! A

AP F) = (LG 1)

1 g2 +1) (F + 30 +1)12F — j)!
U\ 20 0r2F 4 1) (F = LG+ D)IEF 1)
(23)

for 5 = 1,3,5. In these expressions, the double-factorial
symbol !l is defined as usual by N!l = N(N —2)---1 for
odd N and N!! = N(N —2)---2 for even N.

For convenience, Table II presents the numerical values
for some instances of the factors A§QP). The table lists
the numerical values of the factors for energy levels with
orbital angular momentum L < 2. The left-hand side
of the table concerns the factors AE-OE)(F ,J) associated
with the spin-independent perturbatlon displaying their
values for 7 = 2,4, J = and F = 1, 2,3 The
( ) and

A§1B)(F ) for spin-dependent effects, for the ranges j =
13,5 and F =1,2,3.

3
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right-hand side gives values of the factors Aj

NR(0B)
Vikegm + 2J + 17:“”’“3"”

_A(B) dwe dwp NR(1B)
A (Q(L_J)+2(J_F))7zukjm ] (19)

TABLE II: Some numerical values of the factors A(qp)
j J F AOE) i F A0B) AOB)
2 g 1 _2\/1% 11 3% 3%
4 2 2 ﬁ 3 -2 % _\/%

T s s mF e

To illustrate the methods described in this subsection,
we construct the matrix element for the perturbative en-
ergy shift in the F© = 1 subspace of the ground state
J = 1/2. Inspecting Table I reveals that only the spin-
independent terms with 7 = 0 and the spin-dependent
terms with j = 1 can contribute, while k£ can take the
values 0, 2, and 4. From the general expression (18), the
matrix element 0h(m/z, mp) in the F' = 1 subspace takes
the form

Sh(mp,mp) = Aoodm)my + ZA1m<1mF1m|1m/F>.

(24)
To determine the weight Aoo(ll%O) using Eq. (19), we
need the expectation values (15) evaluated at n = 1 and
L = 0 and the factor A((JOE)(l, 1) obtained from Eq. (21).

To calculate the weight A1, (1150) requires the values of

AgOB)(l) and Ang)(l) obtained from Table II. Collecting
all the pieces, we find

Mw

A00(11%0): —(omy)2(1 + 45 5) Z w(zq)oo 25)

i
=]

q

for the spin-independent weight, and

1

2
\/? Z —(amy) (1 + 46,2)

q

Z(

A1 (1130) =

NR(0B) NR(1B)
W(2q)1m + 27;”(2q)1m ) (26)



for the spin-dependent one.

2. Analytical energy shifts for F =0 and F =1

Since the unperturbed hydrogen energy levels are
(2F + 1)-fold degenerate, the perturbative corrections to
the energy levels for fixed F' are obtained by the eigenval-
ues of a (2F 4+ 1) x (2F + 1) matrix, which is specified by
Eq. (18). In general, these eigenvalues are determined by
the roots of a polynomial of degree 2F + 1 corresponding
to the secular equation of the matrix (18). This implies
that a closed-form expression for the energy shifts at ar-
bitrary F' is unattainable. However, for the special cases
F =0 and F = 1 the secular polynomial can be solved
in closed form. An analytical expression for the energy
shifts can therefore be found, as we demonstrate next.
For simplicity, we suppress the arguments nF'JL of the
weights A, (nFJL) in what follows.

Consider first the energy shift de(n, L) for the case F' =
0. Since this energy state is nondegenerate, the shift can
be obtained directly from Eq. (18). The result is

NR
Vw k00

i

From Egs. (19) and (21), we can infer that the weight Ago
depends only on the quantum numbers n and L. In fact,
this feature holds for any F and J because the identity
(F'mp00|F'm'z) = 6mpms, implies that the contribution
involving the isotropic coeflicients with jm = 00 to the
matrix element of the perturbation in the fixed-F' sub-
space is given by Agg times the identity matrix. The en-
ergy shift can therefore always be expressed as the sum
of contributions from the isotropic coefficients with ones
from the anisotropic coefficients, with the former being
given by Agp(nL) independent of the values of F' and
J. One consequence of this observation is that isotropic
coefficients can only contribute to frequency shifts for
transitions with An # 0 or AL # 0.

The expression for the F' = 1 case is more involved be-
cause it is obtained from the solution of a cubic equation.
The energy shift de(n, L, J, £) for this case takes the form

de(n, L) = Ago = — Z<|p|k>nL

wk

(27)

s 3 _ A2 _ 3
56(”7 Lu Ju 5) = AOO + 195225\/33 Al ?1 4AO

14+1i6V3 Ay

2 _
08 =3 A - /AT iA?
2

where £ = —1,0,1. The quantities Ay and A; can be
written in terms of the weights A, (n1JL) and Clebsch-
Gordan coefficients. The expression for Ay,

Ajm A%
_9 Jm-7gm
Bo=3d it (#)
jm

explicitly shows that it is a rotational scalar because A4,
transforms dually to A}, under observer rotations. Sim-
ilarly, we can conclude from the structure of Ay,

Alz_zz27

Jjmsg mima

X <2m32(—m3) |00>Ajm1 Ajm2 AQ(,ma), (30)

(27 +1)(2] +3)
2 x 5i—1/2

(jmijma|2ms)

that it too is a rotational scalar. One way to under-
stand this is to notice that the weights A;,, transform
under observer rotations like (jm/|, and the equation for
A; can be viewed as the sum of singlets (00| obtained
by the angular-momentum coupling of (jm;| with (jma]
and then to (2mg].

The result (28) holds for both allowed values of J.
However, its complexity reduces significantly for J = 1/2.
As can be seen from Table I, the j = 2 coeflicients pro-
vide no contribution for J = 1/2 and so the weight As,,
vanishes. This implies that A; = 0, thereby reducing Eq.
(28) to

1
V2

where A = /> A}, Aim. The contribution from the

anisotropic coefficients to the energy shift thus takes the
form of a linear Zeeman shift, where £ can be interpreted
as the eigenvalues of the component of the total angu-
lar momentum F' in the direction of the pseudovector
Aj,,. In terms of the unperturbed state |[n13Lmp), the

corresponding eigenvectors |nL%§) take the form

de(n, L, 5,8) = Ago + —=EA, (31)

1
InLi0) = ZZA1m|n1%Lm>,

1
Ny

[nL3(+1)) (451 (4w F A1 L(-1))

+2(A10 F A)|A11]*|n15LO)
+2A411 A1 PIn13L(+1)) |, (32)

where the factors N4 are normalizations.

In the expressions (27), (28), and (31) for the energy
shifts, the weights A;,, containing the nonrelativistic co-
efficients for Lorentz violation appear only in combina-
tions that are observer rotation scalars. This is a general
feature of energy shifts for any F', which can be under-
stood as follows. Recall that an observer transforma-
tion amounts merely to changing a basis, without chang-
ing the physics [8, 9]. However, to specify completely
a quantum observer transformation requires also defin-
ing its effect on the basis of states in the Hilbert space.
The definition can be chosen freely, and it is convenient
for the argument here to require quantum observer rota-
tions to leave the basis states [nFJLmp) invariant. This
choice has similarities to the adoption of the Heisenberg
picture in quantum mechanics. By construction, the op-
erator 6hN® is a scalar under observer rotations. The



matrix elements (nFJ Lm/,|6hN®|nFJLmp) then explic-
itly form a rotation scalar, consistent with the notion that
the perturbed energy of the atom should be invariant un-
der observer rotations. However, the weights A;,, with
jm # 00 transform nontrivially under observer rotations,
so in the final expression for the energy shift they can
appear only in combinations that are rotational scalars.
In fact, the combinations are also scalars under particle
rotations, which transform the system while leaving un-
changed the coefficients for Lorentz violation. As a result,
neither observer nor particle rotations affect the expres-
sions for the energy shifts. The physical manifestation
of Lorentz violation appears as the lifting of the degen-
eracy of the unperturbed energy levels of the free atom,
reflected in the appearance of the parameter &, with the
size of the splitting determined by the magnitude of the
coefficients for Lorentz violation.

D. Applied magnetic field

The complications in calculating the spectral shifts for
free hydrogen arise in part from the rotational symmetry
of the unperturbed states. Applying an additional known
perturbation to the system can break this symmetry and
can thereby considerably simplify the analysis. As an ex-
ample with crucial relevance to many experimental sit-
uations, we study here some consequences of applying a
constant uniform magnetic field. We assume the associ-
ated energy shift is small compared to the scale of the
hyperfine structure but large compared to any Lorentz-
violating shifts. In this scenario, the applied magnetic
field lifts the (2F + 1)-fold degeneracy, so nondegenerate
perturbation theory can be used to determine the overall
energy shifts.

Choosing for convenience the laboratory frame so that
the applied magnetic field is aligned with the z axis, the
energy shifts de(nFJLmpg) of the Zeeman levels are de-
termined by the diagonal components of the matrix ele-
ments (18), which have mz, = mp. This gives

se(nFJLmp) = Ajo(nFJL)(FmpjO|Fmp), (33)

J

where the weights Ao are defined in Eq. (19). Only
weights with m = 0 contribute, as the Clebsch-Gordan
coefficients (F'mpgjm|Fmp) vanish unless m = 0.

The Clebsch-Gordan coefficients (Fmpj0|Fmp) are
even functions of mp for even j and are odd functions
of mp for odd j. This implies that (F0j0|F0) = 0 for
odd values of j. However, a glance at Table I shows that
the only Lorentz-violating operators with even j produc-
ing spectroscopic contributions are spin independent. As
a result, spin-dependent Lorentz-violating terms cannot
contribute at leading order to the shift of any energy level
with mp = 0. This means, for example, that the tran-
sition frequency for any two levels with mp = 0 can at
most depend on spin-independent terms.

A key feature of an applied magnetic field is that it sets
a definite orientation for the experimental system. Since
nonzero coefficients for Lorentz violation imply a fixed
orientation in the background, generic changes of direc-
tion of the magnetic field alter its alignment with the
coefficients and so can produce corresponding changes
in the perturbative energy shifts. Possible origins of a
changing magnetic-field orientation relative to the coef-
ficients include the rotation of the Earth, the revolution
of the Earth around the Sun, and any effects in the lab-
oratory due, for example, to placing the apparatus on a
turntable. In the laboratory frame, these appear as a con-
sequence of time-dependent coeflicients for Lorentz vio-
lation, as outlined in Sec. IT A. The motion of the Earth
thus naturally produces sidereal and annual variations in
some energy levels and hence in certain spectroscopic fre-
quencies. Next, we present some general considerations
for these variations. More explicit experimental applica-
tions are presented in Sec. III.

1.  Sidereal variations

First, consider effects arising from the Earth’s rota-
tion about its axis. In the laboratory frame with the
magnetic field along the z direction as above, the rele-
vant nonrelativistic spherical coefficients lelji’llab have
m = 0 and vary with sidereal time due to the rotation.
The relationship between the coefficients Ky v in the

WEkim
Sun-centered frame and the coefficients ngj%’lab in the
laboratory frame is given by

Jab imw j ,Sun
’ng]% = Ze @Teed-ém(_ﬁ)lcwlljjljn : (34)

m

This differs from Eq. (10) due to the choice of the labora-
tory frame coordinates. In particular, the angle ¢ is now
the relative angle between the applied magnetic field and
the Earth’s axis of rotation. A possible constant phase
factor shifting wgTg has been chosen by setting the ori-
entation of the magnetic field in the XZ plane of the
Sun-centered frame at Ty = 0.

Combining Egs. (33) and (34) yields the energy shift
de(nFJLmp) in the presence of an applied magnetic field
expressed in the Sun-centered frame. We find

de(nFJLmp) = Z a¥

0|m| (_19) <FmFJO|FmF>

jm

x [Re AJS-““‘| cos (Im|weTe)

m

—Im AS““‘ sin (|m|w@T@)} , (35)

jlm

where the weights Ajs-r‘jqn(nF JL) are defined in the Sun-
centered frame by an expression of the same form as the
weights (19).

The sidereal variations (35) induce oscillations of the
spectroscopic lines as a function of sidereal time. The

frequencies of these oscillations are harmonics mwg, of the



Earth’s sidereal frequency wg, where —jmax < M < Jmax
and jmax is the maximum j value for the two energy
levels involved in the transition. As shown in Sec. II B,
Jmax is determined by the quantum numbers J and F.
Denoting by Kpax the maximum among F and J for
both energy levels, the harmonics that appear are given
by —2Kmax +1 <m < 2K — 1.

The above result for the harmonic frequencies of spec-
troscopic lines holds for general Lorentz violation. How-
ever, as discussed in Sec. II B, we are limiting attention in
the present work to terms with & < 4. This corresponds
to the restriction j < 5, as can be confirmed from Table I,
and hence involves only harmonic frequencies w < bwg,.
An example generating fifth-harmonic oscillations is the
transition 25’1/2—3D§::53/2, which is one of a family of
transitions considered in Sec. IIID below. Higher har-
monics are also signals of Lorentz violation and could be
sought experimentally, but they involve more suppressed
effects.

2. Annual variations

The transformation (34) between the Sun-centered
frame and the laboratory frame holds at zeroth order
in the laboratory speed. However, the orbital motion of
the Earth around the Sun offers another source of vari-
ations for tests of Lorentz and CPT symmetry, which to
date has been used to extract constraints on SME coef-
ficients in comparatively few analyses [18, 49, 52]. Next,
we consider some leading-order boost effects.

The instantaneous Lorentz transformation from the
Sun-centered frame to the laboratory frame can be
viewed as the combination of a boost from the Sun-
centered frame to a frame comoving with the instanta-
neous laboratory frame, followed by a rotation to align
the latter two frames [49]. The required boost velocity
B is the vector sum B = B4 + B of the instantaneous
Earth orbital velocity B in the Sun-centered frame and
the instantaneous velocity 3; of the laboratory frame
relative to the Earth’s rotation axis. The Earth’s orbital
speed Bg ~ 10~% is much greater than the typical ro-
tation speed Br ~ rewgsiny ~ 107% for a laboratory
at colatitude xy ~ 45°, but both motions are considered
here as they yield distinct phenomenological effects. To
a sufficient approximation the Earth’s orbit can be taken
as circular, so the velocity B, can be written as

By = PesinQgT X — Bg cos QT (cosn Y +siny 2),

(36)
where Qg ~ 27/(365.26 d) is the Earth’s orbital fre-
quency, T is the time in the Sun-centered frame, and
n =~ 23.4° is the angle between the XY plane and the
Earth’s orbital plane. Similarly, the velocity B takes
the form

IBL = —ﬂL SiDW@TEB 55 + BL COSW@T@ }/}, (37)

where Ty is the local Earth sidereal time. Note that
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the difference T'— T is merely a phase that physically
represents a convenient choice of local time zero for a
specified tangential velocity.

One advantage to considering boost effects arises be-
cause the boost and parity operators fail to commute,
implying that parity-even operators in the laboratory
frame incorporate parity-odd ones in the Sun-centered
frame. The connection between the two sets of opera-
tors is provided by the boost velocity, which changes sign
under parity. The experimental sensitivity to parity-odd
Lorentz violation is therefore suppressed by at least a fac-
tor of 1074, but as shown below the observable signals are
distinct. Another advantage arises because in addition to
mixing operators of different parity, the transformation
between the two frames also mixes the irreducible rota-
tion representations. This can enrich the expected signals
for Lorentz violation. For example, laboratory measure-
ments of an isotropic Lorentz-violating effect can also test
anisotropic effects in the Sun-centered frame, which then
appear combined with the boost velocity. The mixing of
irreducible rotation representations does, however, imply
a significant calculational issue for boost effects because
performing the spherical decomposition is no longer nat-
ural, yielding cumbersome transformation rules for the
spherical operators. To avoid this issue, we work here
with the cartesian basis, for which calculations are more
direct.

In the context of the applications discussed in Sec. ITI
below, two types of parity-even laboratory observables
are of particular interest, scalars and axial 3-vectors. For
example, the former is relevant for the 15-2S transi-
tion, while the latter is relevant to hyperfine Zeeman
transitions. Consider first the simplest case involving
the laboratory-frame measurement of a parity-even ob-
server rotational scalar S'*" such as the weight Ago(nL)
in Eq. (33). The scalar S'* can be expressed in the Sun-
centered frame as

Slab — SSun 4 VJﬁJ, (38)

where V7 is defined in the Sun-centered frame and trans-
forms as a vector under observer rotations. Note that V'
can receive only contributions from anisotropic parity-
odd Lorentz-violating operators in the Sun-centered
frame. Substituting for 8”7 using Eq. (36) then reveals
that in the laboratory frame the measurement of S ex-
hibits annual variations. Similarly, Eq. (37) predicts side-
real variations of S. The two effects have distinct experi-
mental signatures and are sensitive to different combina-
tions of the components of V7 in the Sun-centered frame.
As a result, experiments performing a boost analysis on a
scalar observable can achieve interesting and distinctive
sensitivities to coefficients for Lorentz violation.

Next, we consider a measurement of the z component
A# of an observer axial 3-vector A” in the laboratory
frame, such as the weight A19(nFJL) in Eq. (33). At
first order in 87 and in terms of quantities in the Sun-
centered frame, A* can be written as

A7 = RZJASun,J +RZJﬁKTJK, (39)



where TV is defined in the Sun-centered frame and
transforms as a rank-2 pseudotensor under spatial ro-
tations. The quantity R*” is the zth row of the rotation
matrix R77 between the boosted frame and the labora-
tory frame, with entries given by

R* = sindcos (wgTs + ),
R¥Y = sindsin (weTs + @),
R* = cos, (40)

where as before 1 is the angle between the magnetic field
and the Earth’s rotation axis. The phase ¢ is the angle
between the X axis and the projection of the magnetic
field on the XY plane at Ty = 0. A useful perspective is
to view R*’ as a unitary vector pointing in the direction
of the applied magnetic field.

The first term in Eq. (39) is just the j = 1 component
of the right-hand side of Eq. (35), expressed in the carte-
sian basis. This produces sidereal signals as discussed in
Sec. IID 1, so it suffices here to consider the second term
R BET/K in Eq. (39). To compare the pseudotensor
T7% to the spherical decomposition, it is convenient to
decompose T7¥ into irreducible rotation representations.
This decomposition gives

R BETIK — %RzJﬁJTKK + R* gETIK]
+R¥ K (T(JK) _ %5JKTLL)7 (41)

where indices in brackets and parentheses indicate anti-
symmetrization and symmetrization, respectively, both
with a factor of 1/2.

The first term in Eq. (41) contains the trace THX,
which in the spherical basis corresponds to combina-
tions of nonrelativistic coeflicients of B-type parity with
jm = 00. Its contribution is proportional to R*”/ ﬁJ, SO
the corresponding signals can be altered significantly by
manipulating the direction of the magnetic field. For ex-
ample, if the magnetic field is chosen orthogonal to 8,
then R*’ ﬁi = 0 and only annual variations arise from
this term. If instead the magnetic field is parallel to 3},
then R*/37 = B + RZJBé. For more generic orienta-
tions the signal can be complicated, with coupled sidereal
and annual variations.

The contribution in Eq. (41) involving the antisymmet-
ric representation TV contains nonrelativistic spherical
coefficients of E-type parity with j = 1. This term can
be viewed as being contracted with a factor R’ ﬁK],
which represents the components of the cross product
of the vector R*/ with the velocity 8. If the mag-
netic field is parallel to B, then the contributions from
SR BETK] vary only at the annual frequency Q@®. If
the magnetic field is parallel to the Earth’s rotation axis,
then the configuration is insensitive to the combination
of coefficients contained in eZ/5T7X  Generic orienta-
tions of the magnetic field again lead to coupled sidereal
and annual variations.

The final term in Eq. (41) involves the traceless sym-
metric part of the pseudotensor, which corresponds to
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nonrelativistic spherical coeflicients of B-type parity with
7 = 2. If the magnetic field is chosen along the Earth’s
rotation axis, the term of order Sg exhibits only annual
variations and the experiment is sensitive to the combi-
nations of coefficients contained in 74”) and T7/. In
this configuration, the term of order [y, involves only the
fundamental frequency wg. For other orientations of the
magnetic field, the signal also incorporates variations at
the second harmonic 2wg.

III. APPLICATIONS

This section discusses observable experimental signals
for Lorentz and CPT violation that could appear in spec-
troscopic studies of hydrogen. We begin by addressing
the case of free hydrogen in the absence of applied fields,
characterizing the resulting level splitting and possible
experimental signals. Experiments with hyperfine Zee-
man transitions are treated next. We obtain the energy-
level and frequency shifts due to Lorentz and CPT vio-
lation and study several types of time variations in ex-
perimental signals, including sidereal and annual modu-
lations together with turntable and orbital effects. Ex-
isting experimental data are used to place constraints on
nonrelativistic coefficients. Two subsections treat spec-
troscopy involving the transitions nL-n'L’, including in
particular the 15-2S transition. We obtain the associated
frequency shifts and discuss new constraints and the fu-
ture reach available via a self-consistent analysis or via
sidereal and annual variations.

A. Signals without background fields

In the absence of applied fields, the physical manifes-
tation of Lorentz violation in free atomic hydrogen is a
splitting of otherwise degenerate energy levels. In the
Sun-centered frame, the perturbed states can be con-
structed by diagonalizing the Lorentz violation in the
degenerate subspace. For example, as discussed in Sec.
IIC2, Lorentz violation causes the ground state of free
hydrogen to split into four sublevels in a pattern analo-
gous to hyperfine Zeeman splitting, despite the absence
of a magnetic field. At leading order, the ground states
are eigenstates of the operator A - F' restricted to the cor-
responding subspace, where A is the vector formed from
the A1y, coefficients in Eq. (31) and F' is the total angu-
lar momentum. In this subsection, we consider prospects
for experimental investigations of this degeneracy lifting.

1. Transition probabilities

In the Sun-centered frame, the splitting of the energy
levels in free hydrogen is time independent because the
coefficients for Lorentz and CPT violation can be taken



as constant in this frame. Suppose an experiment is de-
signed to excite transitions between these states using a
laser with a fixed polarization in the laboratory frame. In
the Sun-centered frame, the laboratory is rotating due to
the Earth’s spin and the laser polarization rotates with it.
The relative orientation between the polarization of the
laser and the split hydrogenic states therefore changes
as a function of sidereal time, affecting the transition
probabilities. This represents a unique signal of Lorentz
violation.

To see more explicitly the effect, we restrict attention
to the comparatively simple case with J = 1/2. Suppose
the laser has linear polarization aligned along the labora-
tory z axis, and suppose we want to excite the transition
between the eigenstates F' = 0 and F' = 1, £ = 0 with en-
ergies fixed by Eq. (31). Using the dipole approximation,
the transition probability is proportional to the squared
magnitude of the dipole matrix element 7Ty; between the
initial state |i) and the final state |f), |T:|* o< |{i|z|f)|?.
In terms of the basis states [nF.JLmp) and the weights
(26) introduced in Sec. ITC, we have

1
i) = [n03 L0), |f>:ZZA1m|n’1%L’m>. (42)

These expressions are valid in any frame. The basis
InLiFmp) can be taken as quantum observer invariant
under frame transformations, as discussed in Sec. IIC 2,
but the weights Aj,, transform under rotations. In the
laboratory frame, the squared magnitude of the dipole
matrix element becomes

ATy

A2
We assume here an adiabatic rotation so that the pertur-
bation method is valid. This is reasonable as the Earth’s
sidereal period is much greater than the timescale for
photon absorption. Finally, converting this result to the
Sun-centered frame using Eq. (10) reveals the time vari-
ation of the transition probabilities at harmonics of the
sidereal frequency wg.

An interesting insight obtained from Eq. (43) is that
the sidereal variation of the transition probability can be
an unsuppressed effect, as it depends only on the ratio
of coefficients for Lorentz and CPT violation rather than
their absolute values. This distinctive feature has no par-
allel in typical experiments performed in applied fields,
such as the observations of Zeeman hyperfine transitions
discussed in Sec. III B below. The catch here is that an
experiment measuring the unsuppressed transition prob-
abilities must be able to resolve the energy splitting due
to the Lorentz and CPT violation, which itself is a sup-
pressed effect.

| T5il? oc (il] £)]* = |(nL500]z[nL’ 510)*. (43)

2. Line shapes

Since the transition probabilities vary with sidereal
time, so do the observed line shapes. To illustrate this, we
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assume that the Lorentz-violating splitting is detectable
and that an ensemble of particles in the state F' = 1,
& = 0 can be produced. If this system is exposed to
an oscillating magnetic field B = Bgcoswt, the time-
dependent perturbation can be taken as

Ah(t) = up(geSe - Bo + gpSp - Bo) coswt, (44)

where pp is the Bohr magneton and g, is to the gyromag-
netic ratio of the particle of flavor w. The time ¢ coincides
with the local Earth sidereal time Ty up to a phase. Note
that the frequency for the transition AF = —1, A =0
is unaffected by Lorentz violation, so it coincides with
the ground-state hyperfine-splitting frequency wy.

Suppose now the oscillation frequency w of the mag-
netic field is tuned near resonance, w = wy + Aw, where
Aw < wy. For generic orientations of the field, the setup
can then be approximated as a two-state system. Us-
ing the rotating-field approximation [53], the transition
probability is given by

2

P(t) = ——

S 2 2
AL Y24+ Aw? t),  (45)

sin? (%
where v = (ge — gp)(B - A). The magnetic field rotates
with the laboratory and the Earth at angular frequency
wg, so in the Sun-centered frame the product B - A and
hence v depends on sidereal time. The explicit depen-
dence is

B A = Ajocosd — V2sindRe Aq cos(weTg + ¢o)
+v2sin¥Im Ay sin(weTe + ¢o), (46)

where 9 is the angle between the magnetic field and the
rotation axis of the Earth. The phase ¢g is the azimuthal
angle of the magnetic field in the Sun-centered frame at
time Ty = 0. Substituting this expression into Eq. (45)
determines the line shape for the transition, including its
variation with sidereal time.

The two-state approximation used above fails for con-
figurations with orthogonal or near-orthogonal B and A
because the probability of the stimulated transition with
A¢ = 0 then becomes smaller and comparable to other
allowed transitions. None of the transitions are on reso-
nance in this scenario, so the probability for a stimulated
transition can be disregarded. For example, if A1 cos®
is negligible compared to the other terms in Eq. (46),
then B A fluctuates to zero and back, implying that the
signal for Lorentz violation includes peaks and valleys in
the transition probability as a function of the sidereal
time.

8. Prospects

The vector A is determined by the coefficients for
Lorentz and CPT violation. Assuming this vector is
nonzero and known, the amusing possibility arises that a



hydrogen maser could be created based on the Lorentz-
violating level splitting. Constructing the oscillating
magnetic field B to be aligned with A would generate an
approximate two-state system without the need for the
usual applied external field to break the system degen-
eracy. The necessary population inversion could be pro-
duced, for example, by overlapping the Lorentz-violating
background field with an inhomogeneous magnetic field
to select the states seeking low field. A possible advan-
tage of a Lorentz-violation maser is that the vector A is
expected to be highly homogeneous because the coefli-
cients for Lorentz violation can be assumed uniform and
constant in the Sun-centered frame [8], so the issues for
conventional masers arising from the inhomogeneity of
the applied magnetic field would be irrelevant. However,
realizing a Lorentz-violation maser in an Earth-based
laboratory would face the challenge of overcoming the
effective sidereal oscillation of A in the laboratory due
to the Earth’s rotation. This tends to skew its alignment
with B and hence would permit the excitation of tran-
sitions between the ground state and the levels F' = 1,
& = £1, destroying the two-state approximation and re-
ducing the emission of coherent microwaves.

More generally, the similarities between the Lorentz-
violating splittings and conventional linear Zeeman shifts
provide an intuitive guide to prospective experimental
options. For example, transitions between the different
F = 1 sublevels could be investigated using tools like
those adopted for studies of F' = 1 Zeeman transitions
in the presence of a uniform magnetic field. Current sen-
sitivities to the F' = 1 Lorentz-violating splittings have
attained about 1 mHz using measurements of hyperfine
Zeeman transitions [14-16], so we can assume the res-
onance frequency between the F' = 1 levels lies below
this value. One option to improve the sensitivity might
be to prepare an ensemble of atoms in the F' = 1 state
and probe them with a magnetic field oscillating at a fre-
quency below 1 mHz. Assuming a mechanism to monitor
induced transitions can be implemented, then sweeping
over decreasing frequencies could lead to better sensi-
tivities to the coefficients for Lorentz violation. Note,
however, that for J > 1/2 the Lorentz-violating splitting
lacks a Zeeman-type structure, so studies of the various
associated transitions would require developing the cor-
responding phenomenology.

Another possibility is to search for line separation or
broadening arising from the Lorentz-violating level split-
tings. Suppose a transition between two states with
J = 1/2 is studied. Ideally, the Lorentz-violating split-
ting would be detected in the form of multiple reso-
nance peaks. Even if individual peaks cannot be re-
solved, the modified line shapes could be calculated and
the minimum value of the effect leading to resolvable
peaks within the particular experimental scenario could
be determined. This would correspond to a constraint
on the coefficients for Lorentz violation. Note that the
parallel to the Zeeman hyperfine splitting implies that
the putative signal for Lorentz violation can be approxi-
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mated experimentally by applying to the ensemble of hy-
drogen atoms a uniform external magnetic field rotating
with sidereal frequency. Moreover, the Lorentz violation
also produces line broadening, which could be studied di-
rectly. Consider, for example, the transitions F' = 0 to
F =1 under the assumption that levels with all values
of ¢ are excited with equal probability. An estimate of
the Lorentz-violating line broadening AFE can be found
by calculating the statistical deviation arising from the
availability of levels of different £. Ignoring the natural
linewidth, this gives

(AE)? = L|AP, (47)

The result indicates that the Lorentz-violating broaden-
ing is related to the magnitude of the vector A.

B. Hyperfine Zeeman transitions

In this subsection, we consider effects of Lorentz and
CPT violation on the hyperfine levels of hydrogen in the
presence of a weak magnetic field. The 15,5 level in
hydrogen is split into two sublevels, a ground state with
total atomic angular momentum F' = 0 and an excited
state with F' = 1. Applying a weak magnetic field further
splits the F' = 1 hyperfine level into three Zeeman sub-
levels with energies determined by the eigenvalue mg of
the component of F' along the magnetic field. We deter-
mine the frequency shifts from Lorentz and CPT viola-
tion, and we discuss some signals involving sidereal vari-
ations, changes of the orientation of the magnetic field,
and boosts. Signals in space-based missions and in other
hydrogenic systems are also described.

1. Frequency shift

The Lorentz-violating energy shifts of the hyperfine
Zeeman sublevels for J = 1/2, L = 0 or 1, and any n
can be obtained from Eq. (33) along with the expression
(19) for the weights Ago(n1iL). The result is

de(mp) = _22: (CYZ%)Q‘I (1+ (21)811 _4) 6q2>

q:O
2q)00 mp NR(0B) NR(1B)
X Z [ 2\/37 (7741(2(1)10 + 27w (29)10 )] ’

(48)

.. NR(0B NR(1B
where the quantities le(\;f;)oo, 7;,(2(1)(10 ), 7:U(2q)(10)

expressed in terms of nonrelativistic spherical coefficients
by Eq. (6). Note that this extends the known result for
the minimal SME [13] to include contributions from the
d = 4 coefficients gy, along with ones involving opera-
tors of arbitrary d.

The frequency shifts for the hyperfine Zeeman transi-
tions of the ground state follow from this result. Denoting

are



by Amp the difference between the values of mpg for the
initial sublevel and the final one, we obtain

2
AmF
2oy = — am;)?(1 + 45
2\/@ qgo( ) ( q2)
NR(0B) NR(0B)
X Z [gw(zq)w = Hu(a)19
NR(1B) NR(1B)
29w (3910 — 2Huw(24)10 ]. (49)

Note that the isotropic coefficients, which are contained
in VIR and modify the energies according to Eq. (48), are
absent from this frequency shift. This agrees with the
result obtained in Sec. II C2 that isotropic coefficients
only contribute to transitions with An # 0 or AL # 0.
Note also that the result (49) contains the minimal-SME
limit via the restriction

NR(0B)

NR(1B) NR(1B)
Jwo10

+ 29wo10 —2Huwpg
/ w w w w(A w(M
— 2V3m[by — mudzy — Hi — mywgs ) 4 mw912(0 )]a

NR(0B
- HwOlO( )

(50)

where the superscripts (A) and (M) indicate the irre-
ducible axial and irreducible mixed-symmetry combina-
tions of the minimal-SME coefficients gy, , respectively
[81, 82]. The frequency shift (49) thereby matches the
result reported in Ref. [13] with only b}/, dj,, and H},
contributing at leading order, which neglects the g-type
minimal-SME coefficients as suppressed by the necessary
accompanying breaking of the electroweak SU(2)xU(1)
symmetry [8].

The expression (49) reveals that only transitions with
Amp # 0 are sensitive to Lorentz violation at leading
order, independent of the operator mass dimension d.
One implication of this observation is that the standard
transition used in hydrogen masers, ' = 0 — F =1
with Ampg = 0, is insensitive to Lorentz violation. The
Lorentz violation considered in this work involves only
propagator effects, which cannot shift the standard tran-
sition frequency because the reduced density matrices for
the spin singlet and entangled triplet are identical and so
yield identical expectation values for any operator that
acts on only one subsystem.

2. Sidereal variations

At zeroth order in the boost, the nonrelativistic spher-
ical coefficients in the laboratory frame can be expressed
in terms of coefficients in the canonical Sun-centered
frame as

NR,lab NR,Sun
’kalo IC“’ k10

—V2 Re le,jﬁ’sunsin 9 coswa T

V2 Tm Ky g5 sin o sin we T, (51)

cos v

which is a special case of Eq. (34). As before, wg is
the Earth’s sidereal rotation frequency, Ty is the sidereal
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TABLE III: Constraints on the moduli of the real and imag-
inary parts of electron and proton nonrelativistic coefficients
determined from hyperfine Zeeman transitions in hydrogen
using Eq. (52).

Coefficient Constraint on
K [Re €|, [Im K|

HYROB) gNROB) g 510727 GeV
HyRB) | g Res) < 5x 1072 GeV
HYROB) NROBE) 7 5 10716 GeV !
Hy it P gt <4x10710 Gev !
HNROB) NROB) g5 1070 GeV™?
HYROB) NRUB) 55 1070 GeV 3

time, and ¥ is the angle between the applied magnetic
field and the Earth’s rotation axis. Together with the
expression (49) for the frequency shift, the above relation
predicts that the hyperfine Zeeman transition frequencies
oscillate with frequency wg in the presence of Lorentz
violation. This result is in agreement with the discussion
in Sec. IID 1, with the identification K.« = F = 1 and
hence obtaining |mmax| = 2Kmax — 1 = 1.

An experiment performed with a maser located at the
Harvard-Smithsonian Center for Astrophysics searched
for sidereal variations of the hyperfine Zeeman transitions
with =1 and Amp = £1, finding no signal to within
+0.37 mHz at one standard deviation [14-16]. Using the
frequency shift (49) for colatitude x ~ 48°, this implies
the bound

2
NR(0B
Z(amr)2q(1 + 46q2) Z I:gw(gq)(?o ) -

q=0 w

NR(0B)
Hw(2Q)10

NR(1B) NR(1B)
+2gw(2q)10 - 2Hw(2q)10 }

<9x 10727 GeV, (52)

which constrains a subset of the nonrelativistic spherical
coefficients in the Sun-centered frame.

Intuition about the implications of this constraint can
be gained by adopting the assumption that only one co-
efficient is nonzero at a time and extracting the resulting
limits. Table IIT presents the constraints on individual
nonrelativistic spherical coefficients obtained in this way.
The results hold equally for electron and proton coeffi-
cients. Note that several of these lie well below the level
at which Planck-scale signals might be expected to arise
in some models.

We emphasize that this type of measurement bounds
the effects of certain Lorentz-violating operators at ar-
bitrary d, even though only the subset of nonrelativistic
spherical coefficients with k < 4 and j = 1 is accessible.
This is because a nonrelativistic spherical coefficient with
7 =11is a linear combination of an infinite subset of the
basic spherical coefficients with d > 3 [37]. Note also that



in terms of the basic spherical coefficients the experiment
has greater reach for protons than for electrons due to the
mass factors that enter the relevant linear combinations.
For example, the sensitivity to the basic spherical coeffi-
cient at mass dimension d and with & = 0 is numerically
that of the corresponding nonrelativistic spherical coeffi-
cient suppressed by a factor of (0.94)37¢/3 for the proton
and a factor of (5.1 x 1074)3=9/3 for the electron.

3. Changes of magnetic-field orientation

The bound (52) is insensitive to nonrelativistic spher-
ical coefficients with m = 0 in the Sun-centered frame
because these coefficients enter the frequency (51) with-
out the dependence on Ty, necessary for the experimental
signal. However, Eq. (51) predicts that these coefficients
do change with the angle ¥ between the magnetic field
and the Earth’s rotation axis. An experiment involving a
changing magnetic-field orientation is therefore of inter-
est. One possibility along these lines would be to place
the apparatus on a rotating turntable.

For simplicity, suppose the rotation axis of the
turntable points towards the zenith and the magnetic
field is perpendicular to it. Defining the laboratory-frame
z axis to lie along the magnetic field, the laboratory-
frame coefficients are given in terms of Sun-frame coefli-
cients by

NR,lab NR,Sun
’kalo - _’kalo

N
—V2 Re ’kaﬁ,Sun cos x cos wy Ty coswg Ta
+v/2 Im le,jﬁ’sun cos x cos w, Ty sin wg T
N . .
+Vv2 Re ’kaﬁ,Sun sinw, T} sin wg Ty

+v/2 Im leljﬁ’s“n sinw, T, coswg Ty, (53)

sin x cos T,wy

where x is the colatitude of the experiment and w, is the
angular rotation frequency of the turntable. For conve-
nience, we have introduced a time T, shifted relative to
Tg, with the origin 7T;, = 0 chosen to be the time when
the magnetic field points south. In this scenario, the
coefficients with m = 0 in the Sun-centered frame are in-
dependent of the sidereal frequency, producing variations
at the turntable angular frequency w, of the coeflicients
in the laboratory frame and hence of the measured tran-
sition frequencies. The attainable sensitivity to m = 0
coefficients in an experiment of this type is expected to
be similar to the sensitivities presented in Table III for
the corresponding m = 1 coeflicients.

4.  Annual variations

As described in Sec. IID 2, the inclusion of boosts in
the analysis implies the appearance of contributions from
parity-odd operators. The frequency shift in the labora-
tory frame transforms as the z component of a vector, so
for present purposes we denote it as dv*. Its expression
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TABLE IV: Values of the pseudotensors T5””* in Eq. (54)
for the electron and proton in atomic hydrogen for 3 < d < 8.

p u(;d)J

; B

4 —2mw§5,(czf;])

. 3m2 HIEKD 4 (am, )2 H D

6 —dm3, §ifffTTK) — 4(am)*ma gifﬁum

T sl T 10(amy) P, BT
+5(amr)4ﬁi’(§fLLMM)

8 —omL gL~ 20(amn) P g G

_30(amr)4mw§if§fTLL1vI]W)

in the Sun-centered frame takes the generic form (39) at
first order in the boost velocity 3,

2mov* = 2 R* oS+ Amp Y R TR (85 487,
df

(54)

where B, 87, and R*/ are defined in Egs. (36), (37), and

(40), respectively. The form of the pseudotensor qu,d)JK

depends on the operator mass dimension d and the par-
ticle flavor w.

Table IV provides explicit expressions for Tu(Jd)JK with
3 < d < 8 in terms of the particle rest masses m,,, the
fine-structure constant «, the reduced mass m, of the sys-
tem, and the effective cartesian coefficients for Lorentz
violation defined in Eqgs. (27) and (28) of Ref. [37]. Only
leading-order nonrelativistic contributions from each co-
efficient are included. In the table, parentheses around
sets of n indices indicate total symmetrization with re-
spect to all indices enclosed, including a factor of 1/n!.

Examining Eq. (54) and Table IV reveals that only
the first index of each effective cartesian coefficient is
contracted with the rotation matrix. This feature arises
because only the first two indices of the g- and H-type
effective cartesian coefficients are coupled to the particle
spin via contraction in the original Lagrange density [37].
The applied magnetic field interacts with the magnetic
dipole moment of the particle and so fixes the particle’s
spin orientation in the laboratory frame. The spin fol-
lows any adiabatic rotation of the magnetic field, which
thereby changes the value of the contraction between the
coefficients and the spin. However, the g- and H-type
effective cartesian coefficients are antisymmetric on the
first two indices, so the result can always be interpreted
as a rotation associated with the first index on any coef-
ficient.

The cartesian basis is convenient for boost corrections.
However, as outlined in Sec. IID 2, we can decompose
Té,d)JK in terms of irreducible representations of the ro-
tation group. These irreducible representations are asso-



ciated with spherical coefficients. For example, for mass
dimensions d = 3 and d = 4, we obtain

3. 3B
= _Hw P
\/; 110

3
6zJK{Z—‘qs;Ll)JK = My \/;gwﬁ)o(lE)a

9 (s
T7514)JJ = _mw\/;gwgo)o( )7

5
Tw4)JJ = _mw\/;gw%)o(OB)' (55)

GZJKT75,3)JK

T’gl)zz _

w| =

These and similar expressions for d > 4 can be used to
relate results in the cartesian and spherical bases.

As discussed in Sec. II D 2, orienting the magnetic field
parallel to the Earth’s rotation axis decouples the side-
real and annual variations of the measured frequency,
with sidereal variations associated to terms of order 8,
and annual variations to terms of order g. At first order
in the boost parameter, the frequency shift for this orien-
tation of the magnetic field is given in the Sun-centered
frame by

A

o = 5VSHH’Z—$ E {T&d)zzﬁ@ sinn cos QgT
T

wd

+TDZY (g cosncos Qe T — B coswaTe)
+T\DZX (3, sinwgTe — Be sin Qe T) |
(56)

where Qg ~ 27/(365.26 d) is the Earth orbital frequency,
n ~ 23.5° is the Earth’s orbital tilt, and x is the colati-
tude of the experiment.

As an illustration of the expected sensitivity of an ex-
periment in this configuration, suppose a search finds no
signal for the annual variations dv* at the level of +1
mHz. Then, constraints of order 10723 GeV would be

implied on Tu(Jd)JK. For minimal coefficients, this corre-
sponds to limits of order 10722 GeV on HTX and H™Y

in the electron and proton sectors, limits of order 10~ 1?

on gXYZ gV XX XYY g XTT and g¥ 7T in the electron

sector, and limits of order 10723 on the corresponding
coeflicients in the proton sector. For the nonminimal sec-
tor, the disparity between the electron and proton masses
implies that the experiment is more sensitive to proton
coefficients. For example, limits on the d = 8 coefficients
proportional to m? would be about 1023 GeV™ in the
proton sector and about 1076 GeV™* in the electron sec-
tor.

For other orientations of the magnetic field, one read-
ily isolated signal of Lorentz violation associated with the
boost correction is the twice-sidereal variation of the fre-
quency, which decouples from other variations. We can
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express this term as

1
5V2w@ = EﬁLAmF sin ¢
X Z [cos 2w T (T\DXY 4 (DY X)
wd

+sin 2w T (TDYY — T<d>XX)} . (57)

w

where ¢ is the angle between the magnetic field and the
Earth’s rotation axis. For simplicity, the direction of the
magnetic field at Ty, = 0 is taken to lie in the X Z plane in
the Sun-centered frame, which eliminates a phase shift.
Assuming an experimental search establishes no signal
for the second-harmonic sidereal variations 5u2w@ at the

level of +1 mHz, then constraints of order 1072! GeV
would be implied for Té,d)JK.
this corresponds to sensitivities of order 10718 to g
g¥ %X gZXX and ¢g%¥Y in the electron sector and of order

10~2! for the same coefficients in the proton sector.

For minimal coefficients,
ZXY
)

5. Space-based experiments

Laboratory measurements of boost effects provide no
control over the orbital and rotational motion of the
Earth. As a result, space-based experiments offer broader
options for studies of the full range of possible boost ef-
fects due to the choice and variability of orbital and ro-
tational motions for various space platforms. Here, we
consider some prospects for measurements with a space-
based hydrogen maser. For example, the Atomic Clock
Ensemble in Space (ACES) mission [54] incorporates a
hydrogen maser in the payload to be delivered and op-
erated on the International Space Station (ISS). As dis-
cussed in Sec. III B 1, conventional maser transitions with
Amp = 0 provide no leading-order sensitivity to ef-
fects from Lorentz violation. We therefore assume the
maser is configured instead to achieve sensitivity to tran-
sitions with Amp # 0, perhaps using a double-resonance
technique [55] similar to that already successfully imple-
mented in the laboratory for tests of Lorentz and CPT
invariance [14-16].

In the context of the minimal SME, specifics for analyz-
ing data from space missions studying Lorentz violation
are discussed in Ref. [56]. In the presence of nonmin-
imal operators, the expected experimental signals have
the same generic behavior because they too are governed
by the form (39). As a result, using the information in
Table IV permits the measurement of nonminimal co-
efficients as well. Satellite experiments offer a particu-
lar advantage for this purpose because the boost of the
space platform differs from the boost of laboratory exper-
iments on the Earth. More explicitly, consider the term
R*BET7K in Eq. (39). The rotation matrix can be al-
tered by changing the orientation of the magnetic field
in both Earth- and space-based experiments, producing
sensitivity to the combinations BKTJ K. However, space-
based experiments can vary the boost ﬁK more broadly



as well, which offers the potential to disentangle more
components of T/,

For space-based experiments, the frequency shift takes
the same form as Eq. (54) but with modified expressions
for the rotation matrix and boost parameter. For simplic-
ity, suppose the applied magnetic field is oriented parallel
to the direction of propagation of the satellite relative to
the center of mass of the Earth, and approximate the or-
bit as circular. This configuration could in principle be
realized in an experiment on the ISS, for example. We
can then view the instantaneous components R, of the
rotation matrix as forming a unitary vector parallel to
the satellite velocity B,. It follows that R*/ ﬁSJ = B,
where s is the average satellite speed, and also that
ek R* BE = 0. Comparing these results with Eq. (41)
reveals that only the symmetric piece of T7% varies with
the direction of the boost relative to the Earth. Note that
other orientations of the magnetic field relative to the di-
rection of motion would introduce variations involving
the trace and antisymmetric pieces of T/X.

For the parallel configuration, an explicit calculation
reveals that the term in the frequency that depends on
B, varies only at the second harmonic 2w, of the mean
satellite orbital angular frequency ws. The form of this
term is

A
0020, = =37 (ALY sin 2w, Ty + AL cos 2w, Ty),

(58)
where T is a reference time in the Sun-centered frame
chosen such that Ty = 0 when the satellite crosses the
equatorial plane on an ascending orbit. The amplitudes
A, and A, are given by

AD = 4cos(sin20(TDXX — (YY)
—8cos( cos2a qudﬂXY)
—8sin( cosa Té,d)(ZX)
+8sin ( sin T&d)(yz),

AD = _ogin? ((T@DXX L p@AYY _op(d)2Z)
—2(3 + cos 2¢) sin 2a TLDXY)
—(3 + o5 2¢) cos 20T DXX _ (YY)
+4sin 2¢ cos « T 2)

w

—4sin2¢sina T(DX2), (59)

where ( is the angle between the satellite orbital axis and
the Earth’s rotation axis, and « is the azimuthal angle
between the satellite’s orbital plane and the X axis in
the Sun-centered frame.

Direct inspection of the result (58) for the satellite ex-
periment demonstrates that distinct combinations of co-
efficients appear relative to the frequency shift (57) in-
volving the second harmonic of the sidereal frequency
for an Earth-based experiment. Note that for a ground-
based experiment at colatitude x the frequency is pro-
portional to Bz sin x, which is the tangential speed of the
laboratory relative to the Earth’s axis of rotation. This
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speed is an order of magnitude smaller than the speed
Bs of a satellite such as the ISS relative to the Earth.
This shows that an experiment realized on a space plat-
form is more sensitive to this type of variation as well
as offering access to more coefficient components that a
ground-based counterpart.

C. nSi/2-n'Si/2 and nSi/s-n' P/ transitions

We next turn attention to the effects of Lorentz and
CPT violation on high-precision studies of the hydrogen
transitions with J = 1/2 and AJ = 0, and in particu-
lar the transitions n.S;,5-n'S1 /2 and nSy/-n' Py /5. The
most prominent of these is perhaps the 15-2S transition,
which has recently been measured to a relative uncer-
tainty of 4.2 x 10715 [57]. Other transitions of this type
that are measured to high precision include [58] the clas-
sical 25, /-2P; ;o Lamb shift [59], the 15;/5-35; /5 tran-
sition [60], several 25;/5-nS; /o transitions [61-63], and
the 25, /5-4P; 5 transition [64]. In this subsection, we
first present a general expression for the frequency shifts
due to Lorentz and CPT violation. We then outlining the
extraction of constraints by matching theoretical expec-
tations to experimental results and by studying sidereal
and annual variations involving boosts.

1. Frequency shift

In searching for most effects of Lorentz and CPT viola-
tion, the absolute sensitivity of an experiment is of more
significance than its relative precision because all nonrel-
ativistic coefficients for Lorentz and CPT violation carry
mass dimensions. It is therefore reasonable to neglect the
contribution from the spin-dependent coefficients to Eq.
(49) for any of the hydrogen transitions of interest here,
as the attainable absolute sensitivity is significantly be-
low that accessible to the hyperfine Zeeman transitions.
For example, the long lifetime of the 25} /, state and the
impressive relative precision achieved on the 1.5-25 tran-
sition [57] yields the lowest absolute uncertainty of about
10 Hz among the optical transitions in hydrogen, but
this remains four or more orders of magnitude below the
absolute sensitivity reached in hyperfine measurements.
Studies of optical transitions involving variations with
sidereal time and colatitude at zeroth order in the boost
are therefore of lesser interest.

In contrast, the n.Sy /-n'S1 /2 and nSy j-n'Py /5 transi-
tions offer sensitivity to isotropic coefficients for Lorentz
and CPT violation that cannot be acessed via Zeeman
hyperfine transitions. For example, Table I reveals that
only coeflicients with j = 0 and j = 1 contribute to the
15-2S transition. Effects involving the coefficients with
7 =1 can be neglected as above, but those involving the
isotropic components with j = 0 are of definite interest.
We therefore proceed in this subsection under the as-
sumption that any transition with AJ =0 and J =1/2



is sensitive only to isotropic coefficients in the laboratory
frame.

Within this scenario, we find that in the laboratory
frame the frequency shift of any hydrogen transition n, L-
n', L/ with J = 1/2, AJ = 0 due to Lorentz and CPT

violation can be written as

2mov = 2my(e, —epr) Z(CE% —aNR)

8n 8n’
a2l 2 (O a2 (O
4mr[€"(2L+1 3) E"/(2L’+1 3)1
XY (el —ank),  (60)

where &, = —a?m, /2n?. Note that the quantities V, o
contain only isotropic coefficients, all of which are ab-
sent in the analogous expression (49) for the frequency
shift of the hyperfine Zeeman levels. Also, only contribu-
tions from coefficients with k > 2 occur, a result consis-
tent with previous conclusions that minimal coefficients
have no effect on the 15-2S transition at leading order in
Lorentz and CPT violation [13, 29]. We remark in pass-
ing that contributions to the 15-25 transition are known
to appear when higher-order corrections in minimal co-
efficients are included [17, 29].

2. Self-consistent analysis

At leading-order in g, the transformation of isotropic
coefficients from the laboratory frame to the Sun-
centered frame is the identity map, Kb — K3u. The
expression (60) for the frequency shift of any hydrogen
transition n, L — n’, L' with J = 1/2, AJ = 0 therefore
also holds in the Sun-centered frame. At zeroth order in
the boost, the result represents a constant shift in the
transition frequency. However, a tiny constant frequency
shift is challenging to measure experimentally.

One approach to studying the shift (60) is to com-
pare the experimental data to the theoretical prediction
for conventional Lorentz-invariant physics. To date, the
available experimental data all appear consistent with
theoretical expectations within the 10 Hz absolute uncer-
tainty. However, making a definitive theoretical predic-
tion requires knowledge of constants such as the Rydberg
constant and the proton radius, which at present are also
determined via hydrogen spectroscopy. For example, the
contribution due to the coefficients V,,50¢ acts to produce
a shift 0 Ro in the Rydberg constant, given by
R @S -ady). (6

w

4rm?

0Rw =

Me

Analogously, the contribution due to the coefficients
wao% produces a change dvpamp in the classical Lamb
shift, given by

27T57/Lamb - _%(amr)4 Z(égi - &E,P}l)v (62)

w
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which could change the proton radius determined by hy-
drogen spectroscopy. This presents a self-consistency
issue for direct comparison of experiment with the-
ory, as the theoretical prediction based on Lorentz-
invariant physics cannot be immediately disentangled
from Lorentz-violating effects on the hydrogen spectrum.

Techniques to avoid this issue are possible, at least in
principle. One option could be to measure the coefficients
for Lorentz and CPT violation by comparing several tran-
sitions. For example, a best fit to the shift (60) could
be performed. A related option is to perform a careful
self-consistent comparison. In practice, the present lim-
iting absolute uncertainty of order 10 kHz on the various
transitions is likely to lead to maximal attainable sensi-
tivities of about 10~7 GeV~! on coefficients with k& = 2
and of about 10° GeV~2 on ones with k& = 4. Perform-
ing an analysis of this type remains an interesting open
possibility to set first or improved constraints on several
coeflicients. Moreover, the efforts underway to improve
the data from hydrogen spectroscopy with an eye to a
more precise determination of the Rydberg constant and
the proton radius [65-69] offer the potential for substan-
tially improved future sensitivities on Lorentz and CPT
violation.

8. Sidereal and annual variations due to boost corrections

As described in Sec. IID 2, isotropic terms in the lab-
oratory frame can be used to study anisotropies in the
Sun-centered frame by incorporating boost corrections
in the analysis. Consider, for example, the 1.5-25 tran-
sition. Using the expression (38), the frequency shift jv
due to Lorentz and CPT violation in the laboratory frame
can be converted to the Sun-centered frame, giving

2oy = 2m60° + 3 VI (B, +8,)7. (63)
wd

The first term on the right-hand side is the constant shift
discussed in Sec. IIT C2. The second term is suppressed
by boost factors but offers interesting prospects for mea-
suring anisotropic coefficients in the Sun-centered frame.
Analogous results for other transitions can also be ob-
tained.

The boost factors in Eq. (63) generate time variations
in the 15-2S5 frequency. The dependence of v on the
Earth’s velocity B introduces annual variations given
by

VB = Be[sinQeT VDX
—cosQgT (cosn Vu(,d)y + sinn Vu(,d)Zﬂ , (64)

where (g, is the Earth orbital frequency. The depen-
dence on the laboratory velocity B; produces sidereal
variations, given by

VD787 = Br(coswaTe VDY —sinwe Ty VIVX), (65)



TABLE V: Values of the vectors Vii”” in Eq. (63) for the
electron and proton in atomic hydrogen with 5 < d < 8.
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where wg is the Earth sidereal frequency.

Table V provides explicit expressions for U(Jd)‘] with
5 < d < 8 in terms of the rest masses m,, of the particles
of flavor w = e and w = p, the fine-structure constant
«, the reduced mass m, of the system, and the effec-
tive cartesian coefficients for Lorentz violation defined
in Eq. (27) of Ref. [37]. Only leading-order contributions
from each coefficient are included. Note that all the spin-
independent minimal coefficients leave unaffected the 1.5-
2S5 frequency at leading order in the nonrelativistic limit

[13, 29], so both Vu(,?’)’] and Vu(,4)’] vanish at this order.
Studies at subleading nonrelativistic order are also of
interest. For example, an experimental search for annual
variations of the 15-2S transition frequency has been
used to measure the coefficients chJ) in the minimal
SME to parts in 10!! [18]. We can reinterpret the results
in terms of the nonrelativistic coefficients and thereby
extract first measurements of a variety of nonminimal
coefficients. At this order, the restriction of VU(J4)J to the
coefficients c((iTJ) in the electron sector of the minimal

SME gives

Z VDT — %anecéT']). (66)
wd

Adopting this relation, the results in Eq. (4) of Ref. [18]
generalize to

D VIOX = —(53£32)x 107 GeV  (67)
wd

and

> (23VE0 4 VD7) = —(1142.3) x 107 GeV.
wd
(68)
We can now use the results in Table V to extract at-
tained sensitivities to nonminimal cartesian coefficients
in the electron and proton sectors. Table VI displays
the resulting sensitivities to the absolute values of carte-
sian a- and c-type coefficients for 5 < d < 8. As before,
we adopt the standard assumption that only one coeffi-
cient is nonzero at a time. The first column of this table

TABLE VI: Sensitivities to the absolute value of nonminimal
cartesian coefficients for 5 < d < 8 from Egs. (67) and (68).

Coefficient J  Electron Proton
Icilcclf)llul.“#dffi (Gevzl—d) (GeV‘l*d)
al™ X <34x107° <34x10°°
Y <56x107% <56x1078
Z <13x1077 <13x1077
al "’ X <67x107° <6.7x10°
Y <11x1077 <11x1077
Z  <25x1077  <25x1077
g X <33x107° <18x107®
Y <55x107° <3.0x107®
Z <13x107* <69x1078
ol X <33x107° <18x107®
Y <55x107° <3.0x1078
Z <13x107* <6.9x1078
(o X <39x102 <11x10°®
Y <65x1072 <1.9x1078
Z <015 <4.4x1078
al RS X <26x1072 <7.6x107°
Y <43x107%2 <13x1078
Z <01 <29x1078
alg " X  <87x102 <87 x10?
Y <15x10° < 1.5x 103
Z  <34x10° < 3.4 x10°
GHrerrx o <l <81x107°
Y <85 <14x1078
Z  <20x10? <31x1078
TR X <25 <41x%10°°
Y <43 <6.8x107°
Z <98 <1.6x1078
(WTRELLT X 298 %10° < 1.5x 102
Y <47x10° < 2.6 x 10?
Z <11x10° < 6.0 x 107

lists the cartesian coefficient and the second column its
component. The third and fourth columns contain the
resulting constraints in the electron and proton sectors,
respectively.

In contrast to tests using annual variations, sidereal-
variation studies of the 15-2§ transition remain unex-
plored to date. While this type of experiment is expected
to be about two order of magnitude less sensitive to the

vectors Vu(,d)J, different combinations of coefficients for



Lorentz and CPT violation are involved. Pursuing this
possibility remains an interesting open avenue for future
research.

D. nSi/o-n'Pss and nS; o-n'D transitions

The interest in improving the experimental values
of the Rydberg constant and the proton radius has
spurred the development of high-precision spectroscopy
with atomic hydrogen. Experiments have measured or
plan to study the transitions 25, jo-nPs/5 [64-67], 1.5 /2-
3D [68], and 25, /5-nD [61-63, 69]. The absolute uncer-
tainties achieved for the corresponding frequencies are
typically in the 10 kHz range, reaching values as low as
about 1 kHz in some cases [58].

In the context of searching for Lorentz and CPT vi-
olation, the sensitivities of these measurements to the
nonrelativistic spherical coefficients with j =0 and j =1
are weaker than those from hyperfine Zeeman and 15-25
transitions. However, a glance at Table I reveals that the
involvement in a transition of a level with J > 3/2 or
F > 3/2 means that nonrelativistic spherical coefficients
with 7 > 2 can be measured. For example, a transition
to a state nD with F' = 3 could be sensitive to all the
coefficients with & < 4 contributing to the matrix ele-
ment (18). The nS;,9-n' P35 and nS; j5-n’D transitions
therefore offer excellent prospects for studying certain ef-
fects from Lorentz and CPT violation that otherwise are
difficult to observe.

The Lorentz-violating perturbative corrections to a
specific frequency of interest depend on the particular de-
tails of the experiment. For example, the magnitudes of
applied fields and the nature of the measurement need to
be considered to obtain expressions for the corrections.
For an experiment sensitive to the hyperfine structure
with the hyperfine energy dominating all perturbations,
the Lorentz-violating corrections may be obtained from
the matrix elements (18). Comparatively simple expres-
sions can be obtained in some cases, as illustrated for a
weak applied magnetic field in Sec. II D. In this scenario,
the signals for Lorentz and CPT violation are similar
to those discussed in previous sections of this work, in-
cluding sidereal and annual variations of the measured
frequency.

For definiteness and simplicity, we limit attention here
to the scenario with a weak applied magnetic field. The
analysis of experiments with more involved configura-
tions, which can often include large applied Zeeman or
Stark fields, is of substantial interest but lies outside our
present scope. Nonetheless, the discussion here demon-
strates the potential for discovery in these types of ex-
periments and serves to motivate future investigations of
Lorentz- and CPT-violating signals using other experi-
mental configurations.

High-precision spectroscopy of atomic hydrogen typi-
cally concerns transitions involving the 1.5 ground state
or the metastable 2S5 state. The Lorentz- and CPT-
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TABLE VII: Potential sensitivities from sidereal variations to
the moduli of the real and imaginary parts of electron and
proton nonrelativistic coefficients in Table I.

ICE;; K values nLY Sensitivity
s o J>3/2 2P}, 6x107° GeV!
HNROD) gNROB)  p>9  9pZ,  2x 1077 Gev!
HNROB) NRUB) s g 2P7, 1x1077 GeV™!
i, Chom J>3/2 2P}, T7x10°GeV™?
HNHOD) gNROB)  p>9  9pZ,  2x 10" GeV™?
HNROB)  NRGB) s g 2P7,  1x10* GeV~?
iy, Chim J>5/2 3D, 7x10* Gev™?
HYROB)  NROB) > 3 3D%, 7x10* GevV?
His' ™ g ™ F >3 3D}, 3x10" Gev™®

violating corrections to these levels have been discussed
in previous subsections, so the discussion here focuses
on the energy corrections to the nP;,, and nD states.
The nonrelativistic spherical coefficients that can con-
tribute to the corrections are displayed in Table I. In
the Sun-centered frame and at zeroth order in the boost,
the explicit form of the energy corrections in the pres-
ence of a weak magnetic field is given by Eq. (35). The
weights AE’#{’ (nFJL) are specified by the result (19) with

the factors Ag_qp) given for J < 5/2 in Table II, while the
expectation values (|p|*),,r are provided in Eq. (15).

The expression (35) displays the sidereal variations in
the energy shifts. Any nonrelativistic spherical coefficient
ICQJ-R contributing to the shift introduces oscillations at
the mth harmonic of the sidereal frequency wg. The
allowed harmonics are determined by J and F, as de-
scribed in Sec. IID 1. As an explicit example, consider a
transition to a state nD£/§2. Table I shows that contribu-
tions arise from spin-independent terms with 7 = 0,2,4
and spin-dependent ones with j = 1,3. We therefore
can expect variations up to the fourth harmonic of the
sidereal frequency. The first harmonic receives contribu-
tions from coefficients with 1 < j < 4, the second from
2 < j <4, the third from 3 < j < 4, and the fourth only
from j = 4. Table I also shows the relation between the k
and j indices. For example, only coefficients with k£ > 4
can contribute to the fourth harmonic.

Using this information, we can form estimates of
the potential sensitivities to nonrelativistic coefficients
from searches for sidereal variations in n.S; jo-n' Py and
nSy /Q—n’ D transitions. Table VII provides the results
obtained under the assumption that the absolute ex-
perimental uncertainty for these variations is 10 kHz.
The first column of the table displays the relevant non-
relativistics spherical coefficients, generically denoted as
ICE}}n. The second column shows the range of K = J, F'
for the relevant transitions. The third column presents
the values of nL% for the excited energy levels used in



obtaining the specific estimates. The smallest value of n
producing contributions is chosen for these levels, as an
experiment with fixed absolute uncertainty is less sensi-
tive to coeflicients with k # 0 and larger n. The final col-
umn lists the potential sensitivities to the moduli of the
real and imaginary parts of the coefficients taken one at
a time, derived with values of mp and x chosen to max-
imize the sensitivity. Note that the coefficients shown
in Table VII remain unmeasured in any experiments to
date. Note also that sensitivity to both electron and pro-
ton coeflicients is achieved despite the mass difference
between the particles, which can be traced to their equal
but opposite angular momenta.

IV. ANTIHYDROGEN

The techniques developed in the previous sections to
search for Lorentz and CPT violation using spectroscopy
of atomic hydrogen can also be applied to other hydro-
genic systems. In this section, we turn attention to the
emerging field of antihydrogen spectroscopy. A num-
ber of collaborations have as goal the precision spec-
troscopy of antihydrogen, including the Antihydrogen
Laser Physics Apparatus (ALPHA) collaboration [19],
the Atomic Spectroscopy and Collisions Using Slow An-
tiprotons (ASACUSA) collaboration [20], and the An-
tihydrogen Trap (ATRAP) collaboration [21]. Several
studies of the gravitational response of antihydrogen are
under development, including ones by the Antihydro-
gen Experiment: Gravity, Interferometry, Spectroscopy
(AEGIS) collaboration [70], the ALPHA collaboration
[71], and the Gravitational Behavior of Antihydrogen at
Rest (GBAR) collaboration [72]. A proposal for an An-
timatter Gravity Experiment (AGE) also exists [73].

Since CPT violation in realistic effective field theory
necessarily comes with Lorentz violation [8, 10], which
implies the breaking of rotation and boost symmetry, a
natural question to ask is whether experiments with an-
tihydrogen spectroscopy can attain sensitivities to new
physics that is inaccessible or impractical to access with
experiments using rotated or boosted ordinary matter.
The answer is affirmative, as might intuitively be ex-
pected. Indeed, the form of Eq. (6) already reveals that
coefficients for Lorentz violation for a given species al-
ways appear in summed pairs, one controlling CPT-odd
and one CPT-even operators, and this feature holds in
the full relativistic theory as well [37]. As a result, exper-
iments with strictly nonrelativistic electrons or protons
in any combination cannot explore the full parameter
space for the coefficients and hence cannot study the full
range of possible physical effects. For example, although
the individual nonrelativistic spherical coefficients mod-
ifying the antihydrogen spectrum are the same as those
for hydrogen listed in Table I, the nonrelativistic spectral
modifications involve disparate coefficient combinations
and so experiments on both are necessary to discern the
relevant CPT-violating physics. Situations can even be
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envisaged in which no effect exists in nonrelativistic hy-
drogen but a large signal occurs in antihydrogen, such
as the isotropic invisible model discussed in Sec. IX B of
Ref. [86], which allows comparatively large effects in the
antihydrogen hyperfine structure while damping those in
hydrogen.

In principle, high-precision experiments with heavily
boosted electrons and protons offer additional options
for a complete coverage of possible effects because the
combinations Vy .y, and %Ejf;iqp) in Eq. (6) involve co-
efficients of different dimensions accompanied by distinct
momentum dependences. However, precision measure-
ments involving significant boosts come with additional
experimental challenges. Typical analyses take advan-
tage of the comparatively small boost ~ 10™* due to
the Earth’s orbital motion [18, 49, 52]. In this scenario,
for example, the dominant sensitivities to nonminimal
coefficients available to antihydrogen spectroscopy are
enhanced by about eight orders of magnitude relative
to those of hydrogen spectroscopy using annual varia-
tions due to the parity selection rules described in Sec.
IID2. In practice, a comprehensive search for Lorentz
and CPT violation therefore requires performing experi-
ments with positrons and antiprotons in various combi-
nations as well.

Among studies of Lorentz and CPT symmetry using
positrons and antiprotons, antihydrogen has distinctive
sensitivity due to its intrinsic spherical symmetry and fla-
vor content. The symmetries of other experiments, such
as the cylindrical symmetry of ones trapping and study-
ing individual positrons or antiprotons in Penning traps
[74-78], make them sensitive to different sets of coeffi-
cients and thus different physical effects [79]. Positro-
nium and protonium do have spherical symmetry but
involve C-invariant particle-antiparticle combinations of
only one flavor and hence also have distinct physical sen-
sitivities. Moreover, other intrinsic factors can enhance
the difference between various types of experiments. For
example, certain coefficients for Lorentz and CPT vio-
lation are accompanied by factors of the particle mo-
mentum, which is about mea ~ 3.7 keV for antihydro-
gen but differs in other types of experiments. In short,
spectroscopy of antihydrogen represents a unique tool to
probe Lorentz and CPT violation, and one that is es-
sential for the definitive and unambiguous detection of
CPT violation involving the nonrelativistic spherical co-
efficients considered in this work.

In this section, we begin with a description of the im-
plementation of the CPT transformation on the hydrogen
spectrum. We then address the effects of nonminimal co-
efficients on hyperfine and 15-2S transitions. Finally, we
offer some comments on experiments testing the gravita-
tional response of antihydrogen.



A. Basics

The form of the leading-order Lorentz- and CPT-
violating perturbation AN to the nonrelativistic hamil-
tonian for free antihydrogen is similar to that for hydro-
gen,

Shyt = 6hE™ + 63, (69)

involving the sum of perturbative contributions from the
positron € = et and the antiproton p. The individual
perturbations are given by expressions similar to Eqgs.
(3)-(5) for hydrogen,

AR = hego + hege0r - &, + hy0 - €+ hg_o - &4, (70)

where W represents either € or p. The spin-independent
term is

hwo == > 1P* 0Yim (B) Vi (71)

kjm

while the spin-dependent ones are

.~ NR(0B
hae = = 311" 0Yjm (D) T,
kjim
hgs = Z Ipl* £1Yjm (D) (iTﬁgﬁglE) 2 TESJ%IB)) :
kjm

(72)

In these equations, the quantities ngffn and ngj_};éqp)

are CPT-transformed versions of those given for hydro-
gen in Eq. (6),

NR _ NR NR
Vﬁkjm = Cwkjm + Awkjims
NR(qP) __ NR(gP) NR(¢P)
Tﬁkjm - _gwkjm - Hwkjm ' (73)

These expressions include operators of arbitrary mass di-
mension d. When restricted to the minimal-SME co-
efficients, the above equations reduce to those used in
the previous literature on CPT violation in antihydrogen
[13].

The physical effects of Lorentz and CPT violation in
antihydrogen are determined by the matrix elements of
ShRR in the unperturbed states. The coefficient selection
rul%s for hydrogen presented in Sec. II B are valid for an-
tihydrogen, and in particular the nonrelativistic spheri-
cal coefficients contributing to modify the antihydrogen
spectrum are those listed in Table I. The methods used
in Sec. IIC to derive the matrix elements for hydrogen
can also be applied, but the corrections to the antihydro-
gen spectrum must be obtained by performing a CPT
transformation on the hydrogen matrix elements. This
involves both using the antihydrogen perturbative hamil-
tonian 6hN® and the antihydrogen states, which are CPT
transformations of the hydrogen ones. Specifically, the
CPT counterpart of an energy state [nF'JLmp) in hy-
drogen is the state [nFJL(—mp)) in antihydrogen, as
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the net result of the CPT transformation is to replace
the atom with the antiatom and to invert the direction
of the total angular momentum F.

To illustrate the idea, consider the antihydrogen en-
ergy shift dé(nF'JLmp) in the presence of a weak uni-
form magnetic field. For hydrogen, the energy shift
de(nFJLmp) of the Zeeman levels is provided by Eq.
(33). For antihydrogen, noting that the uniform mag-
netic field and the magnetic dipole moment are both in-
variant under CPT, we find instead

Se(nFJLmp) = Y Aj(nFJL)(F(—mp)jO|F(—mF))
= Y (-1)/Ajo(nFJL)(Fmpjo|Fmp),
J (74)

where the weights Ajo are given by Eq. (19) with the
replacement w — w throughout. In the second line, we
have used the Wigner-FEckart theorem and the properties
of the Clebsch-Gordan coefficients. As shown in Sec. II B,
the weights A;,, can acquire contributions for even j only
from coefficients associated with spin-independent oper-
ators and for odd j only from coefficients associated with
spin-dependent operators. This reveals a simple relation-
ship between the shifts of the hydrogen and antihydrogen
spectra: given the expression for the shift in a hydrogen
energy level, the shift of the corresponding antihydrogen
level is obtained by implementing the replacements

Hop 9Py g, WP (75)

Wkim Whim

angyfn - _a’ngyjnv
Comparing this rule to the operator transformations
listed in Table I, we infer that the antihydrogen spec-
tral shifts can be obtained by charge conjugation of the
hydrogen ones. This result extends the minimal-SME
result obtained in Ref. [13].

The reader is cautioned that the spectral map (75)
is a formal statement of correspondence between energy
levels, which depends on the labeling of the states. In
the above example, the spectra are described using the
orientation of the total angular momentum relative to
the applied magnetic field, which is a C-invariant notion.
If instead the spectra are described using the orientation
of the magnetic moment relative to the magnetic field,
which is a CPT-invariant notion, then the two spectra
would be related by a CPT transformation. Moreover,
the spectral map is distinct from observable quantities
such as frequency differences, which in practical scenarios
may depend on other factors. For instance, magnetically
trapped states in hydrogen have opposite values of mp
from those in antihydrogen, so frequency comparisons of
trapped atoms and antiatoms amount to measuring the
effect of the CPT replacements

NR NR NR(¢P)
AQwkim 7 ~Qwkjm> Wijm 7 T

NR(gP
wigm ) (76)
instead of the C replacements (75). This is intuitively
reasonable for tests of the CPT theorem, which specifi-
cally concerns invariance under CPT transformations but



makes no statement about invariance under C transfor-
mations.

B. Hyperfine transitions

The application of a comparatively weak external mag-
netic field to antihydrogen splits the two 15/, levels into
four distinct hyperfine Zeeman sublevels, one with F = 0
and three with F' = 1. These splittings can be in principle
be studied experimentally. For example, the ASACUSA
collaboration plans to measure the corresponding hyper-
fine transitions using an ultracold beam of antihydrogen
atoms [80]. For simplicitly, we neglect any boost effects
in what follows, and we work in the strict Zeeman or
Paschen-Back regimes so that the magnetic mixing of
states in intermediate regimes can be neglected. Exten-
sions of the results below to include these more general
cases are possible and may be of interest for some future
applications but lie beyond our present scope.

The Lorentz- and CPT-violating shifts in the antihy-
drogen energies can be found from the expression (48) for
hydrogen by implementing the coefficient map (75). The
resulting hyperfine frequency shifts 277 for transitions
with a given Amp take the form

2

AmF 2¢q
+)°9(1 + 40,
2\/3_7T qgo(am ) ( q2)

NR(0B) NR(0B)
XD [9uiagyo + Hugagro

w

2oV = —

NR(1B) NR(1B)
+29w(2q)10 —i—2Hw(2q)10 } (77)

in the laboratory frame. In the minimal-SME limit, the
combination of nonrelativistic spherical coefficients ap-
pearing in this expression reduces to minimal cartesian
coefficients according to

NR(0B)

NR(1B NR(0B NR(1B
gu )R (1B) | p7 NR(0B) (1B)

+ 29wo10 + Hugro +2Hu1
— 2v 3”[[)5” + muydsy + Hiy — mw.g;v(A) + mwgivz(OM)]v
(78)

where the superscripts (A) and (M) denote the irre-
ducible axial and irreducible mixed-symmetry combina-
tions of the coefficients g%, , respectively [81, 82]. The
result (77) therefore reproduces and extends the minimal-
SME expression obtained in Ref. [13] under the assump-
tion that only the cartesian coeflicients b)), djj,, and H;,
are nonzero, with the g-type coefficients set to zero in ac-
cordance with their expected additional suppression due
to the breaking of the electroweak SU(2)xU(1) symme-
try [8].

The laboratory-frame coefficients appearing in Eq. (77)
are time dependent by virtue of the rotation of the Earth
and its revolution about the Sun. As a result, all the
signals for Lorentz and CPT violation discussed for hy-
drogen in Sec. III B have counterparts in antihydrogen
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experiments. The measured hyperfine Zeeman frequen-
cies in antihydrogen can exhibit sidereal and annual time
variations and can be sensitive to the orientation of the
magnetic field and the colatitude of the laboratory. For
example, at zeroth boost order, the relation between the
coefficients in the laboratory and Sun-centered frames is
given by Eq. (51), revealing that the frequency shifts §v
undergo sidereal variations at the Earth’s rotation fre-
quency wg.

In addition to searching for the above hyperfine Zee-
man signals of Lorentz and CPT violation in antihydro-
gen alone, interesting prospects for focusing specifically
on CPT violation are offered by direct comparisons of
measurements with hydrogen and antihydrogen. Note
that some caution is required in performing these com-
parisons, as differences between hydrogen and antihydro-
gen involving only CPT-even effects can appear unless
the assorted time variations and orientation and colati-
tude dependences are carefully incorporated in the anal-
ysis.

As an illustration of a direct comparison, consider the
hyperfine Zeeman frequency difference between hydrogen
and antihydrogen for transitions with Ampg = 1, which
in the presence of CPT violation is given by

2rAv = 27wdr — 27ovU
2
1
= ———=> (am)?(1 + 46,)
V33T =0
NR(0B) NR(1B)
x Z(gw@q)lo + 29w (2g)10 ). (79)

This expression depends only on coefficients controlling
CPT-odd operators in the perturbation hamiltonians for
hydrogen and antihydrogen. In the minimal-SME limit,
this result reduces to

1 e e(A e(M
Av — _;(b3 - megg( )+ megéo )

A M
+05 — mpgg( ) + mpgjloéo ))7 (80)

which extends the result presented in Ref. [13] to include
g-type coefficients. Note that the result (79) is expressed
in the laboratory frame and therefore still generically
depends on time. For example, time variations at the
Earth’s sidereal frequency are given by converting the co-
efficients to the Sun-centered frame using Eq. (51). This
reveals that only the g-type components involving Sun-
frame coefficients with kjm = 010, 210, and 410 are as-
sociated with signals independent of sidereal time.

Studies of the antihydrogen spectrum in the presence
of a strong external magnetic field are also of experi-
mental interest. For example, the ALPHA and ATRAP
collaborations plan to perform spectroscopy on antihy-
drogen trapped in the Paschen-Back limit of strong fields
[83, 84].

For the Paschen-Back splitting of the 15 /5 levels, the
total angular momentum F' is no longer a good quantum
number. Instead, the states can be labeled by the spins



Sz = £1/2 and Sy = £1/2 of the positron and antipro-
ton, respectively. Incorporating perturbative Lorentz
and CPT violation as before, the hyperfine Paschen-Back
frequency shifts 07 for given AS,, in antihydrogen are
found to be

2moU = \/_ Z amy)?4(1 + 46,2)

NR(0B) NR(0B)
X Z AS gw (2¢9)10 + Hw(2q)10

NR(1B)

+29w(2q)10 +2HwNR(1B)} (81)

(29)10
in the laboratory frame. This agrees with the minimal-
SME result in Ref. [13] in the appropriate limit.
Converting the coeflicients to the Sun-centered frame
leads to antihydrogen frequency signals similar to those
in the Zeeman limit, including sidereal and annual time
variations and dependences on the magnetic-field orien-
tation and laboratory colatitude. A significant differ-
ence between the Zeeman shift (77) and the Paschen-
Back shift (81) is the lack of sensitivity of the latter to
coefficients of one flavor in certain transitions, depend-
ing on the specific values of Sz and Sy . For example,
the frequency difference Av,_,q = §ve—q — 0V, 4 for the
transition |¢) — |d) essentially involves a proton spin flip
because |¢) contains highly polarized electron and proton
spins with mg, = 1/2 and mg, = —1/2. We find

2

> (ams)1(1+ 46,)

q=0

1
Av, = ——
—d ,_37T
0B NR(1B
(gp(2q)( )42 p(2q)(10 ))' (82)
This reduces in the minimal-SME limit to

2
Avey — —;(bg—m @SV +myg? 5, (83)

in agreement with and extending the result found in Ref.
[13].

C. 18-25 and nL,/-n'L},, transitions

In searching for CPT violation in the minimal SME,
hyperfine spectroscopy of antihydrogen has a theoretical
advantage over optical spectroscopy because the 15-25
transition is insensitive to minimal-SME coefficients in
free antihydrogen and exhibits only suppressed sensitiv-
ity in magnetically trapped antihydrogen [13]. Here, we
show this situation changes for nonminimal operators:
optical spectroscopy offers access to nonminimal SME co-
efficients with unsuppressed sensitivity. Moreover, some
of these coeflicients are inaccessible to hyperfine spec-
troscopy.

The derivation of the relevant spectral shifts for free
antihydrogen parallels the one for free hydrogen outlined
in Sec. IIIC. Restricting attention to isotropic effects
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as in the hydrogen case, we find that any antihydrogen
transition nL-n'L’ with J = 1/2, AJ = 0 experiences
a frequency shift 67 due to Lorentz and CPT violation
given in the laboratory frame by

- En') Z( Ayy,2 + CE%)

w

8n 8n’
—4m? |2 —3) -2 (3
M [5" (2/: 1 ) w2011

<Y (anfi+ ), (84)

w

20T = 2my(e,

where ¢, = —a?m, / 2n2. Note that this result contains
only contributions with & > 2, confirming the absence
of unsuppressed effects from the minimal SME [13]. In
contrast, the nonminimal coefficients carry negative mass
dimensions and so appear accompanied by powers of the
relativistic energy of the states. For frequencies, this in-
volves the relativistic energy difference between two levels
and hence at leading order a nonzero contribution pro-
portional to powers of the particle masses.

Converting this expression to the Sun-centered frame
introduces sidereal and annual variations along with de-
pendences on the orientation of the magnetic field and
the laboratory colatitude. In principle, all the types of
searches for Lorentz and CPT violation discussed in the
hydrogen context in Secs. III C and IIID are of interest
in the antihydrogen context as well. In addition, direct
comparisons of results for hydrogen and antihydrogen
could permit the extraction of clean constraints on co-
efficients for CPT violation. This includes not only coef-
ficients entering the 1.5-25 transition but also coefficients
involved with high-J levels, thereby providing access to
coefficients with large values of j that are inaccessible to
hyperfine spectroscopy.

As an example of a direct comparison between hydro-
gen and antihydrogen, consider the isotropic coefficients
generating frequency shifts for the 1.5-2.5 transition. The
shift for antihydrogen is given by

2TV 1525 = 2(am,)? Z( s + E5)

w

+1—6(amr)4 > @@y + k). (85)
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The frequency difference AT;g05 = dv1525 — 0T1525 be-
tween the 15-2S transitions in hydrogen and antihydro-
gen is therefore

1
ATisos = == > [12(amn)*als + 67(am.) 0y ).

(86)
This permits a clean measurement of isotropic CPT-
violating effects with unsuppressed signals in the compar-
ison between trapped atoms and antiatoms. If attained,
an absolute uncertainty of 1 Hz in the 15-2S transition
for both hydrogen and antihydrogen would yield con-
straints of order 10712 GeV~! on the coefficients aNR



and of order 1072 GeV~? on the coefficients @) in the
electron and proton sectors.

Note that in principle the anisotropic coefficients in
the general result (84) also contribute to §71525. In the
weak-field regime, the spin-dependent contributions for

Amp =0 are

2m0T1928 D —\/72 (amy 2q (1+ 6752q)
NR(0B) NR(0B)
+ Z (gw a0 T Huggio

NR(1B NR(1B
+29u i1+ 2Huapro ) (87)
Note these are nonvanishing only for mp # 0. In the
strong-field regime and for AS,, = 0, the spin-dependent
contributions are

27T5I/1525 DY 167 Z Oémr 2q 1 + 6752(1)
NR(0B) NR(0B)
+ZS (gwczq 10t Huggo

+29u (e + 2Hu 1o ) (88)
However, at present the planned ASACUSA measure-
ment, which is sensitive to the anisotropic coefficients,
is expected to reach an absolute uncertainty of about
100 Hz or better, while measurements of the 1.5-2S tran-
sition in antihydrogen appear unlikely to approach this
benchmark in the near future. It is therefore reasonable
at present to disregard contributions from the anisotropic
coefficients to the 15-2S5 transition. Nonetheless, as an-
tihydrogen is intrinsically a stable antiatom and the nat-
ural linewidth of the 2S5 state is about 1 Hz, the 15-
2S5 transition may offer the most interesting long-term
prospects for sub-Hz sensitivities.

In parallel with the hydrogen case discussed in Sec.
IIT C 2, the presence of Lorentz and CPT violation can
also cause apparent shifts in various fundamental con-
stants measured in antihydrogen experiments. For in-
stance, the apparent shift 6 R, of the Rydberg constant
in antihydrogen due to Lorentz and CPT violation is
given by

4m?

6Rso = rROOZ ahls + s, (89)

Me

A direct comparison of a measurement of the Rydberg
constant (61) performed using hydrogen with one using
antihydrogen therefore can be expected to reveal a dis-
crepancy AR, given by

— 81m?
ARo = Rog — Roo = — L Roo GNR 90
Me Z a’w,2 ( )

This difference depends purely on CPT-odd effects.
Other fundamental constants may similarly be affected.
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For example, if future experiments can perform high-
precision spectroscopy of the 25-2P transition to deter-
mine the classical Lamb shift in antihydrogen,

27"'(S?Lamb = _%(o‘mryl Z(&g}i + &17:];}4{1)5 (91)

w

or of the two-photon transitions 25-nD in antihydrogen,
then the radius of the antiproton could be determined.
Since Lorentz and CPT violation produces an apparent
shift in these transitions, a discrepancy between the pro-
ton and antiproton radii could emerge.

D. Antihydrogen and gravity

A long-standing question is whether antiparticles and
particles interact identically with gravity [85]. Several ex-
periments have been proposed to test this idea directly
using antihydrogen, including AEGIS [70], GBAR [72],
ALPHA [71], and AGE [73]. While the present work is
focused on the spectroscopic effects of nonminimal op-
erators for Lorentz and CPT violation in flat spacetime,
we offer in this subsection a few comments about the role
of nonminimal operators in the gravitational couplings of
antihydrogen.

A theoretical model in which the gravitational response
of antihydrogen differs from that of hydrogen is presented
in Sec. IX B of Ref. [86]. The model, called the isotropic
parachute model (IPM), is an effective quantum field the-
ory, constructed as a subset of the gravitationally cou-
pled minimal SME [9]. The IPM overcomes various ob-
jections to theories with different antimatter and matter
couplings to gravity, demonstrating explicitly that energy
can be conserved, that the binding-energy content can be
largely irrelevant to the gravitational response, and that
restrictions from other systems such as neutral kaons can
be evaded.

In the IPM, the anomalous gravitational response of
antimatter compared to matter is a consequence of CPT
violation and hence of Lorentz violation in the underly-
ing effective field theory. The IPM is an isotropic theory,
formulated in an asymptotically Minkowski spacetime
with a weak gravitational field and designed to produce
a predominantly null effect in matter by cancellation of
CPT-even and CPT-odd effects in the minimal SME. The
physical Lorentz and CPT violation in hydrogen is there-
fore countershaded from detection [87]. The anomalous
response in antihydrogen arises because for antimatter
the signs of the CPT-odd contributions change, disrupt-
ing the cancellation. Explicitly, in the IPM the uniform
constant background pieces @} and ¢pp of the isotropic
minimal-SME cartesian coefficients a% and c%, are re-
lated by

oa = mefy, (92)

for particles of flavor w, where « is a model-dependent
quantity determined by the gravitational coupling for
Lorentz-violating effects.



In the context of hydrogen and antihydrogen, the con-
ditions (92) for w = e and w = p represent two con-
straints on four independent coefficients, so the IPM is a
two-parameter model. The resulting inertial and gravi-
tational masses of hydrogen are equal while those of an-
tihydrogen differ,

mH + mf. (93)

However, the strength of the anomalous gravitational re-
sponse of antimatter in the IPM has recently been con-
strained to parts in 107 by an analysis combining data
from torsion-balance tests, matter-wave interferometry,
and microwave, optical, and Md&ssbauer clock-comparison
experiments, and by taking advantage of the differing
bound kinetic energies of nuclei [88]. Any IPM effects
in antihydrogen are therefore beyond the reach of the
currently proposed antihydrogen experiments.

The IPM uses only isotropic minimal operators in the
SME. However, the gravitational sector of the SME in-
cludes not only minimal pure-gravity and matter-gravity
couplings, but also nonminimal couplings [9] that have
definite experimental signatures [89]. These nonminimal
couplings are also of potential relevance in the present
context, and in particular we expect them to enhance
substantially the prospects for a strong anomalous grav-
itational response of antihydrogen. A detailed study of
nonminimal effects in this context is challenging and lies
well outside our present scope, although it is likely to of-
fer interesting insights. Nonetheless, we can provide some
intuition by following the conceptual path presented in
Ref. [86] in the special limit where only isotropic nonmin-
imal coefficients in the matter-gravity sector contribute,
keeping only zeroth-order nonrelativistic effects and first-
order gravitational couplings.

In this comparatively simple limit, starting with the
generalized Dirac equation incorporating both operators
for Lorentz and CPT violation of arbitrary mass dimen-
sion and gravitational couplings, the corresponding per-
turbative hamiltonian contains no momentum-dependent
Lorentz violation and the Lorentz-violating energy de-
pendence involves only the particle mass. The calcu-
lation therefore proceeds with the minimal-SME back-
ground coefficients @} and ¢pp now accompanied by a
series of terms involving nonminimal background coefli-
cients and the particle mass. Since these quantities are
all constants, the derivation has the same algebraic struc-
ture as that presented in Ref. [86], up to possible numer-
ical factors due to the increased multiplicity of indices on
nonminimal coefficients.

Noting that only the nonminimal isotropic coefficients
with & = 0 contain the minimal-SME isotropic coeffi-
cients and using Eqgs. (93), (111), (129), and (130) of Ref.
[37], we can deduce that the net result of the calculation

26

involves the replacements

_ 32(d)
ap — o = ap + Z ag
odd d>5
—w mé- 4 (d)
Chr — Gy = Cir + Z ¢, (94)
even d>6
where N¢  and NZ, are numerical factors. We can then

make these replacehlents in the discussion in Sec. IX B
of Ref. [86] and conclude that the vertical acceleration a

of an antlhydrogen atom of inertial mass m¥ and gravi-
tational mass mg obeys
H
m 4]
o= "9 (1+—g )g, (95)
mfl 91"
with
09| _ 2 Z a4 1, 2N (96)

where w takes the values e and p and m is a constant
equal to the inertial mass of an antihydrogen atom in the
absence of Lorentz and CPT violation.

The above derivation suggests introducing a general-
ized IPM via the definition

aahh — tm, ey = 0. (97)

The corresponding vertical acceleration for hydrogen is
then unaffected,

%9

2 o o
; ‘ = (aag% émw Cas) =0, (98)
H

while the gravitational response (95) of antihydrogen is
anomalous. Note that the presence of the nonminimal co-
efficients implies two new degrees of freedom at each di-
mension d. This provides intuition about the connection
between nonminimal coefficients and renewed prospects
for a comparatively large anomalous gravitational re-
sponse in antihydrogen. Note also that a complete deriva-
tion can be expected to generate a tensor relation be-
tween the acceleration of a test body and the acceleration
due to gravity, with horizontal components of the acceler-
ation affected. The relation involves spatial components
of nonminimal coefficients, along with momentum fac-
tors as well. In general, the motion of a freely falling
antihydrogen atom in the presence of Lorentz and CPT
violation is expected to follow a geodesic in a pseudo-
Finsler geometry determined by the Riemann metric and
the SME coefficients, while its motion in the IPM follows
a geodesic in pseudo-Randers spacetime [40].

On the experimental side, the above discussion reveals
that studies of the gravitational couplings of antihydro-
gen probe distinct effects from the spectroscopic tests
discussed in this work, as none of the latter can detect



isotropic spherical coefficients with k& = 0 for reasons dis-
cussed in Sec. I B. Also, we can use simple dimensional
analysis to provide an estimate of the sensitivity of grav-
itational experiments with antihydrogen to nonminimal
coefficients for CPT violation. A generic nonrelativistic
spherical coefficient Ingjffn has mass dimension 1 — k, so
taking one coefficient nonzero at a time as before and
neglecting momentum effects yields expected constraints
of order
NR 1k 09
(Kuwkjm| Smy ™ —| (99)
g
For an experiment with 10% uncertainty, this gives con-
straints of order 107473% GeV!'~* on nonrelativistic coef-
ficients in the electron sector and of order 10~! GeV!'~*
on ones in the proton sector.

V. DEUTERIUM

The differing nuclear and spin structures of the vari-
ous hydrogen isotopes imply these systems have distinct
sensitivities to Lorentz and CPT violation. We focus
here on deuterium, a stable fermionic system that has
been widely studied since its discovery in the early 1930s
[90]. Tritium and the higher hydrogen isotopes are unsta-
ble and challenging to handle experimentally, although
an investigation of the spectroscopic properties of these
systems could be worthwhile as well. Note that tritium
decays are of interest in the context of precision mea-
surements of the neutrino mass [91] and the associated
searches for Lorentz and CPT violation in the neutrino
sector [92].

The isotope shift for the 1.5-25 transition between deu-
terium and hydrogen has been measured with a poten-
tially competitive absolute uncertainty of about 15 Hz
[93], while the presence of the neutron in the deuteron
core changes the angular-momentum couplings and opens
opportunities for additional sensitivities to coefficients in
the neutron sector of the SME. Moreover, a deuterium
maser [94] could in principle be used to study the deu-
terium hyperfine structure at mHz sensitivity or better.
In this section, we consider these possibilities in turn.
We outline an approach to the perturbative hamiltonian,
obtain relevant frequency shifts, and summarize some im-
plications for experimental studies.

Note that our analysis here disregards the gravita-
tional couplings of deuterium. Although antideuterons
were first created in the laboratory about 50 years ago
[95], antideuterium remains only a theoretical possibil-
ity at present. It is expected to be stable, and compar-
isons of its gravitational response with that of deuterium
could conceivably be of interest for at least two theoreti-
cal reasons. Both deuterium and antideuterium incorpo-
rate neutron coeflicients for Lorentz and CPT violation
and therefore a comparison of their gravitational prop-
erties would further extend tests of models such as the
generalized IPM discussed in Sec. IV D. Also, deuterium
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and antideuterium are fermions, and as such their behav-
ior in weak gravitational fields involves a different set of
spin-dependent coefficients for Lorentz and CPT viola-
tion [9, 86, 96]. However, the production, trapping, and
experimental manipulation of antideuterium remains at
present a futuristic challenge, so detailed theoretical con-
siderations of the free fall of antideuterium lie outside our
present scope.

A. Isotropic Lorentz-violating perturbations

Since the deuteron is a bound state of two hadrons, for
which exact expressions for the energy levels are lacking,
the perturbative methods developed above for atomic
hydrogen cannot be applied directly. Nonetheless, the
dominant contributions from isotropic Lorentz and CPT
violation can be obtained within plausible assumptions.
These are of interest in the context of 15-25 and similar
transitions in deuterium.

As a reasonable first approximation to the hamilto-
nian Hp governing the dominant deuterium physics of
relevance here, we can write the three-body expression

p;
2m,,

2 2
pe pp

Hp ~
b 2me + 2m,,

+ + V(rep) + Ulrpa), (100)

where p,, is the three-momentum of the particle of flavor
w = e, p, N, My, is the corresponding mass, ¢, is the
relative position of the electron and proton, and 7,4 is
the relative position of the proton and neutron. The
potential V' accounts for the electromagnetic interaction
between the proton and electron, while U describes the
nuclear interactions between the proton and neutron. For
simplicity, we work in the zero-momentum inertial frame
of the deuterium atom.

To separate the hamiltonian while keeping the dom-
inant Lorentz-invariant physics, we can reinterpret the
dynamics of the proton and neutron in terms of the mo-
tion of the deuteron and the motion of the proton and
neutron relative to the deuteron center of mass. It is
therefore convenient to define p = p, + p,, = —p, and
Ppa = (P, — P,)/2, with the latter being the momen-
tum of the proton relative to the center of mass of the
deuteron. It is also a sufficient approximation for present
purposes to take m,, & my and rep & Tg = Tep + Tpa/2.
The vector r4 can be viewed as the approximate posi-
tion of the deuteron center of mass with respect to the
electron. It follows that V(rep) = V(rg). With these def-
initions and approximations, the hamiltonian Hp takes
the form

2 2

p ppd
Hp =~ Vv — 4+ U
DR +V(rqg) + m + U(rpa),

(101)

where m, ~ 2m,me/(2m, + m.) is the reduced mass of
deuterium. This expression is separable, so its solution is
the tensor product of the solutions of the two individual
systems.



The next step is to express the Lorentz-violating per-
turbation in terms of these variables. Following the sce-
nario introduced in Sec. IT A, we can suppose that each
of the three particles e, p, n experiences a perturbation
ShIR of the form (3). As discussed in Sec. IIIC 1, the
15-2S and similar transitions are of interest primarily in
the context of measuring isotropic coeflicients for Lorentz
violation, so we restrict attention here to the quantities
le,jffn = Cupgin — Gupjy, defined in Eq. (6), but now with
w=e,p,n

Under these assumptions, we find that the isotropic
part of the perturbation hamiltonian A8R can be written
in the form

1 k NR k
_E Z ( ekOO PI" + Voroo |§p+ppd|
k=2,4

Shp't =

+Vnr00 lip — de|k)- (102)

This operator expression describes the leading-order per-
turbative effects arising from isotropic Lorentz and CPT
violation.

B. 15-2S transition

The deuterium energy-level shifts are given by expec-
tation values of the perturbation hamiltonian & th in the
Lorentz-invariant states. In performing the calculations,
only the cross terms p-p,,; and (p- ppd)2 that couple both
systems could in principle be challenging to handle. How-
ever, the former is odd under a parity transformation of
either momentum and hence yields zero contribution at
leading order. To treat the quadratic term, we can plau-
sibly assume the two systems are sufficiently decoupled
so that ((p-pye)®) = (p*)(Py)/2. Also, the contribu-
tion to the 15-2S and other nL-n’L’ transitions can be
expected to depend on a nonzero power of p. Moreover,
the magnitude of p,,; is roughly 100 MeV while that of
p is about 1 keV, so (p*)(p?,) > (ph).

Combining these considerations and using the expec-
tation values (15), we find that the frequency shift dvp
of the nL-n'L’ transition in deuterium due to isotropic
Lorentz and CPT violation is given by

27T6VD = ) |:V6200 + (Vp200 + VWQOO)

my
N

+<P;2)d> (pro% + Vn400) ]

2m2 | , 8n’ 5 8n
N lgn’ (2L’+1 _3> G (2L+1 _3)]
% (Veloo + 16 (Voo + Vaioo)) . (103)

where e, = —a®m,/2n* and (p2,) ~ 10* MeV?. This
expression generalizes the result (60) for hydrogen and
reduces to it in the limit where the proton and neutron
are taken to have identical momenta, each of magnitude
half that of the electron momentum.
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TABLE VIII: Values of the vectors Vis®” in Eq. (63
proton and neutron in deuterium Wlth 5<d<8.
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The 15-25 transition in deuterium provides interesting
sensitivity to anisotropic coefficients in the Sun-centered
frame via boost corrections that produce sidereal and
annual variations. At leading order in the boost param-
eter, the deuterium 15-25' transition frequency takes the
same form (63) as its hydrogen counterpart, except that
the sum over flavors now includes also the neutron. The
leading-order contributions for the electron vectors Ve a7
have the same form as for hydrogen and so can be found
in Table V. The leading-order contributions for the pro-

ton and neutron vectors V(d)J and V(d)J with 5 <d <8
can be obtained from Table VIII. In this table, m,, rep-
resents the rest masses of the proton w = p and neutron
w = n. As before, « is the fine-structure constant, m, is
the reduced mass of the system, and the effective carte-
sian coeflicients for Lorentz violation are defined in Eq.
(27) of Ref. [37]. The minimal-SME spin-independent co-

efficients VU(J?’)J and VU(J4)J vanish at leading order in the
nonrelativistic limit and so have no effect on the 15-25
frequency, in parallel with the hydrogen case [13, 29].

The time variations in the deuterium 15-25 transi-
tion are determined by the same expressions as for hy-
drogen, namely, Eq. (64) for the annual frequency Qg
and Eq. (65) for the sidereal frequency wg. However,
the deuterium transition offers some advantages over its
hydrogen counterpart. One is the sensitivity of deu-
terium to neutron coefficients. A more subtle advantage
is that the motion of the proton in the nucleus makes
the deuterium experiment substantially more sensitive
to some of the proton coefficients. The point is that
in hydrogen the proton is a comparatively placid ob-
ject with momentum opposite that of the electron, with
magnitude ~ am, of a few keV. In contrast, the proton
and neutron in deuterium together have total momen-
tum opposite that of the electron, but each nucleon has
momentum of over 100 MeV, producing an expectation
value (p2,) ~ 10* MeV?. As a result, measurements of
the deuterium 15-2S transition offer about a billionfold
greater sensitivity than hydrogen to the proton coeffi-
cients a, 7 and cpTifKLL] as can be deduced from
the entries for d = 7,8 in Table VIIL.

We remark in passing that a study of subleading ef-



fects in the deuterium 15-2S frequency along the lines
of the experiment with hydrogen performed in Ref. [18]
could also be used to constrain minimal SME coefficients
in the neutron sector. The analogue of the minimal-SME
match (66) for deuterium involves both proton and neu-
tron coefficients,

STV = 2a2m oD 4 1D 4 TN, (104)
wd

€ p

and this expression could be used to determine sensitivi-
ties to nonminimal coefficients in all three sectors w = e,
p, n as for the hydrogen case.

C. Comparative analyses

In atomic hydrogen, the isotropic coefficients produce
an effective shift of the Rydberg constant given by Eq.
(61). An analogous effect occurs in deuterium, but the
shift is instead given by

2,/mm?

. NR |, 1 (v, NR NR
o~ Reo [Vezo6 + 7 (Vpsog + Vazo0)

5Roo,D =

+<p127d> (VMNORO + Vnyo%) . (105)
Since the shift 6 R in hydrogen and the shift R p in
deuterium are distinct, any difference between the val-
ues obtained for the Rydberg constant in experiments
with hydrogen and with deuterium could be a signal
for Lorentz and CPT violation. Similarly, the change
dVLamb,D in the classical Lamb shift (257=1-2Pj=1) in
deuterium,

4
amy
Qme)T ) Ny 1 NR Ly N ]

3w
(106)

differs from the change dvpamp in the hydrogen Lamb
shift given by Eq. (62). A signal for Lorentz and CPT
violation would therefore be an observed discrepancy be-
tween experimental values obtained in the two systems.

The above comparative analyses can also be extended
to physical effects in other transitions. These could in-
clude, for example, the transitions 25-4D, 25-8D, and
25-12D, all of which have been measured in deuterium
[61, 63, 69]. To illustrate the extraction of constraints on
coefficients for Lorentz violation via this method, we con-
sider here a comparative analysis of the two experimental
values of the difference between the proton and deuteron
radii obtained in Refs. [61] and [98]. As before, only the
contributions from isotropic coefficients for Lorentz and
CPT violation are included, as other types of searches
are more sensitive to anisotropic coeflicients.

Consider first the weighted difference

2m0VLamb,D = —

A = o545 — tr1525 (107)

between the 25-4S frequency 545 and the 15-25' fre-
quency v152s, measured for hydrogen and deuterium in
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Ref. [61]. The change in the isotope shift dvgniry be-
tween the two measurements is governed by the differ-
ence 6(rg — r3) between the square of the charge radii of
the proton and deuteron,

4
Tma*Roe ., 9 o

2 Vshife = — Y 5(rg — rp), (108)

where r, is the classical electron radius. The frequency
shift dvryv of A due to Lorentz and CPT violation is given
by

89(am;,)*
4096v4m

Assuming the observed value of dvgph;st arises entirely from
ovpy, we find that the difference between the square of
the charge radii determined in Ref. [61] is approximately
given by

InduLy = — (15Vo000 = Vioo)- (109)

5(r3 —r2) ~ (2 x 1075)(15V,p0 —

Vo) GeV? fm?,

(110)
where the coefficients for Lorentz and CPT violation have
units of GeV 3.

Next, consider the difference between the square of the
charge radii obtained in Ref. [98] from measurements of
the 15-2S frequency v1525 in hydrogen and deuterium.
In this case, the change in the isotope shift dvgpis is given

by

4
o *Ree ., 5 o

2T OVshify = 32 o(rg — Tp), (111)

while the Lorentz-violating shift dvyy is

3(am;)?
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—4(p2a) Voos + Vaioo)]. (112)

The assumption that the observed frequency shift orig-
inates from Lorentz violation now gives the difference
between the square of the charge radii as approximately

5(rg—r2) & (2x10°)[3Vp008 — Vadoy

—4(p2 ) (VN8R 1V, 008)] GeV? fm?. (113)

We see that this expression and the result (110) provide
two distinct measures of 6(r3 —r7) in terms of coefficients
for Lorentz and CPT violation.

The two reported experimental values are essentially
in agreement. Note that the above results make use of
values of the Rydberg constant and the mass ratios of the
electron to the proton and to the deuteron. In principle,
these quantities could be shifted by Lorentz and CPT vi-
olation, so we take a conservative value of less than 0.02
fm? for the uncertainty in [§(r7 — r2)| . Disregarding co-
efficients in the electron sector, which give contributions
proportional to the difference of powers of the reduced
masses of deuterium and hydrogen and so are suppressed



by four or more orders of magnitude relative to coeffi-
cients in the proton and neutron sectors, we can finally
extract the constraint

3,5 — an’s — Appa) (Gps +ay )
4ppa) (G + 0]

<2x1077 GeV™! (114)
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on coefficients for Lorentz and CPT violation.

Similar comparative analyses can be performed in
other systems. An example discussed in Ref. [46] is
a comparison of radii using the isotope shift between
muonic hydrogen and muonic deuterium. A complete
analysis of this system would place constraints on muon
coeflicients for Lorentz and CPT violation as well as pro-
ton and neutron coefficients.

D. Deuterium maser

The successful construction and operation of a deu-
terium maser with absolute frequency uncertainty around
1 mHz [94] implies that high-precision spectroscopy of
the hyperfine structure of deuterium is a realistic possi-
bility. The high momenta of the proton and neutron in
the deuteron core, which as described in Sec. VB leads
to a billionfold gain in sensitivity to certain coefficients
for Lorentz and CPT violation in 15-2S spectroscopy,
can similarly be expected to enhance the sensitivity to
coefficients affecting the hyperfine transitions of the deu-
terium maser relative to the hydrogen one. Moreover,
the deuteron core exists in an admixture of orbital an-
gular momentum 0 and 2, so the deuterium maser also
provides access to coefficients with larger values of j.

To study the corrections to the hyperfine structure in
deuterium, a reasonable description of the unperturbed
ground state is required. The angular part of this state
can be obtained by coupling the spin Sy of the deuteron
to the spin S, of the electron. The deuteron component
involves the coupling of the triplet state of the proton
and the neutron with a superposition of L = 0 and L = 2
orbital states of the nuclear motion [97]. As a result, the
unperturbed wavefunction for the ground state can be
expressed as

= $10(p) Y (3Se1SalFmr)[Se) (PyalSa),
SeSa

<pappd|FmF>

(115)
where 119 is the spin-independent piece, S, is the electron
spin, and Sy is the deuteron spin. The deuteron spin
wavefunction takes the form

2‘1’21 Ppd) Z (1q(20)m[1Sa)Y21ym (Ppa) Xa:

(116)
where Wy, contains the radial piece and y,, is the spin-
triplet wavefunction constructed from the proton and
neutron spin states.

ppd|Sd
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Using this wavefunction, we can determine the per-
turbative shifts by calculating the expectation values of
the full perturbative hamiltonian 5th obtained follow-
ing the discussion in Sec. IT A, assuming each particle e,
p, n experiences a pertubation of the form (3). In the
hyperfine Zeeman regime, the effects from isotropic coef-
ficients cancel as usual. Neglecting these coefficients, we

find the energy-level shifts are

onnr

Se(F,mp) = (14 40,)
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Comparison of this expression with the energy-level shifts
(48) and frequency shifts (49) for the hydrogen maser
shows that both types of maser are sensitive to the
same combination of electron coefficients. The deuterium
maser therefore has no particular advantage over the hy-
drogen maser in this regard. Note also that the two
deuterium-maser transitions F' = 3/2 — F = 1/2 with
mp = F1/2 - mp = £1/2, which are the most inde-
pendent of fluctuations in the applied magnetic field, are
insensitive to Lorentz and CPT violation at leading or-
der. This parallels the result for F =1 — F = 0 with
mp = 0 for the hydrogen maser.

The calculation of the perturbative shifts due to the
proton and neutron coefficients is more involved. Since
the deuteron spin is a good quantum number, the coef-
ficient selection rules discussed in Sec. IIB imply that
only proton and neutron coefficients with j7 < 2 can con-
tribute, so only the cases j = 1 and 7 = 2 need be con-
sidered. Some identities are useful to evaluate the fac-
tors involving the momentum and spin-weighted spheri-
cal harmonics. Writing p = p, + p;, we find for j =1
the identities

Il $Yim(D) = [Pl sYim(Bo) + [Py] sYim (D),

[plo® (D) = |p.lo®(Pa) + |Pylo® (By)- (118)

For j = 2, we obtain
pI*Y20(B) = [Pa|*Yoo (D) + |Py|* Yoo ()

5
+%|pa||pb|\/;(3 cosf, cosO, — cosy), (119)

where cosy = P, - Dy

Armed with these identities, we can determine the per-
turbative level shifts. Consider first the expectation value
of the spin-dependent terms with j = 1. Choosing as
before the applied magnetic field to be aligned with the
laboratory z axis, we require the expectation value of Eq.
(3) for jm = 10. We find

be(F,mp) = 3r2F 22

y Z NR OB) T, NR(IB)),

w(2¢)10 2¢)10 (120)



where w takes the values p and n.

For states with F' = 1/2, only proton and neutron co-
efficients with j = 1 contribute to the hyperfine Zeeman
frequencies. However, when F' = 3/2, contributions from
coefficients with j = 2 can appear. In this case, we find
the contribution to the energy-level shift is approximately

2
1 2F—1 )
6 F — q\/ wNR
5( 7mF) B (Sm% — 10) qgo<ppd> %V (2¢)20»

(121)
where

<‘I’2|I’§§z|‘1’2> -

This depends on the specific model used for the radial
deuteron wavefunctions ¥y, Ws,.

Combining the above results for electron, proton, and
neutron coefficients, we find that the anisotropic shifts in
the deuterium hyperfine Zeeman levels are given by

(pad) = V8 Re (Wa|pyd|Wo).  (122)

2
1 2F -1
de(Fymp) =

- L > SVl
_ w(24)20
57 (8m% —10) q:O —
NR(0B) NR(1B)
3\/_2F 22 Z 2010 27w (2g)10 )

Z -

NR(0B) NR(1B)
1+45q2)(T g0 T 27;(2(1)10 )7
(123)

where the sum over w spans the Values p and n. In
this expression, the quantities VN 2q)207 nNR(oB) nd

EITEERS
2’7;11(\123(115 ) are given in terms of the coefficients for

Lorentz and CPT violation by Eq. (6). Note that the
proton and neutron coefficients contribute to all possi-
ble hyperfine Zeeman transitions, including the ones that
are the most independent of fluctuations in the exter-
nal magnetic field. Another key feature of this result
is the appearance of coefficients with j = 2, which im-
plies experimental signals at the second harmonic 2wg
of the sidereal frequency that can be measured in hyper-
fine Zeeman transitions with AF # 0. Moreover, the
dependence on the expectation values (pi%) acts to en-
hance the sensitivity to the coefficients for Lorentz and
CPT violation by factors of a billionfold for coeflicients
with k = 2 and by 10'®-fold for coefficients with k = 4.
Generically, this suggests attainable sensitivities to non-
relativistic coefficients Kp;,, with even k = 2,4 at the
level of [K| < 10727k GeV!~* representing an impres-
sive potential improvement over the results in Table III as
well as sensitivity to numerous coefficients unmeasurable
using a hydrogen maser.

This remarkable potential reach naturally suggests in-
vestigating the possibility of additional constraints from
an analysis of the deuterium hyperfine Zeeman transi-
tions that incorporates the boost relative to the Sun-
centered frame, in analogy to the discussion for hydrogen
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TABLE IX: Values of the pseudotensor T5V7*" in Eq. (54)
for the proton and neutron in deuterium for 5 < d < 8.

d (d)JKL
5)TTJ 5)JKL
5 —(Ph) awg "6 + aw )
6 %(p d>mw(cw£§f)TTT]6KL Cw(G)TJKL)
7 _%<de>mw(2aw(7)TTTTJ5KL + 3a., (7)TTJKL)
TYMMJKL
__<ppd>a’ iff)
8 2<p12)d>mgj(c i&;f)TTTTTJ(SKL + 2 (S)TTTJKL)
(8 TMMJKL

+ <ppd>mwcweff

in Sec. III B4. Adopting a similar notation, we find that
the first-order shifts §¢(")(F,mp) of the energies due to
the boost correction take the form

seD(Fymp) = ZTéd“KR”(ﬂg + BE)

3(F—1)
(2F (d)JKL A fJK
- T, M
+5_4mFZ (85 + BL)
V2 mp —(d)JK .
+?2F—2 Tw R J(ﬂéﬁ*’ﬂf),

wd
(124)

where the sums over w are over the flavors p and n. In
this expression, the quantities M’” represent combina-
tions of rotations given by

MJK — 2RZJRZK _ RwJRLEK _ RUJRUK (125)

The pseudotensors T(d)JK in the electron sector are given

by Table IV with w = e, while the pseudotensors T( )T
in the proton and neutron sectors are also obtained from
this table with the substitutions (am,)* — (p2,) and

(amy)* — <p4d> /5. The explicit forms of the pseudoten-

Sors T(d)JKL are listed in Table IX in terms of the ex-
pectation values (piZ), the rest masses m,,, the fine-
structure constant «, the deuterium reduced mass m,,
and the effective cartesian coeflicients for Lorentz viola-
tion defined in Eqs. (27) and (28) of Ref. [37]. For each
coefficient, only the leading-order nonrelativistic contri-
butions are provided.

In parallel with the results for the boost-independent
terms, the expectation values (p’;d) enhance the attain-
able sensitivity to spin-dependent coeflicients relative to
the hydrogen maser by factors of about a billion for k = 2
and about 10'® for k = 4. Moreover, the reach for the a-
and c-type coefficients in Table IX is also substantially
enhanced relative to related measurements of the 15-25
transitions in hydrogen and deuterium. The prospects
for these boosted measurements with a deuterium maser
therefore appear excellent as well.



VI. POSITRONIUM

Positronium is another hydrogenic system with poten-
tial for measurable signals from Lorentz and CPT vio-
lation. Studies of CPT violation in positronium decay
have been published for both experiment [35] and theory
[36]. Here, we offer some remarks on the potential role
of positronium spectroscopy the search for Lorentz and
CPT violation.

The perturbative corrections to the hydrogen spectrum
obtained in Secs. IT and IIT cannot generically be applied
to determine shifts in the positronium spectrum because
the large magnetic moment of the positron implies the
fine and hyperfine structures in positronium are compa-
rable and so the hierarchy of angular-momentum cou-
plings of hydrogen and positronium are different. How-
ever, the n.S; /5 levels present an exception to this, as the
two schemes for angular-momentum couplings coincide
when L = 0. We therefore focus here on experimental
scenarios involving transitions among the nS;,, levels.
In particular, we consider potential signals for Lorentz
and CPT violation in the hyperfine splitting of the 15
ground-state levels and in the 15-2S transition.

The quantum states of free parapositronium (S = 0) or
orthopositronium (S = 1) are eigenstates of the charge-
conjugation operator C, so only C-even Lorentz-violating
operators can contribute to the energy shifts. Examining
Table I reveals that only the electron coefficients Cegjl:}n
can contribute to spin-independent shifts of the positro-
NR(0B) 1

nium ground-state splitting, while only Jekjm

81;]%13) can contribute to spin-dependent ones. This ba-

sic feature means that positronium naturally disentangles
CPT-even and CPT-odd operators in the electron sector
in the nonrelativistic limit.

In the limit of a weak applied magnetic field, the fre-

quency shift dvz of the hyperfine Zeeman transitions in
positronium is given by

)24(1 + 46,2)

27T6VZ =

% ( NR(0B) +2g

NR(1B
gepe 1)) - (126)

€(2¢)10

As expected, only contributions from coefficients control-
ling CPT violation appear. In contrast, in a strong ap-
plied magnetic field the quantum states of the system
are no longer eigenstates of the charge-conjugation oper-
ator due to mixing of the entangled spin-triplet and spin-
singlet levels. In this Paschen-Back limit, both CPT-odd
and CPT-even Lorentz-violating operators contribute to
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the frequency shift,

2mévpg = —— Z amr U1+ 4d42)
NR(0B) NR(1B)
[(As + ASe) (geoarss” + 20e o0t
NR(0B NR(1B
—(AS. — ASe ) ( €2 )(10 ) H€(2q)(10 )) }7
(127)

where AS, and ASz denote the electron and positron
spin changes, respectively.

Current precision measurements of the positronium hy-
perfine structure lie in the ppm range, with an absolute
uncertainty of order 1 MHz [99]. For example, this im-
plies a potential reach of about 10717 GeV for the co-
efficients gegl%(OB) and 2 eglRO(lB), about 1076 GeV~!

for genro®® and 2g, 580" and about 10° GeV—* for

gefl%(OB) nd 2 €4NlRO(13). While these sensitivities are

about nine orders of magnitude below those presented
in Table IIT obtained via spectroscopy with a hydrogen
maser taking only one coefficient nonzero at a time, the
actual combinations of coefficients in the positronium
and hydrogen observables are distinct. This confirms
that positronium hyperfine measurements can be used to
separate CPT-even and CPT-odd spin-dependent effects
in the electron sector.

Positronium also has the advantage of being a purely
leptonic atom, allowing precision tests of quantum elec-
trodynamics or new physics via the direct comparison be-
tween experiment and theory. Paralleling the discussion
for hydrogen, isotropic coefficients for Lorentz violation
can be expected to shift the value of experimental mea-
surements of the 1.5-25 transition in positronium relative
to the Lorentz-invariant theory. Comparing experiment
to theory therefore provides a constraint on Lorentz vio-
lation in the electron sector.

The Lorentz-violating frequency shift for the 15-25
transition in positronium is given by

21y = 3 (am,)? (2’5 + 2 (amr)2éeN)ff) . (128)
As expected, it contains only CPT-even effects. The ob-
served difference between the theoretical and experimen-
tal values of the positronium 15-2S frequency is 5.8 +3.3
MHz [100]. Identifying this difference with the frequency
shift (128) yields the result
AN+ 5 (am, ) 2N ~ (4.5+£2.5) x 107° GeV ™, (129)
representing a 1.8 sigma effect. It can conservatively be
taken as indicating an experimental reach of about 1075
GeV~! to the coefficients éNR and about 10° GeV~—2 to
éN. Tmprovements of about a factor of five in the exper-
1menta1 sensitivity are within reach of future experiments
[101].

Measuring the free-fall acceleration of positronium has

been proposed as a test of the gravitational couplings of



matter and antimatter [102], in a spirit similar to the
proposals for antihydrogen discussed in Sec. IV D. Fol-
lowing the line of reasoning leading to Eq. (96), we find
that nonzero isotropic coefficients for Lorentz violation
lead to a fractional change in the gravitational accelera-
tion of positronium given by

= ~ & (130)

Note this depends only on C-even Lorentz violation. The
prospective measurements of the positronium gravita-
tional acceleration at the 10% level could therefore either
provide direct sensitivity to CPT-even Lorentz violation
in the electron sector or help disentangle CPT-even and
CPT-odd effects obtained in other experiments.

VII. HYDROGEN MOLECULES

High-precision molecular spectroscopy presents an in-
teresting alternative potential arena for tests of Lorentz
and CPT symmetry, albeit one that remains largely un-
explored to date. Although the primary focus of the
present work is hydrogenic systems, some of the tools
developed here can be applied in the context of compar-
atively simple molecules and molecular ions such as Hs,
H;r, HD, and HD™. In this section, we offer a few com-
ments about the prospects for measuring nonrelativistic
spherical coefficients for Lorentz and CPT violation in
these systems.

Corrections to the energy levels and internuclear dis-
tances of Hs, H;r7 HD, and HD™ arising from Lorentz
and CPT violation in the electron sector of the mini-
mal SME have previously been studied by Miiller et al.
[23]. In this work, the unperturbed molecular states
are approximated by a wavefunction ansatz of the form
Oy (Ta1) Py (T62) + O4(T11)04(Ta2) for Ho or HD and
b~ (Tra1) + ¢y (rp1) for Hy or HD*, where ¢,(r) =
exp(—yr) and the displacements between the pointlike
nuclei f = a,b and the electrons j = 1,2 are denoted
by r¢;. The electron wavefunctions depend on two pa-
rameters, the bond length R of the molecule and the
fall-off parameter v, both of which are fixed by minimiz-
ing the expectation value of the electron hamiltonian in
the Born-Oppenheimer approximation.

Here, we extend this methodology to nonrelativistic
spherical coefficients with k& = 2 in the electron sector,
which includes operators of arbitrary nonminimal dimen-
sion d. Incorporating coefficients with k& > 2 is also of in-
terest in principle, but it turns out that the higher pow-
ers of the momentum operator accompanying the larger
values of k£ become unbounded with the simple wavefunc-
tion ansatz adopted here. A more sophisticated ansatz is
likely to overcome this issue and would be of interest to
investigate but lies beyond our present scope.

The relevant perturbation hamiltonian §hYR  for
Lorentz and CPT violation in the electron sector is given
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by Egs. (3)-(6) with w = e and k = 2. Using the ap-
proproate ansatz for the wavefunction and working in a
frame in which the z axis is aligned along the displace-
ment R between the positions of the two nuclei, we find
the energy shift of the ground state of Hy due to Lorentz
and CPT violation is given by

(53 m, = (VN + VB2 VAR, (131)

NG

while the shift for Hy takes the form

\/_41—7T< *Veso + V5(p2

3 NR(0B (0B NR(1B
_<03>\/ E<T6010( )+ 27;210 )+2p§7§210( )

<5heNR>H2+ = px)V€220>

NR(0B
+f 8230( )>- (132)
In the above equations, Vekjo, 7;5% ©B)  and ’TENR(lB)

are related to the electron coeﬁiments for Lorentz and
CPT violation via Eq. (6). The derivation of these results
takes advantage of axial symmetry to replace factors of
pfj with p2 for convenience.

Numerical values for the expectation values of the mo-
menta in the above expressions are compiled in Table I
of Ref. [23]. These tabulated values must be divided by
a factor of two before substitution in Eq. (131) to match
our use of p for the electron momentum, but they can be
used directly in Eq. (132). For H, the expectation val-
ues of the electron spin operator o appearing in Eq. (132)
can be taken in the electron spin state to an excellent ap-
proximation because the two protons are in a symmetric
singlet. Note that in principle operators with E-type par-
ity might contribute to the shift (132). However, these
are associated with the difference between (') and (0?).
The symmetry of the system suggests equality of these
expectation values and hence a zero contribution. This
symmetry might fail in a more realistic model, but any
corresponding effects are likely to be suppressed.

The analogue of the shift (132) for HD* is also of
potential interest. However, the spin state of the electron
in HD™ is nontrivial, so expectation values involving all
the components of o play a role. The contributions from
o™ with m = +£1 for this case are given by

GhY®Y ypr D —\/E;QW
_\/g;@m

where the sum over m spans the values m = +1 and the
sum over k the values k£ = 0,2. The expectation values
are understood to be taken in the electron part of the full
spin wavefunction.

k.~ NR(0B)
7;klm

H@—ﬁﬂﬁ%w§
NR(0B
- pi)Tez?mg )>’

(133)



In addition to shifting the ground-state energy, the
presence of Lorentz and CPT violation also modifies
other physical quantities [23]. The bond length R is
changed by an amount d R, which can be expressed as

1

0R = —
812%60

OR(ShYRY,

(134)

where the unperturbed ground-state energy eg can be
taken as the miminum of the expectation value of the
hamiltonian in the absence of Lorentz violation. The
vibrational spectrum of the molecule within the elec-
tronic ground state is also shifted. An expression for
this shift can be obtained by approximating the vibrat-
ing molecule as a harmonic oscillator and calculating the
effective change dw, in the resonance frequency w, due
to Lorentz and CPT violation. This yields

Wy

Swy = ———
« 28}2%60

(9%eo SR + OF(6hLTY). (135)

The rotational spectrum within the electronic ground
state is shifted by the Lorentz and CPT violation as well.
In the rigid rotor approximation, this shift can be under-
stood as an effective change dw, in the rotation frequency
w, given by

2w,

SR. (136)

dwy, = —

In the limit of zero nonminimal coefficients, all the
above results reduce to the minimal-SME expressions
presented in Ref. [23]. The nonminimal terms introduce
several qualitatively novel features. One is the depen-
dence of the bond length of H; on the electron spin
state in the presence of Lorentz and CPT violation. An-
other noteworthy effect is the occurrence of contributions
from coefficients with 7 = 2 and j = 3 to the ground-
state energies of all the molecular species. This implies,
for example, a signal involving sidereal variations at the
third harmonic of the sidereal frequency, which could be
detected in measurements of suitable rovibrational tran-
sitions. Including terms with values £ > 2 would result in
effects from coefficients with j > 4 as well, together with
the concomitant sidereal signals at higher harmonics. In
contrast, as discussed in Sec. IIC, the ground state in
atomic hydrogen only receives contributions from coeffi-
cients with j < 1.

Rovibrational transitions with unchanged electronic
state in HD™T are dipole allowed. Current experiments
with HD™ have reached an impressive relative uncer-
tainty of about 1079 [103]. The long lifetime of rovi-
brational excited states suggests considerable room for
improvement remains, and indeed it is believed possible
in principle for future experiments to achieve relative un-
certainties of about 5 x 10717 for H, and of order 10718
for HD™ [104]. For illustrative purposes here, consider
future prospective relative uncertainties of about 10~
in frequency measurements. Using the expressions (131)
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and (132), we find this corresponds to experimental sensi-
tivities of about 10~ GeV~! to the nonrelativistic spher-
ical coefficient with & = 2. For the coefficients with j = 2
and j = 3, a glance at Table VII reveals that this rep-
resents a sharper measurement by at least one order of
magnitude than would be available using atomic hydro-
gen.

The discussion in this subsection suffices to confirm
that spectroscopy of hydrogen molecules has the poten-
tial to provide competitive searches for Lorentz and CPT
violation in coming years. Several improvements on the
theoretical treatment can be envisaged. A comparatively
straightforward one would be to adopt improved unper-
turbed electron ground states. For example, a more de-
tailed form of the H,  wavefunction has been available
for many decades [105], and high-accuracy computations
of various systematic effects now exist [106]. This or
related improvements in the ground-state wavefunctions
could also make feasible the calculations for coefficients
with & > 2. Another improvement would be to incorpo-
rate contributions from the nucleons. The perturbative
rovibrational shifts established above can be traced to
the effective shift of the nucleon separation R. However,
in reality these transitions drastically change the vibra-
tional states of the nucleons, which could plausibly lead
to signals allowing sensitive measurements of coefficients
in the proton and neutron sectors of the SME.

VIII. SUMMARY

In this paper, we studied spectroscopic searches for
Lorentz and CPT violation using hydrogen, antihydro-
gen, deuterium, positronium, and hydrogen molecules
and molecular ions. Our considerations begin in Sec.
IT with a treatment of theoretical aspects for hydrogen
spectroscopy. The leading-order perturbative hamilto-
nian (2) is constructed in the nonrelativistic limit, in-
corporating coefficients for Lorentz and CPT violation of
arbitrary mass dimension d. These coefficients can be
expressed in a spherical basis and separated into ones
controlling CPT-even and CPT-odd effects, as presented
in Eq. (6). The symmetries of the hydrogen atom re-
strict the possible perturbative contributions to certain
coeflicients, listed in Table I along with some of their key
features. The formalism permits determining the general
matrix elements (18) of the full perturbation hamilto-
nian §hYR. The result is used in Sec. IIC2 to establish
analytical expressions for the perturbative energy shifts.
We follow this with a discussion of the general features
of effects on the hyperfine Zeeman transitions, includ-
ing notably the sidereal variations (35) and the annual
variations discussed in Sec. IID 2.

The potential applications of our methodology to mea-
surements using hydrogen spectroscopy are discussed in
Sec. III. We first address the issue of possible signals
for free hydrogen in Sec. IIT A, and then consider spec-
troscopy in an external magnetic field. We derive the



explicit formula (49) for the Lorentz- and CPT-violating
shift of the hyperfine Zeeman frequency, and we com-
bine it with published results from experiments search-
ing for sidereal variations using a hydrogen maser [14—
16] to place the constraint (52) on a combination of non-
relativistic coefficients controlling spin-dependent effects.
Taken one coefficient at a time, this constraint yields the
results displayed in Table III. The prospects for hyperfine
Zeeman measurements using annual variations and stud-
ies on a space-based platform are discussed in Secs. III B 4
and III B 5. We then turn to precision spectroscopy with
nL-n'L’ transitions in hydrogen. The frequency shift
for any hydrogen transition of this type with J = 1/2,
AJ = 0 arising from isotropic Lorentz and CPT violation
is given by Eq. (60). In Sec. III C 3, we consider various
options for using annual variations of the 15-25 tran-
sition frequency to measure coefficients for Lorentz and
CPT violation. Results from an existing experiment of
this type [18] are used to place first constraints on various
nonminimal cartesian coefficients with mass dimensions
5 < d < 8, as reported in Table VI. In Sec. IIID the
possibility of measuring nonrelativistic coefficients with
j > 2 using these types of transitions is discussed, and
estimates for the reach of future analyses are presented
in Table VII.

Antihydrogen spectroscopy in the context of the search
for Lorentz and CPT violation is the topic of Sec. IV. The
implementation of the CPT transformation on the hydro-
gen spectrum is provided in Sec. IV A. For hyperfine Zee-
man transitions, the induced frequency shift is presented
in Eq. (77), while for Paschen-Back transitions it is given
in Eq. (81). The 15-2S transition in free antihydrogen
is shown to depend only on nonminimal coefficients for
Lorentz and CPT violation, with the corresponding fre-
quency shift specified in Eq. (84). For all these cases, we
provide estimates of attainable sensitivities both from di-
rect measurements and from comparisons with hydrogen
spectroscopy. In Sec. IV D, the prospects for detecting
an anomalous gravitational response of antihydrogen is
considered. Insight into the role of nonminimal opera-
tors is obtained by constructing a generalization of the
isotropic parachute model [86]. Sensitivity estimates for
future experiments are obtained.

Deuterium spectroscopy is the focus of Sec. V. We
obtain the corrections to the 15-2S transition frequency
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arising from isotropic Lorentz and CPT violation in Eq.
(103). Associated signals are discussed in Sec. V. C. The
observed difference between the square of the charge radii
of the proton and deuteron [61, 98] is used to derive the
constraint (114) on nonrelativistic coefficients. Another
interesting approach to using deuterium spectroscopy to
search for Lorentz and CPT violation is performing hy-
perfine Zeeman measurements with a deuterium maser.
The implications of this are discussed in Sec. V D, where
we show that the Lorentz and CPT reach of a deuterium
maser represents in principle an improvement of many
orders of magnitude over that of a hydrogen maser.

Some aspects of positronium spectroscopy in the con-
text of the search for Lorentz and CPT violation are con-
sidered in Sec. VI. We obtain expressions for the mea-
surable frequency shifts and use the observed difference
between theoretical and experimental values of the 15-2.5
transition frequency to deduce the measurement (129) of
isotropic coefficients in the electron sector. Finally, spec-
troscopy with hydrogen molecules and molecular ions is
the subject of Sec. VII. We determine the energy shifts
(131) and (132) for the ground states of these systems,
and we discuss the sensitivities and potential advantages
of the corresponding frequency measurements.

The discussions in this paper provide a working sum-
mary of the prospects for observing Lorentz and CPT vi-
olation using precision spectroscopy of a number of com-
paratively simple systems. Although our analysis has led
to a variety of new or improved constraints, many coeffi-
cients for Lorentz and CPT violation remain unmeasured
at present. The numerous potential signals identified and
impressive attainable sensitivities in future experiments
offer strong motivation for further analyses, along with
encouragement for a potential breakthrough discovery in
this foundational subject.

Acknowledgments

This work was supported in part by the Department of
Energy under grant number DE-SC0010120 and by the
Indiana University Center for Spacetime Symmetries.

[1] P.A.M. Dirac, Proc. Roy. Soc. Lon. A 117, 778 (1928).

[2] C.G. Darwin, Proc. Roy. Soc. Lon. A 118, 654 (1928);
W. Gordon, Physik 48, 11 (1928).

[3] H.E. Ives and G.R. Stilwell, J. Opt. Soc. Am. 28, 215
(1938).

[4] R.F.C. Vessot et al., Phys. Rev. Lett. 45, 2081 (1980).

[5] V.A. Kostelecky and S. Samuel, Phys. Rev. D 39, 683
(1989); V.A. Kostelecky and R. Potting, Nucl. Phys. B
359, 545 (1991); Phys. Rev. D 51, 3923 (1995).

[6] Data Tables for Lorentz and CPT Violation,

2015 edition, V.A. Kostelecky and N. Russell,
arXiv:0801.0287v8.
[7] See, for example, S. Weinberg, PoS CD 09, 001 (2009).
[8] D. Colladay and V.A. Kostelecky, Phys. Rev. D 55,
6760 (1997); Phys. Rev. D 58, 116002 (1998).
[9] V.A. Kostelecky, Phys. Rev. D 69, 105009 (2004).
[10] O.W. Greenberg, Phys. Rev. Lett. 89, 231602 (2002).
[11] For reviews see, for example, Ref. [12] and J.D. Tasson,
Rept. Prog. Phys. 77, 062901 (2014); R. Bluhm, Lect.
Notes Phys. 702, 191 (2006).



[12] Proceedings of the Siath Meeting on CPT and Lorentz
Symmetry, V.A. Kostelecky, ed., World Scientific, Sin-
gapore, 2014.

[13] R. Bluhm, V.A. Kostelecky, and N. Russell, Phys. Rev.
Lett. 82, 2254 (1999).

[14] M.A. Humphrey, D.F. Phillips, and R.L. Walsworth,
Phys. Rev. A 62, 063405 (2000).

[15] D.F. Phillips, M.A. Humphrey, E.M. Mattison, R.E.
Stoner, R.F.C. Vessot, and R.L. Walsworth, Phys. Rev.
D 63, 111101(R) (2001).

[16] M.A. Humphrey, D.F. Phillips, E.M. Mattison, R.F.C.
Vessot, R.E. Stoner, and R.L. Walsworth, Phys. Rev. A
68, 063807 (2003).

[17] B. Altschul, Phys. Rev. D 81, 041701 (2010).

[18] A. Matveev et al., Phys. Rev. Lett. 110, 230801 (2013).

[19] M.C. Fujiwara et al., arXiv:1104.4661.

[20] M. Diermaier et al., arXiv:1501.02635; E. Widmann et
al., Hyperfine Int. 215, 1 (2013).

[21] G. Gabrielse et al., Phys. Rev. Lett. 89, 213401 (2002).

[22] A recent review is Y. Yamazaki and S. Ulmer, Annalen
Phs. 525, 493 (2013).

[23] H. Miiller, S. Herrmann, A. Saenz, A. Peters, and C.
Lammerzahl, Phys. Rev. D 70, 076004 (2004).

[24] W.F. Chen and G. Kunstatter, Phys. Rev. D 62, 105029
(2000).

[25] G.M. Shore, Nucl. Phys. B 717, 86 (2005);

[26] M.M. Ferreira, Jr., and F.M.O. Moucherek, Int. J. Mod.
Phys. A 21, 6211 (2006); Nucl. Phys. A 790, 635c
(2007).

[27] O.G. Kharlanov and V.Ch. Zhukovsky, J. Math. Phys.
48, 092302 (2007).

[28] M. Frank, I. Turan, and I. Yurdusen, JHEP 0901, 039
(2008).

[29] T.J. Yoder and G.S. Adkins, Phys. Rev. D 86 , 116005
(2012).

[30] B. Gongalves, M.M. Dias, Jr., and B.J. Ribeiro, Phys.
Rev. D 90, 085026 (2014).

[31] R.V. Maluf, J.E.G. Silva, W.T. Cruz, and C.A.S.
Almeida, Phys. Lett. B 738, 341 (2014).

[32] H. Belich, T. Costa-Soares, M.M. Ferreira, Jr., J.A.
Helayél-Neto, and F.M.O. Mouchereck, Phys. Rev. D
74, 065009 (2006); S.-q. Lan and F. Wu, Phys. Rev. D
87, 125022 (2013); R. Casana, M.M. Ferreira, Jr., E.
Passos, F.E.P. dos Santos, and E.O. Silva, Phys. Rev.
D 87, 047701 (2013).

[33] S.M. Carroll, J.A. Harvey, V.A. Kostelecky, C.D. Lane,
and T. Okamoto, Phys. Rev. Lett. 87, 141601 (2001).

[34] M. Chaichian, M.M. Sheikh-Jabbari, and A. Tureanu,
Eur. Phys. J. C 36, 251 (2004); M. Haghighat and M.
Khorsandi, Eur. Phys. J. C 75, 1 (2015).

[35] P.A. Vetter, Int. J. Mod. Phys. A 19, 3865 (2004).

[36] G.S. Adkins, arXiv:1007.3909.

[37] V.A. Kostelecky and M. Mewes, Phys. Rev. D 88,
096006 (2013).

[38] V.A. Kostelecky and R. Lehnert, Phys. Rev. D 63,
065008 (2001).

[39] I.T. Drummond, Phys. Rev. D 88, 025009 (2013);
M.A. Hohensee, D.F. Phillips and R.L. Walsworth,
arXiv:1210.2683; M. Schreck, Phys. Rev. D 86, 065038
(2012); F.R. Klinkhamer and M. Schreck, Nucl. Phys.
B 848, 90 (2011); C.M. Reyes, Phys. Rev. D 87, 125028
(2013); Phys. Rev. D 82, 125036 (2010).

[40] V.A. Kostelecky, Phys. Lett. B 701, 137 (2011).

36

[41] J. Foster and R. Lehnert, Phys. Lett. B 746, 164 (2015);
N. Russell, Phys. Rev. D 91, 045008 (2015); M. Schreck,
Phys. Rev. D 91, 105001 (2015); Eur. J. Phys. C 75, 187
(2015); J.E.G. Silva and C.A.S. Almeida, Phys. Lett. B
731, 74 (2014); V.A. Kostelecky, N. Russell, and R.
Tso, Phys. Lett. B 716, 470 (2012); D. Colladay and P.
McDonald, Phys. Rev. D 85, 044042 (2012); V.A. Kost-
elecky and N. Russell, Phys. Lett. B 693, 443 (2010).

[42] See, for example, M. Cambiaso, R. Lehnert, and R. Pot-
ting, Phys. Rev. D 90, 065003 (2014).

[43] H. Belich, L.D. Bernald, P. Gaete, J.A. Helayél-Neto,
and F.J.L. Leal, Eur. Phys. J. C 75, 291 (2015); J.L.
Chkareuli, arXiv:1410.6837; A.C. Lehum, J.R. Nasci-
mento, A.Yu. Petrov, and A.J. da Silva, Phys. Rev. D
88, 045022 (2013); H. Belich, L.D. Bernald, P. Gaete,
and J.A. Helayél-Neto, Eur. Phys. J. C 73, 11 (2013);
A.B. Clark, JHEP 1401, 134 (2014); C.F. Farias, A.C.
Lehum, J.R. Nascimento, and A.Yu. Petrov, Phys. Rev.
D 86, 065035 (2012); D. Redigolo, Phys. Rev. D 85,
085009 (2012); D. Colladay and P. McDonald, Phys.
Rev. D 83, 025021 (2011); P.A. Bolokhov, S.G. Nibbe-
link, and M. Pospelov, Phys. Rev. D 72, 015013 (2005);
M.S. Berger and V.A. Kostelecky, Phys. Rev. D 65,
091701(R) (2002).

[44] M. Hayakawa, Phys. Lett. B 478, 394 (2000); M. Buri¢,
D. Latas, V. Radovanovi¢ and J. Trampeti¢, Phys. Rev.
D 83, 045023 (2011).

[45] V.A. Kostelecky and C.D. Lane, Phys. Rev. D 60,
116010 (1999); J. Math. Phys. 40, 6245 (1999).

[46] A.H. Gomes, V.A. Kostelecky, and A.J. Vargas, Phys.
Rev. D 90, 076009 (2014).

[47] R. Bluhm, V.A. Kostelecky, and C.D. Lane, Phys. Rev.
Lett. 84, 1098 (2000).

[48] V.A. Kostelecky and M. Mewes, Phys. Rev. D 80,
015020 (2009).

[49] V.A. Kostelecky and M. Mewes, Phys. Rev. D 66,
056005 (2002).

[50] V.A. Kostelecky, Phys. Rev. Lett. 80, 1818 (1998).

[51] E.P. Wigner, Z. Physik 43, 624 (1927); C. Eckart, Rev.
Mod. Phys. 2, 305 (1930).

[62] F. Cane, D. Bear, D.F. Phillips, M.S. Rosen, C.L. Small-
wood, R.E. Stoner, R.L. Walsworth, and V.A. Kost-
elecky, Phys. Rev. Lett. 93, 230801 (2004); B.R. Heckel,
E.G. Adelberger, C.E. Cramer, T.S. Cook, S. Schlam-
minger, and U. Schmidt, Phys. Rev. D 78, 092006
(2008).

[63] See, for example, N.F. Ramsey, Molecular Beams, Ox-
ford University Press, New York, 1956, p. 119.

[64] L. Cacciapuoti et al., Nucl. Phys. B Proc. Suppl. 166,
303 (2007).

[55] H.G. Andresen, Z. Phys. 210, 113 (1968).

[56] R. Bluhm, V.A. Kostelecky, C.D. Lane, and N. Russell,
Phys. Rev. D 68, 125008 (2003); Phys. Rev. Lett. 88,
090801 (2002).

[57] C.G. Parthey et al., Phys. Rev. Lett. 107, 203001
(2011).

[568] See also Table XI of P.J. Mohr, B.N. Taylor, and D.B.
Newell, Rev. Mod. Phys. 84, 1527 (2012).

[59] G. Newton, D.A. Andrews, and P.J. Unsworth, Phil.
Trans. R. Soc. Lond. A 290, 373 (1979); S.R. Lundeen
and F.M. Pipkin, Metrologia 22, 9 (1986).

[60] O. Arnoult, F. Nez, L. Julien, and F. Biraben, Eur.
Phys. J. D 60, 243 (2010).

[61] M. Weitz et al., Phys. Rev. A 52, 2664 (1995).



[62] S. Bourzeix et al., Phys. Rev. Lett. 76, 384 (1996).

[63] B. de Beauvoir et al., Phys. Rev. Lett. 78, 440 (1997).

[64] D.J. Berkeland, E.A. Hinds, and M.G. Boshier, Phys.
Rev. Lett. 75, 2470 (1995).

[65] E.W. Hagley and F.M. Pipkin, Phys. Rev. Lett. 72,1172
(1994).

[66] A. Beyer et al., J. Phys. Conf. Ser. 467 012003 (2013).

[67] A. Beyer et al., Ann. Phys. (Berlin) 525, 671 (2013).

[68] E. Peters, D.C. Yost, A. Matveev, T.W. Hénsch, and T.
Udem, Ann. Phys. (Berlin) 525, 1L.29 (2013).

[69] C. Schwob et al., Phys. Rev. Lett. 82, 4960 (1999).

[70] A. Kellerbauer et al., Nucl. Instr. Meth. Phys. Res. B
266, 351 (2008); S. Aghion et al., Nature Commun. 5,
4538 (2014); J. Storey et al., Hyperfine Int. 228, 151
(2014).

[71] C. Amole et al., Nat. Commun. 4, 1785 (2013); P.
Hamilton, A. Zhmoginov, F. Robicheaux, J. Fajans, J.
Wurtele, and H. Miiller, Phys. Rev. Lett. 112, 121102
(2014).

[72] P. Indelicato et al., Hyperfine Int. 228, 141 (2014);
P. Perez and Y. Sacquin, Class. Quantum Grav. 29,
184008 (2012); G. Chardin et al., CERN report CERN-
SPSC-2011-029, September 30, 2011.

[73] A.D. Cronin et al., Letter of Intent: Antimatter Anti-
gravity Ezperiment (AGE) at Fermilab, February 6,
2009.

[74] H. Dehmelt, R. Mittleman, R.S. Van Dyck, Jr., and
P. Schwinberg, Phys. Rev. Lett. 83, 4694 (1999); R.K.
Mittleman, I.I. loannou, H.G. Dehmelt, and N. Russell,
Phys. Rev. Lett. 83, 2116 (1999).

[75] G. Gabrielse, A. Khabbaz, D.S. Hall, C. Heimann, H.
Kalinowsky, and W. Jhe, Phys. Rev. Lett. 82, 3198
(1999).

[76] R. Bluhm, V.A. Kostelecky, and N. Russell, Phys. Rev.
Lett. 79, 1432 (1997); Phys. Rev. D 57, 3932 (1998).

[77] S. Ulmer et al., J. Phys. Conf. Ser. 488, 012033 (2014).

[78] M. Niemann, A.-G. Paschke, T. Dubielzig, S. Ulmer,
and C. Ospelkaus, in Ref. [12].

[79] Y. Ding and V.A. Kostelecky, in preparation.

[80] N. Kuroda et al., Nature Commun. 5, 3089 (2014).

[81] V.A. Kostelecky, N. Russell, and J.D. Tasson, Phys.
Rev. Lett. 100, 111102 (2008).

[82] A. Fittante and N. Russell, J. Phys. G 39, 125004
(2012).

[83] C. Amole et al., Nature 483, 439 (2012).

[84] G. Gabrielse et al., Phys. Rev. Lett. 108, 113002 (2012).

[85] For a review see, for example, M.M. Nieto and T. Gold-
man, Phys. Rep. 205, 221 (1991).

[86] V.A. Kostelecky and J.D. Tasson, Phys. Rev. D 83,
016013 (2011).

[87] V.A. Kostelecky and J.D. Tasson, Phys. Rev. Lett. 102,
010402 (2009).

[88] M.A. Hohensee, H. Miiller, and R.B. Wiringa, Phys.
Rev. Lett. 111, 151102 (2013); M.A. Hohensee, S. Chu,
A. Peters, and H. Miiller, Phys. Rev. Lett. 106, 151102

37

(2011).

[89] Q.G. Bailey, V.A. Kostelecky, and R. Xu, Phys. Rev.
D 91, 022006 (2015); J.C. Long and V.A. Kostelecky,
Phys. Rev. D 91, 092003 (2015); C.-G. Shao, Y.-J. Tan,
W.-H. Tan, S.-Q. Yang, J. Luo, and M.E. Tobar, Phys.
Rev. D 91, 102007 (2015); V.A. Kostelecky and J.D.
Tasson, preprint IUHET 596 (2015).

[90] H. Urey, F. Brickwedde, and G. Murphy, Phys. Rev. 39,
164 (1932).

[91] D.S. Parno, in Ref. [12]; V.N. Aseev et al., Phys. Atom.
Nucl. 75, 464 (2012); C. Kraus et al., Eur. Phys. J. C
40, 447 (2005).

[92] J.S. Diaz, V.A. Kostelecky, and R. Lehnert, Phys.
Rev. D 88, 071902(R) (2013); V.A. Kostelecky and M.
Mewes, Phys. Rev. D 85, 096005 (2012).

[93] C.G. Parthey, A. Matveev, J. Alnis, R. Pohl, T. Udem,
U.D. Jentschura, N. Kolachevsky, and T.W. Hénsch,
Phys. Rev. Lett. 104, 233001 (2010).

[94] D.J. Wineland and N.F. Ramsey, Phys. Rev. A 5, 821
(1972).

[95] D.E. Dorfan, J. Eades, L.M. Lederman, W. Lee, and
C.C. Ting, Phys. Rev. Lett. 14, 1003 (1965); T. Mas-
sam, T. Muller, B. Righini, M. Schneegans, and A.
Zichichi, Nuov. Cim. 39, 10 (1965).

[96] Y. Bonder, Phys. Rev. D 88, 105011 (2013).

[97] See, for example, R. Machleidt, Phys. Rev. C 63, 024001
(2001), Appendix D.

[98] U.D. Jentschura et al., Phys. Rev. A 83, 042505 (2011).

[99] A.P. Mills, Phys. Rev. A 27, 262 (1983); M.W. Ritter,
P.O. Egan, V.W. Hughes, and K.A. Woodle, Phys. Rev.
A 30, 1331 (1984); A. Ishida et al., Phys. Lett. B 734,
338 (2014).

[100] K. Pachucki and S.G. Karshenboim, Phys. Rev. A 60,
2792 (1999); K. Melnikov and A. Yelkhovsky, Phys.
Lett. B 458, 143 (1999).

[101] P. Crivelli, C.L. Cesar, and U. Gendotti, Can. J. Phys.
89, 29 (2011).

[102] P. Crivelli, V.V. Nesvizhevsky, and A.Yu. Voronin,
Adv. High En. Phys. 2015, 173572 (2015); G. Dufour,
D.B. Cassidy, P. Crivelli, P. Debu, A. Lambrecht, V.V.
Nesvizhevsky, S. Reynaud, A.Yu. Voronin, and T.E.
Wall, Adv. High En. Phys. 2015, 379642 (2015); A. Mills
and M. Leventhal, Nucl. Instrum. Meth. B 192, 102
(2002).

[103] J.C.J. Koelemeij, B. Roth, A. Wicht, I. Ernsting, and S.
Schiller, Phys. Rev. Lett. 98, 173002 (2007); U. Bressel,
A. Borodin, J. Shen, M. Hansen, I. Ernsting, and S.
Schiller, Phys. Rev. Lett. 108, 183003 (2012).

[104] S. Schiller, D. Bakalov, and V.I. Korobov, Phys. Rev.
Lett. 113, 023004 (2014).

[105] V.A. Johnson, Phys. Rev. 60, 373 (1941).

[106] See, for example, S. Schiller, D. Bakalov, A.K. Bekbaev,
and V.I. Korobov, Phys. Rev. A 89, 052521 (2014).



