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Abstract

We calculate fermionic Green’s functions for states of the three-dimensional ABJM M2-brane
theory at large N using the gauge-gravity correspondence. We embed extremal black brane solutions
in four-dimensional maximally supersymmetric gauged supergravity, obtain the linearized Dirac
equations for each spin-1/2 mode that cannot mix with a gravitino, and solve these equations with
infalling boundary conditions to calculate retarded Green’s functions. For generic values of the
chemical potentials, we find Fermi surfaces with universally non-Fermi liquid behavior, matching
the situation for four-dimensional N' = 4 Super-Yang-Mills. Fermi surface singularities appear and
disappear discontinuously at the point with all chemical potentials equal, reminiscent of a quantum
critical point. One limit of parameter space has zero entropy at zero temperature, and fermionic
fluctuations are perfectly stable inside an energy region around the Fermi surface. An ambiguity
in the quantization of the fermions is resolved by supersymmetry.
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1 Introduction and Summary

1.1 Holographic realizations of non-Fermi liquids

Many systems of interacting fermions, including most metals, behave as Landau-Fermi liquids,
where the interactions dress the fermions into quasiparticles whose fluctuations around a Fermi
surface are asymptotically stable at low energies. However, a number of interesting strongly coupled
systems — notably cuprate superconductors [I], 2] and heavy fermion systems [3] — display “strange
metal” behavior which deviates from the Fermi liquid paradigm. In such systems, a Fermi surface is
evident, but the fluctuations are not stable, and transport properties are correspondingly different.
It is of interest to develeop theoretical mechanisms to study such “non-Fermi liquids”.

The gauge-gravity correspondence, or AdS/CFT correspondence [4, 5] 6], has become a valuable
tool for exploring strongly coupled systems that lack a straightforward quasiparticle description.
Systems at zero temperature and finite density are described holographically by charged, extremal,
asymptotically anti-de Sitter black hole geometries living in one higher dimension [7]-]64]. Normal
modes of fermions in such backgrounds compute fermionic Green’s functions, whose zero energy,
finite momentum poles may be interpreted as Fermi surface singularities, with near-pole behavior
determining the dispersion of nearby excitations.

Such systems were considered first from a “bottom-up” perspective, where simple Dirac equa-
tions were postulated and studied in Reissner-Nordstrom black brane backgrounds [7), 8, [9l [10].
These studies showed that holographic Fermi surfaces could indeed exist, and depending on the
charge and mass parameters of the fermion, could manifest either Fermi liquid behavior, with
asymptotically stable quasiparticles, or non-Fermi liquid behavior, where the decay width of ex-
citations typically remains of the same size as the energy. Thus gravity duals to systems having
non-Fermi liquid behavior were shown to be possible, albeit in systems whose precise field theory
dual is not known. Initial studies included (constant) masses and gauge couplings; Pauli couplings
were added in [28] [65].

A natural next step is to study “top-down” constructions, where the black brane backgrounds
and fluctuating fermions are part of a known supergravity theory descending from string theory,
and hence have a precisely known field theory dual. Natural candidate theories for such a study are
N = 4 Super-Yang-Mills (SYM) theory in four spatial dimensions, and the N' = 8 supersymmetric
Aharony-Bergman-Jafferis-Maldacena (ABJM) theory in three dimensions; these theories are max-
imally superconformal and are the most symmetric avatars of four-dimensional non-Abelian gauge
theory and three-dimensional Chern-Simons-matter theory, describing the dynamics of stacks of
D3-branes and M2-branes, respectively. The finite-density behavior of these theories is interesting
in its own right, and the gauge-gravity correspondence provides an opportunity to study them at
strong coupling and large N.

Fluctuations of the gravitino field in supergravity were studied in [66] 67, [68], but no Fermi



surface singularities were found. The first Fermi surfaces were identified in [69], where one fermion
in one particular background for each of N' = 4 SYM and ABJM theories was shown to have a
Fermi surface with non-Fermi liquid behavior. A systematic study of the ' = 4 Super-Yang-Mills
case was carried out in [70], where the Dirac equation of every spin-1/2 fermion not mixing with the
gravitino was solved across a one-dimensional slice of the two-dimensional parameter space defined
by ratios of the three SO(6) chemical potentials. The Dirac equations were more complicated than
the typical bottom-up examples, featuring mass and Pauli terms that depend on scalar fields that
generically vary in the background. Every value of the chemical potentials showed at least one
fermion with a Fermi surface, and in all cases, the excitations near the Fermi surfaces displayed
non-Fermi liquid behavior. As the chemical potentials varied, in general Fermi momenta vary
but the existence of a Fermi surface persists, except when the Fermi momentum enters a so-called
oscillatory region, where the Green’s function displays log oscillatory behavior and the Fermi surface
singularity cannot exist. One class of fermion asymptoted to the case separating Fermi and non-
Fermi liquid behaviors, the marginal Fermi liquid (MFL) which was proposed as a description of
the optimally doped cuprates [1], as it approached the edge of the parameter space.

For generic values of the chemical potentials, the extremal black brane backgrounds possess a
regular event horizon, which implies a nonzero entropy at zero temperature. Such a feature is shared
by the Reissner-Nordstrom backgrounds studied in many bottom-up models, but is somewhat
unusual from the field theory point of view. In [34], it was suggested that such states should
be understood not as the true ground state of the dual gauge theory, but instead as states in a
semi-local quantum liquid (SLQL) phase characterized by scaling at intermediate energies, before
a true ground state phase emerges due to the condensation of instabilities or the manifestation of
subleading N effects. There are exceptions to this behavior, however, at the edges of the NV = 4
SYM chemical potential parameter space. When two of the three charges are set to zero, the
“extremal” geometry loses its horizon, becoming a non-thermodynamic renormalization group (RG)
flow geometry previously studied in [71] [72), [73] [74, [75]. Perhaps more interestingly, when one of
the three charges is set to zero, the geometry becomes singular at the horizon, and the entropy at
zero-temperature correspondingly vanishes [14] 31]. This case was studied in detail in [76], where it
was shown how a lift to six dimensions resolves the singularity as well as providing constraints on
consistent parameters for fermion fields. It was found that there is a region in energy around the
Fermi surface where the fermionic fluctuations are perfectly stable, before returning to non-Fermi
liquid behavior outside. An interpretation of this is a gap developing in another sector, removing
a large number of degrees of freedom and depriving the fermions of the catalyst for their decay;
the removal of many but not all degrees of freedom from the region is reminiscent of a pseudogap
phase. It also shares features with the semi-local quantum liquid resolutions described in [34], as the
non-Fermi liquid behavior exists at intermediate energies, while the true ground state is controlled

by a Fermi surface with Fermi liquid-like excitations and vanishing entropy.



Hence it has been demonstrated that non-Fermi liquid behavior exists in nonzero-density gauge
theories at strong coupling, and studied in great detail for four-dimensional N' = 4 Super-Yang-
Mills. Given the associations to cuprate superconductors and other strongly correlated systems in
two spatial dimensions, it is natural to extend the thorough, systematic study of [69, [76] to the
case of the maximally supersymmetric ABJM M2-brane theory, both for its potential application
to realistic systems and for its inherent interest as one of the maximally superconformal theories.

This is the goal of the present work.

1.2 Fermionic response in the M2-brane theory

The M2-brane theory has an SO(8) R-symmetry, and hence 4 distinct chemical potentials. The
dual description is M-theory on AdS; x S7, which reduces to four-dimensional N' = 8 gauged
supergravity. Finite density black brane solutions corresponding to rotating M2-brane systems are
known in a truncated theory of the metric, gauge fields and three scalars, but no fermions [77].
We use the known embedding [78] of this truncated theory to lift the solutions to the full N' = 8
gauged supergravity, and we use these backgrounds to derive the corresponding Dirac equations
for all spin-1/2 fluctuations with quantum numbers forbidding mixing with the gravitino. We then
solve these Dirac equations in the black brane backgrounds with the infalling boundary conditions
at the horizon that calculate retarded Green’s functions in the dual field theory. Because the mass
of the fermions approaches zero at the boundary, there is an ambiguity between which terms in the
near-boundary expansion to identify as the source, and which as the response; the mass functions
are nonzero away from the boundary, however, so the choice has physical content. We demonstrate
how to use supersymmetry to resolve this ambiguity, producing a unique prescription for the dual
Green’s functions.

We calculate Green’s functions over two one-dimensional cuts through the three-dimensional
space of chemical potential ratios, one where three charges are set equal, and one where the charges
are set equal in pairs; these cuts meet at the point where all four charges are equal. Results
over this parameter space are strongly in accord with the N’ = 4 SYM case. In particular, Fermi
surface singularities are common and are in all cases associated to non-Fermi liquid behavior.
In particular, one class of excitations, the net-charged fermions, are qualitatively identical to the
higher-dimensional case; Fermi surfaces persist as the chemical potentials are varied unless the
Fermi momentum falls into an oscillatory region. Omne such fermion again approaches marginal
Fermi liquid behavior at a limit of the parameter space. The other class of excitations, so-called
net-neutral fermions, shows novel behavior: while all Fermi surface singularities still show non-
Fermi liquid behavior, there are no oscillatory regions, and yet a Fermi surface can discontinuously
appear or disappear at a nonzero value of the Fermi momentum as one tunes the chemical potentials

past the four-charge black hole. This abrupt change in the spectrum at zero temperature as a



dimensionless parameter is varied is reminiscent in aspects of a quantum phase transition; however,
no singularities in the susceptibilities are visible in the thermodynamics.

Some interest has appeared recently in identifying zeros of a fermionic Green’s function as a
sign of Mott insulator behavior, and a duality between zeros and poles in certain bottom-up models
has been noted [60} [61]. We also obtain the zeros of the Green’s function, which are also of interest
as in the alternate quantization of the fermions — which would correspond to an alternate theory
breaking supersymmetry — they exchange roles with the poles. In this alternate quantization,
ordinary Fermi liquid behavior would appear for certain excitations, while the true ABJM theory
has only non-Fermi liquid excitations. We note that the zero/pole duality of [60} 61] is a consequence
of the symmetry of the Dirac equation under a flip of chirality, and does not obtain for our models
where the mass and Pauli couplings are nonzero.

As for N = 4 SYM, the ABJM theory again has exceptional cases at the limits of parameter
space. When one of the four charges is set to zero, we encounter again a naively singular geom-
etry, with vanishing entropy at zero temperature. An analysis closely following [76] holds, again
demonstrating pseudogap-like behavior, with a region in energy around the Fermi surface where the
fermionic fluctuations are perfectly stable. As in [76], there is a lift to a higher dimension resolving
the singularity, which also results in a constraint between the mass, charge and Pauli couplings of
consistent fermions, which are obeyed by all the cases in the maximal gauged supergravity. When
two or three charges are set to zero, we find renormalization group flow solutions, with only a
running scalar modifying the geometry. While these backgrounds are non-thermodynamic, they
may be of interest both in their relation to the nonzero temperature backgrounds with the same
charge, and as RG flow geometries in their own right. In these cases we are able to solve for the
fluctuations of fermions, and find the corresponding Green’s functions, exactly.

Overall a similar picture has emerged for the ABJM case as for the NV = 4 case: the bulk of the
parameter space, with all charges nonzero, leads to regular black holes dual to zero temperature
states with nonzero entropy showing non-Fermi liquid behavior. Limits of the parameter space
either lack horizons, or are naively singular, resulting in zero entropy states with an energy pseu-
dogap around the Fermi surface where the fermionic fluctuations are stable. For the ABJM case,
moreover, Fermi surfaces appear and disappear discontinuously around the most symmetric point
in the parameter space, suggestive of a quantum phase transition.

In section [2, we recap the M2-brane theory, describe the reduction of four-dimensional maxi-
mally supersymmetric gauged supergravity to the truncated model, present the general black brane
solution with four charges, and derive the Dirac equations of the theory’s fermions in these back-
grounds. In section |3 we review methods for solving these Dirac equations and generating Green’s
functions, presenting discrete symmetries of the equations and using supersymmetry to resolve the
apparent ambiguity in quantization for the fermions in asymptotically anti-de Sitter space. In

section [4] we review the properties of such equations in the background of regular extremal black



holes, present the solutions with three charges set equal and with charges set equal in pairs, and
numerically obtain Fermi surface singularities and their corresponding Fermi momenta, as well as
oscillatory regions and the locations of zeros of the Green’s function, for each fermion. In section
we consider the special case with three charges equal and one charge zero, and demonstrate the
existence of an energy gap wherein the fluctuations are exactly stable, and solve for the dispersion
relations for each fermion throughout this region. We match these results on to the limit of the
regular black holes. In section [0 we exactly solve the Dirac equations in the backgrounds where
two and three charges are zero, with the rest set equal, and again match the results onto the limit
of the regular sequence. Certain details of the gauged supergravity analysis, and of the lift of the

three-charge geometry to five dimensions, are presented in appendices.

2 Black branes and fermions in maximal gauged supergravity

We begin this section by reviewing a few features of the M2-brane theory and its gravity dual.
We then show how four-dimensional maximally supersymmetric gauged supergravity reduces to
a truncated bosonic theory and present its black brane solutions, and finally derive the Dirac

fluctuation equations for the set of spin-1/2 fields not mixing with the gravitino.

2.1 The M2-brane theory and its gravity dual

The three-dimensional exactly superconformal field theory living on a stack of N M2-branes is of
great interest, both in its own right as one of the three fundamental maximally superconformal field
theories (the others being four-dimensional N’ = 4 Super-Yang-Mills theory and six-dimensional
(2,0) theory) and as a potential source of insight into strongly correlated theories in two spatial
dimensions. It can be described as a Chern-Simons gauge theory with U(N) x U(N) gauge group
at levels (1, —1) coupled to bifundamental matter called the ABJM theory [79, R0, 8], 82, [83];
for reviews see [84], [85]. The R-symmetry group is SO(8), leading to four independent chemical
potentials. We are interested in studying fermionic response in this theory at finite density, that
is, with some combination of the chemical potentials turned on.

While the Chern-Simons-matter theory is the proper description, when identifying gauge-
invariant operators it is often sufficient to think simply about taking the 8 scalar fields X and
8 Majorana fermions A that describe the case for a single M2-brane (N = 1), and generalizing these
to N x N matrices; this is an oversimplified way of describing the theory, but allows us to simply
describe the operators we are interested in. The scalar X and fermion A transform in the 8, and 8,
representations of SO(8), respectively, and the supersymmetry transformation 6X ~ e['A together
with the product rule 8; ® 8; = 8;, + 56, for ¢, j, k different implies the supercharges are in the
8;. The 8, scalars X may be arranged into complex combinations, each of which has charge +1

under precisely one of the SO(8) Cartan generators. The 8. fermions \ are each charged under all
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four generators, with charges =+( ) + permutations. Turning on the chemical potential
for each Cartan generator will thus affect only two bosons, but all eight fermions.

Gauge/gravity duality calculates correlation functions of gauge-invariant operators, and the
chiral primaries and their descendants are the operators accessible to gravity calculations. In the
X, X notation, the chiral primary operators of the theory have the form Tr X*, k = 2.3,..., with
dimensions A = k/2. The lowest-dimension chiral primary Tr X? transforms in the 35, of SO(8),
and its first descendent is the lowest-dimension gauge-invariant fermionic operator Tr X A, which
has A = 3/2 and sits in the 565. This is the operator for which we will calculate Green’s functions
and investigate Fermi surface behavior. We will also have cause to mention the second descendant,
the bosonic operator Tr A\? with A = 2 in the 35.. A table of operators for this theory may be
found in [86].

The AdS/CFT dual of the M2-brane theory is given by the near-horizon limit of a stack of
M2-branes, which is M-theory on an AdSy x S7 background with N units of 4-form flux on AdSy
[4, B3]. The SO(8) R-symmetry is realized as the isometry group of the seven-sphere. In the
large-N limit, M-theory reduces to eleven-dimensional supergravity. The Kaluza-Klein reduction
of eleven-dimensional supergravity on S” [87, 88, [89] includes an infinite tower of supersymmetry
multiplets; the theory of the modes sharing the multiplet of the four-dimensional massless graviton
is four-dimensional AN/ = 8 (maximal) gauged supergravity [90, 91], which represents a consistent
truncation of the higher-dimensional theory [92].

Maximal gauged supergravity in four dimensions consists of the metric g,,,,, eight gravitino fields
¥ in the 85 of SO(8), 28 gauge fields AL/ = A,[f‘]] filling out the adjoint of SO(8), 56 spin-1/2
fermions X;jr = Xx(ijx] in the 565, and 70 scalars parameterizing an Er(7)/SU(8) coset transforming
in the 35, & 35, with the two sets parity-even and parity-odd respectively. Here I, J =1...8 are
SO(8) indices, and 4,7 = 1...8 are SU(8) indices. The scalars in the 35, are dual to the lowest

chiral primary Tr X2, and the remaining modes are dual to descendants, as summarized in the

table:

SUGRA mode gw VL, ALY xgr Re ¢gr Im dj
Dual operator TR ST I’;U Tr X\ Tr X? Tr \?
Conformal dimension | 3  5/2 2 3/2 1 2
SO(8) rep 1 8 28 56 35, 35,

Note the SO(8) triality frame is forced on us by the identification of the gravitini as dual to the
supercurrents S in the 8. We will be interested in the fermionic fluctuations of the Xijk, dual
to the operators Tr X \. The set of charge vectors of the 565 contains three copies of the 8, each
vector with norm 1, as well as 32 unique charge vectors with norm v/3. The former may mix with

the gravitini, and so to avoid this complication it is the latter we will consider.



In the next subsection, we will relate the bosonic sector of this theory to a truncated theory
consisting of the metric, four gauge fields and three scalars, and discuss the black brane solutions of
this truncated theory. In the subsection following, we will derive the Dirac equation for linearized

fluctuations of the x;;, in these backgrounds.

2.2 Bosonic sector of maximal gauged supergravity

The coset representative containing the scalars is written in the form of a sechsundfiinfzigbein

(56-bein) [91]:
po (U voke) (1)
,UklIJ uleL

Here each pair IJ or ij is antisymmetric, and thus may be thought of as a single composite index
running from 1 to 28, decomposing the 56 x 56 coset representative into 28 x 28 blocks correspond-
ing to v and v. Everything in the Lagrangian involving the scalars, including the potential and
interactions, can then be written in terms of the u- and v-tensors thus defined. Important objects
are the T-tensor,

kL : A
77" = (Mg + ") (w0 = vin o™ (2)

the A-tensors derived from it,

4 9 4

1
Ay = ﬁTikja Aiil = _gTi[jkl] ) (3)

and the S-tensor, which can be defined in terms of the equation
(u ,; + v SITIEL — 40 (4)
A derivative of the scalar is represented as Affkl,
‘A,ijl — 93 (uijIJauvklIJ _ vijIJauuklIJ> . (5)
The parts of the N’ = 8 Lagrangian involving the metric, scalars and gauge fields are

1, 1 y
L = R AL — (B (28T =5 ) PP b ) = V(@) (6)

with the self-dual and anti-self-dual parts of the field strength and the generalized Kronecker delta
defined as Fljf, = L(Fuw + teupoFP7) and 687, = (6567 — 616%F), and the scalar potential given
by
o (32 1,2 2
V=-2g Z’Aij’ - ﬂ‘Aijkl‘ . (7)



We will use the so-called symmetric gauge [91], where the 56-bein reduces to

S I T
V—ep[ 2\/§<¢mnpq O)], (8)

with ¢;;x; obeying the self-duality relation ¢;;x; = ieijklmnpngm”pq. In this gauge the scalar kinetic
function reduces to

A,uijkl _ 8ﬂ¢ijkl ) (9)

Following Duff and Liu [77], we can reduce to a truncated theory including only the metric, the

four Cartan gauge fields, and three scalars ¢4 using the ansatz

1
¢’L]kl - ﬁ

[91(" + ) iju + D2(€" + )i + d3(e™ + )il - (10)
Here the special Levi-Civita symbols e%.il are non-zero only when the indices i, j, k,l take values
within the index pairs specified by the superscripts, where a = 1, ...,4 runs over the SO(8) index
pairs {12,34,56,78}. For example, e%fkl = 1(—1) when 4,7, k,l is an even (odd) permutation of
1,2,5,6. One can then see using @ and @ that ¢1, ¢2, ¢3 have canonical kinetic terms.

One may now calculate the v and v tensors in terms of this scalar ansatz, and from them the

T-, A- and S-tensors. We present the results in the appendix. One then finds the potential
V = —4g°[cosh ¢ 4 cosh ¢y + cosh 3] . (11)

Finally, we define the gauge fields Aj, AZ, Aj, Aﬁ in terms of the Cartan generators Aﬁ‘] as

12

Al 11 1 1) (4

34 -1 - b

Sl R R Y A A 12)
AN 2v2 1 -1 1 -1 | A

78 d

AT 1 -1 -1 1) \aAd

where the factor 1/2v/2 is for obtaining canonical gauge kinetic terms, and the matrix may be
thought of as an SO(8) triality rotation [77], which diagonalizes the couplings to the scalars. The

Lagrangian for this restricted set of fields is then

-1 2 —Xi 2
e L=R 5 (0)” + 5 (cosh ¢1 + cosh ¢g + cosh ¢3) 1 E e “F7, (13)

i=a,b,c,d

where

Ma=—1—P2— 3, M=—¢1+d2+d3, A=d1—da+d3, Ag=¢1+d2— g3, (14)



and where we have defined] L, .

T

Families of black brane solutions are known in this truncated theory [77, [78]. The black branes

(15)

asymptote to the Poincaré patch of four-dimensional anti-de Sitter space. In general the three
scalars of the truncated theory run with the radial coordinate, and the electric potentials of the
four gauge fields are turned on as well, which will be associated with the nonzero chemical potentials.

The solutions are of the form [78],

2B(r)

ds? = A0 (“h(r)d? + d72) + eh o

They are characterized by four charges (); and a mass parameter, the latter of which we may trade

dr?, A; = O4(r)dt, pa=da(r). (16)

for a horizon radius ry. It is convenient for us to take @); > 0, and separate out the signs of the

gauge fields 7; = £1. Then in terms of the functions

Qi

Hy=1+-7, (17)
the solutions are
A(r)=—B(r) = log% + i Zlog H;, (18)
o, rre + Qa)(rH + Q) (ru + Q) (ru + Qa)
M = T QI Q) TR +Ga) 1)
1, [H.H, 1, (H,H, 1, (H.H,
¢1—210g<HcHd) ) ¢2—210g<HbHd> ) ¢3—210g(HbHc> ) (20)

®; =

ni [Qi /(ru +Qa)(rm + Qp)(r + Qc)(rm + Qu) (1 o TH +Qi) _ (21)

LYV ry TH + Qi r+ Qi
The horizon r = ry is the largest zero of the horizon function h(r). These solutions are asymptot-

ically anti-de Sitter at large r,

A(r—>oo):—B(r—>oo)—>log£,
b (22)
h(r — o) =1, pA(r — o0) =0, ®,;(r — 00) — const,

with AdS radius L. These black brane solutions, when lifted to 11D, have the interpretation as
rotating M2-brane configurations, with the conserved charges corresponding to conserved angular
momenta in the eight directions transverse to the branes; this is analogous to the five-dimensional
solutions studied in [70], corresponding to rotating D3-branes.

The thermodynamics may be calculated from standard formulas, with the temperature T and

'Our normalization of g is from [01] and matches [77]; [78] uses a g smaller by 1/1/2.



entropy density s determined by the metric,

_ 1 A(re)—B(ri) 1 g
T = 47Th(rH)e ) 8= a¢ , (23)

and the chemical potentials p; and charge densities p; for the conserved charges from the near-

boundary expansion of the gauge fields,

Q;(r — o0) = ulL — 87T(ij +... (24)
The results are

_ Vrr £ Qa)(ri + Q) (ri + Q) (ru + Qa) ( 1 1 1 1 1
= AmL? _TH+7‘H+Qa+7”H+Qb+7“H+QC+TIET+)Qd

25

s= 2apa V0§ Qa0 T Qo+ Q) + Qa), (26)

i [Qi V(e + Q1) (rm + Q2)(ra + Q3)(ri + Qu) (27)

Hi = L2 rH rg + Qz ’
pi= 1\ [S, (28)

- 2\ ry
Extremal black holes have T' = 0, and generically display a double pole in h(r — 7). It will be
extremal solutions that we will focus on.

The simplest special case is the so-called four-charge black hole (4QBH) where Q, = Q =
Q. = Qg; here the scalars all vanish and we are left with a Reissner-Nordstrém black brane. If
A, = Ay = A. = Ag = D4(r)dt, then the 4QBH solution is
Q4 r(rg + Q)

A(r)=—-B(r) = log% + log <1 + r) , h(r)=1- m, (29)

0u(r) = 24 L+ oy (1- D). (30)

Other simplifications can be chosen where two or three charges are set equal, which we will discuss
in later sections. Interesting special cases arise when one or more charges @; vanishes, which we
will explore in turn. For now, we turn to the fermionic Lagrangian. In what follows, we take all

the signs of the charges to be positive, n; = +1.

2.3 Fermionic action

We are interested in the quadratic action for spin-1/2 fields. In general spin-1/2 fields may mix
with the gravitini. The 564 representation consists of 32 unique weight vectors, along with three

copies of the weights of the 8;. Because the bosonic fields turned on in the background are all

10
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neutral under the Cartan gauge fields U (1), x U(1), x U(1), x U(1)4, and the action must respect
this gauge symmetry, fermi fields can only mix in the quadratic action if they have the same weight
vector. Thus the 32 spin-1/2 fields that have unique weight vectors cannot mix with the gravitini
or each other. We will therefore consider these fields, and drop the couplings to the gravitini.

The quadratic fermion Lagrangian for these fields has the form [91]:

- i, » )
e 1L = E(XZJk’y#DuXijk - lekEM’Y”Xijk) - §(FJ;IJSIJ,KL0+,M1/KL the)
31)
V2 o i (
+ (mgewklmnquQTImnXiijpqr + h.c. .
Here ST/KL and A2 are the scalar tensors defined previously 7 7 and OF*17 i a tensor

quadratic in fermion fields and dependent on the scalars, given by (dropping gravitino terms)

rlmn

. V2 o B
uszJO:-V]J — m Ewklmnquklmo'qunpq~ (32)

The covariant derivative acting on the fermion is

1 1 1
Dy Xijk = VuXijk — 58“ Lixage — 55’# Lix — 53 "X (33)
with V,, containing the spin connection,
=0, — 1w o 34
V= w T g %abV (34)
and where the composite connection is
9, . .
Bulj = g ( lkIJallujkIJ . ,UzkIJauvjle) _ 29Aulj , (35)
which for the ansatz evaluates simply to
B, =—2gA,";. (36)
The covariant derivative thus becomes
Dxijk = Vuxijk + gAulinjk + gAuleilk + gAulkXijl . (37)

Note that in this background, SU(8) and SO(8) indices are freely mixed together. One must still

be careful to include factors of u to translate between the two index types in appropriate places,

as in .

In dealing with the hermitian conjugates in , we note that in our background ST/5% and

11



Al oy are real, and that (O}, ") = O, !/, Thus in the Pauli term the only thing that is different
in the conjugate term is F'* — F~. In the mass term the conjugate flips the x and the Yy, but since
the fermions are Majorana, we have Ay = YA and this just adds a factor of two. Integrating the
kinetic term by parts and substituting for g, we can rewrite the fermionic Lagrangian as
eilﬁ :6>Zl]k7uvuXijk + 61jklmnqu2

ik l -
2\/*LXU Y Au iXljk + ﬁ rlmnxijkqur

v, (38)
- 288 ,umj SUM( )klmnemnquStu)_(pqrauVXstu .
Thinking of the x;ji as a 56-component vector X, this Lagrangian has the form
1 =, . —
e 1L = X"V, 1+ Q + M+ P)y (39)

where 1, Q, M and P are 56 x 56 matrices for the kinetic, gauge, mass and Pauli-type terms,
respectively. We then diagonalize these matrices to find eigenvectors and eigenvalues. Diagonalizing
first the gauge term, we find 32 eigenvectors with distinct, non-degenerate eigenvalues, and 24
eigenvectors that are degenerate in groups of three, as expected. The latter contain some additional
mixing to the gravitini which we have ignored, and therefore we set them aside. The remaining 32
cannot mix thanks to gauge invariance, and are therefore also eigenvectors of the mass and Pauli
terms.

In general the eigenvectors are complex linear combinations of the form x = x1 + ix2 where x1
and x2 are two of the x;j, and are hence Dirac spinors; 16 are then conjugates of the other 16.

The Dirac equation for these eigenvectors takes the form

[Z’Y“V;H' Z mei/? 4 A Z quz + SJMV Z (pie_)\i/QFliu)]XZO - (40)

i=a,b,c,d i=a,b,c,d i=a,b,c,d

Here, m;, ¢;, and p;, i = a,b,c,d are integer numbers characterizing each fermion. The \; are

combinations of the scalars given in . The table of 16 independent eigenvectors is
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x\9a:00:092) | Operator | mq | my | Mc | Ma | o | @ |G | a4 | Pa | Po | De | Pa
XTI N T ZiAg | =3 | 41 | 41 | 1 [ 43| =1 | 41 [ +1 ]| =1 | -1 [ +1| +1
X FBFL=LAD e Z0As | =3 | 41 | 41| 41 [ 43| 41| -1 |41 | -1 |41 | -1]+1
B FLAL=D e Z0 Ay | =3 | 41| +1 | +1 [ 43 | +1 | 41| -1 | 1| 41| +1] -1
XTEFBALAD A Te ZoAy [ 41 | =3 [ +1 | +1 [ =1 [ 43 | +1 | +1 | =1 | =1 | +1| +1
XL Ty ZoAs | 41 | =3 | 41 | 41 [ +1 | 43| -1 | +1 | +1| -1 | 1] +1
XFUEAL=D N Te ZoAg | 41 | =3 | 41 | +1 [ 41 | +3 | 41 [ =1 | +1| -1 [ +1| 1
XCLFLESAD T ZogAy | 41 | 41| =3 | 41| -1 | 41 | 43 | +1 | 1| +1 | -1]+1
LA Ty ZoAy | 41 | 41| =3 | +1 [ +1 | =1 | 43 | +1 | +1 | -1 | 1] +1
XFUALE=D N Te ZgAy | 41 | 41| =3 | +1 [ 41 | +1 | 43 | -1 | +1 | +1 | -1]| -1
xCWFLALE) e Zy Ay | 41 | 41| 41| =3 | =1 | 41| 41|43 1| 41| 1] 1
XA T ZyAy | 41 | #1 | A1 | =3 [ 41| =1 | #1 | 3 1| -1 | 1| 1
XA Ty ZyAg | 1 | 1 [ 41| =3 |+l |+ | =1 | 43| 41| +1 | —1] -1
xS0 e Z0Ay | =3 | 41| 41| 41|43 -1 1| -1|—-1]-1]-1]-1
XU L=D Ty oAy | 41 | =3 | 41| 41| -1 | 43| 1| 1| —-1]-1]-1]-1
xBTS T ZgAy [ 4L | 41| -3 | 41 [ -1 -1 |43 | -1 -1|-1|-1]-1
XL e Zy Ay | 41 | 41| 41| =3 1| -1 -1 |43 -1]-1]-1]-1

The 16 conjugate fermions simply have (my,q;,p;) — (m;, —qi,—p;). The g; in the table are
proportional to the 32 weight vectors of the 564 representation of SO(8) with norm v/3, as expected,
and can be characterized as follows: one of the four ¢; is ¢; = 3. Of the remaining three g;, an odd
number (either one or all three) are —1, with the remaining charges, if any, equal to +1. There
are 16 such combinations. We identify the dual operators in the table, where the complex scalars
Zj = Xoj—1+1iXoj, j = 1,2,3,4 have weight vectors proportional to (+1,0,0,0) and permutations,

and A; = Agj_1 + iAo, j = 1,2,3,4 are complex combinations of the eight spinors with weight
1111

2120202
The m; are then determined by the ¢;: if |¢;| = 3, m; = —3, while if |¢;| = 1, m; = 1. Finally

vectors proportional to ( ) and permutations.

the p; are all 1, and are simply the ratios

pi ) (41)

for each ¢. Thus the four charges completely characterize the Dirac equation. We note that for

each fermion the m; satisfy

Mg +mp +me+mg =0. (42)

We find it useful to sort these fermions into two categories: the first 12 are net-charged fermions,
for which only one ¢; is —1, and for which ), ¢; = +4 and ), p; = 0, while the final four are the
net-neutral fermions, for which three ¢; are —1, and for which ), ¢; =0 and >, p; = —4.
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3 Fermionic Green’s functions

In this section, we discuss how to solve the Dirac equation obtained in the previous section, and
review how the retarded Green’s function may be obtained from such a solution. There is an
apparent ambiguity in how to treat the quantization of this fermionic fluctuation, and we discuss
how this ambiguity is resolved by supersymmetry.

3.1 Solving the Dirac equation

Solutions to Dirac equations of the form were discussed in [I0] for constant mass and gauge
couplings, and Pauli couplings were added in [28] 65]. Further development, including cases with
scalar-dependent couplings, was carried out in [70), 47, [76]. We begin by Fourier transforming the

t, & directions and rescaling the spinor Yy,
Y = (EGAh)—1/4e—iwt+ika:¢ ’ (43)

where w is the frequency and k is the spatial momentum (chosen to lie in the z-direction) of the
fermion mode. The factor of (e%4h)~1/4 is chosen so as to exactly cancel the spin connection term
coming from V, in the Dirac equations above. Next we choose a Clifford basis where the relevant

matrices are block diagonal,

; 103 O ~ g O ; 109 0
= T = L 4= ") (4)
0 o3 0 o1 0 —i09

We can characterize the four components of the spinor as

Yax = 1laPrtp. (45)

with a = 1,2, in terms of the projectors
— 1 a; P oL _ 1 . 7
Hazi(l—(—l) z’y’y’y), Pizi(liw). (46)

The two-component objects ¥4 and ¥ _ (each with both values of ) transform as three-dimensional

Dirac spinors. However, it is in terms of the two-component objects 1,

Ya—
o = 47
w ( 1/@—5— ) ( )

14



(which are not lower-dimensional spinors) that the Dirac equation decomposes into two decoupled

pairs of equations:

(8T+X03+Yi02+201)¢a:0, (48)
where
<’ Ai/2 y—_ - [(—1)%k — v] (49)
X =- mge’ =— u, =— —1)% — v/,
4L\/E§; vh Vh
with
u:i[w—FiZqCP] U:izp,ef&'ﬂa b, (50)
\/E 4L - K3 | 4 - (2 T (2

We note that the solutions for ¥,—1 and ¥,—2 are related to each other simply by k — —k.
We may turn the coupled first-order equations into decoupled second-order equations for

each component,
me = Fepl o + (FX = X2+ Y? — Z° £ XFy) thor =0, (51)

with Fy = 0,log (FY + Z), where we keep in mind that keeps the solutions for different
components from being independent. The form is convenient for an analysis at r — oo, but

for r — rp it is convenient to define the combinations [47],
Us = +ithy (52)
in terms of which the Dirac equations become
U +iYU_ = (-X +iZ)Uy U, —iYU; = (X —iZ)U_. (53)
From here one can derive the uncoupled second-order equations

U' +pU 4+ (1Y = X?>4+Y? - Z2 +iYp)U_ =0
Ul +pU, + (=Y = X2 +Y? - 22 —iYp)Uy =0 .

with p = =0, log(—X +i2).

We note there are two independent discrete transformations acting on the Dirac equation.
Conjugation is implemented by showing that if y satisfies the Dirac equation with parameters
{mi, q;,pi}, then 7" x* satisfies it with parameters {m;, —¢;, —p;}. Conjugation of also ex-

changes the signs of k and w, so the net transformation is
Conjugation : q— —q, D— —p, w— —w, k— —k, (55)

which is equivalent to Y — —Y, Z — —Z; one can see the ¢+ second-order equations respect this
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symmetry, while it exchanges the equations for Uy and U_. Meanwhile one can also show that if
X satisfies the Dirac equation with parameters {m;, ¢;, p;}, then ~v5x satisfies it with parameters
{=m;, qi, —p;}. The chirality matrix exchanges both ¢, and 1 and the two values of «; since the

latter is equivalent to flipping the sign of &k, we have
Chirality flip : m— —m, p— —p, k— —k, Yy P, (56)
which is X — —X, Z — —Z; while this exchanges ¥ 1 <> ¢_, it is a symmetry of the UL equations.

3.2 Quantization of Fermi fields and Green’s functions

To define any field in an asymptotically anti-de Sitter space, one must impose appropriate boundary

conditions at r — co. The functions appearing in the Dirac equation have the asymptotic behavior

L vL? kL?
X o=y, 2 g R (57)
T T

with mg the value of m(¢) at infinity, and
O =w+ qAlo(r = o00). (58)

We discuss this first for the case of general myg, discussed in [93], and then specialize to our case,

where my = 0. The behavior leads to the near-boundary second-order equation,

2 m2L? + moL
Yox + ;%i - 2 Vot , (59)

The asymptotic solutions are then,

woz-i- ~ Aa+(w7 k)rmOL + Boz-i— (w, k)rimOLil ) %— ~ Aa— (w7 k)rimOL + Ba— (w, k)rmOLil )
(60)

or in terms of the original spinor,

Xat+ ~ Aa+(w’ k)r—d/2+moL + Ba+ (w7 ]{:)T_d/2_m0L_1 ’

(61)
Xa- ~ Aa—(w, k)rid/%moL + Bo—(w, k:)rid/ZeroL’l .

Using the full Dirac equation on the asymptotic solution , one finds that the By are not

independent of the A+, but rather are derivatives of them:

L3 (@ + (—1)%k)

B.. —
oF 2moL F 1

Aoz:l: s (62)
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One must choose whether Ay or A_ is the mode that one imposes boundary conditions on; this is
only allowed when the mode is normalizable, which depends on the value of mgy. The chosen mode
is then interpreted as the response (vev) of the dual operator, while the other mode is interpreted as
the source. The retarded Greens function is then given by the ratio of the response over the source,
for a solution of the Dirac equation for which infalling boundary conditions have been imposed at
the black hole horizon.

The A_ quantization is allowed for moL > —1/2 and corresponds to a dual operator with

A =d/2+ moL, with Green’s function

(A_ quantization) (63)

while the A, quantization is allowed for moL < 1/2 and corresponds to a dual operator with

A =d/2 —moL, with Green’s function

. (A4 quantization) (64)

For the range —1/2 < mgL < 1/2, both quantizations are possible. Note that the Green’s function
is diagonal on the space of two-component spinors o = 1,2; in what follows we will pick a single
component « = 2 for convenience, knowing that Gr1(k) = Gra(—k).

Now for our special case mg = 0, we find 14 and ¥_ have the same scaling in 7:

Ba ) k Baf 5 ]C
1/)04-&- ~ Aoz-‘r(wv k) + Jrffﬂ) ) wa— ~ Aa—(w7 k) + 7(}}) . (65)
The leading term in X is now
mi
and the relations between the B+ and A4 from the first-order equations are modified to
Bos = FLA (@ + (—1)%k) Apr £ miAps . (67)

There is now an ambiguity in the identification of the source and the response: both A, and
A_ appear in symmetric fashion with the same scaling in r, appropriate to the situation where
A = 3/2 = d/2, and the operator and its source have the same conformal dimension. In the case
of scalar fluctuations in AdS/CFT, the A = d/2 case involves a term of the form r~%?2 and a term

of the form r4/2

log r, and there is only one conformally invariant choice of quantization [94]. For
spinors, however, there is no log and two choices of quantization are possible.
In the simple case of a fermion with m = p = 0 exactly, the chirality flip implies that the

two quantizations are equivalent up to k — —k, so there is no loss of generality to simply picking
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one; this is the case usually discussed in the literature, for example [10]. However in our case, both
p and m are nonzero (though m is asymptotically zero) and depend on r. In this more general
situation, the two different choices of quantization lead to distinct physics; in particular, for us,
they will exchange poles of the fermionic Green’s function with zeros. This exchange in the m =0
case was noted in [60]. Thus we must find a way to resolve the ambiguity to correctly identify the
fermionic response.

To resolve the issue, we will use supersymmetry. The 70 scalars of maximal gauged supergravity
are divided into 35, parity-even scalars with A = 1, and 35, pseudoscalars with A = 2. All the
scalar modes, however, asymptotically have m?L? = —2. The well-known analog of for scalars
is

d |2
p=A (T t)r D+ FA(F ) r A+ Ap=g o+ +m2L2, (68)

which for the case at hand gives A_ =1, A} = 2. Again there is a choice of quantization [94], and
to match the dual field theory, we must place the 35, scalars in the alternate quantization to get
A =1, and the 35, pseudoscalars in the regular quantization to obtain A = 2. We now show how
supersymmetry relates this choice of scalar quantization to a definite choice of spinor quantization.
These results were discussed in pre-AdS/CFT language in [95] [96]; for a related discussion see [97].

It is sufficient to consider a single N' = 1 supersymmetry, under which a scalar ¢, a pseudoscalar
P and a Majorana spinor x assemble into a single chiral multiplet. The action for such a multiplet

is
1 4 nz nz s W 2 .2 2 p2 -
S = B d x\/—g< — 9" 0,00y ¢ — g" 0, POLP + ixy"Vux — mgo” — mpP” — mxx) , (69)

where the scalars have masses

m 2 m 2
mi’5<m2_L_L2>’ m%z(mZ—i—L—B). (70)

Being in anti-de Sitter space has split the three masses of the multiplet, but all masses are deter-
mined by the single fermion mass parameter m. It is straightforward to see that as m varies from
m = —oo to m = oo, the scalar mass-squareds go down from infinity, reach a minimum at the
Breitenlohner-Freedman bound m%FL2 = —%, and go back to infinity. The action is invariant

under the transformations

0p =&y, 0P = igysx, ox = — [ivF0u(o +isP) +

%(¢ —i5P) + m(p + i757’)] e. (1)

Our strategy is to use a Killing spinor of the AdS background to generate a near-boundary solution
for the scalars from a near-boundary solution of the spinor; this will match the fluctuations on

which boundary conditions are imposed between the scalar and spinor sectors, which will allow
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us to choose our spinor quantization. A Killing spinor is obtained by requiring that the gravitino

supersymmetry variation [91],
51% =2V, — i\/ﬁgA{i'yﬂsj +..., (72)
vanishes. In AdS space where Aij = 6% this becomes
0y, =2V e — 7€ =0. (73)
The r-dependent Killing spinor solution for any ¢ is:
e(r) = 7“1/25—:@ , (74)

with +"-chirality ey = Pyey as in . The supersymmetry variations of the scalars with this

Killing spinor as supersymmetry parameter then each involve only one of x,

dp=ex—,  OP=1iys5x+. (75)
Consider the A_ quantization of y; this is permitted for mL > —1/2, and has

3
Ay=5+mL. (76)

We consider a fluctuation of y with no “source” term; thus only A_ and By are turned on:
— B+T_5/2_mL, Yo = A,T_?)/Q_mL ) (77)

We then find the corresponding scalar fluctuations,

—mr—1 (1 _(0) —mL—2 (1 _(0)
o :7“le< &l A_>, 6P:rmL2< € By ). 78
Thus supersymmetry requires we pick the quantizations of the scalars giving the operator dimen-

sions

Ay=1+mL, Ap=2+mL. (79)

Analogously, the Ay quantization would lead to Ay = 2 —mL, Ap =1 —mL. For us, we require
Ay = 1, Ap = 2, which obtains for m = 0 in the A_ quantization, with the response in x_ and
the source in 4. Thus we have resolved the ambiguity, and will be our expression for the
fermionic Green’s function.

The A, quantization would place the scalars in the regular quantization and the pseudoscalars

in the alternate quantization, contrary to maximal gauged supergravity. In principle this repre-
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Figure 1: A cartoon of the parameter space of black holes we consider.

sents some other non-supersymmetric AdS/CFT dual pair. Since the Green’s functions for the
two quantizations and are reciprocals, the poles and zeros of the Green’s function are
exchanged between the two. We will indicate the zeros of the Green’s function in many of our
backgrounds; one may give them the alternate interpretation as Fermi surface singularities for the

non-supersymmetric theory of the other quantization.

4 Regular black holes and non-Fermi liquids

We turn now to solving the Dirac equation to obtain retarded Green’s functions for different
fermions at zero temperature and various values of the chemical potentials, obtaining informa-
tion about the fermionic response over the parameter space of the ABJM theory.

In principle, one could study the entire black hole parameter space of four independent charges
of black holes. However, dealing with four charges can be somewhat tedious. To simplify matters,
we will consider a truncated parameter space, examining two classes of simplified black holes: one
class with three charges set equal, and the other distinct (the “3+1-charge black hole”) and one
with the four charges set to two values in pairs (the “2+2-charge black hole”). As we will see, each
class simplifies the solutions to consist of two gauge fields and a single scalar. Since only the ratio
of charges matters, the parameter space consists of two one-dimensional segments that intersect at
the point where all four charges are equal, the four-charge black hole, which has vanishing scalars
and is simply a Reissner-Nordstrém black brane. A cartoon of the parameter space is displayed in
Figure

Generic black branes with all four charges nonzero are “regular”, with a regular horizon, and
display qualitatively similar behavior; these will be explored in this section. Novel phenomena

occur when one or more charges vanish. These interesting special cases occur at the boundaries
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of our parameter space, and we will investigate them in more detail in future sections. While
we do not cover the entire parameter space of four charges, we expect that the unexplored areas
are qualitatively similar to corresponding regions in our explored space with the same number of

nonzero charges.

4.1 Regular black holes and non-Fermi liquids

Regular black holes are characterized by a regular horizon; for the extremal case there is a double
pole in the horizon function, h(r) ~ (r — rg)?, but the horizon remains of nonzero size. Since the
entropy density of the dual field theory is simply proportional to the area of the horizon, these
systems have a nonzero entropy density even as the temperature goes to zero. Zero entropy at zero
temperature will require a singular event horizon, as we review in a later section.

The fermionic response of regular black holes was considered in [10] for fermions with constant
masses, and Pauli couplings were added in [65, 28]. In [70], it was shown that top-down super-
gravities in five dimensions generically are of this type, albeit with masses and Pauli couplings
depending on the radial coordinate; this did not change the overall structure.

Let us review how the Green’s function may be calculated in this case. One must solve the
Dirac equation for a fermionic fluctuation with infalling boundary conditions at the horizon, and
then calculate the ratio of the components near the boundary. For the general case of w # 0,
this can be done straightforwardly. Near w = 0 there is a subtlety [10]. For Dirac equations in the

background of regular extremal black holes, the near-horizon (r — rg) limit has the structure

" 1 , #HLAL? #'L2w v? _
U +<T_TH+...>U +<(T_TH)4+ =P (r_rH)er...)U_o, (80)

where # and #' are constants we are not interested in and v is a constant we are interested in, and
we have neglected both higher-order terms in 1/(r — rg) and in w. Because the near-horizon and
small-frequency limits do not commute, to study dynamics at low energy one must define an inner
region with w — 0, » — rg, w/(r — rg) fixed, where the infalling boundary condition is imposed;
this is then matched to an outer region with w = 0 strictly, and the result may be extended to
small w. The inner (IR) region for black branes in AdS;,; has the geometry AdS; x R*!, and
this region governs the low energy properties of the dual gauge theory. An infalling solution at the

horizon translates to a solution bridging the gap between inner and outer regions with the form

1

U~ (r—ry) 2™ +Gw)(r —ry) 27", (81)

where the relative weighting G(w) between the two solutions depends on k and the other parameters
as well. Thinking of the two terms in as the source and response in the near-boundary region

of an AdSs fluctuation, we may interpret G(w) as an AdSs Green’s function.
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The exponent v takes the form

1/2:yr2n+1/1%—yé, (82)

where v, depends on the mass parameters m;, 1 depends on the momentum k and the Pauli
couplings p;, and vy depends on the charges g;; all three depend on the ratios of chemical potentials
encoding where we are in the parameter space. The term VI% depends on k and the p; only in the

combination k2, where

kEk’JrZaipmz’, (83)

i
where «a; are some constants and p; is the corresponding chemical potential, so the effect of the
Pauli couplings is to shift the momentum. In [34], the combination of the terms v2 — I/g was

identified as being proportional to the inverse correlation length squared,

vy f2 . (84)

where for our more general case we have replaced k? with k2.

For regions where the contribution of the charge to is not too strong, v? is positive and
one may find Fermi surface singularities where the retarded Green’s function G diverges at w =0
for some k = kp, corresponding to the vanishing of the source term A_. Negative values of kp
correspond to Fermi surfaces for the antiparticles associated to our (Dirac) fermionic operators.
One may then determine the properties of excitations near the Fermi surface using G(w). The full

form of G(w) is recorded in [10]; for small w it scales as a power law,
G(w) = le(k)le™ (2w)™, (85)
with real quantities |c(k)| and ;. The phase 7% can be written as

Vi = arg (F(—QV) (6_27”” — 6_27”"1)) ) (86)

The retarded Green’s function near the Fermi surface for small w takes the form

hi

Gr(k,w) ~ . ,
R( ) ki — iw — hoekE (2w)2VkF

(87)

with hi, ho positive constants and k| =k — kp.

While hy and hs depend on the details of the UV physics, certain properties are determined
solely by the IR AdSj region [10]. The denominator of determines the dispersion relation of
fluctuations near the Fermi surface. The nature of the dispersion relation depends crucially on vy, .
For vy, > 1/2, the leading imaginary part comes from G(w), but the leading real part comes from

the generic O(w) corrections given by the 1/vp term. In this case the ratio of excitation width
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I" to excitation energy w, goes to zero as one approaches the Fermi surface; the excitations are
true quasiparticles and the system behaves as a Fermi liquid. The leading dispersion relation is
wy ~ vrk,, and the residue Z quantifying the overlap between the state created by the fermionic
operator and the quasiparticle excitation approaches a nonzero constant proportional to vg.

On the other hand, if v, < 1/2, both the leading real and imaginary parts of the dispersion
relation come from G(w), and they are of the same order; we can ignore the Fermi velocity vp term

as subleading. The ratio of the excitation width to its energy then approaches a constant, given by

r
—tan<%F>, ki >0,
Wi 2VkF (88)
:tan<7kp—7rz>, ki <0,
2V,
where the exponent is )
z = o (89)

In this case the excitations remain unstable as one approaches the Fermi surface; this behavior is
similar to what one expects in a non-Fermi liquid. The dispersion relation between the excitation

energy wy and the momentum k| is then

w ~ (k1) (90)
Furthermore the residue Z vanishes at the Fermi surface like

Z e~ (k) (91)

another property characteristic of a non-Fermi liquid. The intermediate case of vy, = 1/2 is the
so-called marginal Fermi liquid, where the ratio I'/w, and the residue Z vanish logarithmically in
w as the Fermi surface is approached.

If the charge contribution to is sufficiently strong, v will become imaginary. This has been
interpreted as the AdS; region developing an instability to pair creation of charged excitations [98].
The range of k for which this is the case is called an oscillatory region, as the retarded Green’s
function displays periodic behavior in log w [8, I0]. In this case the boundary condition (81
acquires a complex exponent, and in general one cannot have Im G]Sb1 = 0 even when Re G]_%1 =0;
thus there are no Fermi surface singularities, as the width of would-be excitations persists even as
the energy goes to zero, washing out the Fermi surface. We will find lines of Fermi surfaces as we
vary the chemical potentials that terminate at an oscillatory region.

While bottom-up models can easily show both Fermi and non-Fermi liquid behavior, N' = 4

Super-Yang-Mills at finite density was found at strong coupling to exclusively have excitations
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behaving as a non-Fermi liquid [70]. A primary result of this work is that the ABJM theory is
the same: only non-Fermi liquid behavior is found. It is interesting to note that for the alternate

non-supersymmetric quantization this is no longer the case.

4.2 The 3+41-charge black hole

The 3 + 1-charge black hole solutions (3+1QBH) are defined by setting three of the charges equal,
while allowing the fourth to vary independently:

=0, (Q3=Qr=Q.=0Qq. (92)
The corresponding gauge fields turned on in the bulk are
a=A,=d(r)dt, A=Ay =A, = Ay = P3(r)dt, (93)

with field strengths f = da, and F' = dA. This simplification also relates the three active scalars

to one another,
¢=—¢1=—¢2=—¢3, (94)
where the minus sign is for later convenience. The simplified Lagrangian then becomes
3 6 3 1
e 'L=R- §(a¢)2 + 12 cosh ¢ — Ze‘z’F2 — Ze*?"bf2 . (95)

The (3+1)QBH solutions are

A(r)=—-B(r) = log% + ilog (1 + Cf}) + zlog (1 + Ci3>
o rlru+ Q1) (re + Q3)° 1 Qs\ 1 Q1
R NN CEo N I T (”r) “ gl <1+T> (96)
By (r) = m @(TH+Q3)3/2 (1 B TH+Q1>
UL ra (rg + Q1)Y?2 r+ Q1
0a(r) = 2\ Lo+ Qe+ @) (1 - L)

with temperature and entropy density

3 +2QirH — Q1Qs [rE + Q3 1 3/2 12
r= dmL2ry Q0 @(TH +Qa)" Q1) (97)
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Figure 2: Class 1 fermions for the (3+1)QBH. Fermi surface singularities are shown as blue dots,
while zeroes are marked by empty circles. The green hatched region is the “oscillatory region”
characteristic of an infrared instability towards pair production in the bulk. The solid blue contours
bound the region of Fermi surfaces with non-Fermi liquid-like excitations.

and the chemical potentials and charge densities

m [Q1 (ru + Q3)*? s [3Q

~m |G s [3Q3
=5 S, P3 =75\ S
2w\ ry 2\ ry

p1 (99)

Y

where the factor of /3 comes from defining pus and p relative to a canonically normalized gauge
field v/3A.

We will be interested in extremal black holes, which satisfy

3r% +2Q1ry — Q1Q3 =0 (extremal (3 4+ 1)QBH). (100)

To solve ([100)) it is generally most convenient to eliminate @)1 in favor of Q3 and rp,

2
3ri;

9o

(extremal (34 1)QBH), (101)
indicating Q3 > 2rp for extremal solutions (recall we have taken the @; positive). These black holes

all have a nonsingular event horizon at » = ry, and are thus regular. Correspondingly, the entropy

density (which is just the area density of the event horizon) is nonzero, even at zero temperature.
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Figure 3: Class 2 fermions for the (3+1)QBH. These modes are unique in that they exhibit multiple
Fermi surfaces for small pp.

The parameter space is naively two-dimensional, but since the underlying field theory is con-
formal, only the ratio of dimensionful quantities matters; hence there is a one-parameter space of

extremal solutions, given by 75 /Q3, or equivalently by the ratio of the chemical potentials:

P ] (extremal (3 + 1)QBH). (102)
p3 Q3

This runs over values 0 < ur < 1. The endpoints of the parameter range are not regular black
holes: the limit ur — 1 connects to the three-charge black hole, to be discussed in section
while the opposite limit yp — 0 connects to the one-charge black hole, discussed in section [6} At
pr = 1/4/3, we obtain the Reissner-Nordstrém four-charge black hole .

The Dirac equation in the (34+1)QBH backgrounds is

43 YA, + %a’““’ (ple_?"b/sz +p3€¢/2Fuy>] x =0. (103)

. m., _
PV 4 — (e = e39/2) 1 Z—zfy’*aﬂ ti

4L

The quantities m, q1, q3, p1, p3 are combinations of the m;, g;, p; characterizing each fermion:

m=—mMg = My + Me+ Mgy, (104)

AU =4, GB=¢+q+4qd, PL=DPa, DP3=Dp+ Pc+DPd-
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Figure 4: Class 3 fermions for the (3+1)QBH. The poles end at the oscillatory region just before
pr =1

In these backgrounds the functions X, u and v are

m (e3?/2 — e=?/2) B 1 q1 q3 e B 3
X = = — Lo+ =0 = —[pre 32! LA
AIVh , U ﬂ[w+4L 1+4L 3], v 1 [ple 1 1+ pse 3}
(105)
Several fermions that have distinct charges in general backgrounds satisfy the same Dirac equation

when restricted to the (3+1)QBH backgrounds. We find that the 16 fermions given in the previous

section organize into five distinct (34+1)QBH equations, which we label as classes 1-5:

Class | x(9e::0e:94) m | q3 | q1 | P3 | D1

(+1,43,-1,+1)  (+1,=1,43,4+1) | (+1,+1,43,-1)

1 * 131,1X 111’3X 111,3 113 1 -1 (1
X(+ 7+ »Jr )’ X(+ 7+ [ 7+ )7 X(+ [ 7+ ’+ )

) X(—1,—‘,—1,—‘,—1,—‘,—3)7 X(—1,+3,+1,+1)’ X(—1,+1,+3,+1) —115 -1 1 -1

3 X(+3’_1’+17+1), X(+3’+1’_1’+1)7 X(+3,+1,+1,—1) 3 1 3 1 1

4 X(717+3771771), X(717717+3771)’ X(717717717+3) —1 1 _1 _3 _1

5 | x(H3Lmioh) 3 | =313 |-3|-1

Classes 1-3 are net-charged fermions, while classes 4 and 5 are net-neutral. We note that at the
4QBH point, the vanishing scalar makes the mass function vanish, while the gauge and scalar
couplings depend only on ¢ + g3 = > ,¢; and pi + p3 + >, pi; thus all net-charged fermions
have the same Dirac equation at the 4QBH point, with a gauge coupling only, and all net-neutral

fermions have the same Dirac equation at the 4QBH point, with a Pauli coupling only.
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Figure 5: Class 4 fermions for the (3+1)QBH. For the net-neutral modes, there is a novel transition
at the 4QBH state from Fermi surface singularities to zeroes.

The parameter v is given by

o _ m*(1—3up)? 2 B (g1 —pd) +2v3quud)?

, (106)
A8(1—pg)  (+pR)py  T2(1— pR)(1+ pf)?

where the shifted momentum is

A (puu + %/w)) : (107)

We numerically obtained w = 0 Green’s functions as a function of k for all five classes over the

range 0 < pp < 1, imposing infalling boundary conditions by requiring U to satisfy with
w = 0. Fermi surface singularities are then identified as momenta k = kr for which the source is
zero A4 = 0; we also identify zeros as momenta k = ky, for which the response vanishes A_ = 0.
These results are plotted in figures[2}6] with Fermi surface singularities given as blue dots, and zeros
as open circles. The plots show the o = 2 component of each spinor; & = 1 modes are obtained
simply by exchanging k& — —k. We also indicate oscillatory regions in green crosshatch, with their

boundary k = kos. determined by v, . = 0. We additionally plot the lines of k for which v = 1/2;

this describes the boundary between the non-Fermi liquid behavior region (inside) and the Fermi
liquid region (outside).
Examining the results, the five classes fell into two distinct categories: the net-charged and

net-neutral fermions behave rather differently. For the net-charged fermions (classes 1, 2 and 3)
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Figure 6: Class 5 fermions for the (3+1)QBH. Unlike their net-charged brethren, there exists
no oscillatory region for the net neutral modes, but a single “oscillatory point” at the pole/zero
transition.

one always finds an oscillatory region; for the first class this extends across the entire region, while
in the other cases it begins on the left or right side respectively, but terminates some distance after
crossing the four-charge black hole line. In general lines of poles (or zeros) either persist to the
edge of the parameter space, or end on an oscillatory region. Each fermion has at least one Fermi
surface singularity for any given value of upr, with the exception of class 3 where the line of poles
disappears into the oscillatory region just before up = 1. Class 2 has two Fermi momenta kr with
opposite sign for some small values of ug; similar situations have been interpreted as a thick shell
of occupied states between the two values of |kp| [69]. The three classes match precisely at the
four-charge point, as they must.

The net-neutral fermions (classes 4 and 5) look rather different. On one side of the four-charge
point, there is a line of zeros; on the other side, a line of poles. Precisely at the four-charge
point, one line turns into the other. Also unlike the net-charged case, there is no oscillatory region.
However, one can determine that precisely at the four-charge point, there is a single point indicated

by a red diamond where ko = —1//3 gives v, = 0; this “oscillatory point” is precisely where

the line of poles turns into a line of zeros, respecting the pattern that a line of poles or zeros may
terminate only at a momentum k = kos.. Precisely at this point — which agrees between the two
classes — the Green’s function is a nonzero, finite constant. We will comment more on this point
at the end of the next subsection.

In all cases, both net-charged and net-neutral, the Fermi surface singularities stay within the
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non-Fermi liquid region. Thus continuing the pattern observed in the case of N' = 4 Super-Yang-
Mills theory, this strongly coupled maximally supersymmetric conformal field theory seems only to
show non-Fermi liquid behavior, not Fermi liquid behavior. The same is not true for the zeros; in
classes 2 and 3 the line of zeros extends into the v > 1/2 region. This implies that in the alternate
quantization — which is not dual to ABJM theory but in principle defines a dual CFT, as much
as any bottom-up construction — Fermi liquids would be present. It is very interesting that the
top-down theories seem to avoid Fermi liquid behavior, when this is easy to obtain in a bottom-up

construction; these results make this distinction sharper still.

4.3 The 242-charge black hole

Another interesting sector of the supergravity theory is made of the 2 4+ 2-charge black holes
(24+2QBH), which are defined by setting the charges equal in pairs,

QQEQa:Qb7 QQEQC:de (108)
corresponding to turning on the gauge fields
B=A,= A, = ®y(r)dt, B=A.= A4 = ®y(r)dt, (109)

with field strengths G = dB, and G = dB.
In addition to simplifying the gauge sector, this also sets two of the three scalars to zero, and

we define

Y= ¢, 2 =¢3=0. (110)

The Lagrangian then becomes

1 4 2 1 1 ~
“1p_ 2 2 —y A2
e L=R- 5(87) +t 1t coshy — 567G — 3¢ G, (111)

and the black hole backgrounds are

log (1—1—(032) + log (14—%)] )

. rlra 4 Qo) (r + Qa)? _ Q2 Qo
=1 g (1) s <l+r)’

2 [Q2 ~ rH + Q2 = i Qe TH + Q2
@2(7“) - f E(TH +Q2) (1 - 7”+Q2> ; ‘I’Z(T) - f E(TH +Q2) (1 - 7“1_(22) .

(112)

1
A(r) = —B(r) = log% +3
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The thermodynamic properties are

, N o
oo 3t (Q24;£22§a);1{ Q2Q2 Cs= 4G1L2 (rr + Q2)(rmr + Qo) . (113)
iy = \/L§2772 \/%(THJFQQ)’ g = \2772 \/T( Q). (114)
2Q2 - 2Q2 115

P2 = 27T rH 2= 277 rH o o

where again the chemical potentials are defined with respect to canonically normalized gauge fields.

Extremality occurs for

3rir + (Q2 + Q2)rir — QaQ2 =0 (extremal (2 + 2)QBH). (116)
Solving for Q2, we have

= Qorg +3ry

Qs = (extremal (2 + 2)QBH), (117)
Q2—rH

indicating 7y < Q2. These extremal (2+2) charge solutions are again regular black holes. There is

a one-parameter space of such solutions,

- 12 Qarpy
Ar=~—"=2 extremal (2 4+ 2)QBH). (118)
\/Q% +2Qory — 3r% ( ( ) )
Here jip can take all positive values 0 < ur < 0o. The limit iz — 0 corresponds to the “extremal”
2QBH, described in section [} and the point iz = 1 is the 4QBH, connecting to the parameter
space of the (3+1)QBHs.

Since the original charges are all equivalent, gauge invariance mandates a symmetry exchanging

Qs and Qs, which exchanges the corresponding gauge fields and changes the sign of the scalar v:

Q2 < Q2, V==, Dy ¢ By, (119)

which also exchanges (u2, p2) and (fiz, p2) and hence sends fir — 1/figr. Thus the region 1 < jip <
oo is equivalent to 0 < ip < 1.
The Dirac equation in the (24+2)QBH background is

e Boapp 4 B opnp +80“ (p2€”/ G +pae”? Gwﬂxzo’ (120)

L
0Vt o7 aL” 4L
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Figure 7: Poles and zeros of the retarded Green’s function for the class I fermion from

k
e 00 T
H2
-05
-10
00
O<pp<l1

(left) and for the class II fermion from 1 < fig < 0 (right). Viewed together the two plots depict

the entire range 0 < fir < oo for class I or co > fig > 0 for class II.

with parameters

m=mg+mp=—(me+mg),

=G+, ©@2=q+4q, P2 =DPa+Db, P2=DPetPd-

In this case, there are six distinct non-degenerate fermion eigenvectors, which we sort
I-VL

(121)

into classes

Class | y(@®:0e:dd) m | g2 | g2 | p2 | D2
I Y CLALALAS) (FL=143,41) o (CLAL434D)  (+L-1+143) | o 0 4 0 0
II Y314 (341 4L=1)  (F1A341,-1)  (+3,41,-141) | 9 | 4 0
111 X(+1,+1,+3,,1), X(H’H’A’H) 92 2 92 _9
IV | xCLE3ALAD o (43,1414 9|9 9 9|9
Vv L LA8=1) (11— 143) 9 9|9 _9 | _9
VI | yCL3-1=1) (43,-1,-1,-1) —9 19 9| 2| -9

The first four classes are net-charged, and the last two net-neutral.

Gauge invariance requires that under the exchange (119)) the total physics of all fluctuations is
invariant. For this to be true, the form of the Dirac equation (120 demands that the spectrum of

fermions be carried into itself under

m— —m,

G2 < g2, P2 <> P2

(122)

Glancing at the table we see this is indeed the case; the six classes form three partner pairs (I, II),

(III, IV) and (V, VI) that are exchanged.
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Figure 8: Poles and zeros of the retarded Green’s function for the class III fermion from 0 < jigp < 1
(left) and for the class IV fermion from 1 < fir < 0 (right), or the entire range 0 < fir < oo for
class IIT or co > fig > 0 for class IV.

The X, v and v functions appearing in the Dirac equation are now

m(e7/? —e=1/2) B neP sinhy/2

X = =
4Lk 2IVh (123)
1 0o ~ e o ~
w= ot e Bh) v T ),

and the v parameter is

2
, ci-zros ., 2 B (enr(24 k429w @ (1 uh - 8) ST g+ S)
V= —————F—Mm

401+ p2) 1+ p% i3 48(1 + p%)2 (=2 + p% + 28)2 o
12

S=\/1—p%+uh, (125)

where we defined

and the shifted momentum (83)) is

SR G
k=k— W)

Due to the equivalence (119)), (122]), it is not necessary to study all six classes of fermions over the

entire range 0 < i < 00; one fermion for 0 < jir < 1 is equivalent to its partner fermion over

(p2apt2 + Pafiz) - (126)

1 < fip < 0o. Thus we may either study three classes of fermions over the entire parameter space,
or all six over half the parameter space. In practice we studied all six fermions over the range
0 < fir <1, to avoid the complications of jip extending over an infinite range. However, we find it
convenient to show the plots of classes II, IV, and VI with the horizontal axis reversed, placed next

to their partner classes I, I1I, and V, respectively. Then one can alternately interpret each pair of
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Figure 9: Poles and zeros of the retarded Green’s function for the class V fermion from 0 < jigp < 1
(left) and for the class VI fermion from 1 < fir < 0 (right), or the entire range 0 < fir < oo for
class V or co > fir > 0 for class VI.

figures as describing the behavior of a single fermion over the entire range 0 < fir < 00; to do this
one simply interprets one of the two plots as being the other fermion in the pair, with fig — 1/fr
and k/pg instead of k/fi2. Thus we can visualize the entire range of jir for all distinct fermions in
a compact way.

The (2+2)QBH results are qualitatively very similar to the (34+1)QBH results. Again the net-
charged fermions have an oscillatory region as well as lines of poles and zeros that begin either at
the ends of the parameter space or at oscillatory regions. Again the poles stay within vy, < 1/2,
indicating non-Fermi liquid behavior exclusively. The net-neutral fermions again have a line of
poles turning into a line of zeros at a special “oscillatory point” where k = koge, that is, where
v = 0. The (2+2)QBH results for the net-charged and net-neutral classes must match on to the
(3+1)QBH results at the 4QBH, and indeed they do.

It is evident that the results shown in figures[§land [9 have rotational and reflectional symmetries,
respectively, when combined with an exchange of zeros and poles. One can show using the inversion
equivalence , in conjunction with charge conjugation and the chirality flip that a
180-degree rotation on the combined figures along with an exchange of poles and zeros is equivalent
to (g2,p2) < (G2, —p2) on the fermions, while left-right parity along with an exchange of poles
and zeros is equivalent to (g2, p2) <> (—G2, P2); the invariance of classes (III, IV) under the former
operation and of classes (V, VI) under the latter explains the symmetries of their respective figures.
Note that one can argue that any fermion with (g2, p2) = (—g2, p2) such as our class V and VI net-
neutral fermions must be invariant under the inversion of the Green’s function at the 4QBH, and
thus cannot have a pole or zero there, but can have the transition between a pole and zero that we
observe.

One fermion of particular interest is class II, for which the line of Fermi surfaces has k/fia — 0
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as jir — 0. This is the one case neutral under Qs; as a result, one can renormalize to k/pe and
one discovers k/pa — 0.354 ~ 1/4/8 which gives

(127)

N |

Vkpa(fir — 0) —

Hence while it never reaches the Fermi liquid region of v, > 1/2 it asymptotically approaches a
marginal Fermi liquid in the limit. An analogue of this MFL fermion exists in the five-dimensional
case as well [T0]. We comment more on this case, and show the plot of kp/u2, in section @

The abrupt variation in the spectrum at the 4QBH, where some net-neutral Fermi surfaces
disappear and others appear, is reminiscent of a phase transition; since this occurs while varying
parameters at zero temperature, it would constitute a quantum critical point. This interpretation
is in accord with the interpretation [34] of the inverse correlation length squared as the sum of mass
and charge contributions to the v? parameter ; indeed at the four-charge black hole the masses
of all fermions go to zero, while for the net-neutral fermions the charge contribution vanishes as
well. (The lack of massless, chargeless fermions explains the failure of such an apparent critical
point to appear when all charges were equal in the N’ =4 SYM case.) The presence of the Pauli
couplings shifting the momentum allows the pole-to-zero transition to occur at a nonzero kp. We
note that no sign of such a critical point is visible in the susceptibilities coming from the black
hole thermodynamics —; it has been argued in [31] that such a discrepancy is a result of the
large-N limit.

While we have restricted ourselves to considering the (3+1) and (2+2) charge black holes only,
given a fermion with a pole on one side of the 4QBH but a zero on the other it is natural to ask
what happens to the Green’s function if one circles around the 4QBH in the full parameter space.
A natural guess is that the critical point we observe may extend into a critical surface, separating
pole and zero regions. Indeed, if one makes a small variation of the chemical potentials near the
4QBH (which has pg = up = e = pg) and asks when a solution to v = 0 exists, one finds that the

—-1,-1)

fermion y(+3—1 still has an oscillatory point at a single value of £ if the chemical potentials

vary along the codimension-one surface
Opta =0, Oy + Spte +pqa =0, (128)

while along other directions there are no oscillatory regions or points. It is natural to surmise
that the pole-zero transition again occurs at each oscillatory point, thus separating the parameter
space into disjoint regions of poles and of zeros for this fermion. For other net-neutral fermions,
the analogous permutation of holds; note that for different fermions, the transitions between

poles and zeros occur in different places in the general parameter space.
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5 The extremal three-charge black hole and the gap

We now turn to study the three-charge black hole (3QBH), the special case of the (3+1)QBH where

the single charge Q1 is set to zero. The background geometry is given by

_ T3 Q3
A(r) = —B(r) =log 7 + 1 log (1 + . ) , (129)
B ri+Q3\° 1 Qs
h(r)=1 <r+Q3> , ¢—2log<1+ ) (130)
n3 rH + Q3
By(r) = B /05 (rm + O3 (1 — O (r) =0 131
o) = /@ @) (1- 25 ) o, (13)
and the associated thermodynamic quantities are
- 3 ra(rH + Q3) s= LH (1 4 Qy)P? (132)
A L2 ’ 4G L? ’
3
#3:%\/3Q3(TH+Q3)> =0, pz=2 @8, p1=0. (133)
L 2 rg

This background describes a state in the M2-brane theory where three chemical potentials are
set equal and the fourth one is set to zero. Zero temperature corresponds to the extremal limit
rg — 0. Unlike the 1QBH and the 2QBH discussed in the next section, the extremal solution
remains a black hole. The extremal geometry, however, is singular at the horizon rg = 0. This
singularity allows the horizon radius to go to zero, so this background has zero entropy density at
zero temperature. This situation is very similar to the 5D 2QBH geometry studied in [70], dual to
a zero-entropy state in N = 4 super-Yang-Mills. One might expect that the fermions in our 3QBH
background will behave similarily to the fermions in the 5D 2QBH background, a suspicion that
will be confirmed throughout this section.

In appendix |B], we describe how the near-horizon limit of this solution lifts to a five-dimensional
geometry of the form AdSs x R?, analogous to the six-dimensional lift discussed in [70]; AdS3
regions in the near-horizon limits of zero-entropy extremal black holes are also discussed in [99]
100}, 10T, 102]. This lift removes the singularity, showing it is harmless. The inactive gauge field a is
identified as the gravitphoton, and consistent reduction of any fermion requires that its parameters
obey

m = —qip1 — Im| = |q1, (134)

where the second equality follows since p; = +1; due to , this is indeed satisfied by all
fermions we consider.

The analysis of the 3QBH is done with the same method used in previous sections, analyzing
the Dirac equation in the near-horizon limit to identify infalling boundary conditions, then solving

the full Dirac equations numerically and identifying poles in the Green’s function. The essential
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difference from the regular case is an interval of frequencies centered on w = 0, bounded above and
below by an energy scale A which we call the gap, inside which excitations have zero width and
are thus stable. Outside this region we again recover the more familiar non-zero excitation widths
observed for the regular black holes.

A similar gap was also observed in [76], see section 1.2 and Fig. 1 therein. In that paper,
a possible interpretation of the gap region was given as follows: One postulates a sector of the
theory, additional to the fermion sector studied, that for generic cases has no mass gap, and thus is
responsible for the generically non-zero ground state entropy. This sector could also couple to the
fermions which are the subject of study, providing a channel for them to decay through. However,
at the 3QBH the ground state entropy vanishes, which is interpreted as an indication that this
sector becomes gapped. This gapping then also causes fermions with low enough energy to become
stable, implying that their decay channel has been removed and that they cannot decay due to

self-interactions; this could potentially be a large-N effect.

5.1 Near horizon analysis of the 3QBH

Taking the extremal limit r; — 0 of the 3QBH background, and then expanding near the singular

horizon r — 0, we obtain the same equation for both UL, or equivalently for 14 :

40,2 _ A2 L2 O - A
¢”+<;+~-->w’+<L(w A7) | I8 VBQJFQ(‘W’ )+--->¢=0; (135)

9Q3r3 r

where the dots represent terms of higher order in r or in O(|w| — A), and we have defined the scale
A,

_V3mlQ _ 1
A= —rm— = 4lmlu, (136)
along with the parameter
~ —-1)¢ 2 m?2  @m
1/32Q = (ng + ( 4) Sgn(wm)> T + 24\/§sgn(wm), (137)

which includes the shifted momentum

N 2
LE e o B (gt

ks = N + = ™R (138)

43 |psl
The quantity qu will play a similar role to v for the regular black holes; in fact, we will show that
(106) coincides with ([137)) in the pur — 1 limit for the fermions we consider.

Equation (135) shows us that there is something special about the energy scale A. For the
regular extremal black holes, the leading order, no-derivative term was suppressed close to w = 0,

forcing one to consider inner and outer regions there. Here instead, as for the 5D 2QBH [76], that
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occurs around w = A; in fact, equation (135]) has the same structure as Eq. (57) of [76] with the
correspondence r4p <> rgD, and thus the same analysis can be used.
When |w| is not near A, the 1/7? term in (135) can be neglected. Then for |w| > A we have

complex oscillatory solutions

W (139)

clearly representing infalling and outgoing waves. For |w| < A on the other hand, the equation is

b exp (iiQLQ\/wQ - A2>
~ exX y

purely real and we get growing and dying exponentials,

(140)

( 2L2\/A2—w2>
P ~exp |+ .

3\/ Q3T

When the frequency is close to the gap energy, the two no-derivative terms in the second parenthesis
of (135 can be of similar magnitude. Therefore, we will divide the problem into an outer region
where r is large enough to neglect the r—3-term, and an inner region where we must take both

terms into account. The outer region admits power law solutions,

W~ iEe (141)

1/4 times Bessel functions or modified Bessel functions

The inner region equation can be solved by r~
for |w| > A and |w| < A, respectively. After imposing infalling boundary conditions on the inner
region solutions, we can study their near-boundary (r — oo) behavior, allowing us to determine
the “IR Green function”, G(w)sg. This plays the same role near |w| = A as its cousin G(w) does

near w = 0 for the regular black hole solutions. Near |w| ~ A we have
G(w)aq ~ (lw] — A)*»e. (142)
Using ([142)) we can derive expressions for the fluctuations near |w| = A analogous to . Let ka
be the momentum leading to a pole at w = A. Then for |w| > A, we have a formula similar to (87),
h

(k —ka) — lwl=A hoe=2miva (|w| — A)2va ’

Cra

GRr~ (143)

where vA = v3g(ka). Similar to the regular case, there is an imaginary part which controls the
width of the fluctuation, and if the value of v3g at the pole is greater than 1/2 the excitations
behave like those of a Fermi liquid, while if v < 1/2 their behavior is non-Fermi liquid type. For

the case |w| < A, we instead obtain

hq
(h—kp)— 22 4 hy(A = |w|)2va

UF

Gr~ (144)
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which is the analytic continuation of the previous equation to negative |w| — A (and similarly
the Bessel function solution regular at the horizon for |w| < A is the continuation of the infalling
solution at |w| > A). Importantly, the phase has disappeared and the Green’s function is manifestly
real. This implies that the width of the fluctuations it describes are zero and they are thus stable.

From the point of view of the five-dimensional lift, the relation allows one to interpret
the gap as the momentum of the fermion in the fifth dimension. The appearance of w? — A2
in the Dirac equation can then be understood as the five-dimensional momentum-squared. Thus
excitations inside the gap are spacelike from the higher-dimensional point of view, and beyond the

gap they become timelike. Analogous behavior was seen in [76].

5.2 Connection with extremal (3+1)-charge black holes

The sequence of extremal (3+1)QBHs parameterized by ur = p1/ps approaches the 3QBH extremal
solution as pr — 1. This limit is somewhat counterintuitive, as u; = 0 for the strict 3QBH; there is
an associated discontinuity in u1/ps as a function of Q1/Qs (or equivalently p;/ps, as discussed for
the analogous five-dimensional case in [76]; see in particular figure 4). Associated to this subtlety
is the failure to commute of the operations of going to the 3QBH and taking T' — 0; going to the
3QBH first leads to the solution presented in — with ®; = 0, while taking the extremal
limit of (3+1)QBHs first shifts the potential by a constant:

V3Qs (145)

‘I>1—) 17

Due to the structure of , the only effect in the Dirac equation is to shift the zero point of the
energy between the two descriptions:

¢ V3Q3 1
W3Q =WE+Q Ty T T WE+ne T Nk, (146)

Using the relation (134) between |m| and |¢i| and the definition (136]) of the gap A, we can further

write
w3Q = w(z+1)Q +sgn(q1)A, (147)

indicating that the limit of a sequence of Fermi surface singularities at w341 =0 as ugp — 1 in the
(3+1)QBHs will manifest itself as a singularity in the corresponding 3QBH at w = £A. This is
reasonable, since it is above |w| = A that the 3QBH has decaying fluctuations matching those at
the Fermi surface in the regular case. In the next subsection we will see that the figures from the
(34+1)QBH section do indeed match to the 3QBH in each case on the appropriate side of the gap
region.

These fluctuations are controlled by v in the (3+1)QBH case, and 3¢ in the 3QBH case; we
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Figure 10: Class 1 fermions for the 3QBH. There is both a line of poles throughout the stable
region —A < w < A, and a pair of poles nucleating very close to w = A before ending on the
oscillatory region (green).

would thus expect the two quantities to agree in the limit. Expanding (106 around pr = 1 we find

2_ 2 2 2
9 m* — qi 1 ~ o \2 3m 2q1qg3 | Tqq
— — | (kap — (—1 - = +— | +0(ug—1). 148

This would diverge in the limit ur — 1, but the relation sets the would-be diverging term
to zero for all physical fermions. Moreover, the finite part can be shown to agree exactly with
, using the relationship together with sgn(q;) = sgn(w), which follows from . It
is interesting that the limits only coincide for fermions that can be lifted to five dimensions; this
indicates that not just any fermion quantum numbers lead to consistent behavior throughout the

parameter space, reinforcing the importance of a top-down description.

5.3 Fermion fluctuations and fermi surfaces

We now describe the results of numerically solving the Dirac equations for fermionic modes in the
3QBH. For the regular black holes, we were chiefly interested in whether a Fermi surface existed
at a given k = kp at w = 0, and we obtained the properties of nearby fluctuations. Here, we do
more: we will look for poles in the Green’s function as a function of k for the entire stable region
—A < w < A, and plot the results over the w-k plane in Figs. each of the five classes of
fermion for the (3+1)QBH retains a distinct Dirac equation in the 3QBH limit. The location of
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Figure 11: Class 2 fermions for the 3QBH. Here there is a line of poles only.

the gap is marked with a vertical dotted red line. When applicable we also plot the extent of the
oscillatory region at the gap in green.

For the fermions in class 1, 2 and 4, there is a Fermi singularity at zero frequency, part of a line
of poles that stretches from one end of the stable region to the other. The dispersion near w = 0
is approximately linear in each case, which allows us to define a corresponding Fermi velocity vp.
Fermions of class 3 and 5, on the other hand, have no Fermi surface singularities near zero energy
and hence are truly gapped.

As one moves away from w = 0 another phenomenon emerges: in some cases a new pair of poles
nucleates at some nonzero w and spreads apart as one approaches the gap. This is observed for
fermions in class 1, 3 and 5. Poles that run into an oscillatory region at w = +A cease to exist.
Note that for class 1 — the only case with both a line of poles over the whole stable region as well
as a nucleating pair — it is difficult to see the poles nucleating on the right, since they appear very
close to the gap and thus seem flattened along the horizontal direction.

Poles for each fermion in the (3+1)QBH case in the pur — 1 limit should match onto either
the left or right side of the gap in the 3QBH. Which side of the gap ought to match is decided by
the sign of the fermions ¢; eigenvalue, with a positive (negative) ¢; meaning matching takes place
at w = A(—A). In all cases the appropriate matching occurs. For class 1, both of the nucleating
poles run into the oscillatory region, but the pole at the right end of the long line matches with
the one from Fig. [2l For class 2, the pole on the left side of the gap matches with Fig. |3l For class

3 both of the nucleating poles run into the oscillatory region, agreeing with Fig. ] where the line
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Figure 12: Class 3 fermions for the 3QBH. No line of poles through w = 0 exists, but a pair of
poles nucleate near w = A and end on the oscillatory region.
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Figure 13: Class 4 fermions for the 3QBH, with a line of poles only.
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Figure 14: Class 5 fermions for the 3QBH, with a pair of poles nucleating near w = —A.

of poles also hits the oscillatory region just before the edge. For class 4, the left side of the line of
poles matches with the right side of Fig.[5] And finally, for class 5 the right side where we do the
matching displays no poles, agreeing with Fig. [0

We summarize our results in the table below, which lists the five classes of fermions and their
¢1 values. When there is a pole at w = 0, we list the corresponding kr/us and vp. Furthermore,
we list the values of ki /us for poles at w = £A; in some cases there is more than one. If a pole
momentum at the appropriate side of the gap matches with the (3+1)QBH, we underline it and

provide the value of v1a at that pole.

Class | ¢1 | kp/us | vp ka/ps VA k_a/ps VoA
1 1 0.163 0.769 | —0.0832; 0.254; 0.499 | 0.248 | —0.271 X
2 —1 | 0.467 0.786 | 0.796 X 0.0931 0.373
3 3 None None | —0.578; 0.398 X None None
4 —1 | —0.143 | 0.748 | 0.189 X —0.672 0.0578
5 3 None None | None None | —0.715; 0.328 X

6 RG flow backgrounds: 2QBH and 1QBH

We finally turn to the remaining boundaries of the parameter space: the two-charge black hole

(2QBH), where two charges are set to zero and the other two are set equal, and the one-charge
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black hole (1QBH), where three charges are chosen to vanish. These cases have the property that
it is not possible to take the extremal, zero-temperature limit without also setting the remaining
chemical potential(s) to zero. In both cases one can take an vy — 0 limit with the appropriate
Q@ fixed, but one does not get a black hole: this limit removes the horizon, as well as shutting
off the remaining gauge field, leaving a background with only the running scalar disturbing the
metric, a so-called renormalization group (RG) flow geometry. The remaining parameter ¢ no
longer measures a charge, but instead controls the strength of the scalar perturbation.

The simplifications in the bosonic background render the Dirac equations fully solvable, and
in the following subsections we will present the exact Green functions and briefly discuss the
spectrum of the fermions. Although the backgrounds are nonthermodynamic, they are still worth
commenting on. First, although this is outside the main thrust of our work, they are interesting
as RG flow geometries and the fermionic Green’s function reveals whether the spectrum is discrete
or continuous, gapped or ungapped. For analogous five-dimensional cases, all fluctuations share
the same spectrum due to the large supersymmetry [73]. Second, matching these results to the
endpoints of the regular cases can provide a check and analytic values for kr in the limit. Finally,
these geometries are limits of nonzero-temperature backgrounds and may provide information about

those thermodynamic cases.

6.1 The one-charge black hole

By setting Q3 = 0 in the (3+1)QBH background we obtain the 1QBH:

A(r)=—-B(r) = log% + ilog <1 + %) , (149)
B r(rg + Q1) 1 Q1

h(r) — m , &= -5 log (1 + T) , (150)

D3(r) =0,  Di(r) = m%H & (1 — m) . (151)

The thermodynamic quantities are now

3/2
3rg + 201 TH T 1/2
T_ / _ 152
An L2 mt+ QT 4GI2 (ri + Q) (152)

TH Q1 m [@Q1
p3=0,  p=m7qy s RN 0, ;= - (153)

From ([152)) we see that the extremal limit corresponds to taking rz — 0. This limit also causes all

other thermodynamic quantities to vanish, since the horizon function h(r) — 1, and the remaining
gauge field ®1(r) — 0 as well. As promised we are then left with an RG-flow background consisting
of AdS space deformed by an r-dependent scalar field. Unlike the 3QBH and the 2QBH discussed in
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the next subsection, there is no order-of-limits issue here, the same background is reached starting
from the (3+1)QBH regardless of whether the 1QBH-limit or the extremal limit is taken first.
With the horizon function gone, fluctuations respect three-dimensional Lorentz invariance, and
with no gauge fields the ¢; and p; parameters are irrelevant. Hence the uncoupled second order
Dirac equation depends only on w? — k2, the mass parameter m and the parameter ;. Defining a
new variable v = r/(r + Q1), we obtain an exact solution for the spinor component infalling at the

horizon in terms of Hankel functions of the first kind:

2 12\ /4 2 _ 1.2
X+(r):(” Uk> H% (51\/“’ Uk ) (154)

The Green function is obtained, as usual, from the asymptotic behavior of the spinor. The result

is
w? —k2H 11)

—1—-m

1 I
o+ D, ()

202w —k2
Q1

G(w, k) =

(155)

—m

2

The imaginary part of the Green’s function reveals a continuous spectrum; unlike the 2QBH in the
next subsection, it does not display a mass gap.

The poles and zeros at w = 0 for the (3+1)QBHs plotted in figures all approach finite,
nonzero values of k/us as ur — 0, implying their values of k/uq are in all cases driven to zero;
we can ask whether we see the corresponding poles or zeros at w? — k%2 = 0 in the 1QBH Green’s
function. In fact has a zero for m = —1 and a pole for m = 3, which matches correctly the
classes 3, 4 and 5 with only a single pole or zero approaching ur — 0 limit. For classes 1 and 2
there are both poles and zeros as ur — 0; in both cases it is the zero, which has the larger value

of k, that is reflected in the 1QBH Green’s function.

6.2 The two-charge black hole

The 2QBH is the special case where Qs is set to zero in the (24+-2)QBH background. The geometry

is

A(r) = —B(r) = log% + %log <1 + Cff) , (156)
2

=1 e (1052 1o

() =y (1 - 7“7{1*522) dt,  Ba(r)=0. (158)
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The thermodynamics are given by

Irg + Q2 TH

T:
iarr2 0 T agLe?

(rE + Q2), (159)

p2 = 2 2QoryH , fiz =0, p2 = p2=0. (160)

L 27T 55

Looking at , it is clear that in order to continuously tune the temperature down to zero,
both rp and @2 must be taken to zero, leaving us with nothing but empty AdS space. The
closest analogue to an extremal solution is to set rp = 0 with ()2 fixed and non-zero. In the limit
ri — 0 the temperature approaches the value Q2/(47L?), but this limiting temperature does not
strictly obtain since the horizon disappears at the endpoint. Similarly to the case for the 1QBH,
this removes the last remaining gauge field and thus the chemical potential, leaving an RG flow
geometry with a running scalar.

As was the case for the extremal 3QBH, there is an order-of-limits issue when this “extremal”
2QBH is approached from the (2+2)QBH, depending on whether 7" — 0 or Q2 — 0 is imposed
first. Taking the extremal limit first and then going to the 2QBH shifts the gauge potential @
relative to by a constant,

Py — @ (161)

The second-order Dirac equation depends only on w?—k?, the mass parameter /m and the parameter
()2, and as in the 1QBH case, it admits an analytic solution. Again we impose appropriate boundary

conditions in the interior of the bulk. The solution for the spinor component x4 is then

/1624 (w2 —k2)—m2Q3

wo-(=) (162)

and the resulting Green function is

mQa + iy/16 L4 (w? — k2) — m2Q3

Glw, k) = AL2(k + w)

(163)

The imaginary part of the Green function displays a mass gap of Q2/2L?, then a continuum above
the gap. This is very similar to the 1QBH in 5 dimensions studied in [70], dual to the Coulomb
branch flow of N' = 4 super-Yang-Mills, which also showed a continuous spectrum above a gap
[72, [73].

Similarly to what we did for the 3QBH, we can match this to the fio — 0 limit of the (24-2)QBH
results, in the process deducing the precise values that the Fermi momenta and the momenta of

zeros in the Green function should approach in this limit. Thanks to the shift (161]), there is a
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relation between the energies analogous to (147)),
32Q2
w2Q =wes2)@ + g - (164)

The analytic solution (163)) tells us that fermions with negative (positive) m have poles (zeros) at

exactly w%Q — k? = 0, meaning for w(z+2)Q = 0 there is a pole (zero) at

Q2 Gafiz
kel =2 2 1R (165)

This indicates that class I should have a zero at |k| = fiz/v/2, class II should have a pole at k = 0,
and class IV and VI (class III and V) should have a pole (zero) at |k| = jiz/+/8. This agrees very
well with our numerical results as seen in figures

The fermions in class II have a special behavior in the 2QBH limit since they are not charged
under the gauge field ®,. We refer to them as marginal Fermi liquid (MFL) fermions since they
approach the value v, = 0.5 in this limit. For these fermions, we can normalize the Fermi momentum
by o instead of fio and still get a finite result, as is shown in Fig. For all the other fermions, the
line of poles or zeros diverges in the pur — 0 limit with this normalization. Looking at this plot, it
appears possible that the line of Fermi surfaces all lie at kp = po/v/8 independent of jig, although

we will not try to prove that here. This same behavior was observed for the MFL fermions in [70].
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Appendices

A Supergravity tensors

In this appendix we present explicit results for the supergravity tensors defined in section 2.2,
evaluated for the scalar ansatz . Superscripts on two-index Levi-Civita symbols and generalized
Kronecker deltas have the same meaning as described below for four-index Levi-Civita symbols:
the tensor is zero unless indices lie in the appropriate range, with a = 1, ..., 4 running over the index
pairs {12, 34,56, 78}. For example, e = 1(—1) when {4,j} is an even (odd) permutation of {3,4},

kl

and zero otherwise, and (51)ij is only non-zero when {1, j, k, 1} € {1, 2}.

The u- and v-tensors for the scalar ansatz are obtained by comparing and . The result is

Wikl = ; cosh % sinh % sinh —= % [% €l T 67,] e+ 61] € + €ij L]
—|—% sinh % cosh % sinh —= ¢3 [ewekl + ewekl + fzgfkl + euekl]
+§ sinh % sinh % cosh —= ¢3 [euekl + euekl + euekl + fzgekl] (166)
+ cosh @ cosh % cosh — %3 [61 + 62463 + 54]’“ + cosh == o1 [512 18 (8N 82+ 6%+ (54)]%

+COSh¢ [513+524 (51+52+53+54)]kl+cosh¢ {514_’_523 ((51-{—524-534-54)]5;,
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®1 b2 ®3

1
Vijkl = —3 sinh 5 cosh 5 cosh 5

1
~3 cosh % sinh % cosh % [eiljezl + efje}d + e?jeil + efjezl]

P1 b2 b3

1 .
5 cosh > cosh > sinh 5
—sinh%sinh%sinh %[51 + 6%+ 53 +54]§} (167)

12 2 1 34 , 43
€k + €€k T+ €€ T € Rl

[fz'j

1

4 , 4.1 , 2.3 , 32
[€55€kt + €ij€k T €560 T+ €ij€k

1

¢1 12 34 1 2 2 1 3 4 4 3
D) sinh ?[eijkl + €k — (€556 + €55€k1 T+ €55€0 + €15€51)]

1 ¢2 1
. 3 24 13 , 3.1 24 4 2
D) sinh ?[Eijk:l + €k — (€55€0 + €€k + €556 + €15€k1)]
1 ®3

——sinh ==
2 2
From we obtain the T-tensor:

14 23 1 4 4 1 2 3 3 2
k€ — (€55€0 T €€k T €€ T €55€01)] -

[Eij

3 o1 ®2 o S ¢ BN 5 SN % B G
Tijr =5 (cosh o) cosh 5 cosh 5 sinh 5 sinh 5 sinh 5 51‘]‘ +
3 cosh 2} sinh o2 sinh % _ sinh 2} cosh o2 cosh % [€!? + 634]ijkl +
4 2 2 2 2 2 2 (168)
3
1 (sinh % cosh % sinh % — cosh % sinh % cosh d;) [el® + 624]ijkl +
% (sinh a1 sinh % cosh % — cosh % cosh % sinh <;523,> [l + ezg]ijkl )
The A-tensors are easily obtained from the T-tensor:
Ailj = (cosh % cosh % cosh % — sinh % sinh % sinh %) dij (169)
2 o [ ¢71 . ¢2 . ¢3 . Cbl ¢2 ¢3- 12 34
Ajjk = — |cosh o sinh o sinh 5 sinh o cosh o cosh 2| €+ € ijm
[ ¢ P2 . . B3 1 . P2 G313 | 247
sinh 5 cosh 5 sinh 5 cosh 5 sinh 5 cosh 2 (€ + € )ijm (170)
— |sinh a1 sinh % cosh % — cosh % cosh % sinh % [l + 623]ijkl .

The squares of the A-tensors, which we need to determine the potential, are
|Azlj |* =2 (cosh ¢; + cosh ¢y + cosh ¢3 + cosh ¢ cosh ¢y cosh ¢z — sinh ¢y sinh ¢ sinh ¢3) ,  (171)
and

\A?jkl 2 = —12(cosh ¢ + cosh ¢y + cosh ¢3) + 36 (cosh ¢1 cosh ¢y cosh ¢3 — sinh ¢y sinh ¢ sinh ¢3) .
(172)
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Finally, we can invert equation to obtain the S-tensor. The result is

1 1
Sijkl = 5(5@! + —[cosh ¢y cosh ¢ cosh ¢3 + sinh ¢ sinh ¢g sinh ¢3][61 + 62 + 6% + 54]/;“}

2
1 1

+ 5 cosh P[0 + 6% — (8" + 6% + 0% + 6N + 4 Sinh o1l + Y
1 1

+ 5 cosh Go[ 0" + 0% — (6" 4+ 6% + 6% + 6N + ; sinh pale™ + €]k
1 1

+ 3 cosh 3[04 + 623 — (61 + 6% + 63 + 54)]?} + 1 sinh gfe'* + €3]

o . . . .
+Z [— sinh ¢ + sinh ¢; cosh ¢2 cosh ¢3 + cosh ¢y sinh ¢9 sinh @3] [e%jezl + e?je}cl + e?jeil + egljeil]
1o . . . 13,31 , 24 4 2
+4[ sinh ¢ + cosh ¢1 sinh ¢9 cosh ¢ + sinh ¢y cosh @2 sinh ¢s]e;;€x; + €;5€x; + €55€k + €;5€k]

o . : : :
+1 [— sinh ¢3 + cosh ¢ cosh ¢9 sinh ¢3 + sinh ¢ sinh ¢9 cosh @3] [egjeél + e?je}cl + G?jeil + eg’jeil] .

(173)
A.1 Specializing to the (3+1)QBH
In the (3+1)QBH background the above quantities simplify, becoming;:
oot h?-h2?12 21 3 4 4 3 1.3 31 2 4 4 2
Uikl = — 5 coshl o sInh 5 [€57€k T €€k T €1j€k, T €€k T+ €€k T+ €€k T €€k T €€k
o

E}jﬁél — E?jﬁlld — 622j6il — E?jﬁ%l] =+ COSh3 5[61 + 62 + 53 + 54]?} (174)

+ cosh ¢[512 0%+ 610 4+ 6% 61+ 6% = 3(6" + 67+ 6% + 6N},

1 9 @ ¢ 2
Vijkl = — 5 cosh 5 sinh — B) [Eljekl + Eljekl + Ewﬁkl + Ewﬁkl + Ewﬁkl + eljekl + eljekl + eljﬁkl

1 4 4 1 2 3 3 ¢ 1 2 3 41kl
E’L'jekl — 6ij€kl — 6ij€kl Eljekl] =+ Slnh [5 + 6 —+ (5 —+ (5 ]

S RN 14 _ 23
_581nh§[6]kl+€]kl+6]kl+€]kl_Ejkl_ejkl_

1 2 2 1 3 4 4 3 1 .3 3 1 2 4 4 2 1 4 4 1 2 3 3 2
(€ij€ht T €556k T+ €756kt T €156k T+ €€kt T €€ T €€k T €15€R — €€kt — €15€kL — €€kt — €€k
(175)

Tijk = g[cosh3 g + sinh? g] 5%1 — %e‘WQ cosh g sinh %[612 + e e - B, (176)
Ailj = [cosh? g + sinh? g] dij (177)

AUM — ¢?/2 cosh g sinh %[612 + e et e (178)

|A |2 = [cosh3 ¢ + sinh? %2 , |A”,d|2 — 36 e?sinh? ¢. (179)

50



1 1
Sijtt =508 + gleosh® ¢ — sinh® g[8 + 6% +6° +- 6]

1 1.
+ 3 cosh ¢[6 — (61 + 62 + 6 + 54)]5; + 1 sinh g[e!? + €3 + e + 2 — ! — 2],

(180)
1 4.
~ 7€ ¢ sinh? gé[e}je,%l + efje}d + e?jeil + G?jﬁil + G}jﬁil + é?jﬁlld + efjﬁil + e?jﬁil—
Ezljeﬁl - 6213'611@1 - 6123'6%1 - 6%6%” .
A.2 Specializing to the (2+2)QBH
The (2+2)QBH background admits even greater simpifications than the (3+1)QBH case:
o hl— 512 4 534kl | s B __1 . hl 12 347
Uijr = [cos 5 1[6°° + 0”75 + 655 Vijkl = — 5 sinh [e“ 4+ € iji (181)
3 3 .
Ty = 2 cosh% 55} -1 sinh %[612 + 634]ijk1 , (182)
AL — cosh L 6. A2 — ginh L1124 ¢34) 183
|AL|2 =8cosh? L, |A%,,|? = 48sinh? 2 (184)
J 2 J 2
1
Sijkl = (52.’3? + sinh? %[(512 + 534];“]4 + B cosh % sinh %[612 + 634]ijkl . (185)

B Lifting the 3QBH to five dimensions

Here we summarize how the near-horizon region of the extremal 3QBH may be lifted to a non-
singular five-dimensional AdS3 x R? geometry, with the inert gauge field identified as the gravipho-
ton. Additionally, the lift of a fermion action to five dimensions implies a relation between the
fermion eigenvalues, which is satisfied by all the fermions we work with. This analysis is similar to
what is done in [76], section 6, and we refer the reader there for additional detail.

The near-horizon (r — 0) limit of the metric and scalar , in the extremal 3QBH

gives
3VQri2 o @Y L2 jQ
2 _ _ 2 e R o _ %
ds 72 dt* + 72 dz” + 3\/@r3/2dr , e - (186)

A five-dimensional ansatz of the form
ds? = e?ds® + e (dz + A)? . (187)
dimensionally reduces to a four-dimensional action

LimvTs (R o0y - }lew) , (188)
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which matches the Einstein term, scalar kinetic term, and second gauge kinetic term in (95)) if we

identify the a gauge field with the graviphoton A. Then using this lift, the five-dimensional metric

arising from (186)) is

3 2
ds? = QTdtZ—i- 52l + de + %2 (189)
which with the change of coordinates r = p? becomes
o 3Qp° AL? p* Q%
di? = 73 dt? + ?d,ﬂ + ad:ﬁ + ﬁdﬁ , (190)

which is of the form AdSs; x R?, as promised. The leading order term in the four-dimensional

potential in arises by dimensional reduction of a cosmological constant term,
P A
Lsp =/ — A = Lyp =/ —geV3A | (191)

with A = 3/L2.
Consider now reducing a massless, four-component Dirac fermion A from five dimensions. Its
action is
L5y = /= GiMALeN VA, (192)

o . PQ . . . . .
where Vy = Oy — iw N YpQ- We make an ansatz for this spinor in terms of a four-dimensional

Dirac spinor
Azt z) = emz/Re*‘z’/‘le*mé/‘lx(x“) , (193)

where R is the radius of the compact z coordinate. Here we have rescaled by a power of ¢ to obtain
canonical kinetic terms, and performed a chiral rotation to remove factors of 44 (which is 4 times
the four-dimensional chirality matrix) from the mass and Pauli terms. We arrive at

e L=y iV, — Ze3o/2 4 EW“AM - ée*w/z’y“”]-"w X - (194)

R R
Comparing to the 3QBH fermion Lagrangian (103)) with the identification a = A we find agreement
for the appropriate terms (including the term in the potential of leading order as r — 0) given the
identifications

m n q1 n

where the second choice of sign can be obtained by doing a chirality flip . Thus both the mass
parameter m and the charge ¢; are given by the momentum in the compact direction, and we have

the relation
m= —qip1, (196)

as given in ((134). Checking the eigenvalue table for the (34+1)QBH in section we find perfect
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agreement with this constraint in all cases.

References

1]

C. M. Varma, P. B. Littlewood, S. Schmitt-Rink, E. Abrahams, and A. E. Ruckenstein,
“Phenomenology of the normal state of Cu-O high-temperature superconductors,” Phys.
Rev. Lett. 63 (1989) 1996.

P. W. Anderson, “”Luttinger-liquid” behavior of the normal metallic state of the 2D
Hubbard model,” Phys. Rev. Lett. 64 (1990) 1839.

P. Gegenwart, Q. Si, and F. Steglich, “Quantum criticality in heavy-fermion metals,”
Nature Physics 4 (2008) 186.

J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,”
Adv. Theor.Math. Phys. 2 (1998) 231-252, [hep-th/9711200].

S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory correlators from noncritical
string theory,” Phys.Lett. B428 (1998) 105-114, [hep-th/9802109].

E. Witten, “Anti-de Sitter space and holography,” Adv. Theor.Math.Phys. 2 (1998) 253-291,
[hep-th/9802150].

S.-S. Lee, “A Non-Fermi Liquid from a Charged Black Hole: A Critical Fermi Ball,”
Phys.Rev. D79 (2009) 086006, [arXiv:0809.3402|.

H. Liu, J. McGreevy, and D. Vegh, “Non-Fermi liquids from holography,” Phys. Rev. D83
(2011) 065029, [arXiv:0903.2477].

M. Cubrovic, J. Zaanen, and K. Schalm, “String Theory, Quantum Phase Transitions and
the Emergent Fermi-Liquid,” Science 325 (2009) 439-444, [arXiv:0904.1993].

T. Faulkner, H. Liu, J. McGreevy, and D. Vegh, “Emergent quantum criticality, Fermi
surfaces, and AdS2,” Phys. Rev. D83 (2011) 125002, [arXiv:0907.2694].

M. Berkooz, D. Reichmann, and J. Simon, “A Fermi Surface Model for Large
Supersymmetric AdS(5) Black Holes,” JHEP 0701 (2007) 048, [hep-th/0604023].

M. Berkooz and D. Reichmann, “Weakly Renormalized Near 1/16 SUSY Fermi Liquid
Operators in N=4 SYM,” JHEP 0810 (2008) 084, [arXiv:0807.0559].

i

F. Denef, S. A. Hartnoll, and S. Sachdev, “Quantum oscillations and black hole ringing,’
Phys.Rev. D80 (2009) 126016, [arXiv:0908.1788].

53


http://xxx.lanl.gov/abs/hep-th/9711200
http://xxx.lanl.gov/abs/hep-th/9802109
http://xxx.lanl.gov/abs/hep-th/9802150
http://xxx.lanl.gov/abs/0809.3402
http://xxx.lanl.gov/abs/0903.2477
http://xxx.lanl.gov/abs/0904.1993
http://xxx.lanl.gov/abs/0907.2694
http://xxx.lanl.gov/abs/hep-th/0604023
http://xxx.lanl.gov/abs/0807.0559
http://xxx.lanl.gov/abs/0908.1788

[14] S. S. Gubser and F. D. Rocha, “Peculiar properties of a charged dilatonic black hole in
AdSs,” Phys. Rev. D81 (2010) 046001, [arXiv:0911.2898|.

[15] K. Goldstein, S. Kachru, S. Prakash, and S. P. Trivedi, “Holography of Charged Dilaton
Black Holes,” JHEP 1008 (2010) 078, [arXiv:0911.3586].

[16] S. A. Hartnoll, J. Polchinski, E. Silverstein, and D. Tong, “Towards strange metallic
holography,” JHEP 1004 (2010) 120, [arXiv:0912.1061].

[17] T. Faulkner and J. Polchinski, “Semi-Holographic Fermi Liquids,” JHEP 1106 (2011) 012,
larXiv:1001.5049].

[18] M. Ammon, J. Erdmenger, M. Kaminski, and A. O’'Bannon, “Fermionic Operator Mixing in

Holographic p-wave Superfluids,” JHEP 05 (2010) 053, [arXiv:1003.1134].

[19] T. Faulkner, N. Igbal, H. Liu, J. McGreevy, and D. Vegh, “From Black Holes to Strange
Metals,” arXiv:1003.1728.

[20] T. Faulkner, N. Igbal, H. Liu, J. McGreevy, and D. Vegh, “Strange metal transport realized
by gauge/gravity duality,” Science 329 (2010) 1043-1047.

[21] T. Hartman and S. A. Hartnoll, “Cooper pairing near charged black holes,” JHEP 1006
(2010) 005, [arXiv:1003.1918].

[22] E. Brynjolfsson, U. Danielsson, L. Thorlacius, and T. Zingg, “Black Hole Thermodynamics
and Heavy Fermion Metals,” JHEP 1008 (2010) 027, [arXiv:1003.5361].

[23] C. Charmousis, B. Gouteraux, B. Kim, E. Kiritsis, and R. Meyer, “Effective Holographic
Theories for low-temperature condensed matter systems,” JHEP 1011 (2010) 151,
|arXiv:1005.4690|.

[24] S. Sachdev, “Holographic metals and the fractionalized Fermi liquid,” Phys.Rev. Lett. 105
(2010) 151602, [arXiv:1006.3794].

[25] S. A. Hartnoll and A. Tavanfar, “Electron stars for holographic metallic criticality,”
Phys.Rev. D83 (2011) 046003, [arXiv:1008.2828].

[26] S. A. Hartnoll, D. M. Hofman, and A. Tavanfar, “Holographically smeared Fermi surface:
Quantum oscillations and Luttinger count in electron stars,” Furophys.Lett. 95 (2011)
31002, [arXiv:1011.2502).

[27] V. G. M. Puletti, S. Nowling, L. Thorlacius, and T. Zingg, “Holographic metals at finite
temperature,” JHEP 1101 (2011) 117, [arXiv:1011.6261].

54


http://xxx.lanl.gov/abs/0911.2898
http://xxx.lanl.gov/abs/0911.3586
http://xxx.lanl.gov/abs/0912.1061
http://xxx.lanl.gov/abs/1001.5049
http://xxx.lanl.gov/abs/1003.1134
http://xxx.lanl.gov/abs/1003.1728
http://xxx.lanl.gov/abs/1003.1918
http://xxx.lanl.gov/abs/1003.5361
http://xxx.lanl.gov/abs/1005.4690
http://xxx.lanl.gov/abs/1006.3794
http://xxx.lanl.gov/abs/1008.2828
http://xxx.lanl.gov/abs/1011.2502
http://xxx.lanl.gov/abs/1011.6261

28]

[36]

37]

[39]

[40]

[41]

[42]

M. Edalati, R. G. Leigh, K. W. Lo, and P. W. Phillips, “Dynamical Gap and Cuprate-like
Physics from Holography,” Phys.Rev. D83 (2011) 046012, [arXiv:1012.3751].

T. Faulkner, N. Igbal, H. Liu, J. McGreevy, and D. Vegh, “Holographic non-Fermi liquid
fixed points,” Phil. Trans. Roy. Soc. A 369 (2011) 1640, |[arXiv:1101.0597]|.

L. Huijse and S. Sachdev, “Fermi surfaces and gauge-gravity duality,” Phys.Rev. D84
(2011) 026001, [arXiv:1104.5022].

N. lizuka, N. Kundu, P. Narayan, and S. P. Trivedi, “Holographic Fermi and Non-Fermi
Liquids with Transitions in Dilaton Gravity,” JHEP 1201 (2012) 094, [arXiv:1105.1162].

K. Jensen, S. Kachru, A. Karch, J. Polchinski, and E. Silverstein, “Towards a holographic
marginal Fermi liquid,” Phys.Rev. D84 (2011) 126002, [arXiv:1105.1772].

S. A. Hartnoll, D. M. Hofman, and D. Vegh, “Stellar spectroscopy: Fermions and
holographic Lifshitz criticality,” JHEP 1108 (2011) 096, [arXiv:1105.3197].

N. Igbal, H. Liu, and M. Mezei, “Semi-local quantum liquids,” JHEP 1204 (2012) 086,
l[arXiv:1105.4621|.

M. Edalati, K. W. Lo, and P. W. Phillips, “Neutral Order Parameters in Metallic Criticality
in d=2+1 from a Hairy Electron Star,” Phys.Rev. D84 (2011) 066007, [arXiv:1106.3139].

B. Gouteraux and E. Kiritsis, “Generalized Holographic Quantum Criticality at Finite
Density,” JHEP 1112 (2011) 036, [arXiv:1107.2116).

S. Sachdev, “A model of a Fermi liquid using gauge-gravity duality,” Phys.Rev. D84 (2011)
066009, [arXiv:1107.5321).

N. Ogawa, T. Takayanagi, and T. Ugajin, “Holographic Fermi Surfaces and Entanglement
Entropy,” JHEP 1201 (2012) 125, [arXiv:1111.1023].

L. Huijse, S. Sachdev, and B. Swingle, “Hidden Fermi surfaces in compressible states of
gauge-gravity duality,” Phys.Rev. B85 (2012) 035121, [arXiv:1112.0573].

E. Shaghoulian, “Holographic Entanglement Entropy and Fermi Surfaces,” JHEP 1205
(2012) 065, [arXiv:1112.2702].

N. Igbal and H. Liu, “Luttinger’s Theorem, Superfluid Vortices, and Holography,”
arXiv:1112.3671l

A. Allais, J. McGreevy, and S. J. Suh, “A quantum electron star,” arXiv:1202.5308.

95


http://xxx.lanl.gov/abs/1012.3751
http://xxx.lanl.gov/abs/1101.0597
http://xxx.lanl.gov/abs/1104.5022
http://xxx.lanl.gov/abs/1105.1162
http://xxx.lanl.gov/abs/1105.1772
http://xxx.lanl.gov/abs/1105.3197
http://xxx.lanl.gov/abs/1105.4621
http://xxx.lanl.gov/abs/1106.3139
http://xxx.lanl.gov/abs/1107.2116
http://xxx.lanl.gov/abs/1107.5321
http://xxx.lanl.gov/abs/1111.1023
http://xxx.lanl.gov/abs/1112.0573
http://xxx.lanl.gov/abs/1112.2702
http://xxx.lanl.gov/abs/1112.3671
http://xxx.lanl.gov/abs/1202.5308

[43]

[44]

[51]

[52]

[54]

[55]

J. Polchinski and E. Silverstein, “Large-density field theory, viscosity, and 2k’ singularities
from string duals,” arXiv:1203.1015.

S. A. Hartnoll and E. Shaghoulian, “Spectral weight in holographic scaling geometries,”
arXiv:1203.4236.

K. Hashimoto and N. Tizuka, “A Comment on Holographic Luttinger Theorem,”
arXiv:1203.5388.

M. Goykhman, A. Parnachev, and J. Zaanen, “Fluctuations in finite density holographic
quantum liquids,” larXiv:1204.6232.

S. S. Gubser and J. Ren, “Analytic fermionic Green’s functions from holography,”
Phys.Rev. D86 (2012) 046004, [arXiv:1204.6315].

M. Berkooz, A. Frishman, and A. Zait, “Degenerate Rotating Black Holes, Chiral CFTs and
Fermi Surfaces I - Analytic Results for Quasinormal Modes,” arXiv:1206.3735.

R. Gopakumar, A. Hashimoto, I. R. Klebanov, S. Sachdev, and K. Schoutens, “Strange
Metals in One Spatial Dimension,” |arXiv:1206.4719.

M. Alishahiha, M. R. M. Mozaffar, and A. Mollabashi, “Holographic Aspects of
Two-charged Dilatonic Black Hole in AdS5,” JHEP 1210 (2012) 003, [arXiv:1208.2535]|.

M. Kulaxizi, A. Parnachev, and K. Schalm, “On Holographic Entanglement Entropy of
Charged Matter,” JHEP 1210 (2012) 098, [arXiv:1208.2937].

A. Donos, J. P. Gauntlett, and C. Pantelidou, “Semi-local quantum criticality in

string/M-theory,” JHEP 1303 (2013) 103, [arXiv:1212.1462).

M. Berkooz, A. Frishman, and A. Zait, “Stability of rapidly-rotating charged black holes in
AdSs x S°” arXiv:1301.6524.

J. Erdmenger and S. Steinfurt, “A universal fermionic analogue of the shear viscosity,”
JHEP 1307 (2013) 018, [arXiv:1302.1869).

M. V. Medvedyeva, E. Gubankova, M. Cubrovi¢, K. Schalm, and J. Zaanen, “Quantum
corrected phase diagram of holographic fermions,” JHEP 1312 (2013) 025,
[arXiv:1302.5149L

L. Q. Fang, X.-H. Ge, and X.-M. Kuang, “Holographic fermions with running chemical
potential and dipole coupling,” Nucl. Phys. B877 (2013) 807-824, [arXiv:1304.7431].

56


http://xxx.lanl.gov/abs/1203.1015
http://xxx.lanl.gov/abs/1203.4236
http://xxx.lanl.gov/abs/1203.5388
http://xxx.lanl.gov/abs/1204.6232
http://xxx.lanl.gov/abs/1204.6315
http://xxx.lanl.gov/abs/1206.3735
http://xxx.lanl.gov/abs/1206.4719
http://xxx.lanl.gov/abs/1208.2535
http://xxx.lanl.gov/abs/1208.2937
http://xxx.lanl.gov/abs/1212.1462
http://xxx.lanl.gov/abs/1301.6524
http://xxx.lanl.gov/abs/1302.1869
http://xxx.lanl.gov/abs/1302.5149
http://xxx.lanl.gov/abs/1304.7431

[57]

T. Faulkner, N. Igbal, H. Liu, J. McGreevy, and D. Vegh, “Charge transport by holographic
Fermi surfaces,” Phys.Rev. D88 (2013) 045016, [arXiv:1306.6396|.

R. A. Davison, K. Schalm, and J. Zaanen, “Holographic duality and the resistivity of
strange metals,” arXiv:1311.2451.

R. A. Davison, M. Goykhman, and A. Parnachev, “AdS/CFT and Landau Fermi liquids,”
arXiv:1312.0463.

J. Alsup, E. Papantonopoulos, G. Siopsis, and K. Yeter, “Duality between zeroes and poles

in holographic systems with massless fermions and a dipole coupling,” larXiv:1404.4010.

G. Vanacore and P. W. Phillips, “Minding the Gap in Holographic Models of Interacting
Fermions,” arXiv:1405.1041.

S. Khlebnikov, “Relaxation dynamics in a strongly coupled Fermi superfluid,”

arXiv:1406.1789.
S. A. Hartnoll, “Horizons, holography and condensed matter,” arXiv:1106.4324.

N. Igbal, H. Liu, and M. Mezei, “Lectures on holographic non-Fermi liquids and quantum

phase transitions,” arXiv:1110.3814.

M. Edalati, R. G. Leigh, and P. W. Phillips, “Dynamically Generated Mott Gap from
Holography,” Phys.Rev.Lett. 106 (2011) 091602, [arXiv:1010.3238|.

J. P. Gauntlett, J. Sonner, and D. Waldram, “Universal fermionic spectral functions from

string theory,” larXiv:1106.4694.

R. Belliard, S. S. Gubser, and A. Yarom, “Absence of a Fermi surface in classical minimal

four-dimensional gauged supergravity,” JHEP 1110 (2011) 055, [arXiv:1106.6030].

J. Gauntlett, J. Sonner, and D. Waldram, “Spectral function of the supersymmetry current

(IT),” arXiv:1108.1205.

O. DeWolfe, S. S. Gubser, and C. Rosen, “Fermi Surfaces in Maximal Gauged
Supergravity,” Phys.Rev.Lett. 108 (2012) 251601, [arXiv:1112.3036].

0. DeWolfe, S. S. Gubser, and C. Rosen, “Fermi surfaces in N=4 Super-Yang-Mills theory,”
Phys.Rev. D86 (2012) 106002, [arXiv:1207.3352].

A. Brandhuber and K. Sfetsos, “Wilson loops from multicenter and rotating branes, mass
gaps and phase structure in gauge theories,” Adv. Theor.Math.Phys. 3 (1999) 851-887,
[hep-th/9906201].

57


http://xxx.lanl.gov/abs/1306.6396
http://xxx.lanl.gov/abs/1311.2451
http://xxx.lanl.gov/abs/1312.0463
http://xxx.lanl.gov/abs/1404.4010
http://xxx.lanl.gov/abs/1405.1041
http://xxx.lanl.gov/abs/1406.1789
http://xxx.lanl.gov/abs/1106.4324
http://xxx.lanl.gov/abs/1110.3814
http://xxx.lanl.gov/abs/1010.3238
http://xxx.lanl.gov/abs/1106.4694
http://xxx.lanl.gov/abs/1106.6030
http://xxx.lanl.gov/abs/1108.1205
http://xxx.lanl.gov/abs/1112.3036
http://xxx.lanl.gov/abs/1207.3352
http://xxx.lanl.gov/abs/hep-th/9906201

[72]

[80]

[81]

D. Z. Freedman, S. S. Gubser, K. Pilch, and N. P. Warner, “Continuous distributions of
D3-branes and gauged supergravity,” JHEP 07 (2000) 038, [hep-th/9906194|.

M. Bianchi, O. DeWolfe, D. Z. Freedman, and K. Pilch, “Anatomy of two holographic
renormalization group flows,” JHEP 0101 (2001) 021, [hep-th/0009156].

M. Bianchi, D. Z. Freedman, and K. Skenderis, “How to go with an RG flow,” JHEP 0108
(2001) 041, [hep-th/0105276|.

M. Bianchi, D. Z. Freedman, and K. Skenderis, “Holographic Renormalization,” Nucl. Phys.
B631 (2002) 159-194, [hep-th/0112119].

0. DeWolfe, S. S. Gubser, and C. Rosen, “Minding the Gap in N=4 Super-Yang-Mills,”
arXiv:1312.7347.

M. J. Duff and J. T. Liu, “Anti-de Sitter black holes in gauged N = 8 supergravity,” Nucl.
Phys. B554 (1999) 237-253, |hep-th/9901149|.

M. Cvetic, M. Duff, P. Hoxha, J. T. Liu, H. Lu, et. al., “Embedding AdS black holes in
ten-dimensions and eleven-dimensions,” Nucl. Phys. B558 (1999) 96-126, [hep-th/9903214].

J. Bagger and N. Lambert, “Modeling Multiple M2’s,” Phys.Rev. D75 (2007) 045020,
[hep-th/0611108].

A. Gustavsson, “Algebraic structures on parallel M2-branes,” Nucl. Phys. B811 (2009)
6676, [arXiv:0709.1260].

J. Bagger and N. Lambert, “Gauge Symmetry and Supersymmetry of Multiple M2-Branes,”
Phys. Rev. D77 (2008) 065008, [arXiv:0711.0955].

J. Bagger and N. Lambert, “Comments on multiple M2-branes,” JHEP 0802 (2008) 105,
larXiv:0712.3738].

O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena, “N=6 superconformal
Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 10 (2008) 091,
larXiv:0806.1218].

I. R. Klebanov and G. Torri, “M2-branes and AdS/CFT,” Int. J. Mod. Phys. A25 (2010)
332-350, |[arXiv:0909.1580].

J. Bagger, N. Lambert, S. Mukhi, and C. Papageorgakis, “Multiple Membranes in
M-theory,” Phys.Rept. 527 (2013) 1-100, [arXiv:1203.3546]|.

58


http://xxx.lanl.gov/abs/hep-th/9906194
http://xxx.lanl.gov/abs/hep-th/0009156
http://xxx.lanl.gov/abs/hep-th/0105276
http://xxx.lanl.gov/abs/hep-th/0112119
http://xxx.lanl.gov/abs/1312.7347
http://xxx.lanl.gov/abs/hep-th/9901149
http://xxx.lanl.gov/abs/hep-th/9903214
http://xxx.lanl.gov/abs/hep-th/0611108
http://xxx.lanl.gov/abs/0709.1260
http://xxx.lanl.gov/abs/0711.0955
http://xxx.lanl.gov/abs/0712.3738
http://xxx.lanl.gov/abs/0806.1218
http://xxx.lanl.gov/abs/0909.1580
http://xxx.lanl.gov/abs/1203.3546

[36]

[87]

[96]

[97]

[99]

[100]

E. D’Hoker and B. Pioline, “Near extremal correlators and generalized consistent truncation
for AdS(4—7) x S**(7—4),” JHEP 0007 (2000) 021, [hep-th/0006103].

B. Biran, A. Casher, F. Englert, M. Rooman, and P. Spindel, “The Fluctuating Seven
Sphere in Eleven-dimensional Supergravity,” Phys.Lett. B134 (1984) 179.

L. Castellani, R. D’Auria, P. Fre, K. Pilch, and P. van Nieuwenhuizen, “The Bosonic Mass
Formula for Freund-rubin Solutions of d = 11 Supergravity on General Coset Manifolds,”
Class.Quant.Grav. 1 (1984) 339-348.

A. Casher, F. Englert, H. Nicolai, and M. Rooman, “The Mass Spectrum of Supergravity on
the Round Seven Sphere,” Nucl. Phys. B243 (1984) 173.

B. de Wit and H. Nicolai, “N=8 Supergravity with Local SO(8) x SU(8) Invariance,”
Phys. Lett. B108 (1982) 285.

B. de Wit and H. Nicolai, “N=8 Supergravity,” Nucl.Phys. B208 (1982) 323.

B. de Wit and H. Nicolai, “The Consistency of the S**7 Truncation in D=11 Supergravity,”
Nucl. Phys. B281 (1987) 211.

N. Igbal and H. Liu, “Real-time response in AdS/CFT with application to spinors,”
Fortsch.Phys. 57 (2009) 367384, [arXiv:0903.2596|.

I. R. Klebanov and E. Witten, “AdS / CFT correspondence and symmetry breaking,”
Nucl. Phys. B556 (1999) 89-114, [hep-th/9905104].

P. Breitenlohner and D. Z. Freedman, “Positive Energy in anti-De Sitter Backgrounds and
Gauged Extended Supergravity,” Phys.Lett. B115 (1982) 197.

P. Breitenlohner and D. Z. Freedman, “Stability in Gauged Extended Supergravity,” Annals
Phys. 144 (1982) 249.

D. Z. Freedman and S. S. Pufu, “The holography of F-maximization,” JHEP 1403 (2014)
135, [aI‘XiV: 1302. 7310].

B. Pioline and J. Troost, “Schwinger pair production in AdS(2),” JHEP 0503 (2005) 043,
[hep-th/0501169].

V. Balasubramanian, J. de Boer, V. Jejjala, and J. Simon, “Entropy of near-extremal black
holes in AdS(5),” JHEP 0805 (2008) 067, [arXiv:0707.3601].

R. Fareghbal, C. Gowdigere, A. Mosaffa, and M. Sheikh-Jabbari, “Nearing Extremal
Intersecting Giants and New Decoupled Sectors in N = 4 SYM,” JHEP 0808 (2008) 070,
larXiv:0801.4457].

59


http://xxx.lanl.gov/abs/hep-th/0006103
http://xxx.lanl.gov/abs/0903.2596
http://xxx.lanl.gov/abs/hep-th/9905104
http://xxx.lanl.gov/abs/1302.7310
http://xxx.lanl.gov/abs/hep-th/0501169
http://xxx.lanl.gov/abs/0707.3601
http://xxx.lanl.gov/abs/0801.4457

[101] M. Sheikh-Jabbari and H. Yavartanoo, “EVH Black Holes, AdS3 Throats and EVH/CFT
Proposal,” JHEP 1110 (2011) 013, [arXiv:1107.5705].

[102] M. Johnstone, M. Sheikh-Jabbari, J. Simon, and H. Yavartanoo, “Near-Extremal Vanishing
Horizon AdS5 Black Holes and Their CFT Duals,” JHEP 1304 (2013) 045,
larXiv:1301.3387].

60


http://xxx.lanl.gov/abs/1107.5705
http://xxx.lanl.gov/abs/1301.3387

	Introduction and Summary
	Holographic realizations of non-Fermi liquids
	Fermionic response in the M2-brane theory

	Black branes and fermions in maximal gauged supergravity
	The M2-brane theory and its gravity dual
	Bosonic sector of maximal gauged supergravity
	Fermionic action

	Fermionic Green's functions
	Solving the Dirac equation
	Quantization of Fermi fields and Green's functions

	Regular black holes and non-Fermi liquids
	Regular black holes and non-Fermi liquids
	The 3+1-charge black hole
	The 2+2-charge black hole

	The extremal three-charge black hole and the gap
	Near horizon analysis of the 3QBH
	Connection with extremal (3+1)-charge black holes
	Fermion fluctuations and fermi surfaces

	RG flow backgrounds: 2QBH and 1QBH
	The one-charge black hole
	The two-charge black hole

	Supergravity tensors
	Specializing to the (3+1)QBH
	Specializing to the (2+2)QBH

	Lifting the 3QBH to five dimensions

