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We study the lattice artefacts of the Wilson Dirac operator for QCD with two colors and fermions
in the fundamental representation from the viewpoint of chiral perturbation theory. These effects are
studied with the help of the following spectral observables: the level density of the Hermitian Wilson
Dirac operator, the distribution of chirality over the real eigenvalues, and the chiral condensate
for the quenched as well as for the unquenched theory. We provide analytical expressions for all
these quantities. Moreover we derive constraints for the level density of the real eigenvalues of the
non-Hermitian Wilson Dirac operator and the number of additional real modes. The latter is a
good measure for the strength of lattice artefacts. All computations are confirmed by Monte Carlo
simulations of the corresponding random matrix theory which agrees with chiral perturbation theory
of two color QCD with Wilson fermions.
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I. INTRODUCTION

The breaking of chiral symmetry is an essential feature of the vacuum structure of QCD. It is a non-perturbative
phenomenon that can only be studied from first principles by means of lattice QCD simulations. Because of the
Nielsen-Ninomya theorem, exact continuum type chiral symmetry on the lattice necessarily implies the presence of
doublers which have to be eliminated. Two widely used methods to do so are staggered fermions, which break the
flavor symmetry but preserve a “chiral” symmetry, and Wilson fermions which preserve the flavor symmetry but
explicitly break the chiral symmetry.

An important ingredient of the vacuum structure is the topology of the gauge field configurations and its relation
to the zero modes of the Dirac operator according to the Atiyah-Singer index theorem. Strictly speaking there is no
topology at non-zero lattice spacing. For the Wilson Dirac operator one can obtain the topological charge by the
spectral flow in the quark mass [1]. Other ways to define the topological charge on the lattice are through the index
of the overlap operator [2] as well as through spectral projectors [3, 4]. One can equivalently employ purely gluonic
methods where one measures a lattice discretized version of the volume integral of the topological charge density. The
most common methods involve the gradient flow [5], cooling [6-9] and APE/HYP smearing [10, 11]. Of course all
these methods agree up to cut-off effects but it is only the spectral flow and the index of the overlap operator that
give an integer result. We refer the reader to [12] for a critical comparison of all methods.

The order parameter for chiral symmetry breaking is the chiral condensate which, according to the Banks-Casher
formula, is directly related to the spectral density of the smallest Dirac eigenvalues. It is therefore important to have
a detailed understanding of discretization effects on the Dirac spectrum and in particular on the topological zero
modes. This problem was studied by means of chiral Lagrangians for the Wilson Dirac operator for QCD with three
or more colors in the fundamental representation [13, 14]. Using mean field theory it was shown that the gap of the
Hermitian Wilson Dirac operator closes when entering the Aoki phase. The microscopic Dirac spectrum was evaluated
in great detail by means of a supersymmetric extension of the chiral Lagrangian and exploiting its equivalence with
chiral random matrix theory [15, 16]. One of the main results is that the Gaussian broadening of the topological zero
modes scales as VVa = a for small values of the lattice spacing a which was first observed by lattice simulations
[17]. In the thermodynamic limit the real eigenvalues develop a band with a width proportional to VWsga? = a?. A
second important result is that the first order scenario [18] can only occur in the presence of dynamical quarks while
in the quenched case at non-zero lattice spacing we necessarily have a transition to the Aoki phase when approaching
the chiral limit [19]. We have also shown that the low-energy constants can be determined in a simple way by the
properties of the Dirac spectrum [20].

In the present article we consider the spectrum of the Wilson Dirac operator for QCD with quarks in the fundamental
representation of SU(2). This theory reaches the conformal window for a smaller number of flavors as compared to
three color QCD [21, 22] and is of interest for modeling physics beyond the standard model, see for example two
interesting reviews by Rummukainen and Kuti [23, 24]. What distinguishes this theory from QCD with three or more
colors is that SU(2) is pseudo-real, and so it is possible to construct a gauge field independent basis for which the
Dirac operator becomes real. For QCD at non-zero chemical potential this gives rise to a fermion determinant that is
real so that the theory can be simulated for an even number of pairwise degenerate quark flavors, and is frequently
studied as a model for QCD at non-zero chemical potential [25-28]. More physically, this implies that quarks and
conjugate quarks are in the same flavor multiplet resulting in a doubling of the flavor symmetry group. We expect
that the discretization effects for two colors are qualitatively the same as for QCD with three or more colors. The
main difference is the repulsion between the eigenvalues of the Dirac operator which is linear for small spacings.

We compute the microscopic spectral density ps of the Hermitian Wilson Dirac operator starting from a supersym-
metric extension of the chiral Lagrangian for two color Wilson fermions [29] in the epsilon regime. The calculation is
much more complicated than for QCD with three colors, and it is not clear whether the density of the complex and
real eigenvalues of the Wilson Dirac operator can be obtained analytically. Moreover we compute the distribution
py of chirality over the real spectrum of the non-Hermitian Wilson-Dirac operator and the mass dependence of the
level density ps at the origin. Both quantities provide lower and upper bounds for the level density prea of the real
eigenvalues of the non-Hermitian Wilson Dirac operator. We also consider the chiral condensate in the theory with
and without dynamical quarks.

Before calculating the observables mentioned above we briefly recall the properties of the Wilson Dirac operator
for two colors and the definitions of the spectral observables in Sec. II. In Sec. IIT we discuss the chiral Lagrangian
for fermionic and bosonic quarks. The supersymmetric partition function for the quenched theory is evaluated and
discussed in Sec. IV. Thereby we consider the continuum limit as well as the limit of a very coarse lattice and the
related thermodynamic limit. The exact results and the detailed discussions of the single spectral observables are
summarized in Sec. V. Concluding remarks are made in Sec. VI. In the appendices we briefly recall some properties
of Bessel functions, present the detailed computation of the quenched partition function, and briefly rederive some
spectral observables of continuum QCD with two colors and the Gaussian orthogonal ensemble.



Some of the results that appear in this article were first presented at the conference LATTICE 2012 [30].

II. QCD WITH TWO COLORS

In subsection ITA we briefly recall the properties of the four dimensional QCD Dirac operator for the two color
theory and fermions in the fundamental representation. Additionally we explain how chiral perturbation theory
and the corresponding symmetry breaking pattern result from these properties. The variables we consider will be
introduced in subsection 11 B.

A. Dirac Operator for QCD with Two Colors

For four dimensional QCD with two colors, the massless Dirac operator D anti-commutes with 5 implying chiral
symmetry. Moreover, D commutes with an anti-unitary operator, [31]

[D, KC] =0, (1)

where K is the complex conjugation operator, C = 574 the charge conjugation matrix, and 7o the second Pauli
matrix acting in color space. Because (K7m2(C)? = 1 it can be shown that there exists a gauge independent basis
for which the matrix elements of D are real. In the Dyson classification of random matrix ensembles this symmetry
corresponds to fp = 1.

Let us consider N; quarks with a diagonal mass matrix m = diag(mi,..., my,). Then the fermionic part of the
Euclidean Lagrangian is given by
E = wi g 1 ® m ig/LdH ® ]I‘Nf wl (2)
03 i(opd,) @1y, 1®@m o )7
where
d, =0, +1iA, (3)
is the covariant derivative, o4 = —ils and o, are the two-dimensional unit matrix and the three Pauli matrices,
respectively, acting in Dirac space. The transformation property of the vector field under complex conjugation,
A}, = —72A,7 is the reason for the anti-unitary symmetry (1). It also implies (0,d,)* = —o2m0,d,0275. This
symmetry can be used to rewrite the two terms of the Lagrangian (2), [25]
L=Ly+ L, (4)
as
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Equation (5) implies that the flavor symmetry group is enhanced to U(2N¢) given by the transformation
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with U € U(2N¢). The flavor symmetry is spontaneously broken by the formation of a chiral condensate which is
given by the mass derivative of the partition function. Since the flavor symmetry group does not act on o9 and 7
in Eq. (6), the symmetry is broken to Sp(2N;) ! resulting in the symmetry breaking pattern U(2N¢) — Sp(2Ny)

I The unitary symplectic group Sp(2N¢) is the section of the unitary group and the symplectic group which is sometimes also denoted as
USp(2N¢). It should not be confused with the symplectic group itself which is non-compact and is sometimes denoted by Sp(2N¢), too.
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[32, 33]. After taking into account the axial anomaly from configurations with a non-trivial topological charge v # 0,
the Goldstone manifold is given by SU(2N¢)/Sp(2N¢) with 2N? — Ny — 1 Goldstone bosons.

When introducing the lattice spacing a in the Dirac operator Dw = D —aA one has to choose one of many fermionic
discretizations. We are interested in the lattice artefacts of the Wilson Dirac operator, where the additional term in
the Lagrangian (2) is given by [34]

o () (3 8)om (2)

~ T T
_a (I 0 1 ik (1 0 1n, P
T2 l( 02T21¢1 ) Aoy @ < —1y, (J)V > (027'211/11 > * <027'22¢2 ) Aoz ® < —1y, (])V > (027'221/)5 >1 .

Note that the four-dimensional Laplacian A = dﬁ satisfies the symmetries A* = 75A79 and [A, 03] = 0. Hence the
Wilson term (8) transforms in the same way as the mass term (6).

B. Spectral Observables

The central object of our studies is the partially quenched partition function

9)

7 o~ o~ o~ o~ det(—aA d ml + 7
Zu(M7m7m/,a?o,x17a):< et(—ad +yudy +m +$(ﬂ5)>
Nt

det(fEA + ’Yﬂdﬂ + m’1 + %1’}/5)

where (.) n; is the average of two-color QCD with N¢ dynamical quarks. The masses of the N¢ dynamical quarks

are encoded in the matrix M which may have also non-diagonal elements. The axial mass ; has a non-vanishing
imaginary part ie to guarantee convergence of the integrals.

The generating function (9) allows us to derive two Green functions depending on whether we differentiate with
respect to m’ or Z1. The differentiation in 7 yields the Green function corresponding to the Hermitian Wilson Dirac
operator D5 = 5Dy, i.e.

— - . 1 1
G5(M,77L,>\,5) = aEIZV(M,ﬁl,ﬁll,%O,%l,a)‘ m=m' 17 <tr ~,\,> . (10)
o X 14 D5 +mys + AL/ y,

[¢]

Its discontinuity yields the level density of Ds,

— o~ 1. —_ o~ 1 s~
ps(M,m,\,a) = ;glg(l)lmC%(M,m,)\an,a) =v <;§[Ak(m) )\]>N , (11)
f

where A7 (m) is an eigenvalue of D5 + m~ys with respect to the eigenvector |k).
The level density ps satisfies an inequality with respect to the level density prea1 of the real eigenvalues of the
non-Hermitian Wilson Dirac operator Dw. This can be seen by considering the level density (11) at A = 0,

— o~ ~ 1 ~
ps(VT, i, X = 0,3) = - <Z 6[A2<m>]> . (12)
k N¢
The corresponding eigenvalue equation reads
(Ds + 1ivys ) [k) = A (m)|k) <= (Dw — \L(m)ys)|k) = —mlk). (13)

Hence the value —m is a real eigenvalue of Dy when A7 (m) = 0 which we denote by A\}V. Moreover taking the scalar
product with the bra vector (k| in the first equality of Eq. (13) and differentiating with respect to the mass m yields

Oz AL (110) |33 (m)=0 = O (kI(Ds + y5) k)| 5 (7my=0 = (kly51k). (14)
The derivative of the vectors (k| and |k) drops out because of the eigenvalue equations (k|(Ds + mys) = 0 and

(D5 + ms)|k) = 0. The expectation value (k|vs|k) is the chirality of the vector |k). Thus the slope of the spectral
flow with respect to the quark mass at its zeros gives the chiralities of the real modes [1].



Expressing the eigenvalues A?(m) in terms of A} and plugging Eq. (14) into Eq. (12) we find the relation

Faioomo L oo\ 1 SAY + ] 1/ Y
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Since the modulus of the chirality of a normalized vector, (k|k) = 1, is always less or equal to 1 we obtain the
inequality

e 1DalR) R

ps(M,m, X =0,a) = ‘1/< > ‘W> > ‘1/< > 5[/\XV+7%]> = preal(M, 1, @), (16)
N¢ Nt

where the right hand side is indeed the level density of the real eigenvalues of Dyy.
The derivative of the partially quenched partition function with respect to the mass m’ yields another Green function

~ - — 1 1

G'(M,m,\,a) = Oz Z,(M,m,m/, 29, 21,0)| ~__, :<tr~> . (17)
semats VN Dy +ml+Ms/ y,

Setting X = ic in the limit ¢ — 0 we can take the real part and the imaginary part. The real part is equal to the
mass-dependent chiral condensate

—~ 1 1
S(M,m,a) = —— ( tr ————— . 18
( ) 1% < Dw +ml >Nf (18)
In the case that m equals one of the eigenvalues mq,...,my, of the mass matrix M, e.g. say m = mq, one does

not need the partially quenched partition function (9) but the result can be immediately derived from the partition
function

Ng
ZNe (M, a) = <H det(Dw +mj1)>. (19)
j=1

Then the chiral condensate is given by

~ _ 1 ~ _ 1 1
ENf(M,ml,a):7Vam11nZ§f(M,a):7V <trl)vv-i—ﬁll1> . (20)
Nt

The imaginary part of G’ yields the distribution of chirality over the real eigenvalues

~ _ 1 .. ST e .
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Here we employ the same relation between A} and A}V as for the level density p5 such that we have

o (0T, 0, ) = o <Z S + m1sign<<ms|k>>> . (22)
k

N¢

This expression explains the name of this quantity since it is the average sign of chirality at a fixed real eigenvalue
)\XV = —m. Understanding p, in this way has two implications. First the distribution of chirality over the real
eigenvalues is normalized with the index v,

[ o) = 3 sienl(hlsl)] = (23

AV eR



We recall that the index v is a topological invariant such that also this normalization is well-defined for each single
configuration. It counts the total number of spectral flow lines that start at —oo for m — —oo and end at +oo for
m — +oo. Note that p, (m) does not have to be necessarily positive definite.

The second implication of Eq. (22) is another inequality with the level density of the real eigenvalues of Dy,

o (O, 2, 3)] = - <§kjaw+rmsign<<kmk>>> < é< S oY +m]> = prea(M,72,3). (24)
N AV eR N

Combining this inequality with Eq. (16) we have an upper and lower bound for the level density preal,
py (M7, @) < |py(M,71,@)| < preat(M, 1, @) < ps(M, i, A = 0,a). (25)

This inequality can be integrated over m such that we find an estimate for the average number of additional real
modes for the set of configurations with a fixed index v which is

1 1 — (klys|k)

0 < Nadd = Nyear — V| < = —— ) (26)
%4 AWZE]R |(k|ys] k)|

k

f

These estimates encode the only information available about the level density prea1 as long as there is no closed
expression for this quantity. Such a closed expression was indeed derived for QCD with three colors in [16, 20] but
seems to be much harder to obtain for the two color case.

III. CHIRAL LAGRANGIAN AND PARTITION FUNCTION

We consider the epsilon regime of lattice QCD. In this regime the quark mass m, the level spacing a, the momentum
of the Goldstone bosons p, and the amplitude of the Goldstone bosons II scale with the volume V' as follows [35-37]

1
~a~pt AT~ = 27
m~a P (27)

In this particular scaling limit the Goldstone bosons with momentum p # 0 decouple from those with zero momentum
such that it is legitimate to consider only the effective action of the latter. The corresponding chiral Lagrangian £,
is space-time independent. Hence the integral (sum) over the lattice volume V' can be performed yielding a prefactor
of the chiral Lagrangian.

It is clear that the epsilon regime is not the most physical regime. However, the mass scale of the epsilon domain is
the one of lowest eigenvalues which are most sensitive to lattice artefacts. Using the leading order epsilon domain chiral
Lagrangian one can also determine the region where the artificial phase structures like the Aoki-phase [18] manifest
themselves, see also subsection IV D. Another important application is the measurement of physical parameters such
as the chiral condensate, the pion decay constant as well as the electroweak effective couplings from lattice simulations
in the epsilon regime [38-40].

A. Chiral Lagrangian for the Fermionic Quarks

The chiral Lagrangian for QCD with two colors follows from the requirements that the effective partition function
should have the same flavor transformation properties as the QCD partition function in the full theory. Similar to
three color QCD the partition function in the epsilon domain is given by an integral over the Goldstone manifold
U(2N¢)/Sp(2N¢). A matrix U € U(2N;)/Sp(2N) is an antisymmetric unitary matrix parametrized by U = VIVT

with I defined by
B 0 1w,
(0 ). .

The chiral partition function for a fixed topological charge v is given by [25, 29, 42, 43],

z (o) = |

1
dp(U)det”"?U exp {tr (MIU + (MI)TU™) — a*tr (IU)* + (IU)7?)| . (29)
U(2N;)/Sp(2]Ny) 2



Since the integrand is a class function, the integration can be extended to U(N¢) with the integration measure given
by the Haar measure. Without restriction of generality we can assume that v > 0 is non-negative. To keep the
notation simple we have introduced the dimensionless quantities,

M = VEM and o® = VWsa?. (30)

Thus the low energy constants X (chiral condensate) and Wy are absorbed in these new quantities. Moreover we wish
to recall that the low energy constant Wy can be a priori positive or negative such that the effective lattice spacing
a may also appear as an imaginary number even though the physical lattice spacing a is always real and positive.
However, as is the case for fundamental Wilson quarks for QCD with three or more colors, we find that Wg > 0 in
the case of two colors. This is discussed in subsections III B and V A. The general mass matrix M is antisymmetric,
but we restrict ourselves to a mass matrix such that M = (m+1ixg)lan, proportional to the identity matrix. Here we
have to distinguish between the real quark mass m and the real axial mass xg. The latter is introduced as a source
for generating particular observables, see subsection 11 B.

The chiral Lagrangian in Eq. (29) is not the most general lowest order Lagrangian in the epsilon regime. We can
add the terms VWga?tr 21(U — U~1) and VWr,a?tr2I(U + U '), which are of the same order as the other terms. As
in the case of three color QCD these two terms have the same symmetry properties as the Wy term, and they have
to be included a priori. However, based on large N, arguments [41], we expect that the strongest effect results from
the Wy term. Moreover the Wy and W7 term can be easily introduced by a convolution with a Gaussian in the quark
mass m and in the axial mass g, respectively, see [20]. Therefore we stick to the partition function Z2t(M, a).

The coset of antisymmetric unitary matrices is equivalent to the circular symplectic ensemble CSE(2N¢) which is
the ensemble of self-dual unitary matrices. Matrices in this ensemble satisfy the relation U7 = —IUI and are related
to antisymmetric unitary matrices via the scaling U — IU. This set of matrices was first studied by Dyson [44].
Thus the eigenvalues of U are pure phases and are Kramers degenerate. In terms of the CSE(2Nt) the chiral partition
function (29) reads

ZNe(M,a) = / dp(U)det”?U exp L (MU + MUY — a?tr (U2 + U2, (31)

CSE(2Ny) 2
which may be more familiar to some readers. The measure du(U) on the Goldstone manifold CSE(2N¢) is the
normalized Haar measure induced from the Haar measure on U(2Ny) and can be extended to an integration over
U(2Ny) as in case of the representation (29). The measure can also be expressed in terms of the flat measure dU
which is the product of differentials of all independent matrix entries, i.e. the measure is [45]

dU

W) Sy

(32)
It is invariant under the group action U — IV IUV for any V € U(2N¢) because the Jacobian of this transformation
is dIVTIUV) = det* "'V dU. When diagonalizing U = Sdiag(e#',...,e"Nr) @ 1,87 with S € Sp(2Ny) the flat
measure reads

N¢
dU o [ (€% — et )*du(S) [ ] de'# (33)
k=1

1<k<I<N¢

with du(S) the normalized Haar measure of the coset Sp(2N¢)/Sp™(2).
To interpret the a? term in Eq. (31) as a diffusive process, see [46] for three color QCD, it is quite convenient to
express also this term as a mass term convoluted with a Gaussian,

exp [—a’tr (U? + U?)] = exp [~a’tr (U — U™")? — 4N;a?] (34)
1 i
=Cn e_4Nfa2/ do exp {— tro? 4+ —tra(U —U™?! ]
' Self (2Ny) 16a? 2 ( )
with the constant Cy, = 2V1/2(8a2m)~Nt(2Nt=1)/2 The matrix o is self-dual and Hermitian o = ot = —I¢”T and the

set of those matrices is denoted by Self(2N¢). Thus the partition function (31) simplifies to

1
ZN(M,a) = C’Nfe_4Nfa2/ do/ dp(U)det”/?U exp [tr (M +io)U 4 (M +io)'U) —
Self(2Ny) CSE(2Ng) 2

2 1
= Cy,e e / do exp {— S tr 02} ZN(M +io,a = 0), (35)
Self(2N¢) 16a



which is expressed in terms of the partition function at @ = 0, see [42, 46]. This expression has some interesting
relations to the microscopic partition function of the chiral Gaussian orthogonal random matrix ensemble (chGOE)
which is up to a factor the same as the partition function Zt(M + io,a = 0),

Z0 s (IM + io][MT —ig]) = det™/>(M' —i0) Z,(M +ic,a = 0), (36)
and of the Gaussian orthogonal random matrix ensemble (GOE) of finite matrix dimension v x v,

MT

1
zo) () =C e_4N‘“2/ dodet”/?(M' — io) exp {—tr 02] : 37
GOE 4a N¢ Self(2Nf) ( ) 16@2 ( )

In subsection IVB we will argue that in the continuum limit the partition function (35) factorizes into these two
partition functions, i.e.

v MT v
< 280 (G ) Zon (MM, 9

Thus the v eigenvalues of the finite dimensional GOE lie on the scale a and shrink to a single Dirac delta function at
the origin showing that they are the former v zero modes of continuum QCD with two colors.

Since the matrix o is self-dual its eigenvalues are Kramers degenerate. The flat measure do can be rephrased in
terms of these eigenvalues via a diagonalization o = SsST = Sdiag(si,...,sn;) ® 1287 with S € Sp(2N¢) yielding

Nt
dooc [ (6 —s0)%du(S) [ ] dsk.- (39)
1<k<I< N k=1

When additionally assuming that the mass matrix M = (m + ixg)lan, is proportional to the identity matrix the
diagonalizing matrix S drops out in Eq. (35). Note that S can be absorbed by U because U is Haar distributed. Then
the partition function (35) reduces to

N¢ 00 2
s v , ,
ZNe (M, a) H (/ dsi(m + izg + isx)” exp {—g]) H (sk — 81)4Zc(h()}OE (Im + izo]lan, +is). (40)
o 8a
k=1 1<k<I<N;

Therefore the chiral partition function at finite lattice spacing can be understood as a convolution of each single quark
mass with a Gaussian. Since these Gaussians are not completely statistical independent we can understand such a
convolution as collective fluctuations as we have already seen those for three color QCD, cf. [19, 20].

B. Chiral Lagrangian for Bosonic Quarks

To find the bosonic chiral Lagrangian, we start from the observation that it is possible to find a gauge independent
basis in which the massive Hermitian Wilson Dirac operator of NV}, bosonic flavors, Ds = vsDw = v57,d, ® 1N, +
Y5 Om+1®T—aysA® 1y, is real and symmetric because of the anti-unitary symmetry. We need to generate its
inverse and, hence, its matrix Green function such that the axial mass  must have a non-vanishing imaginary part
which we assume to have the signature L = diag(+1,, —1n,—p) with 0 < p < N}, positive signs. Then the inverse
square root of the determinant of D5 can be represented as an integral over real bosonic fields (¢1, ¢1),

1 Sl on () (10LF+1@Lm—GA®L ioud, ® L &
\/deth,_C/d¢1d¢2eXplZ/‘/dx<¢2) Ci(ond) @ L 1oL~ 1@ Lin+aAeL ) \ ¢

(41)
with C' a normalization constant. The multiplication of the matrix ¢L guarantees the existence of the integral.
To eliminate the square root we have to double the number of flavors N, — 2NV},. The Dirac term of the Lagrangian
then reads

Ly = ¢’1T (ioudy —i(oudy,)") ® E¢2> (42)

with L = L ® 1, where the two-dimensional unit matrix reflects the doubling of the number of flavors. This term is
invariant under

o = 10U, ¢o— 10 [LUH)T]¢s (43)



with U € G1(2Np, R) because the bosonic fields are real. With maximum breaking of chiral symmetry [32, 33], the
set of transformations that leaves the “bosonic” chiral condensate,

EO(</d4 (i;)T(I%E —1?X>Z)(£;>>7é0’ (44)

invariant reduces to the set of matrices satisfying UTLU = L and U € GI(2N,,R). This set is known as the
non-compact orthogonal group O(2p, 2Ny, — 2p). The Lorentz group O(3,1) is a particular example of this kind of
non-compact groups.

The pattern of spontaneous symmetry breaking is given by Gl(2N,,R) — O(2p,2Ny, — 2p) and the resulting
Goldstone manifold Sym, (2p, 2Ny, — 2p) = G1(2N},, R)/O(2p, 2Ny, — 2p) is the set of real matrices U € R2M>*2Mo with
the symmetry U7 = LUL and 2p positive real eigenvalues and 2Ny, — 2p negative real eigenvalues. Such matrices
can be parametrized by U = LWW?T with W € GI(2N},,R). Another parametrization is via a diagonalization
U = Odiag(e®?,... e, —es2r+1 —e2M )0~ ! with O € O(2p,2N;, — 2p) and s; € R. The corresponding invariant
measure du(U) is given by

20,
au
du(U) x Yy with dU H leF — e’ H (e +e°t) H leF — et | du(O) H de*
det U 1<k<I<2p 1<k<2p 2p+1<k<I<2N,
2 T<ISON,

(45)
and dup(O) the invariant measure on O(2p,2Ny, — 2p). Hence du(U) is indeed invariant under the group action
U — LVTLUV with V € G1(2Ny,, R) because the flat measure (product of the differentials of all independent matrix
entries) transforms as d(LVTLUV) = det*** "1V dU.

Let us first discuss the bosonic partition function for p = 0 or p = 2NVy,. In these cases the imaginary part of z
has only positive or negative entries, i.e. L — L1y, with L = 1. Then the non-compact orthogonal group reduces
to the compact O(2Ny,) and the coset is equal to the set of all real symmetric positive definite matrices Sym  (2/Ny).
There are no integrability issues, even for a = 0, since the convergence of the integrals is assured by the imaginary
part of Z. For a # 0, the convergence of the integral is already guaranteed by the a? term if p = 0, 2Ny,.

For p = 0,2y, the chiral partition function is given by

L
Etrx(U +U Y -t (U+U 2. (46)

Z,(m,z,a) = / dp(U)det™/?U exp &tr m(U —U"") +
Sym (2Ny) 2
The sign L = +1 does not drop out although the imaginary part of x can be dropped for finite a. Because the
eigenvalues of U are positive definite, the transformation U — —U is not allowed. However we can absorb the sign
in front of the mass by changing U — U~! which yields a change of the topological charge v — —v. There is some
freedom in the choice of the signs and phase factors of the terms in the action, but the sign of the a? term is fixed
by the physics of the problem. To have convergent integrals for a? # 0 we necessarily need that the sign of this term
is negative. We also require that the bosonic and fermionic terms in the action can be combined into a supertrace.
This is achieved by rotating the fermionic and bosonic variables by a factor ¢ and including an overall minus sign in
the bosonic action which gives the representation of Eq. (46), cf. the fermionic partition function (31).
For p # 0,2N, the integral over O(2p, 2N, — 2p) is non-compact such that the measure (45) cannot be normalized
even by group invariant potentials. We always have to include an infinitesimal increment in x, even for a? # 0, in
order to get a convergent integral. The bosonic partition function is then given by

Zy,(m,z,a) = / dp(U)det™/2U exp Ltr mL(U —-UY) + Tt (xL +ie)(U+ U1 —a*tr (U2 +U?)
Sym+(2p 2Ny, —2p) 2 2
(47)

C. Supersymmetric Partition Function and Quenched Theory

Having discussed the bosonic and fermionic partition function we are now ready to formulate the supersymmetric
partition function that generates the microscopic Dirac spectrum. Especially we focus on the average of the Green
function which can be traced back to derivatives of the partially quenched partition function (9). Hence we put
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N¢ — N¢+1in Eq. (31) and set Ny, = 1 in Eq. (46). Then the combined chiral partition function reads

~ A~ v L —~ —~ v L ~
Z,(M,X,a) = C! / dp(U)Sdet */2U exp —%Str (MU — MU~1) - %StrX(U FU™Y) + a®Str (U2 + U™2)

(2N 42(2)
(48)
with
- M 0 0 R 0 0 0
M= 0 mly, O , X =10 zoly 0 , (49)
0 0 m']lg 0 0 I ]I.2
and
v/2 oL T Artrr—1 L v -1 2 2 -2
C = du(U)Sdet "/ “Uexp | ——Str (MU — M'U™") — —=Str X(U + U ") + a*Str (U* + U™?)
Z(2Nf+2|2) 2 2 m=m/'
To=T1
(50)
The mass matrix of the dynamical quarks again satisfies M = —IM7TI. The normalization constant guarantees that

the partition function is equal to 1 if m = m’ and x¢y = x1 because the determinants in Eq. (9) cancel. A supermatrix
U in the Goldstone manifold (2Nt + 2|2) = U(2N¢ + 2|2)/UOSp(2Nt + 2|2) has the block structure

Uf —IgT
U= , 51
(% 51
where Uy € CSE(2N; + 2), Uy, € Sym, (2), and g is a 2 x (2Nf + 2) matrix whose matrix entries are independent
Grassmann (anti-commuting) variables. The whole matrix fulfills the symmetry

uT — (UfT —gT) _ (—Ilng+2 0 ) (Uf —IgT) (112Nf+2 0 ) _ (—Ilm+2 0 )U < Ian,2 O )
gI Ug 0 12 g Ub 0 12 0 ]12 0 ]12 ’
(52)
We recall that “T” acts on a supermatrix as the supertransposition which has a slightly different action on the

off-diagonal blocks (the sign of the upper right block changes). Moreover, we choose the following notation of the
supertrace and the superdeterminant

det(Us +ilg"U; ' g)
det Uy,

This choice differs with respect to some other works [47, 48] where the sign of the supertrace is reversed and the
superdeterminant is the inverse of the definition here. The invariant measure du(U) is given by
dedUbdg

du(U) = Sdet Ni—1/2[) (54)
where dU;, dUy, and dg are the flat measures meaning the product of the differentials of all independent matrix
entries. It naturally appears in superbosonization [49-51] which can be used to directly map random matrix theory
to a finite dimensional version of the chiral partition function [52].

For the quenched theory where Ny = 0, the partition function drastically simplifies

StrU =tr Uy — tr Uy, SdetU =

(53)

. L~ L o~
Z,(M,X,a)=C"" / AUt dU,dgSdet V720 exp {—ZQStrM(U U - %StrX(U +U Y +a®Str (U2 +U?) |,
(2]2)
(55)
where we already wrote the measure in terms of the flat one. The matrices in this expression are
e 0 ot B*
— (mly 0 o [ xoly O T 0 e¥ —a -8 . T
M= ( 0 ml, >7 X = ( 0 211, ) , U = diag(1s,0) o o e 0 diag(12,0") (56)

g opr 0 e»

with O € O(2). The orthogonal matrix O drops out and yields a constant. Thus the remaining integration is over
a phase €'¥ with ¢ € [—7, 7], two positive variables e®! and e®? with s1,s2 € R, and four Grassmann variables
a, o, B, f*. The measure becomes

dUrdUpdg — de'? |e®t — e2| de® de*?dada* dBdB* = ie'P 51152 |e1 — e°2| dpdsidsydada™dBdS*. (57)
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We recall that the integration over Grassmann variables is defined as [ da = 0 and [ ada = 1 and similar for the
other Grassmann variables. Integrations of higher orders are not needed to be defined since Grassmann variables are
nilpotent because of their anti-commuting nature.

As for the partition function of fermionic quarks (31) we can linearize the term in a? by introducing an auxiliary
supermatrix o,

_ 1
Z,(M, X / do / U)Sdet */2U exp { :
£(2]2) £(2]2) 16a

X exp [—2StrX(U+U1)]//i(22) d[o] exp [161a2 2] . (58)

The set 2(2|2) consists of (2]2) x (2|2) supermatrices which can be parametrized as follows

2_ %sm (M —o)(U — U

iw 0 n* x*
T ~ 0 tuw —m —x . ~r
o = diag(1s,0) nont v 0 diag(12,0") (59)
X X° 0 v

with O € 0(2), u,v1,vy € R and n,n*, x, x* four independent Grassmann variables. Additionally, the supermatrix o
fulfills the symmetry (52). With the help of the partition function of the chiral Gaussian orthogonal ensemble,

Z8)on(IM + X = 0)[M — X — o)) = Sdet "/*(M — X — 0)Z,(M — 5, X,a =0), (60)

we can rewrite the quenched partition function as a convolution of the Z (héOE with a Gaussian

—~ - Cla=0) V277
Z,(M, X — M-X —
(M, X,a)= Cla20) /E(2|2 do exp {16 Stro } Sdet "/ 4( o)

ZégéOE([M+X_U] - X -0 // iz o] exp {16 5Stro } ) (61)

This representation shows the diffusive character of the effect of a finite lattice spacing a on the spectrum of the Dirac
operator, see [53] for the diffusive approach in supersymmetric spaces. Thus it exhibits a similar effect as already
found for lattice QCD with three colors of the Wilson Dirac operator [20, 46]. Interestingly, when omitting the term
Z C(}”léOE in the integral (61) we obtain the finite dimensional quenched partition function of an orthogonal Gaussian
random matrix ensemble,

7w M- X :/ do ex [ L 2} Sdet"2(M — X — o / dlo]ex [ L 2} 62
GOE < 4a ) i(2|2) p 16&2 ( ) f}(2|2) [ ] p 16&2 ( )

We recall that the real eigenvalues of this ensemble scale with the lattice spacing a which can be also seen in this

expression. T}le\normalization constant C'is independent of a because the partition function should be normalized for

any choice of M =mly and X = 1y, cf. Eq. (9) where we started from. Thus the ratio is C(a = 0)/C(a # 0) = 1.
Now we have all ingredients to calculate and discuss the quenched partition function.

IV. QUENCHED PARTITION FUNCTION

In subsection IV A we present the result for the quenched partition function at finite lattice spacing, quark mass
and axial mass. We reduce this result to a compact integral which represents the fermionic valence quark and a
non-compact two-fold integral which reflects the nature of the bosonic valence quark. The continuum limit a — 0
is derived in subsection IV B. The limit of a very coarse lattice |a| > 1 and the related thermodynamic limit are
discussed in subsections IV C and IV D, respectively.

A. Discussion of the Partition Function at finite a

The evaluation of the partition function (55) is straightforward but tedious. Since we have only four different
Grassmann variables, the Grassmann integrals can be evaluated by a brute force expansion. This is worked out in
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appendix B 1. The final result for the generating function is given by

ZV(]/\Z,X,(I) = i/ﬂ ;l—f/oo dsy /OO dsy
— —c0 —c
X exp [—Zion cos @ + iLxy(cosh s1 + cosh sp) + 4a? cos 2¢p — 2a*(cosh 2s; + cosh 232)}
x [(4da®(e7%% + 7% + €T 4 o7 4 iL(m — mg)e” P +iL(m/ — xz1)e” —v — 1)
x (4a®(e72P 4 o722 4 1Pz o7 52) LT (m — mo)e " +iL(m —x1)e %2 —v — 1)
+4a2 (3720 4 o7 T2 T2 4 o722 4 9pm 9Tl | 9o Ts2)
+iL(2(m — 20)e” " + (m' —21)(e™* + %)) —v — 1]
= 160" (®y—45,,0 + PuSusa0 + Pui2Ss—20 — Py_2S, 420 + 4Py 25,122 + 28, 15,11
+20, 35,411 + 8P, 1S,413 — 6P, 180411 + 2P, 1S,431 +49,5,2 —20,5,)
+4a*((2v — 1)®,_2S,0 — 2v+ 1)@, S, 420 + 40P, S, 100 +2(v + 1)®,11S, 11 +2(v — 1)®,_1S,41.1)
—8a*(m — x0)(®y—3S,,0 + 2®y_1S,422 — Pu_1Su120 + PuSu_11 + Pu2Sut1,1)
—8a*(m’ — 21)(Py—2Su41,1 + PuSuis1 +2P,11502 — Pui1S00 + Pu_1Su42,0)
+(m — 20)? P, 28,0 + 2(m — z0) (M — 21)®y_1S,41,1 — 2v(m — 30)P,_15u 0
+(m' —21)?®,S, 190 — 2v(m —21)®,S,111 + (v +1)vd,S, 0. (63)

sinh 21— %2 | ov(Rip—s1—s2)/2 exp [2Lm sin ¢ + iLm’ (sinh s; + sinh s3]

Each term factorizes into a non-compact two-dimensional integral S, o and a compact one-dimensional integral @,
which are defined by

T d )
P, (m,xo,a) = (—iL)" / 2—<pe““” exp [2Lm sin o — 2i Lo cos ¢ + 4a” cos 230]
g 2m

™ d )
= (=" / %e”“’ exp [2msin ¢ — 2izg cos ¢ + 4a? cos 2¢]

o0

e 2 (Be) 1w (3 =5) .

and

. S1 — So| _ S1 — 82
Spa(m' z1,a) dsy sinh 22| g7 #(s1F52)/2 ¢ o5

[eS)
d52

X exp [iLm’(sinh s1 + sinh s9) 4+ ¢Lx1(cosh s1 + cosh s9) — 242 (cosh 251 + cosh 252)]

X exp [zm sinh s1 + sinh s9) + iz (cosh s1 + cosh sg) — 24> (cosh 281 + cosh 252)]

(iL)* / ds/ dye "% y® exp [QiLm'y sinh s 4+ 2iLa1y cosh s — 4a”(2y? — 1) cosh 23] , (65)

where we have performed the substitution y = cosh(s; — s2)/2 and s = (s1 + s2)/2 in the second line of Eq. (65). The
function I; is the modified Bessel function of the first kind.

The partition function is correctly normalized which can be readily checked either by setting a? = m = m’ = 0 and
x9 = x1 = iLe with ¢ — oo or by setting m = m/ = g = r; = 0 and a® — oco. In the latter case where we take
a — 0o we have to distinguish between even and odd v because of the following asymptotics,

(iL)"e

W(Smodg(v),Ov
_iL)He—2d”

M. (66)

211/243

(—iL)re%
2/me
Va(iLyre

2e3/2 ’

O, (m =0,z9 =1 — 00,a =0) — ®,(m=0,20=0,a = c0) =

Spa(m=0,20 =ie - 00,a =0) = Spalm=0,20 =0,a = 00) —
The partition function should be also unity when m = m’, xy = z1, and a finite. However this general situation is
quite non-trivial to verify. It goes back to Cauchy-like integrals of superfunctions invariant under supersymmetric
groups [48, 54-58] which were first derived in a general form by Wegner [59]. Indeed the integrand in Eq. (55) is
invariant under the supergroup UOSp(2|2) when m = m/ and z¢ = ;.

We emphasize that the representation of the compact integral (64) as a sum is highly convergent for m, x¢, a? small
enough since the Bessel function behaves as I; o« 1/1! for large order. This cannot be said about the non-compact
twofold integral (65) which causes some trouble if the lattice spacing a is too large or too small or when the quark mass
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m/ or the axial mass x1 are too large. Then we have large cancellations which challenge the numerical integration.
Hence it is advantageous to improve this integral. Luckily we are either interested in its value for 1 = 0 or in its
imaginary part. In appendix B 3 we calculate both expressions and find

a+1
Spa(m 1 =0,a) = _sign(u)]” / / dt———= exp [—4a®(2y* — 1)] (67)
V2ma?( \,u| -1
|l—1 4 y 2
X — 8th |:|t + tl“ exXp |: m(t + t— m’) KH (2y|t/ + t|) — {t — —t}:| v
and
1
Spa(m/ z1,0) = - gl_I}(l)ImSM o(m',z1 +ic,a) (68)
yo et 2
Y .
—sign )"y [ — a2 / dy/ dt exp [8@2(2y2—1)(t —sign(p)m’)? — 4a®(2y* — 1)]
~ |N| Dy, 2\1k s(|p|—1)
Z |M|_1|k_' [y (xl_t)]au (t_‘rl)

k=0

mgnxl\/;/ / dt\/i [ e 221)(t—m’)2—4a2(2y2—1)]
xJ, (2y\/x§j> (fﬂ)ﬂme(x% — ).

The Heaviside step function ©(z% — t2) restricts the integral over ¢ to a compact interval in the second term while in
the first term the integral can be simply evaluated by a Taylor expansion in ¢ and has to be skipped for 4 = 0. For
p = 0 the term 1/¢ and the derivative have to be omitted and the minus sign in front of {¢ — —t} becomes a plus
sign in Eq. (67). The functions J, and K, are the Bessel function of the first kind and the modified Bessel function
of the second kind.

B. Continuum Limit (Ja| < 1)

To understand what happens when taking the continuum limit |a| — 0 it is useful to consider a random matrix
theory which is equivalent to the same chiral partition function as two color QCD with Wilson fermions. This random
matrix ensemble consists of random matrices of the form

Dw = ( _%T ;/I; ) (69)

with A = AT and B = BT real symmetric matrices of size nxn and (n+v) x (n+v), respectively, and W an n x (n+v)
real rectangular matrix. The random matrix (69) belongs to the symmetry class 19QC? in the classification scheme
of non-Hermitian matrices by Magnea [60]. When we choose the Gaussian

P(Dw) = exp {—1(tr A% 4 tr B?) — itr WWT} (70)
16 2n
as the distribution of Dy, we do not have to unfold its spectrum, i.e. in the limit of large matrix dimension n — oo
the smallest eigenvalues of Dw and D5 = vy5Dw (with 5 = diag(1,,—1,+,) in its matrix form) around the origin
are of order O(1). We have chosen the Gaussian distribution for simplicity. Due to universality other probability
distributions give rise to the same chiral Lagrangian.
The random matrix (69) can be brought into the form

A C 0
of o O; 0
A 1 T / 1

where A, B’ , f and b are of O(a), O1 € O(n), and O, € O(n +v). At vanishing lattice spacing a the matrix Df{y has
v zero modes and n pairs of imaginary eigenvalues 4iy. This ensemble is known as the chiral Gaussian orthogonal
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ensemble [42, 43, 61]. For small lattice spacing |a| < 1 we can apply first order perturbation theory. To lowest order
in a, the secular equation factorizes as

-AL, C
det(Dw — Alay4,) = det [( oT a1, ﬂ det(b— Al,). (72)

Therefore to leading order the effect of a non-zero lattice spacing is the broadening of the zero modes to the spectral
density of the ensemble the matrix b is drawn from. By the central limit theorem, the distributions of the matrix
elements of b are Gaussian even if the matrix elements of B do not have a Gaussian distribution. Hence the distribution
of b is a v dimensional GOE. The variance of b is equal to the one of B so that the distribution of b is given by

N
132 ter} = exp {

2
p(b) x exp {— —Wtrb ] ) (73)
where we used the relation between the dimensionless lattice spacing a and the physical one when identifying N ~ V|

ie.

a®’VWg = Na?/8. (74)
For v =1 the distribution is a simple Gaussian
14 2

In applying the central limit theorem, we have assumed that the average of the matrix elements of Oy BOZ' vanishes.
This is not the case if the average (Ag;), (Br;) ~ adp; which indeed is the situation in lattice simulations, e.g. see
[62]. However, such term is exactly of the form of a mass term and can be eliminated by a redefinition of the mass
justifying that the central limit theorem gives a centered Gaussian (73).

Indeed the splitting of the spectrum into to one of chGOE and one of GOE can be also seen at the level of chiral
perturbation theory which also applies to the epsilon domain of QCD.
Considering the quenched partition function (55) we have shown that it can be rewritten as the convolution of the
partition function of continuum QCD without zero modes and a Gaussian function of the supermatrix o, see Eq. (61).

Rescaling 0 — ao we can drop the o dependence in the partition function ZC(E%;OE([]\/J\Jr X —ao) []\7 — X — ao]) since
the function remains finite at @ = 0. Hence the quenched partition function factorizes for |a| < 1,

— o el g — o\ Lo (M—-X
Z,(M, X ,0) "R Z0n (M2 - X2) zggE< - ) (76)

Both partition functions and their resulting spectral observables are summarized in appendix C. This factorization
is a also shown in Fig. 1. The comparison of the approximation (76) with Monte Carlo simulations of the random
matrix model (69) and the full analytical result (63) confirms that this factorization applies quite well for |a| < 0.1.
Only for small indices, namely v = 0, 1, 2, the deviations are persistent. The reason is the non-analytic nature of the
spectrum of the continuum QCD Dirac operator at the spectral edge A = +m # 0. The first derivative of the level
density of the Hermitian Dirac operator Ds diverges at the edge for v = 0,1,2. Thus the limit a — 0 cannot be
interchanged with the integral over the eigenvalues when averaging over the spectrum implying that the continuum
limit is not uniform in these cases. If the quark mass vanishes, only the case v = 0 is non-uniform. We return to this
point in subsection V B.
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FIG. 1. Comparison of some spectral observables of the Wilson Dirac operator with lattice spacing vWsVa = |a| = 0.0625
and of the spectrum consisting of the sum of continuum QCD without zero modes and a v X v dimensional GOE for indices
(v =0,1,2,3,4). Figure a) emphasizes that the distribution of chirality p,(m) over the real eigenvalues (solid curves), see
Eq. (B19), and the level density ps(m, A = 0) of the Hermitian Wilson Dirac operator at the origin as a function of the quark
mass (dashed curves), see Eq. (B17), become the level density of a GOE. In subsection VE we argue that then also the level
density of the real eigenvalues of the non-Hermitian Wilson Dirac operator Dw shares this distribution. The splitting of the
spectrum of Ds into the superposition of a chGOE and a GOE is shown in figure b) where the quark mass is set to m = 0.
The level density ps (solid curves) perfectly agrees with the sum pchcor + pcor (dashed curves) when the eigenvalue A stays
away from the origin while the deviations remain close to the origin. Especially the case of vanishing index v = 0 shows
obvious deviations which are discussed in subsection V B. These deviations are particularly large for small index v = 0,1,2 and
become more prominent when the quark mass m becomes non-zero, see figure c) for m = 2 (black vertical line). The spectral
discontinuities of the continuum Dirac operator are hardly suppressed by the GOE level density pcor shifted by the quark
mass (dashed curves). However the level densities ps(m = 2, ) (solid curves) are smooth at any finite values of the lattice
spacing. Only for larger indices, here v = 3,4, the agreement with a splitting into the two sub-spectra is almost striking, cf.
figure d). The bad, see figure e), or good, see figure f), agreement carries over to the mass dependent chiral condensate X(m),
see Eq. (18). Also in these two plots the solid curves are the exact results (B18) at finite lattice spacing while the dashed curves
are the approximation of the chiral condensate as the sum of the chiral condensate of continuum QCD without the contribution
from the zero modes, Ychcor, and of the “chiral condensate” resulting from a finite dimensional GOE, Ycog, see Eqgs. (CT7)
and (C30).
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C. Limit to a very Coarse Lattice (Ja| > 1)

We also consider the limit of a coarse lattice |a| > 1 to get a full understanding of lattice artefacts in the spectrum
of the Wilson Dirac operator. Especially this limit shows the change of scales in the spectrum when increasing the
lattice spacing. It may help to estimate the strength of the lattice artefacts.

In the limit of a very coarse lattice the quark mass m and the axial mass x are an order smaller than a?. Then the
compact integral (64) is dominated by the term 4a? cos 2¢. Expanding around the two saddle points ¢ = §p/a and
¢ =T+ dp/a the function ®,, becomes

a1 (—iL)ret®® [ 2L 2L
| l’? ﬁ/ dégpe*&w2 <exp {m&p — 2ion] + (=) exp [—mégo + 2iLmo])
a a

®,,(m, zo,a) Sra

. (—iL)” 9 m2 e—2iL$0+(_1)ue—2ion
 VBma exp | da” + 16a2 2 (77)

A similar expansion can be done for the non-compact double integral (65). However this time we have only one saddle
point namely sq/5 = ds1/2/a,

a 1 L N oo oo L !/
Spa(m' z1,a) e <; l exp[2iLx; — 4a2]/ désl/ ddsg |0s1 — ds2|exp {Z m (651 + ds9) — 4(6s7 + 53%)}
a oo oo a
(iL)"Vm , s m”?
= 911/2,43 exp |2iLxy — 4a” — 162 |- (78)

Since m,r < a? we can omit all terms in the sum (63) which do not come with an a* factor. Using the approxima-
tions (77) and (78) the quenched partition function becomes

2 2
Z,(M, X, a) <! exp [ZiL(ajl —x9) + m—m] (79)
16a2
The second term in Eq. (77) depending on the sign (—1)* cancels in the sum. Therefore the dependence on the
topological charge is completely lost.
We wish to emphasize that this scaling is only valid around the origin and applies for the eigenvalues which are
of order O(a), cf. Figs. 2. A more physical scale for the level density of the real eigenvalues and the “mesoscopic”

spectrum around the origin of the Hermitian Wilson Dirac operator is discussed in the next subsection.

D. Thermodynamic Limit
In this section we discuss the thermodynamic limit sometimes also referred to as the mean field limit where the quark
mass m, the axial mass A, and the squared lattice spacing are of the same order, and satisfy m = SVm, A = XV, a2 =

WgVa? > 1. This limit is best performed in an eigenvalues representation of the supersymmetric integral (55).
Choosing V = —iLU as a new variable, the exponent in the partition function (55) is given by

exp | gStrM(V 4 V) = S8t K(V V) — St (V4 V)| (30)

The corresponding saddle point equation reads

A
(V)= Z(V =V )+ 2(V+ VT —23(V2 - V72) =0, (81)
The solution of this equation is computed in appendix D. For A = 0 it is
M- () ) < 8a?
v=4 (82’ (gaz) ) 10s Il <80 (s2)
signmly, |m| > 8a?.

while for X\ # 0 it takes the quite complicated form

m cosh ¥ + Asinh ¢
8a? cosh 20

V = e, with ¢ = arccos [
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FIG. 2. In plot a) we show three different cases for the thermodynamic limit of the level density ps. The Hermitian Wilson
Dirac operator Ds exhibits a spectral gap around the origin when the quark mass |m/| is larger than 8a?. This gap closes at
m = 8a? and the system enters the Aoki phase. Hence the value of the level density ps at the origin is an order parameter
for the Aoki phase. In plots b), ¢) and d) we compare the thermodynamic limit (black curves) of the chiral condensate, the
distribution of the chiralities over the real eigenvalues, and the mass dependence of the level density ps at the origin A = 0,
respectively, with the behavior at finite lattice spacing vV Wsa = a = 1. Although the finite a result has still large deviations
from the thermodynamic limit, the phase transition building up at m = +8a? is clearly visible. Also the dependence of the
observables on the index v has almost disappeared.

and
1/3 1/3

mA m2\2 1 [m2— )2 3 mA m2Z\2 1 [/m2—)\2 3
inh 29 = — - —— -1 — — - —— -1 . (84
sinh 20 8a22 t \/(8a2)4 27 ( (822)? ) (8a2)? \/(sa2)4 27 ( (8a2)2 ) (84)

The level density of the Hermitian Wilson Dirac operator can be calculated from these saddlepoint solutions via

L
ps(m, A a) = {;Im StrV=19,,V + §Str diag(0,0,1, 1)Im (V — V_l)} . (85)
™ m=m’
wlza:z:/\
The first term is sub-leading such that it can be omitted in the discussion The density ps is plotted in Fig. 2.a) and
d). It exhibits two different scenarios, either ps has a spectral gap at the origin or the gap is closed. The critical
points in the case of a gap can be read off the solution (84) which are

v (1 ()Y -

Instead of the involved derivation of these critical points via the saddle point solution presented in appendix D one
can also simply find them by a substitution W = signm(V — V~1)/2 in Eq. (80) such that we have to minimize the
function

q(W) = |m|V/ 14 + W2 + AW — 4a* W2, (87)
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At the critical points the first two derivatives of ¢(W) vanish, i.e.

W m

(W) = ——— + A= 8a>W =0 and ¢'(W) = ———

(W) = e W) =

This yields W = 4+/(m/8a?)?/3 — 1 implying the critical point (86) from the first derivative. Hence the spectrum of
Ds has a gap for m > 8a? in the interval

e [ (1 ()Y o (- () ) . )

For m < 8a? and X\ = 0 the gap is closed and the system is in the Aoki phase.
The distribution of chirality over the real eigenvalues and the mass dependent chiral condensate are given by the
saddlepoints solution V' via the relations

— 8a% =0. (88)

1
px(m.a) = [_;wlm Str V™10,V — o Str diag(0,0, 1, Im (V + V1) ,

x1=x2=0

/ (90)

$1=332=0

1
Y(m,a) = [—;WRe StrV=19,,V — 5St]r diag(0,0,1,1)Re (V + V1)

Since the axial mass is set to zero we only need to consider the solution (82). The first term is again sub-leading for
¥ (m, a) while it is leading for p, (m,a). This different behaviour hints to a separation of scales which indeed happens,
see Fig. 2.

We discuss the thermodynamic limit of the spectral observables in more detail in the next section.

V. SPECTRAL STATISTICS OF THE WILSON DIRAC OPERATOR OF TWO COLOR QCD

In this section we discuss the spectral observables in more detail and derive their analytical expressions. In par-
ticular, we summarize the continuum and thermodynamic limit. We study the following spectral observables: The
unquenched partition function Zf,vf and its chiral condensate £V in subsection VA, the level density ps of the
Hermitian Wilson Dirac operator Ds in subsection V B, the chiral condensate ¥(m) of the quenched theory in sub-
section V C, the distribution of chirality p, over the real eigenvalues of the non-Hermitian Wilson Dirac operator Dw
in subsection VD, and the level density of the real eigenvalues and the number of the additional real eigenvalues in
subsection V E.

A. Partition Function of Dynamical Quarks

For Ny =1 there is no spontaneous symmetry breaking and the QCD partition function for QCD with two colors
is the same as for QCD with three or more colors. Indeed for Ny = 1 the partition function (29) can be written as

_ T dyp
ZN=l(m,a) = / %e”w exp[2m cos ¢ — 4a® cos 2¢], (91)

—Tr

which coincides with the one-flavor partition function for 8 = 2, see [14].
For two or more flavors the partition function is the N;(2Nf—1) dimensional integral (29). For simplicity we assume
that all quark masses are equal to m. Then the partition function

2 (m,a) = [

dp(U)det”/?U exp [Ttr (U+UY —atr (U2 +U?) (92)
CSE(2Ny) 2

can be calculated by diagonalizing U and applying de Bruijn’s integration theorem [63]. Then we end up with a
Pfaffian (essentially an exact square root of a determinant of an antisymmetric matrix) [64]

Z)(m,a) o PflA]  with Ay = (k—1)®)_yn, 1 pi_1(m, 20 =0,a),1 < k,1 < 2Ny. (93)
where @ is the integral given in Eq. (64) evaluated of 29 = 0,

™ d )
<I>2(m, zo = 0,a) = (—i)" / 2£€ZM& exp [2msin ¢ + 4a® cos 2¢] . (94)
77

—T
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FIG. 3. Chiral condensate for two dynamical quarks for index v = 0,1, 2,3 and lattice spacing vV Wga = a = 0,0.125,0.25,0.5.
The continuum limit (black curves) diverges as v/m for m — 0 due to the zero modes. For larger index v, the peaks reminiscent
of this singularity are more persistent at finite lattice spacing. The reason is the localization of real eigenvalues around the
origin which are smoothed out only very slowly.

The chiral condensate is easily calculated by taking the derivative of the free energy In Z¥t(m, a) with respect to the
quark mass resulting in

1 1
>Nt (m,a) = 50mIn ZNt(m,a) = ZurA—lamA. (95)
The derivative of A is given by
Om Al = (k - l)[q)g—QNf+k+l(ma xo =0, a) + ¢8—2Nf+k+1—2(m7 9 = 0, a)]. (96)

The chiral condensate is normalized to the asymptotics lin+1 YNt (m,a) =N ¢. In Fig. 3 we illustrate the behavior
m——+00

for particular indices v = 0,1, 2, 3.

As already mentioned in subsection III A, the unquenched partition function (92) factorizes in the partition function
of continuum QCD without the zero modes and in the partition function of a v x v dimensional GOE in the continuum
limit |a| < 1. The spectrum of the finite dimensional GOE is of the order a which shrinks to the origin in the continuum
limit. This creates a singularity of the chiral condensate at a = 0 for configurations with v # 0, cf. Fig. 3.

In the thermodynamic limit the partition function is either dominated by the saddlepoint Uy = sign m for |m/| > 8a?
or by the saddlepoints satisfying Uy + U(;l = m/4a? for |m| < 8a%. Then the resulting chiral condensate is given by

Im| < 8a?,

o, —1sz<m,a>w{ 1 o)

Ny signm, |m|> 8a?.

This result does not depend on N; and we will show in subsection V C that it is also valid for the quenched theory.
The thermodynamic limit is already well approximated for a lattice spacing vV Wsa = a = 2, see Fig. 4.
Finally, let us show that the sign of Wg has to be positive. We start from the observation that the partition
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FIG. 4. Comparison of the chiral condensate with two dynamical quarks for index v = 0, 1, 2, 3, 4 with the thermodynamic limit
(black curve). Although around the origin the thermodynamic limit is a good approximation for lattice spacing vVWsa = a = 1,
we have still large deviations in the phase transition region around the quark mass m = 8a®. At VWsad = a = 2 the
thermodynamic limit is almost approached. Nonetheless the v dependence is barely visible already at smaller lattice spacings.

function (92) has to be the same as the average over the eigenvalues over D5 4+ m~; which are real,

2} (m,a) = (1) <H(/\?(m))Nf> ; (98)
J Ds

Hence the partition function has to be positive definite for N; even. The sign (—1)"™Vt in front of the average results

from multiplying ~5 with the non-Hermitian Wilson Dirac operator Dy . As is the case for § = 2 the partition function

satisfies the general relation (see Eq. (29))

Z)"(m = 0,a®) = ()M 21 (m = 0,—a?). (99)
Therefore, the partition function for N € 4Ny + 2 cannot be positive definite for both values of the sign of Wg. This
can also be seen from the explicit expression for the two-flavor partition function, which, at m = 0 is given by the
two dimensional integral

_ 1 (™ d T d , . ,
ZNt=2(m = 0,a) = 5/ %/ %kz“"l — e”w2|4el”(‘91+“"2) exp[—4a? cos 21 — 4a® cos 2¢s)]. (100)
g 2w J_. 2w

All odd powers of the phases ¢! and e?¥? vanish since the a dependent term has double the frequency. Therefore,
for odd v, only two terms remain in the expansion of the Vandermonde determinant. They can be combined as

Z) =2 (m = 0,a) = =41, _1)j2(—4a®) I, 11y j2(—4a®) = 41, _1y j2(4a*) I 11) 2 (4a7). (101)

This term is always positive definite if a is real and thus Wy is positive while it is negative when VWga? = a? < 0.
Hence a negative value of Wy contradicts the positivity of the partition function.

The unquenched partition function (101) is shown in Fig. 5 for » = 1 and N = 2,4. Indeed the partition function
for Ny = 4 does not depend on the sign of a* at m = 0 (see Eq. (99)), but the figure shows that the partition function
is not positive definite for a negative value of Wy.

B. Level Density of Ds

The level density ps given by

ps(m, \,a) = Oz, Im ZV(J\//.T,)?,Q)‘ F—ml,
)?=()\+i€)]l4—>)\]l4
immediately results from combining Egs. (10), (11), (63), and (B10). We obtain a quite complicated expression (see
Eq. (B17) of appendix B4) which can be evaluated numerically. In Fig. 6 we compare this result with Monte Carlo
simulations of the random matrix theory (69).
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FIG. 5. The mass dependence of the two flavor (left) and the four flavor partition function (right) for VWsa? = a® = 40.01
and v = 1. In the case where the low energy constant is negative we have always regions where the chiral partition function is
negative although it is positive when considering the full theory.

When taking the continuum limit @ — 0 the peak around the quark mass m shrinks to a single Dirac delta function
with area v. At non-zero a, the peaks are no longer degenerate and broaden to a width ~ a. Due to the weak level
repulsion which is linear for real matrices we do not observe separate peaks for v > 1.

In the limit a — 0 the density of the cluster of v peaks around m combine into the level density pgog, see Eq. (C33),
of a v x v dimensional Gaussian, cf. Figs. 1 b), ¢) and d). In this limit we expect that ps can be approximated by

\a5<1 |)\| (v) m—\

ps(m; A, a) oz GO ( A2 — m2> O —m?) + pidy (4@) (102)
with pg o the level densities (C34), (C35), and (C33) depending on v and

2|z|
Pition(®) = T (2lw]) (1 —/O dyJu(l/)) +2J2| (J2(2l]) = Jo-1(2l]) Ty (2]2])) (103)

the microscopic level density of continuum QCD and, thus, of chiral GOE without zero modes [65]. This approximation
is shown in Figs. 1.b), ¢) and d).

As we already pointed out in subsection IV B the continuum limit via the approximation (102) is not uniform at
A = m for small values of v. In particular, as can be seen by a brief computation (see appendix E), for m =X =0
and v = 0 we never reach the correct value at the origin in the continuum limit, see Fig. 7. Thus we obtain the limit

lim py(m = 0,1 = 0,a) = \%
The non-commutativity of the two limits has also been confirmed by Monte Carlo simulations, see Fig. 7. Therefore
the continuum limit is not uniform in m so that one has to be careful with quantities which depend essentially on
eigenvalues close to the origin.

As was discussed in Eq. (15), the mass dependence of p5(m, A = 0, a) is given by the density of the real eigenvalues
of Dw weighted by the absolute value of the inverse chirality of the states. In the continuum limit the density of the
real eigenvalues is well approximated by the level density pgor , see Eq. (C33), of exactly the same finite dimensional
GOE which also describes the former zero modes, cf. Fig. 9 with height that is of order 1/a and a width that is of
order a. Since the chirality of the states with real eigenvalues is |[(k|vs|k)| = 1, in the continuum limit, we also find
that the mass dependence of p5(m, A = 0,a) is given by a GOE in this limit.

In the thermodynamic limit the level density ps takes the form

m A N 2 m A . m A 9 9/3 N2 /313
where ¢ and 9 are given by Eqgs. (83) and (84). The Heaviside theta function implies a spectral gap if |m| > 8a%. If

the gap is closed the system is in the Aoki phase. The order parameter is the pion condensate which is proportional
to 0 log Z|.—o and, hence, to ps(m, A =0, a). In the thermodynamic limit this quantity becomes a semi-circle

# 1= lim ps(m =0,\,a =0). (104)
A—0

_ 2
<wgw>Nf_oo<p5(m A :o)~2 1- ™0 [8a® - |ml], (106)

8a2’ 8a2 T (8a2)?
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FIG. 6. Comparison of the analytical result (B17) for the level density ps (solid curves) with Monte Carlo simulations (MC,
symbols). We have simulated for two different values for the valence quark mass, m = 0 (blue curves) and VXm = m = 2
(red curves). The index has been chosen v = 1 (left plots) and v = 2 (right plots) and the lattice spacing is VVWsa = a =
0.125,0.25,0.5. For each plot we have generated 10° matrices distributed according to Eq. (70). The prominent peaks at m = 0
and m = 2 result from the broadened former zero modes. They will become Dirac delta functions in the continuum limit.

(see Fig. 2.d). It immediately shows that the phase transition at |m| = 8a? is of second order as in the case of three
color QCD with Wilson fermions. Furthermore we can say that the height of the limit (106) is of order O(1) and its
integral is of order O(a?). These two pieces of information become important in the discussion of the real eigenvalues
in subsection V E.

C. The Chiral Condensate

The analytical result for the chiral condensate

S(m,a) = O Re Z,(M, X, q) (107)

]/\/Y:m]l4
X=iel,—0
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FIG. 7. Continuum limit of the level density ps of the Hermitian Wilson Dirac operator. The index and the quark mass are set
to zero, v = m = 0. The continuum limit (black solid curve) is not uniformly approached by the analytical result (B17). We
have confirmed our analytical result by Monte Carlo simulations of the random matrix model (69) and (70). The ensemble of
2.5 x 10° matrices gives an accuracy of about 1%. The dotted black curve is the limit for a very coarse lattice where ps = 2/7
is a constant.
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FIG. 8. The chiral condensate for parameters used for the simulation in Figs. 6 and 9. We underline that the chiral condensate
is for the quenched theory while the one shown in Fig. 3 is for the theory with dynamical quarks. Interestingly, the chiral
condensate in the quenched theory approaches the asymptotic value 2 from above while it is approached from below for the
theory with dynamical quarks.

for the quenched theory is explicitly shown in Eq. (B18) of appendix B4. Its behavior is shown in Fig. 8.

As in the theory with dynamical quarks we have a 1/m singularity for m — 0 due to the zero modes at non-zero
index v # 0 in the continuum theory. These singularities are washed out by the finite dimensional GOE according to
the approximation

la]<1 v v
Y(m,a) ~ ZEh)GOE(m) + Eé}())E (m), (108)

where the continuum limit of the chiral condensate without the contribution of the zero modes, Zi}ul)GOE(m), is given
in Eq. (C9). The continuum result is in agreement with earlier work by Damgaard et al. [66]. Indeed the contribution

of EgC))E’ see Eq. (C30), works quite well for small but finite lattice spacing and |v| > 2, cf. Figs. 1 e) and f). The
large deviations for smaller indices result from the non-uniform continuum limit of the smallest eigenvalues. The
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former zero modes help to push the spectrum away from the origin. This is the reason why the approximation by the
GOE and continuum QCD without zero modes is very accurate for larger indices.
The thermodynamic limit of the chiral condensate (B18) can be easily taken via the Eqgs. (90) and (82) yielding

m n 8a?
() im0 =5 )z{ 1 mh (109

8a? 2signmly, |m|> 8a?.

This limit is already visible for a lattice spacing v/VWsa = a ~ 1. Moreover, it is exactly the same result (97) as
obtained for dynamical quarks.

D. The Distribution of Chirality over the Real Eigenvalues
Also the distribution of the chiralities over the real eigenvalues

1 —_
py(m,a) = — ;8mImZZ,(M,X,a) (110)

1/\/7:m]l4
)?:()\+i6)]l4*>)\14

can be written as a sum of products of a compact integral and a non-compact twofold integral ( see Eq. (B19) of
B4). Comparisons with Monte Carlo simulations of the random matrix model (69) are shown in Fig. 9.

In the limit a — 0 the chirality distribution, p, (A) becomes the level density pcor of a v-dimensional GOE which,
for v = 1, is a Gaussian, see Egs. (C33), (C34) and (C35). We compared this behavior of p, with pcog and ps(A = 0)
in Fig. 1.a) at a lattice spacing vV Wsa = a = 0.0625. The agreement is almost perfect. An interesting distinction
from the case of three color QCD, where the distribution of the chiralities over the Dirac spectrum in the continuum
limit also agrees with a finite dimensional Gaussian random matrix model, is that the peaks corresponding to the zero
modes are only barely visible humps. As in the case of three color QCD the number of these humps is equal to v.
However they merge with the main peak at the origin due to the very weak level repulsion. This becomes apparent
when comparing Figs. 1.a) and 9 with Fig. 1 of [14].

The thermodynamic limit of p, follows from the first equality of Eq. (90). The supermatrix V + V! is real at
the saddle point (82) such that the second term in Eq. (90) vanishes. Hence the first term is the leading one. The
derivative in the mass yields an inverse square root behavior,

v O(8a? — |m])

—_—. 111
T \/(8a2)2 — m? (111)

px(m) =

Therefore, p, of two color QCD exhibits the same square root singularities at the boundary of the support as in the
case of three color QCD, see [20]. We observe this asymptotic behavior in Monte Carlo simulations where it is starting
to build up, cf. Fig. 9, and in the numerical evaluation for even larger lattice spacings a = 1 shown in Fig. 2.c).

E. Level Density of the Real Modes of Dw

Since the analytical derivation of pyea for § = 2 was a tour de force [16, 20], it is not surprising that we did not
succeed to find an analytical result for the density of the real eigenvalues of the non-Hermitian Wilson Dirac operator
Dyy for two color QCD with § = 1. Nonetheless we can extract some information via the inequality (25) and thus
via the distributions ps(m, A = 0) and p, ().

For small level spacing |a| < 1 the distributions ps(m,A = 0) and p,(A\) are well approximated by the density
pcor of the finite dimensional GOE, see Fig. 1.a). Therefore also the level density of the real eigenvalues has to
be preal = pcor for |a] < 1. This is indeed the case already for the lattice spacing VWga = a =~ 0.1, see
Fig. 9. Surprisingly the distribution of the chiralities over the Dirac spectrum agrees quite well with pyea even for

VWsa = a = 0.25 when the index is ¥ > 2. Since the integral of the difference peal — py is equal to the average
number of additional real modes N,qq we deduce that this number is highly suppressed for configurations with a
larger index v at small lattice spacing. For the Wilson Dirac operator of three color QCD the average number N,qq is
of order O(a?"*1), see [20]. The reason is that the probability of finding an additional real eigenvalue is proportional
to

T[T =20, (112)

A€R
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FIG. 9. Comparison of the analytical results (B17) (red solid curves) and (B19) (blue solid curves) of the mass dependence
of the level density ps(A = 0) at the origin and the distribution of chirality over the real eigenvalues, respectively, with Monte
Carlo simulations of the random matrix model (69) (MC, symbols). We have generated an ensemble of 10° matrices both for
index v = 1 (left plots) and index v = 2 (right plots) at lattice spacings vV Wga = a = 0.125,0.25,0.5. We have also calculated
the distribution of the real eigenvalues prear of the non-Hermitian Wilson Dirac operator Dw (green symbols). As correctly
predicted by the inequality (25) the level density preal lies always in between p, and ps(A = 0). Interestingly, for small lattice
spacings, the level density is better approximated by p, than by ps(A = 0) for small lattice spacings. Moreover, we notice a
significant difference between the integral of the three distributions for large lattice spacings while their support remains the
same.

where the real eigenvalues Ay are of order a. In the present two color case we expect that N,qq is of order O(a**1)
because of the smaller level repulsion. Our expectation is confirmed by Monte-Carlo simulations of the random matrix
model (69), see Fig. 10.

In the thermodynamic limit the height of prca has to lie between the square root singularity of p, on the scale
O(a~?) and the semi-circle of ps(A = 0) on the scale O(1). From the simulations shown in Fig. 9 we notice some
kind of flattening of prca1 and a departure from p,, for larger values of a. Moreover, the average number of additional
real modes extracted from Monte Carlo simulations, see Fig. 10, suggest a v independent behavior where N,qq  a.
Since also the distribution of the real eigenvalues lives on the support [—8a?, 8a?], we conjecture that pea; becomes a
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FIG. 10. Log-log plot of the dependence of the average number of additional real modes on the lattice spacing a. The Monte
Carlo simulations (symbols) of the random matrix model (69) for index v = 0,1, 2 were fitted by the behavior x a” for small
lattice spacing (colored lines) and o a for large lattice spacing (black line), separately. We generated random matrices for
various matrix dimensions and ensemble sizes to keep the statistical and systematic error below 2%. The transition region,
VVWsa = a = 0.25 — 2, for the scaling behavior is excluded from the fits.

constant flat plateau on this interval with a height of order O(a~!) in the thermodynamic limit. Interestingly this is
exactly same behavior as in three color QCD, cf. [20].

VI. CONCLUSIONS

We have computed and analyzed the microscopic spectrum of the Wilson Dirac operator for QCD with two colors
and the quarks in the fundamental representation. The discretization effects are very similar to the three color case.
Especially in the thermodynamic limit, |V Wga?| = |a|? o |[VEm| = |m| < [VEA| > 1, they are essentially the same.
When the quark mass is large enough, |m| > 8a?, the microscopic spectrum of the Hermitian Wilson Dirac operator
D5 develops a symmetric gap around the origin of a width [|m|?/3 — (8a%)?/3]3/2. The system enters the Aoki phase
when the gap closes, or in terms of the eigenvalues of the non-Hermitian Dirac operator Dy, when the mass |m/| hits
the strip of eigenvalues. In this phase, parity is broken spontaneously with a non-vanishing pion condensate that is
proportional to the eigenvalue density of D5 at the origin. In the thermodynamic limit, the support of the distribution
of chirality over the real eigenvalues of D as well as the support of the level density of the real eigenvalues is of the
order a? while the number of the additional real modes increases linearly in a.

In the continuum limit |a| < 1 the scaling behavior is crucially different. Then the spectrum can be approximated
by the microscopic spectrum of the continuum Dirac operator without zero modes plus the spectrum of a finite
dimensional GOE. The GOE describes the broadening of the former zero modes which scale like a in the continuum
limit and stands in contrast to the thermodynamic limit. Moreover, we have on average a”t! additional real modes.
Hence additional real modes are strongly suppressed for larger topological indices v as is the case for QCD with three
colors. However the suppression is much weaker than for three color QCD. The reason is the weaker level repulsion
which is linear for the two color case. This repulsion is also the reason why no separate peaks are visible.

Surprisingly the continuum limit is not uniform for the microscopic level density ps; of Ds at the origin. In the
continuum we would expect ps(m = 0,A — 0,a = 0) = 1. However the continuum limit yields ps(m = 0,A =
0,a — 0) = 1/4/2. This shows that one has to be careful when considering observables which essentially depend on
the eigenvalue nearest to the origin for configurations with ¥ = 0 and also v = 1,2 if the quark mass is non-zero.
The mass dependent chiral condensate of the quenched theory confirms this statement. It can be quite accurately
approximated with continuum QCD without zero modes and the finite dimensional GOE for larger values of the
index, while it has the strongest deviations for small topological indices. The v zero modes broadened along the real
axis push the spectrum away from the quark mass m which is the point where the limit is non-uniform.
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As is the case for QCD with three colors, we have also found that the low energy constant Wy has to be positive.
The reason is that the chiral partition function with an even number of dynamical quarks is not positive definite if
Ws < 0. Effects from the low energy constants Wgs and Wy were not considered in the present work. They may
weaken this conclusion, though we would not expect this due to the analogy with the case of three color QCD.

Technically the two color case is much more complicated than the three color QCD. Particularly, there are no
analytical results for the spectral density of Dw. At least for small lattice spacings the density of the real eigenvalues
is tightly constrained by the distribution of the chirality over the real eigenvalues of Dy and by the mass dependence
of ps at the origin. It is not clear if it is at all possible to derive analytical expressions for the microscopic spectral
density of Dyw. For the three color case our derivation relied heavily on the existence of an Itzykson-Zuber integral
over a non-compact group. Such an integral is not available for two color QCD. But there is another way to deduce
some results for the real eigenvalues of Dy in two color QCD. We expect that the results of three color QCD should
also apply to the two color case. Mean field results generally do not depend on the Dyson index fp. Indeed we have
seen that apart from factors of 2 for continuum QCD. This is sometimes referred to as orbifolding [67].

Let us summarize. Our results provide an analytical control of the smallest eigenvalues of the Dirac operator which
can potentially compromise numerical simulations. It is noteworthy that the absence of level repulsion from the origin
for the case of N, = 2 QCD makes this effect much more pronounced than in the case of N, = 3 QCD.
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Appendix A: Some Properties of Bessel Functions

In this section we recall some properties of Bessel functions which play a crucial role in the spectral statistics of
chiral perturbation theory of QCD. More information on Bessel functions can be found in [68].
Especially, we need the Bessel function of the first kind,

T d i
Ju(z) = / % exp[—iz sin p|e™? for p € Z and z € C, (A1)

—T

the modified Bessel function of the first kind

™ d )
I,(z)= / % explz cos ple?, for p € Z and x € C, (A2)

—T

and the modified Bessel function of the second kind

K,(z)= %/ dt exp[—z cosht]e #, for y,z € C and Rex > 0. (A3)

— 00

The Bessel function K, is particularly important because of the integral

1 [ n/2 ,
5 / dt exp[—2(e — iLz) cosht + 2iLysinh t]e "' = iti‘ e K, (V/|y? — x2]e'+) (A4)
with the two angles
T, .
o+ = _LZ (sign(z + y) £ sign(z — y)) . (A5)

We have assumed that & > 0 is infinitesimally small, L = +1 and « and y are real. The right hand side of Eq. (A4)
can be obtained by the complex shift t — ¢ 4+ In|(x — t)/(x 4+ t)|/2 — i¢—. The angles satisfy the relations

O = —Lgsign(:r)@(ac2 —¢?) and €P-~9+) = jLsign(z —y). (A6)
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This results in the very useful identity

AL 1 ip \ M ;
% /_Oo dt exp[—2(e — iLx) cosht + 2iLy sinht]e " = =z —iLy ( ly? — x2|el¢+) K,(V/]y? — z2]e'+).
(A7)
All Bessel functions satisfy a symmetry regarding the transformation p — —p,
T_(@) = Ju(—2) = (1P Tu(), Lu(x) = L(x), and K, (2) = K_,(x). (48)

Except for the Bessel function K, this relation is only valid for integer u.
The functions J,, and I, have a particular simple representation as an absolutely convergent series which extends
its index to general y € C,

T | E LA R S SR (oL
J#(x)jzoj!f‘(ﬂ-i-j+1)(2) 4 );)jlr(ﬂ+j+1)<2) ' .

These series representations make it obvious that the two Bessel functions J,, and I, are related by
Ju(x) = e 2L (e %), (A10)

Also the Bessel function K, is related to the other two Bessel functions. This relation is based on a representation of
the Bessel functions as Meijer G-functions [68] which are given by contour integrals,

ds lp—s] 5
I, (2z) = | —=———1a*° Al1l
2 Ju(22) /CQTF’L'F[l—I—S]x (ALL)
and
1 ds s
'K, (22) = 5/ 2mr[ s|T[—s]z?. (A12)
The contour C encircles the positive real axis clockwise and thus all poles of the Gamma functions. When choosing
r = e™/2g imaginary (n = +1 and 2’ > 0, cf. Eq. (A7)) we can take the imaginary part of Eq. (A12) and obtain
, . 1 .
Im 627Tnu/2x/p,K#(2€z7Tn/2x/):| _ *Im/ [ S]ezﬂnsxﬂs
2 2m
1 ds Tp — 9] ™ irns 125
=1 e imns ,./2s
2 m/2mr1+s]sm( SR

[
ds T
= _—n— / S [:u ]xIQS
2mi T[1 + $]
= —ngx ", (22" (A13)
We have used the reflection formula of the Gamma function T'[z]T'[1 — z] = 7/sin7z. Since the integral is equal to a
sum over the residues at the poles of the Gamma functions which are real, the imaginary part is obtained by replacing
explirns] — sinmns = nsinws.

One can also understand the relation (A13) from the logarithmic cut along the imaginary axis of K, which follows
from the series expansion

= (i R () e
k=0
SEN R () o

where (k) = OxInT'(k) is the Digamma function, meaning the logarithmic derivative of the Gamma function. This
series can indeed be calculated by taking the residues of the contour integral (A12).

Another relation which is less known but essential to derive results for two color QCD is based on an integral over
the Bessel functions K,, and J,,. In particular we consider the imaginary part of the integral

S/, () = 2t / dyy° K, (2y) (A15)
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with , o € Ry, z € C, and Rex > 0. By introducing an auxiliary Gaussian e~Y” in the integrand we can extend
the definition to purely imaginary x = ¢™/2z’ (n = +1 and 2’ > 0) and ensure that the integral over y is always
absolutely convergent. Then we can perform the following calculation

ImSL)a (e”"/Q / hm/ dyy® “He=V Tm {(e“m/z ’y) K, (26”"/2 /y>] (A16)

e—0

Ba. (A13) _ T x’“ 11_r>r(1) (/ / )dyy eV’ J, (22'y)

T o (agr) T Ll o+ 1)/ w2 pta+l oo a”?
_n2$ A dyy J“ (2LE y) 4 F[/,L—f—l} el—>0 6(“+0‘+1)/2 1F1 .

The function 1 Fj is the hypergeometric function,

pta+1 L2\ s D+ (et a+ D/2A0p+1] [ 2%’
1F1(2’““’ e)_Z:Oj!f‘[(u—&-a—kl)/Q]F[u—i-j—i-l]( e)' (AL7)

The limit € — 0 can be performed by rewriting the Gamma functions as an integral where the limit is trivial,

7 l[(p+a+1)/2] . a2 pta+1 22
4 Iy +1] ll—% e(pta+1)/2 1 g9 M +1; T
™ 1 2k 1 22
4 li ditirte=1/2(1 _ p(p—a=-1)/2 _r,
4T[(p—a+1)/2] M liFat1) /2 /0 (1-1) exp | ==

_ et at1)/2] e )
4T[(p—a+1)/2] )

The intermediate step is only true for 4 — a > —1. However one can analytically extend this identity to arbitrary u
and « since both expressions are analytical in the combination u — «. They are also bounded by the analytic function
2™~ /T[(u — «)/2] on the positive complex half-plane Re (u — «) > 1. Hence Carlson’s theorem, see [61], can be
applied which allows such a unique analytic continuation.

Summarizing this calculation we have

oo 1
itn/2,./ K a 'LTrn/Z / — T i e N EF[(:LL+O‘+ 1)/2] p—a—1
Im [(e x ) /1 dyy“ K, (26 y)} ngT /0 dyy*J, (2z'y) ny Ti—a+1)2 1)/2]I . (A19)

It becomes important to find the well-known results of continuum QCD from our calculations.

Appendix B: Evaluation of the Partition Function

The quenched partition function (55), in particular its imaginary part, plays a crucial role in the spectral statistics
of the Wilson Dirac operator. Since its evaluation is cumbersome we split the calculation in the integration over the
four Grassmann variables («, a*, 3, 8*), see subsection B 1, and in the explicit calculation of the imaginary part in
subsection B 3. In subsection B2 we present some properties of the integrals involved. The explicit expressions for
the spectral observables are summarized in subsection B 4.

1. Integration over the Grassmann Variables

We evaluate the Grassmann integrals of the supersymmetric partition function (55) using the representation of U
given in Eq. (56). To calculate the inverse of U and its traces thereof we split U into a numerical part Uy which is a
diagonal matrix and a nilpotent part G,

0 e% —a —f
a o et 0

g g 0 e

U= =Uy+G. (Bl)
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For this purpose it is suitable to know what the square of G is,

(a*a+ *B)1s 0 0
G? = 0 200  af + Ba* |. (B2)
0 af* + fa* 263*
Additionally we need
(e S1a*a + e P52 3% B)1, 0 4 0
U;tG)? = 0 2e T laa” e~ (afF + par) |,
0 eTi=2(af* + far)  2eTm2pp"
(6721‘4,0725106*0[ + 6721'@72526*6)12 ‘ 0 4 0
(Uo—lGUo—l)Q _ 0 ‘ 26_2“5_2810(&* e—ngo—sl—-sz (aﬁ* + 501*) ,
O 6727.(‘9751752 (OZB* + ﬁoz*) 2672z<p72325ﬂ*

(Uy @)t = 272751752 diag (15, —12)a" 8" 3,
(Uy 'GU ) (U1 G)? = e 39172 diag([e ™! + e~ 2|1, —2e 751, —2¢~2)a*a "B,
[(Uo_lG)ZUO_l]2 = 2¢7 2751752 diag(e ¥ 1y, —e T2, ot B B. (B3)
The inverse of U is given by a finite geometric sum
Ul =[1-Ug'G+ (U 'G)? = (Uy 'G)° + (U *G)*] UG (B4)

Now we are ready to compute the traces.
Only even powers of the Grassmann variables and, thus, even powers of G contribute to the traces,

Str (M + X)U = Str (M + X)Up
=2(m + x0)e™ — (m' + x1)(e® + e?),
Str (M — X)U™" = Str (M — X)(U; " + (U7 G20 + (UG Uy Y
=2(m —x0)e” " — (m/ —x1)(e™ +e752) + 2[(m — x0)e 2T 4 (m — x1)e” P o e
+2[(m _ x0)672igofsz + (m _ xl)efiap7252}ﬁ*ﬁ
+2[2(m — z0)e " + (m' — x1) (e + e 52)]e 2P 520 3% B,
StrU? = Str (U3 + G?) (B5)
— 262icp _ 6231 _ 6231 +4(04*04+5*5),
StrU—2 = Str Uy 2 + Str (Uy 'GU; 1)? + 2Str Uy 2 (Uy ' G)? + Str [(Uy 1 G)2 U,y 12
+2Str (Uy 'GUy M2 (U G)? + 28tr Uy 2 (U 1 G)*
— 26727&,0 o 67251 o 67251
+4(672i@ + e*iapfsl 4 67251)267@0751&*& _|_ 4(672i<p + 677;90752 4 67282)671-@752,8*6
+4[3 _|_ e—2i<p + 6—51—52 _|_ Qe—iap—sl + 26—1‘(,0—82 + 6—251 _|_ 6—231]6—2i¢—sl—52a*aﬂ*6.
We also need the Sdet (“*1/2U which can be expanded as
Sdet (VT2 = D9~ (s1452)/2) [1—(v+1)(e T a*a+e 2B B) +v(v+1)e > " "2a*af* 3] . (B6)

Collecting everything we can integrate over the Grassmann variables which only selects the highest order polynomial
in those. To keep the notation simple we define the following abbreviations
t. =iLe 75 (m — x0)e " + (m/ — x1)e” 5,
too =iLe " 752[(m — x0)e” ¥ + (m' — x1)e %2,
too = iLe T T52[2(m — x9)e” ¥ + (m/ — x1) (e 4 e 2)],
di = (v+1)e 75
dy = (v + 1)e 752,
dia =v(v+ 1)672"“’781752,
tar = 4a?[l + e~ 751 (e~ 28 4 7251 4 givms],
ta2 _ 4(12[1 + e—iap—sz (e—Qigp + 6—282 4 e—iga—sQ)L
tarn = da2e 2071752 (37200 | omS1=S2 4 o291 4 o282 4 ge—ip—s1 | go—ip—sa), (B7)
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The final result for the generating function is up to an overall constant

[ [

x exp [—2iLaq cos ¢ + szl(cosh s1 + cosh s3) + 4a® cos 2¢ — 2a”(cosh 2s1 + cosh 2s3)]
X[(dy —tz1 —ta1)(do — to — ta2) 4+ dia — dida 4 to12 + ta12)]. (B8)

eV +2)ip—(v=2)(s1+s2)/2

sinh 21— %2 exp [2Lm sin ¢ + iLm’ (sinh s + sinh sg)]

This expression is explicitly shown in Eq. (63) which immediately makes clear that the integral splits into a finite sum
and each term factorizes into a compact one-fold integral and a coupled, non-compact two-fold integral.

2. Properties of the Functions S, . and @,

In this appendix we discuss properties of the integrals S, o and ®,, which were introduced in Eqgs. (65) and (64).
Their properties are in particular useful for the numerical evaluation of the integrals.
The integrals (64) and (65) satisfy the following recurrence relations

0=p®, + (v0 +m)®,up1 + (o — M)P,_1 — 4a*®, 12 + 4a°P,,_»,
0 = NS;L,a + (Il =+ m/)S#_La_,_l + (Il — m/)S#+17a+1 — 4&2(25#_270‘4_2 — 2S,u+2,(x+2 — S#_Qva + Sﬂ+27a). (Bg)

These relations can be found by acting d, and (0s, + 0s,) onto the integrands which vanish under the integrals. They
are useful to check the quality of the numerical evaluation of the integrals (64) and (65).
Two other useful relations of S, , concern the derivatives which are important to calculate the observables in-

troduced in subsection IIB. The derivatives with respect to the quark mass m’ and the axial mass z; are given
by

am’Su,,a = _SMJrl,aJrl - Sufl,a+1; awl Su,a = S[L+1,Ot+1 - Sp,fl,a+1~ (BlO)
Moreover, there are also relations between a negative and positive index p,
®,(m,x0,a) = (—1)"®_,(—m,z0,a) and S, o(m' ,z1,a) = (=1)*S_, o(—m/,z1,0). (B11)

These relations are helpful when computing these integrals.

3. Real and Imaginary Part of S, o

We assume g > 0 because of the relation (B11). This simplifies the computation of the imaginary part of the
integral (65). This integral can first of all be written in a more suitable version. For this purpose we introduce a
Gaussian integral over an auxiliary variable ¢ to linearize the term cosh 2s = 2sinh® s + 1 to a sinh s term,

a+1
Spa(m' x1,a) / ds/ d / N L
(1 \/87ra2 Y V2y? — 1

y2

m(t —m/)? 4 2iLtysinh s + 2i L,y cosh s — 4a”(2y* — 1)} . (B12)

X exp [—

Hence the variable t acts as an effective quark mass. The integral over s is equal to a modified Bessel function of the

second kind,
, a+1 1 ol id M
Spa(m' z1,a) = / d/ dt ( 2 —x e’)
o) = s [y [ e (e
2
Y / i
X exp |:_&‘/2(2y2—1)(t — m/)2 — 4(12(2y2 — 1):| Kﬂ <2y ‘tQ — I’% e d)) (BIS)

with ¢ = —Lsign(z1)0 (23 — t?)7/2. The phase is important and reflects the transformation (only a complex shift in
the variable s) to bring the integral into the form (A3).
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The imaginary part of this integral consists of two contributions. The imaginary part has to be taken either of the
term 1/(t — x1)* which results in the (u — 1)st derivative of the Dirac delta function, §*~1(t — x1), or of the term

( [t2 — x%|ei¢>ﬂ K, (2y\/ [t2 — 22 eid’) which can be dealt by relation (A13). Thus, we find,

y?
/ N2 4 209,2
;E%Imsﬂa(m x1 + i€, a) 8a2/ / dt\/yi_ [ 520 2_1)(t m’)* —4a*(2y 1)]
1 H_l(ﬂ—k_l)- 20,2 _ 42\1k AN
i N v ) _ (n=1) (4 _ o 2 _ 42 1 2 42
X [yu ,;:0 e [y*(z7 — t7)]%4 (t —x1) —signay J, <2y\/x1 t ) <$1 —t) O(xy —t )]

(B14)

The sum in the first term comes from the series representation of K, see Eq. (A14), since the (1 — 1)st derivative of
the remaining parts vanish at ¢t = x;.

The real part of the partition function Z is needed to compute the chiral condensate ¥(m). The real part of the
expression (B13) cannot be easily taken since the integrand has a pole of order p at ¢ = 0. Therefore we integrate by
parts and symmetrize the integrand with respect to t — —t. Then the real part is given by

ReSya(m',z1 =0,a) = Sua(m' 1 =0 a)

2
xfa‘f_l [|t’ + t|* exp [y(t’ +t—m')?| K, 2yt +t]) - {t » —t} )
tt 8a2(2y? — 1) . =0

Note that ¢ = 0 at z1 = 0. Despite the modulus in [t' + t|*K,, (2y|t’ + t|) the function is differentiable at ¢’ +¢ =0
because the pole of the Bessel function is cancelled and the derivative of the logarithm yields a pole which cancels
with the zero of the Bessel function I, cf. Eq. (A14).

4. Explicit Expressions for Spectral Observables

In this appendix we give explicit expressions for the spectral observables in terms of the functions S, , and @,
which were introduced in Egs. (65) and (64), and we use the short-hand notations

O, =0,(m, A\ a), Spa=>5ua(mA=0,a), and S,o = S,.a(m, A, a). (B16)

For the spectral density of the Hermitian Wilson Dirac operator we find

]/\4\:77114
X=(A+ie)L,—a1,

= 16a* [(I)V_4(3y+1,1 - Sy—1,1)+2q)u—3 (Su+2,2 - 5u,2)+‘1’u—2 (4Su+3,3 —48,41,3 — Su431 +Sut1.1)

+20,_1(Spya2 — Sup22 +Sv2 — Su22) 4P (Suys1 — Sugsa + 48413 — 4Su—13 — 28,411 + 28,-1,1)
+2®, 11 (480424 — 4804 — 3Su42.2 + 38,2) +Pui2(Su—11 — Su_s1)]

+4a? (@, ((2v + 1)Sy411 — (2 — 1)Sy_11)+2®,_1 (Spt20 + (v — 1)Spiap — (v — 1)Sy2)
+0, ((2v + 1)Sps1,1 — (20 = 1)Syy31 + 408133 — WSp41,3) +2Pu i1 (v + 3)Sp2 — (v + 1)Sy—22 — Suo) ]

—8a*(m — A) [®y—3(Svs11 — So1,1)+2Pu_2(Spr2.2 — Su2) +2Pu—1(Spi3,3 — Sur1,3)
+&, (Su,z —Sy22+S4a2 — Su+2,2)+‘1)u+1 (28u+1,3 -25,_13—-Sp+11+ Su71,1)]

+(m = \)? [q)v72 (Squl,l - 5u71,1)+2@u71 (Su+2,2 - Su,2)+q)u (Su+3,1 - 81/+1,1)]

=2(m = N)[®r—1((v + 1)Sps1,1 — vSp—1,1)+Pu (Sup2,0 + vSpy22 — vS,2)]

+v®, (v +3)Syy11 — (V+1)Su—1,1). (B17)

ps(m, A, a) = Oy, Im Z,,(ﬂ,)?,a)’
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The analytical result for the chiral condensate for the quenched theory is given by

Y(m,a) = 8mzReZl,(]\/4\,)/(\',a)

]/\Z:m]l.z;
X=iel,—0

= 16a* [%—4 (5u+1,1 + Sy—1,1)+2q)u—3 (Sy+2,2 + Su,2)+q)l/—2 (4Su+3,3 +4S,113— Sus31 — Sut1,1)
+2®, 1 (Syya2+ Spy22+Su2+Su_22) +Pu(Suqs51+ Svi31 +4Su41,3+4S0-13 — 250411 — 2Su-1,1)
+2®,41(4S 42,4 + 45,4 — 3Su12.2 — 35u2) + Pui2(Su—11 + Su—3.1)]
+4a® [@, 2 ((2v + 1)Syq11 + (20 = 1)Sy_11)+2®, 1 (Spy20 + (v — 1)Spi22 + (v — 1)S,2)
+®, (4vSy 433+ 4vSyi1,3 — (20 = 1)Syy31 — (20 +1)S0411) 4281 (v +3)Su2 + (v + 1)Sy—2,2 — Suo) ]
—8a®m[®y—5(Sv+11 + Sv—1,1)+2®u_2(Svs22 + Sv2) +2®,-1(Svr3,3 + Sur1,3)
+®,(Sy2 + Su—22 4 Suta2 + Svt2,2) +Pus1 (28413 + 25013 — Sug1,1 — Su—1,1) ]
+m? [@y—2(Sut1,1 4+ So—1,1)+2Py—1(Svt2,2 + Sv.2) + P (Suts,1 + Svg1,1) ]
—2m[®y—1((v 4+ 1)Spi11 + vSu—1,1)+Pu (Svr2,0 + VSuia2 + S, 2) ]
+v®, (v +3)Spr11+ (v +1)Su_11). (B18)
The distribution of chirality over the real eigenvalues can be written as
py(m,a) = — %&nlm Zl,(]/\/.l'\,)?7 a) T,
X=(A+ie)ls—a1,
=16a*[®y_a(Spt1,1 + Sue1,1) 42803 (S22 + Sp2)+Pu—2(4Sy133 + 48413 — Sutsn — Sus1,1)
20, 1 (Suqa2+Svt22+Su2+S—22) + Pu(Spys1 +Sups1 +4S413 +4Su_13 — 2804110 — 250-1,1)
+2®, 41 (48 42,4 + 484 — 38122 — 3Su2) + Pur2(Su—11 + Su—3z,1)]
+4a® [®y 2 ((2v + 1)Syy11 + (20 = 1)Sp—1,1) 42801 (Spqa0 + (V — 1)Spp22 + (v = 1)S,2)
+0, (4S8, 433 +4vSyi13 — 2v = 1D)Spi31 — 2+ 1)S041,1) +2Pu i1 (v + 3)Sp2 + (v + 1)Su—22 — Suo) ]
—8a®m[®y_5(Sys1,1 + Suo1,1)+2Py_2(Spto2 + Su2) 42801 (Suia3 + Sut13)
+@,(Sp2 + Sv—22 + Sutaz + Sut2,2) +Pur1 (280413 + 28013 — Sug1,1 — Su-1,1)]
+m? [y 2 (Spi1,1 + Sum1,1) 2801 (Sug22 + Su2) +Pu (Suis1 + Sui11)]
=2m[®y_1 (v 4+ 1)Sps1,1 + vSu—1,1)+Pu (Sut2,0 + vSuta2 + vS,2)]
+v®, (v +3)Spy11+ (v +1)Su_1,1). (B19)

Though all three expression look quite complicated they are a finite sum of two kinds of integrals, only. This simplifies
the numerical evaluation a lot.

Appendix C: The Continuum Limit a — 0

To be self-consistent we briefly review the exact continuum limit (see subsection C 1) and the Gaussian orthogonal
random matrix ensemble of finite matrix size (see subsection C2) which should describe the spectral broadening of
the former zero modes into the real axis quite well at small lattice spacing |a| < 1. In particular we wish to show
how to extract the known results for the spectral observables from our calculations.

1. Exact limit a — 0

In the continuum limit a — 0 the partition function takes the form

ZV(Z/W\, X, a = O) = (m — 1‘0)2(1)1,_25,,70 + 2(m — xo)(m’ — ml)q),j_lS,,_H,l — 21/(m — l‘o)q)y_lsy,o
+(m' — 21)*®,S, 190 — 2v(m —21)®,S, 111+ (v+1)vd,S, 0. (C1)

_ /2
By, z0,a) = (B2 )1, (2t =) ©)

with
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and

1 00 ) H )
Spa(m' z1,0) = 27(7”, ) / dyy® <\/ |m? — x?@”’) K, <2y\/ |m/2 — $?|6’¢> (C3)
1

with ¢ = —Lsign(z1)0 (2 — m/?)m/2. We have to be careful about the phase ¢ since it may change the sign of the
result while it is unimportant for the phase of \/m? — 3 in the compact, analytic integral. The reason is the cut
along the negative real line of K,,. The index a only takes the values a = 0,1 which simplifies the calculation a lot.
In the first step we simplify the partition function by employing the relations
p®y, + (20 +m)®pyr + (20 —m)Pyuy =0,
2K, 11(2) + (20, — p) K, (2) =0,
K1 (2) + Kpua (2) + 20.K,(2) = 0. ()

The second and third relation is needed for expressing S,11,1 and S, 42, in terms of S, o and K, respectively,

— 200\
| (VIm™= = atle) .
(m' —z1)Sy411(m, 21,0 =0) = v Syo(m',z1,a=0)+ K, <2y/|m’2 —x%|e’¢) ,

2 (m' —xq)¥
(m' — 21)%S,190(m',z1,a = 0) = —(m? — 23)S, 0(m/, z1,a = 0)
(Vi —aie) |
+2 ) Ky (2, [|m/2 — x§|e2¢> (C5)

resulting from integration by parts. Then the quenched partition function reads

VIm'2 — z3|e’ Y m — zg)/?
Z,,(ﬁ,)?,a:O):Q( | | ) ( ) [[(mz—xg)—(ma—x%)][y (2\/m2—x3)

(m/ — 1) (m + xq)?/2

X dyK, <2y |m2 — x2|ei¢> +4/m? — 231,41 (2 m2 — 12> K, <2 |m2 — x2|ei¢>
/1 V 1 V olv+1 | 24/ 0 \/ 1
+4/|m2 — 23]e1, <2y/m2 — x%) K41 <2\/ |m’2 — x%|ei¢>} . (C6)

The last two terms also appear in QCD with three colors. In this way one can easily check the normalization
Z,(mly,xly,a =0) = 1.
In the second step we take the derivative with respect to m’ or 1 and set m = m/ and zy = 21 = z, yielding

vx i > i
Memls = 7523 4dmlI, (2 |m? — 22le ¢) /1 dyK, (2y\/ |m? — 22|e ¢)

—~ o~

O Zo(M, X, a = 0)

X=z1,
bty 2V e (23 =) K ) o (VI ) K )]
= - Vm —4mlI, (2 [m2 — leew) /OO dyK, (zy\/mew)
a 1
—tm [Ler (27— 2216%) Koy (20— 2210 + 1, 23/ — 221%) K, (2y/fm? — 2716 ()
and

—~ o~

(o)
O, Zy(M, X, a=0)|57_,1, = # +4z1, (2 |m?2 — x2|ei¢) /1 dyK, (2y\/ |m? — a2 ei‘f))
)?21]14

2z . ) )
= 2 _ 2]pt0 2 _ 2]pt® 2 _ 2|t
o] x2|ei¢ay [2\/|m x2|e"1, 41 (2 |m2 — 22|e ) K, (y) +yl, (2 |m? — 22le ) K, (y)}yﬂ (T
-7 4 4z, (2 |m? — :172|ei¢) / dyK, (Qy\/ |m? — a2 6i¢)
1

m—

+4x [L,_H (2 |m? — x2|ei¢> K, (2 |m? — x2|ei¢> +1, (2 |m? — xQ\eid’) K, (2 |m? — m2|ei¢)] . (C8)
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Up to an overall sign, Equation (C7) is equal to the chiral condensate ¥ when setting = 0 (implying ¢ = 0), i.e.
the chiral condensate without zero modes is

Ston(m) = 4m | L1 (2m]) K, 2[m]) + 1, 2|m]) K, (2|m]) + I, (2Im|)/loo dyK, (2y|m|)} : (C9)

This result is in agreement with the expression in [66], but has the advantage that there is no need to distinguish even
and odd v. For odd v the Bessel function K, can be written as a total derivative allowing us to evaluate the integral
exactly,

Kopt1(z) = *2%[K2k(9§) — Kopo(2) + -+ (=1)* Ka(z) + (*UkﬂéKo(x)]- (C10)

For v = 2k 4 1, this results in the condensate
Y(m) = f% + 41, (2m)[Kox (2m) — Kog—2(2m) + -+ + (=1)* Kz (2m)] + (=1) 1, (2m) Ko (2m)
—4AmI,11(2m)K,_1(2m) — 4mI,1(2m)K,_1(2m), (C11)

which up to a rescaling m — 2m and ¥ — 3 /2 agrees with the result in [66]. For even v we can also use the recursion
relation for Bessel functions but we are left with an integral over Kj.

v/2—1
&mmﬂewﬂﬁ EJAﬁ&Hm»+@nmmw» (C12)

This results in

S(m) = — 2 — dml, 1 (2m)Ky_1 (2m) — dmI, 11 (2m) K, (2m)

v/2—1 0o
+4(=1)"2L,2m) > (—1)FKokpa(z) — 2m(=1)"/21,(2m) / dyKo(2my). (C13)
k=0 1

The integral over K can be expressed into modified Struve functions, and it can be numerically shown that it agrees
with Eq. (8) of [66].

Let us underline that the valence quark mass dependence of the chiral condensate for chGSE is also de-
rived in [66]. The authors again obtain separate expressions for even and odd v which can be simplified to
—22 K N, 120 (22) fol dyIn,+2,(2xy) up to rescaling.

From the result (C7) we can immediately deduce the well-known result for the distribution of the chiralities over
the real eigenvalues which is a Dirac delta function in the continuum limit,

1 —~
py(m,a=0) = ;Im O Zy(M, X, a=0)| 7_ 4, =vé(m). (C14)

X=—iels—o0

Only the first term of Eq. (C7) contributes to this results since the remaining parts are real for m > x = 0.

The spectral density of the Hermitian Dirac operator D5 can be obtained by setting x = A + 1¢ and taking the
imaginary part of Eq. (C8) in the limit ¢ — 0. We have to distinguish two cases, |m| > |z| or |m| < |z|. In the
first case all terms are real and vanish while in the latter case we have to apply the relations (A8), (A13), and (A19)
yielding,

]/\Z:m]l.4

1 .
ps(A,m,a=0)=—-Im9,,Z,(M,X,a= 0)‘
g )?:()\+i€)]l4—>)\]l4

|>\| 2V ANZ=m?2
= vi(m =3 + =L g 2VAT =) [1- [ dyJ, () | O] — )
A2 —m? 0
N [J3(2 N m2) — Jy 1 (2V/N% — m2)Jy_ 1 (232 — m2)} O\ — m), (C15)

cf. [65]. Note that Eqs. (A13) and (A19) are multiplied with n = —sign(\) because of the phase ¢ = —sign(z1)O(z? —
m'?)r/2 for L = 1.
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2. Spectral Observables of the Gaussian Orthogonal Ensemble

We choose the abbreviation ¥ = (]\//.7 — )/(\')/(4a) = diag(vo, Y0, y1,¥y1)- The partition function (62) is equal to a
partition function of v x v real symmetric random matrices distributed by a Gaussian. Let Sym(v) be the set of these
real symmetric matrices. In terms of these matrices, the partition function reads,

— 1 det(H — yO]lu)
z¥ (V) = dH —tr | ——— C16
GOE ( ) (2m)v(v=1)/4gv/2 /Sym(u) exp[—tr }det(H —y1ly) (C16)

For the cases v = 0,1 they take particular simple forms,

280 (V) =1 (c17)
and
A E 2 erf(7 2. 2
Zél())E f/ P B = 14 Vr(yo — 1) (z )e Y1 — L\ (y1 — yo)e Y1, (C18)

In the latter equation we assumed that the imaginary part of 1 = Rex +iLe (L = %1) is infinitesimal small, € — 0.
The error function erf(z) =2 [ d2’ e=*" /\/7 is real despite the imaginary unit.

For v > 1 the result dlrectly following from the representation (C16) are not that trivial as the ones in Egs. (C17)
and (C18). Therefore we start for those cases from the supersymmeric representation (62) which, in the parametriza-
tion (59), reads as

Z(V A d d d — (2u®+vi+03) (yo — iu)¥
GOE / U/ Ul/ va|vy — vale” (91 — 01)"72 (g1 — 0272
v 2y1 = v1 — v v(v—1) 1
' J + - C19
[ 4 (yo —iu)(y1 — v1)(y1 — v2) 16 (yo — u)2(yr — v1)(y1 — v2) (C19)

We have already integrated over the orthogonal matrix O and the four Grassmann variables n,m%, x, x*. Moreover, we
rescaled the remaining variables (u,v1,vs) — 4a(u,v1,v2). The normalization constant is fixed by yo = y1 = ie — oo.
The integral over u is equal to Hermite polynomials,

/ due™" (yo — i) = \/Z 27" H, (2y0) (C20)

— 00

where we have chosen the monic normalization H,, (z) = 2" + ... Then the partition function is equal to

2855 (V) = Hy (290) Too (o) + Hom (290) Tua (1) +v(v = D) Hyz (20) To0(y1) (C21)

with

1
Zyaly) = / dvy / dvalvy — vale™ (V102 (C22)

(y1 — v1)*/2(yy — va)H/2

\/7 yl

The latter twofold integral exits due to the non-vanishing imaginary part of y; = m — Rexy — ¢Le. This integral can
be brought into a form which is easily integrable, and the spectral observables we are interested in can be readily
extracted. To find such a representation it is suitable to understand the integral (C22) in terms of an integral over a
2 X 2 real symmetric matrix H,

dHe tH”
Lalo) x 35, | ,
. . Sym(2) det“/z(yﬂlg — H)

where v; and vy are the eigenvalues of H. The determinant in Eq. (C23) can be written as an integral over 2 x 2
positive definite real symmetric matrix H’

(C23)

1
det“/g (yl ]12 —

o eiLﬂ',u/Q/ dH' eXp[—QiLtr H'(y112 _ H)]det(“_3)/2H’, (024)
H) Sym+(2)
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The index p has to be larger than 1 and thus v > 2 which is okay since we know explicit results for v = 0,1. The phase
in front of this integral is important as well. The integral over H yields a Gaussian integral in H'. After diagonalizing
H' = O'diag(E;, F2)O'" with O’ € O(2) and Ey, E; > 0 we find

outa—3 1L7r(u a)/2

I/L,a(yl) ( _2

/ dE, / AE; | By — Ba|(By Ey) #=/2(By + By)® expl— (B2 + E3) — 2iLyy (B + F)).
(C25)

Already at this point we can set the imaginary part of y; exactly to zero. We order the eigenvalues F; > E5 and
change to polar coordinates F1 = rcosp and Es = rsinp with r > 0 and 0 < ¢ < 7/4,

0o w/4
/ dR/ dpRIHe1gin=3)/2(20) cos (<p + %) cos® (gp — %)
0 0

9(u+30) /2 gilm(p—c)/2
(n—2)!
X exp {—RQ — \/giLlecos ((p — %)]

o(u+3a—2)/2 m/4
I [ a4 P (o)

. 1
X [F (u;a) elmli=a)/2 pr (,u ; a7 5 —2y7 cos” (80 - Z))

1 ) 1
VAT (AW;H) e 9 M (u+;+ g 2y cos? (- Dﬂ (C26)

Lo (yl) =

We have employed Kummer’s confluent hypergeometric function [68]

o0

I'la + j]T
2
M (a,b; z) JX:F b+j (C27)

We underline that only one of the two terms in Eq. (C26) is real and the other one imaginary depending on the parity
of . In random matrix theory this subtle difference between even and odd matrix dimension for real matrices is well
known [61].

Let us define the abbreviations

/4 1
I () = / dpsin®=/2(20) cos (w + %) cos® (90 - %) M <u JQF =, 53 53— 20 cos’ (<P - D) : (C28)
0
and
/4 ™ ™ +a+1 3 T
Iﬁ(yl) = y1/0 dy sin(“_3)/2(2g0) cos (go + Z) cosT! (cp — Z) M <M2, 5 ; —2y? cos? (90 — 4)) . (C29)

Then the real part of the first derivative in y; and setting y; — m/4a yields the contribution of the chiral condensate
which results from this finite dimensional Gaussian orthogonal ensemble, i.e.

Séox (4a> = = OnRe 20 (f/) V=(m/da)l,
v/
= P 2 o (T 11, () 82 () s () 220 () — 20 (22 8201 ()]

U g (2 [ ()2 () e ()7L () - e () ()]

Note that only one of the two terms contribute because either cos (wv//2) or sin (7v/2) does not vanish depending on
the parity of v. The “chiral condensate” for the case v = 0 vanishes,

séor (&) =0, (C31)

while the one for ¥ = 1 can be read off from Eq. (C18),

(v=1) (MY _ m erf(im/4a) _m2
2o (54) = Viear ™ @ “P16a2) (082)

(C30)
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Other representations of the partition function and the chiral condensate in terms of Hermite polynomials and its
Cauchy transform exist in the literature [61]. However we chose the representation Eq. (C30) which can be easily
evaluated numerically and the cases even and odd v can be discussed on the same footing.

The level density is obtained from the imaginary part of the first derivative in yq,

pggEl) (%) - _% I ZggE (?) ‘f/:(m/m)h (C33)
= 2 (%) [ () 782 () + s () 788 () = 20 () 72 (32)]

v—1)
A (22 [ (32) 20 (32) s ()28 () - s () 20 (2]

The exceptional cases for v = 0,1 are

m

séor (1) =0, (C34)

and

2
(v=1) (ﬁ) __1 _m €35
pGOE 4a \/W exp 16@2 . ( )
These expressions are a good approximation for the level density of the real eigenvalues of the non-Hermitian Wilson

Dirac operator at very small lattice spacing |a| < 1 which are the former zero modes of the continuum QCD Dirac
operator.

Appendix D: Computation of the Saddle Point Solutions (82) and (84)
We have to solve the rational equation
m -1 A -1 21,2 -2
p(V)zE(VfV )+§(V+V ) —2a°(V:—V ) =0. (D1)

with real coefficients. In particular each eigenvalue z of V satisfies exactly the same equation. Because the rational
function p(z) has real coefficients it has either no, two or four real zero points satisfying Eq. (D1). All other zero
points are complex conjugate pairs. Since p(z — 0) — 2a?272 — +oo0 while p(z — +00) — —2a?2? — —oo we have
at least two real zero points. The question is: What happens with the other two zero points? We are in particular
interested the complex solutions since they are important for the level density ps when we have the general situation
with A # 0.

Splitting the eigenvalue z of V into a radial and angular part, i.e. z = re’? with r > 0 and ¢ €] — 7, 7[, we obtain
two equations,

A - A
(m—i— rcosga—mQ r_lcoscp—2a2(7”2—7"_2)(2005290_1)):0’
A —A
(m; 7’+m2 r14a2(r2+r2)60590)sin<p07 (D2)

corresponding to the real and imaginary part of the saddle point equation, respectively. The second equality is either
solved by sin ¢ = 0 implying a real solution or the cosine can be expressed in terms of the radius r > 0.
Let us assume sin ¢ # 0. Then the equation solved by the radius is

2 2
. 13 me — A\ . 2mA
sinh® 29 4+ (1 - (8(12)2> sinh 29 + Baz 0 (D3)
with » = e”. This equation has always one real solution which is
1/3 1/3
sinh 20 mA\ N m2\2 1 /m?2— )2 ) 3 m\ m2\2 1 /m?2— )2 ) 3
in =— —— | —=—= - — — —— | = -
(8a?)? (8a2)* 27 \ (8a?)? (8a?)? (8a2)* 27 \ (8a?)? ’
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1/3

where we have to take the following root x'/? = sign(z)|z|'/? if  is real. There are two additional real solutions in

the region with
m2\? 1 [m?— \2 8 A2 m \2/3 8
82 <77 ((8a2)2 - 1) @ 8z < {(saz) - 1} (D5)

which implies A2 < m? — (8a2)? and can only appear if the quark mass satisfies |m| > 8a?. However in this region the
cosine of the angle ¢ has to be larger than 1 implying that it has to be complex which should not be the case. This
can be seen in the following short computation.

The other two solutions are given by

1/3

; Al 1 /m2—)\2 322
inh 2 — i i2nm/3 |m mTTAT g _
sinh 249, sign(mA) |e (802)? (mA) 77 \ e B

1/3
3
_iznys [ AMAL 1 (m?— )2 m2\2
+e / (802)2 — zmgn(m)\)\/Q? ((&12)2 -1) — (8a7)i (D6)

with n = 1,2. Hence each solution is bounded as

1 Im2 — \2 [ 2 _)\2 1 Im2 — )\2 Im2 — \2
% nf(ll8a72)2 -1 S Slgn(m)\) Sinh2’191 S W%aﬁ -1 :> — % + 2 S cosh 2'[91 S Tr(L8a72)2,
—\2 1 2 _)\2
0 < sign(mA) sinh 295 < 7 / (8a2)2 —1=1<cosh2yy < 7 n&ti?)z +2. (D7)

We combine the two equalities in Eq. (D2) such that we have for the angle

(m+ N2 — (m — \)2r—2
32at(rt —r—*)

om0 n 2|mA| (DS)
~ (8a2)2cosh?2d,  (8a2)2|sinh29,|

| cos2¢p| = ‘

This allows us to make the following estimations

n=1:|cos2p| > m? + N + 2imA| S (Jm| + |A])?
: Pl = 8a2m 8a2\/m2 )2 (8a2)2 = 8a2m’
2 2 4P 9
n =2 :|cos2p| > V3(m? + X?) + [mA| > V3(Im| + |Al) (DY)

8a2y/m? — X2 4 2(8a2)2  8a2y/m% — X2 — (8a2)2 ~ 8a2\/m2 — A2 +2(8a2)%’

In both cases the right hand side is a function which is monotonously increasing in |A| implying that |A\| = 0 is the
minimum. The remaining function in |m/| is also monotonously increasing such that we have a minimum at the values
at |m| = 8a? which results in

| cos2p| > 1 (D10)

meaning that those solutions for sinh 29 are forbidden.
Hence we have only a complex solution if
3/2
AL [ (lml N
— > || == -1 D11
8a? 8a? (D11)

which is

mcosh ¥ + Asinh ¢
8a? cosh 29

Up = iL e’ 11, with ¢ = arccos { (D12)

and 9 is given by Eq. (D4). The sign L is fixed because of the non-compact double integral over s; and ss. The
infinitesimal imaginary shift iLe in A and the singularity at e*!, e*? = 0 prevents to shift the contour to the solution
z = e~ in the thermodynamic limit.
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The region (D11) implies a spectral gap of D5 in the interval
3/2 3/2
ve |- (mrs = waprs) ™ (s - sas) ™. (D13)

cf. Fig. 2.a). It is closed if |m| < 8a? such that we enter a new phase which is the Aoki phase for lattice QCD with
two colors.

The situation of the spectrum looks slightly different at A = 0. In this case the saddle point equation takes the
simple form p(z) = 2a?(z — 27 1) (2 + 27! — m/(4a?)) = 0 where we can readily read off the solutions. Plugging these
solutions into the exponent (80) we have to choose the maximum which is

m / m o\ 2
UO — ZL@ + 1-— (@) ) |m| < 8&2, (D14)

iLsignmly, |m| > 8a?.

Again we would obtain always two solutions but only one is accessible in the thermodynamic limit due to the
infinitesimal increment iLe.

Appendix E: Density of ps(m —1,A=0,a — 0)

In this appendix we consider the continuum limit of ps(m = 0,A = 0,a) and show that the convergence to the
continuum limit is non-uniform. The level density reduces in this situation to

ps(m =0,A=0,a) = 16a* 20,81 — 2®3(S22 — So2) +4P2 (S35 — S1,3)
+2®1 (4824 — 480,4 — Sa,2 + 2802 — Sa2) +Po(S5,1 — S31 + 8813 — 4851,1) ]
+4a? 291 (2802 — So,0 — S2,0)+Po (S1,1 + S3.1) ] (E1)

Thereby we used the relations (B11) between positive and negative indices. Considering Eq. (64), the compact
integrals ®,, vanish for ;1 an odd integer if the quark mass and the axial mass are zero. Hence we have

p5(m =0,\=0, a) = 16a4 [2(13481,1 + 4P, (83,3 — 8173) + & (55,1 — 8371 + 85173 — 481,1)] +4a2<1)0 (51,1 + 8371). (E2)

Thus we have only non-compact integrals S, o with the index o = 1,3 and p odd and positive. The integral over y,
see Eq. (65), can be integrated for both indices o = 1, 3,

s (_1)(M*1)/2 Ood e—Hs 1 cosh 2 3
ol = 27(8a?) [00 % cosh 25 exp[—da” cosh 2s], (E3)
and
Sup— Sy = DI T e 402 cosh 2 E4
0= Sun = i | gy i o) (B4

We can omit the exponential in the limit a — 0 if p is small enough, i.e.

laj<1 (—1)r—1)/2 /°° e Hs (—1)=1)/2
Sul X BTy = f 2 E5
1,1 o2m(8a2) J_.. § osh 25 3242 cos(pm /4)’ or |u| < 2, (E5)
and
o<1 (=1)(n—D/2 /°° ehs (—1)(=Dr2y,
Sus =8 ~ TorBa2)2 ds - : , for |u] < 4. E6
" wt 2m(8a?)?  J_ cosh? 2s 8(8a2)? sin(um/4) |l (E6)

For larger p the exponential becomes crucial since it guarantees the integrability. Before performing the other integrals
let us see what remains to be calculated,

la|<1 1 1
p5(m = 0, A= O,Q) ~ 16&4 <S5,1 - 8311 + 211/2a4> + 4(12 <29/2a2 + 8371> . (E7)
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Here we used the fact that ®,, o |a[* and ® ~ 1 for |a| < 1. Thus we have still to calculate the asymptotics of S3 1
and S5, which can be done by splitting the integrals,

1 © e—3s
Sz = 5oy ds———— exp[—4a® cosh 2
o 2 (8a?) /—oo ScoshQs exp[—4a” cosh 2]
1 o0 o5 ) . - 2
= 2“&12)/00 dscosh?s exp[—4a” cosh 2s] — 7T(8a2)»/oo dse™® exp[—4a“ cosh 2s]
|aL<‘<1 1 K1/2(4a2)
29/2(12 7T(8CL2)
lajl<1 1 1 .
29/2q2 ~ 2972, /g3 +0(a™) (ES)
and
S 1 /OO p e %8 [ A ) - ]
= —— X _
o1 27(8a?) J_o Scosh2se plmaa-cosh 28
o /OO dSi exp[—4a® cosh 2s] + 1 /OO dse™* exp[—4a? cosh 23]
27(8a?) J_o, cosh2s P m(8a2) | p
la‘ffl 1 K3/2(4a2)
29/2a2 7T(8a2)
alK1 1 1 1
la]< o) .

29/242 + 29/2. /a3 T 218/2, /ad +
which yields the limit (104).
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