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In this paper, we study small-scale fluctuations (baryon pressure sound waves) in the baryon fluid
during recombination. In particular, we look at their evolution in the presence of relative velocities
between baryons and photons on large scales (k ∼ 10−1 Mpc−1), which are naturally present during
the era of decoupling. Previous work concluded that the fluctuations grow due to an instability of
sound waves in a recombining plasma, but that the growth factor is small for typical cosmological
models. These analyses model recombination in an inhomogenous universe as a perturbation to the
parameters of the homogenous solution. We show that for relevant wavenumbers k & 103 Mpc−1 the
dynamics are significantly altered by the transport of both ionizing continuum (hν > 13.6 eV) and
Lyman-α photons between crests and troughs of the density perturbations. We solve the radiative
transfer of photons in both these frequency ranges and incorporate the results in a perturbed three-
level atom model. We conclude that the instability persists at intermediate scales. We use the
results to estimate a distribution of growth rates in 107 random realizations of large-scale relative
velocities. Our results indicate that there is no appreciable growth; out of these 107 realizations,
the maximum growth factor we find is less than ≈ 1.2 at wavenumbers of k ≈ 103 Mpc−1. The
instability’s low growth factors are due to the relatively short duration of the recombination epoch
during which the electrons and photons are coupled.

I. INTRODUCTION

The early universe is largely composed of atomic mat-
ter, or baryons, radiation and cold dark matter. The
main resources available to study this era are the Cosmic
Microwave Background (CMB) and Large Scale Struc-
ture (LSS). Primary anisotropies of the CMB are a result
of the imprint of primordial fluctuations on radiation at
early times [1, 2], while secondary anisotropies probe the
matter distribution at late times [3]. LSS surveys are a
complementary probe of the clustering of matter at late
times [4].

The distribution and dynamics of baryons during early
epochs of the universe is poorly constrained by this data.
The angular distribution of power in the CMB constrains
them on large scales, through their coupling with the ra-
diation and its effect on the Baryon Acoustic Oscillations.
The CMB is well-described by a spectrum of adiabatic
fluctuations at these scales – these are motions of both
the baryon and radiation fluids. Tight bounds exist on
the primordial fluctuations of solely the baryon fluid at
these scales – the so-called isocurvature modes [1].

This paper deals with the complementary limit of fluc-
tuations in the baryon field on very small scales. In the
CMB, this information is lost due to diffusion damping
of the anisotropies. The spectral distortion associated
with diffusion damping has been suggested as a probe of
modes on these small scales [5]. The proposed PRISM
mission aims to study CMB spectral distortions [6].

In the rest of this paper, we use the term “matter”
to refer to baryons, for reasons of readability; we are
not concerned with the dynamics of cold dark matter.
We concentrate on small-scale fluctuations of the matter
field, and their evolution through the epoch of recombi-

nation. In particular, we undertake a detailed study of
an instability which can amplify sub-Jeans length fluc-
tuations at recombination suggested by Shaviv [7]. The
mechanism of interest is potentially applicable to wave
numbers in the range 102 . k . 3 × 105 Mpc−1 comov-
ing. This is at much smaller scales than the standing
acoustic waves responsible for peaks in the CMB power
spectrum and baryon acoustic oscillations in the matter
power spectrum (e.g. [8, 9]), which are damped below
the Silk scale [10] kSilk ∼ 0.1 Mpc−1. We expect the
pre-recombination amplitudes of modes at k � kSilk to
be extremely small, but if an instability is present then
a “seed” amplitude could be generated by nonlinear gen-
eration of small-scale isocurvature modes [11], or even
thermal fluctuations if the growth rate is fast enough.

Shaviv’s instability acts on sound waves propagating in
a partially ionized gas, in the presence of a background
flux of radiation. The scenario is illustrated in Fig. 1.
The key observation is that the fraction of ionized atoms
is different in overdense and underdense regions; the ion-
ization fraction, xe, is lower in overdense regions where
recombination proceeds faster due to the increased flux
of free electrons seen by the ionized atoms.

Sound waves are propagating longitudinal waves in the
matter fluid – if we orient ourselves along the wave-
vector, k, the local velocity at a compression is in the
forward direction, while the opposite is true for rarefac-
tions. Thus, the earlier observation leads to a negative
correlation between the ionization fraction and the local
velocity in the region of propagation.

In the presence of a background flux of radiation in
the matter’s bulk rest-frame, the radiative force acting
on a mass element is related to the radiation flux, or al-
ternatively its velocity vγ , by the opacity, which is pro-
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portional in turn to the ionization fraction, xe. Over a
time-period of the sound wave, the resulting force per
unit mass a performs an amount of work ∆w given by

∆w =

∮
a · dr ∼ uγσ

mHc
vγ ·

∮
xe dr, (1)

where in the second equation, the multiplicative factor
involving the energy density of the radiation (uγ), its in-
teraction cross section with matter (σ), the particle mass
(the hydrogen mass mH) and the speed of light c relates
the force per unit mass to the ionization fraction. The
net work done over a time period is nonzero due to the
difference in ionization fractions during the forward and
backward motion. From consideration of Fig. 1, the work
integral of Eq. (1) is positive if the flux, vγ , is directed
opposite to the wavevector, k.

The first estimate of the growth rates due to this mech-
anism, due to Shaviv [7], used the assumption of local
thermal equilibrium (LTE) to derive the variations in the
ionization fraction. Recombination in the real universe
proceeds out of LTE, and most of the hydrogen first re-
combines to excited states before reaching the ground
state [12–19]. Subsequent work [20, 21] used the three
level approximation to model non-LTE recombination,
and incorporated the diffusion of microwave background
photons, following which the expected growth rates were
revised downward.

The standard treatment of recombination assumes that
the ionization state is set by the local radiation field.
This is valid in the homogenous case, since the transport
of photons out of the region of interest is perfectly bal-
anced by the influx from other regions. This is no longer
true in the inhomogenous case, and these two compo-
nents (the influx and outflux) do not balance each other.
In particular, direct recombinations to the ground state,
which did not affect the homogenous ionization fraction,
xe, are important in determining its fluctuation, δxe.

In this paper, we incorporate the transport of both
continuum and Lyα photons. We find simple analyti-
cal expressions for this “non-local” contribution to the
evolution of the ionization fraction, and provide revised
estimates for the growth rates of the small-scale sound-
waves.

The paper is organized as follows: In Section II, we
expand upon the simple estimate given above for the
work done on the fluctuations, and estimate the asso-
ciated growth rates. In Section III, we list the relevant
background variables, and the various factors which de-
termine their size during the epochs of interest.

In the subsequent sections, we write down equations
of motion for the small-scale fluctuations. We start with
the standard Newtonian equations for the density and
velocity in Section IV. We estimate growth rates using
a simple scaling relation for the ionization fraction fluc-
tuation in Section V. We then move beyond this simple
treatment, and study in detail the radiative transport of
photons between different parts of the fluctuations – Sec-
tions VI and VII deal with the transport of continuum

(a) (b)
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FIG. 1: Illustration of the instability of sound waves during
recombination: The symbol � represents a neutral atom,
while large and small dots represent positive ions and free
electrons, respectively. The sound wave propagates to the

right. Regions of compression and rarefaction, marked with
(a) and (b), have lower and higher free electron fractions

respectively. Solid arrows show the local velocity at various
points along the wave in the bulk-rest frame of the matter.
If the background flux of radiation, vγ , is directed to the

left, the work done on the wave by the radiative force at (b)
is larger than that extracted from it at (a).

and Lyman-α photons respectively.
Finally, we bring all the pieces together and estimate

the growth rates of the small-scale fluctuations in Section
VIII, and find their distribution due to a stochastic back-
ground of large-scale relative velocities in Section IX. We
finish with a short discussion of our results and their im-
plications in Section X. We collect some details which
lie outside the main line of analysis, but provide some
physical intuition, into the appendices.

II. MOTIVATION AND SIMPLE ESTIMATE

This section closely follows the analysis of [7].
We use the two fluid approximation, where matter and

radiation fluids are coupled by Thomson scattering of
photons off free electrons. The characteristic response
time, τeγ , is inversely related to the matter’s opacity per
unit mass, κ. For a given relative velocity between the
two fluids, ve − vγ = veγ , the force per unit mass is
expressed in terms of the response time as

a =
d〈veγ〉
dt

=
κ

c
Fγ = −〈veγ〉

τeγ
, (2)

where Fγ is the photon flux seen in the matter’s rest
frame. This force, and the related response time, are
most easily obtained by considering the Doppler shifted
background radiation field in the matter’s rest frame.
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The result is [22]

1

τeγ
=

4

3

σT

mHc
aradT

4
r xe, (3)

where xe is the hydrogen ionization fraction, σT is the
Thomson scattering cross-section and arad is the radia-
tion energy density constant. The matter temperature,
Tm closely follows the radiation temperature, Tr, at these
times. With this understanding, we omit the subscript
on the temperature in subsequent equations.

Primordial adiabatic fluctuations entering the horizon
lead to large-scale motions of the matter and radiation
fluids. Their physical size, λH is ≈ 250 kpc at recombi-
nation. Due to the small but finite response time, τeγ ,
during this epoch, the matter velocity does not perfectly
follow the local radiation velocity; this leads to a spec-
trum of relative velocities that can be estimated from the
background cosmology [23].

We consider motions of the matter fluid alone, as
contrasted with the large-scale adiabatic modes involv-
ing both matter and radiation. In particular, we con-
centrate the evolution of very small wavelength modes
though the epoch of recombination out to late redshifts
of z = 800. We consider modes that are isothermal in
nature, i.e., have a uniform matter temperature. As
noted in the discussion (Section X), this condition re-
stricts our analysis to modes with wavenumbers k smaller
than ≈ 3.5×105 Mpc−1. The large scale adiabatic modes
are effectively fixed on the timescales relevant to these
small-scale modes, and provide a background radiation
flux due to their associated relative velocity. The radia-
tive force due to this flux is given by Eq. (2).

The ionization fraction and opacity vary with the local
density during recombination. Thus small-scale fluctua-
tions of the matter density are associated with a modula-
tion of the of the local force, denoted by δa. The in-phase
component of δa feeds power from the large-scale relative
motions into small-scales.

The rest of this section estimates the size of this effect
in a simplified scenario with direct recombination to the
ground state of neutral hydrogen. With this assumption,
the ionization fraction is given by the Saha equilibrium
value, which we denote by xS

e . This is set by the balance
between the recombination of free electrons to the ground
1s state, and photoionization by microwave background
photons.

(xS
e )2

1− xS
e

=
(2πmekBT )3/2

h3nH
e−(EI/kBT ), (4)

where EI is the ionization energy of a hydrogen atom
in the ground 1s state, and nH is the hydrogen number
density. We take the logarithm of both sides of Eq. (4),
and perturb it to estimate the power-law exponent re-
lating the perturbed free electron fraction and hydrogen
density as follows

αS =
δ log xS

e

δ log nH
= − (1− xS

e )

(2− xS
e )

, (5)

where we have used the assumption that the small-scale
fluctuations do not perturb the temperature, T . The
Saha electron fraction is approximately xS

e ≈ 4× 10−3 at
recombination, so the exponent αS ≈ −0.5.

Consider a region with a background relative velocity
between matter and radiation, ve,0 − vγ,0 = v0. The
associated force per unit mass, a0, is related to the rel-
ative velocity v0 by the response time τeγ , according to
Eq. (2). The local matter density, velocity and force per
unit mass are perturbed due to the small-scale fluctua-
tion. For a sound wave, these perturbations are of the
form

δρm

ρm
= δme

i(k·r−ωt), (6a)

vm = vs,Iδmk̂ei(k·r−ωt), (6b)

δa =
δκ

κ
a0 =

δxS
e

xS
e

a0 ≈ −|αS|δma0e
i(k·r−ωt). (6c)

In the above relations, vs,I denotes the isothermal sound
speed. It is determined by the matter temperature ac-
cording to vs,I = [kBT (1+xS

e )/mH]1/2. Averaged over the
phase of the wave, the power input into the fluctuation
by the extra force, δa of Eq. (6c), is

〈p〉 =
1

2
Re(vm · δa∗) = −1

2
|αS|δ2

mvs,Ia0 · k̂ (7)

=
1

2
|αS|δ2

mvs,I
v0 · k̂
τeγ

. (8)

The first line uses Eq, (6b) and (6c) for the velocity and
force respectively, while the second uses Eq. (2) for the
background force and the definition of the response time
τeγ in Eq. (3). The energy per unit mass in the fluc-
tuation is 〈ε〉 = (1/2)v2

m,max = (1/2)δ2
mv

2
s,I. Hence the

growth rate for the amplitude, G, can be estimated from
the input power of Eq. (8) as

G =
〈p〉
2〈ε〉 =

|αS|
2τeγ

v0 · k̂
vs,I

. (9)

The growth of the instability is maximal during the
epoch with large relative velocities and moderate re-
sponse times. Relative velocities of the order of the
isothermal sound speed are needed to produce an ap-
preciable growth rate. The last part of Section III deals
with the distribution of large scale relative velocities in
detail. In particular, Figure 3 shows the mean relative
speed, and the isothermal sound speed, as a function of
redshift, z. We see that large relative velocities are much
more probable in the post-recombination era; however,
this effect is mitigated by the growing response time. Ul-
timately, the instability is limited by the relatively nar-
row duration of cosmic recombination.

III. BACKGROUND PARAMETERS

This section describes the relevant properties of the
background on which the small fluctuations of interest
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FIG. 2: Power spectrum of relative velocities between
matter and radiation at the redshift of recombination,
z0 = 1100. This assumes that these velocities arise from

primordial adiabatic fluctuations. (This figure uses units in
which velocity v0 is dimensionless).

live.
We assume a standard spatially flat Λ-CDM cosmology

with the Planck cosmological parameters [24]. The de-
rived quantities of interest to us are the hydrogen number
density and ionization fraction, and the relative veloci-
ties between matter and radiation on large scales due to
adiabatic fluctuations of primordial origin.

The simplest of these to obtain is the hydrogen number
density, nH, which is given by

nH(z) = 248.7 cm−3

(
1 + z

1100

)3
Ωbh

2

0.022

1− YHe

0.752
, (10)

where Ωbh
2 is the Baryon fraction and YHe is the Helium

mass fraction.
It is considerably harder to estimate the hydrogen ion-

ization fraction, xe, as a function of redshift. It is espe-
cially challenging to follow it through the epoch of recom-
bination, when the universe transitions from a plasma of
free electrons and hydrogen nuclei to a largely neutral
phase with traces of free electrons that are strongly cou-
pled to the cosmic microwave background (CMB) radia-
tion.

This difficulty arises from the fact that direct tran-
sitions to the ground 1s state of hydrogen contribute
very little to recombination, since they produce ioniz-
ing photons themselves. Instead, recombination mainly
proceeds through excited states of neutral hydrogen. In
order to derive the evolution of the ionization fraction to
sub-percent level accuracy, we should follow the popula-
tions of a large number of excited states of the hydrogen
atom [18, 19].

We eschew this sophisticated analysis for a conceptu-
ally simpler, and less accurate, model of recombination
originally proposed in Refs. [12, 13]. This is adequate for

the purposes of this paper, since we follow fluctuations
in the ionization fraction. The errors introduced in the
fluctuations by using the approximate model should be
at the few-percent level.

This model approximates the hydrogen atom as a three
level system; it assumes that the excited states of the
true hydrogen atom are in thermal equilibrium with each
other, and cascade down to the n = 2 level through fast
radiative decays. Atoms in the 2p state reach the ground
state when photons redshift through the Lyα line due
to cosmological expansion, while those in the 2s level
de-excite through a two-photon process. Direct recom-
bination via the redshift of continuum photons is much
slower (by a factor of ∼ 10−6) than through the Lyα
channel [25]. Hence we set the direct recombination’s
contribution to zero in the background case. As Section
VI demonstrates, this assumption is no longer valid in
the perturbed case.

We add the recombination coefficients to the excited
states to obtain an effective, or case B recombination
coefficient, αB. We also have an effective rate of photo-
ionization from this state, βB. With these definitions,
the ionization fraction evolves according to

ẋe = −C
(
nHx

2
eαB − 4x1sβBe

−E21/kBT
)

, (11)

where C is the Peebles C-factor, which is the probability
that an atom in the n = 2 state reaches the ground state
[12]. It is defined in terms of the Lyα escape rate, the
2s–1s two-photon transition rate, and the rate of photo-
ionization from the n = 2 state. We derive explicit ex-
pressions for C and the population of the n = 2 state,
x2, in Section VII A 1.

The case B recombination coefficient and the effective
photo-ionization rate are related by the principle of de-
tailed balance [12, 13, 17]:

βB(T ) =
(2πmekBT )3/2

4h3
e(E2/kBT )αB(T ). (12)

We assume that the four sublevels of the n = 2 level are
equally occupied. Thus their occupation fractions are
related by x2p = 3x2s = (3/4)x2. This is justified by
the high effective 2p–2s transition rate at these redshifts
(Λ2p,2s ≈ 2.5×104 s−1 [18, 26]). This is much faster than
both the case B recombination rate per hydrogen atom,
and the photo-ionization rate, which are ∼ 1.3×102 s−1,
and the two-photon decay rate, Λ2s,1s = 8.22 s−1 [27].

In deriving Eq. (11), we assume that the population
of the n = 2 level is in steady state, i.e., we balance the
net rate of recombination and photo-ionization against
the escape of Lyα photons and two-photon decays. This
is valid if the abundance of intermediate states is very
small; in this case, x2/x1s can be estimated from the
recombination codes themselves (e.g. Ref. [18]), and is
typically of order ∼ 10−14.

The final piece needed is the spectrum of relative veloc-
ities between matter and radiation on large scales. We as-
sume that velocities are irrotational, i.e., they are aligned
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FIG. 3: Speeds with redshift: the solid line shows the
average magnitude of the background relative velocity

between matter and radiation; the dashed line shows the
isothermal sound speed.

with their wave vectors, k. The velocity at any point in
space is a Gaussian random variable, whose two-point
correlation function is

〈v0,i(x)v∗0,j(x)〉 =
1

3
δij

∫
d ln k ∆2

v0(k), (13)

where ∆2
v0 is the dimensionless power per log wave-

number of the component along the wave-vector. This
power spectrum is given by [28]

∆2
v0(k) =

k3Pv0(k)

2π2
=

1

k2
|Θm(k)−Θr(k)|2∆2

ζ(k), (14)

where ζ is the primordial curvature perturbation, and
Θm and Θr are the transfer functions for the matter and
radiation velocity divergence respectively. We use the
publicly available CLASS code to obtain these transfer
functions [29]. Figure 2 shows the resulting power spec-
trum for the relative velocity. We observe that most of
the power is in scales near k ∼ 0.1 Mpc−1.

We estimate the typical velocities from the distribu-
tion of Eq. (13). Figure 3 shows the both the average
speed of the matter relative to the radiation, and the
isothermal sound speed, as a function of redshift. We ob-
serve that these velocities are very small during the pre-
recombination era: the matter-radiation response time,
τeγ , is much smaller than the expansion age due to rapid
scattering, which suppresses the relative velocities. Dur-
ing recombination the free electron fraction drops, and
the response time becomes comparable to the expansion
age, i.e., recombination leads to decoupling.

IV. LINEAR ANALYSIS OF DENSITY AND
VELOCITY FLUCTUATIONS

Small-scale fluctuations of the matter field perturb the
density, velocity and the ionization fraction. We denote
the fractional matter overdensity by δm, the velocity by
vm and the ionization fraction and its fluctuation by xe

and δxe respectively. In addition to these, we denote the
perturbed gravitational potential by δφ. In this section,
we derive the evolution equations for the density and
velocity. In what follows, x is the position on a comoving
grid, while a dot represents a derivative with respect to
coordinate time.

There is a small amount of helium present in the
early Universe: the He:H ratio by number, fHe, is
given in terms of the Helium mass fraction, YHe, by
fHe = YHe/[4(1 − YHe)] ≈ 0.08. We consider late times,
z . 1800, where the helium is fully neutral, so that it
does not contribute to the ionization fraction. The hy-
drogen mass fraction XH = 0.76 is also used in the equa-
tions below.

The matter density, velocity, and gravitational poten-
tial on sub-horizon scales are governed by the Newto-
nian equations of motion – the equation of continuity,
the Navier-Stokes equation and Poisson’s equation writ-
ten in the comoving frame (as in [30]). The linearized
forms of these equations are:

δ̇m +
1

a
∇ · vm = 0, (15a)

v̇m +Hvm = − 1

aρm
∇P − 1

a
∇δφ+ frad, (15b)

1

a2
∇2δφ = −4πGρmδm. (15c)

The quantity H is the Hubble rate of expansion, H =
ȧ/a. The relative velocity force term, frad, depends on
the flux of background radiation in the local matter rest
frame. We use Eqs. (2) and (3) to write the force as
frad = −ΛeγXHxe(vm − vr), where Λeγ is the inverse of
the response time in the case where the hydrogen is com-
pletely ionized and the helium mass is neglected. Typi-
cal large-scale relative velocities, v0, on comoving scales
k ≈ 0.1 Mpc−1, appear nearly uniform to the small-scale
matter fluctuations. By definition, the latter do not per-
turb the radiation field. Hence the force associated with
the relative velocity is

frad = −ΛeγXHxevm − ΛeγXHδxev0. (16)

We decompose the velocity into scalar (curl-free) and vec-
tor (divergence-free) parts:

Θm = ∇ · vm and Ωm = ∇×vm. (17)

Under the equation of motion, (15b), the vector part’s
evolution depends on the scalar part through the latter’s
modulation of the free electron fraction in the force term,
but the reverse is not true. We focus on the scalar part
in the rest of this paper.
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We expand the restoring force due to the pressure up
to first order in the fluctuation as follows

−∇P
aρm

= − 1

aρm
∇(nkBT )

= − 1

aρm
kBT∇[nH(1 + fHe + xe + δxe)]

= −1

a

kBT

mH
XH∇[(1 + δm)(1 + fHe + xe + δxe)]

= −ik
a

kBT

mH
XH[(1 + fHe + xe)δm + δxe]. (18)

We substitute the pressure and relative velocity force
terms [Eqs. (18) and (16)] in the Newtonian equations
[Eq. (15)], and eliminate the gravitational potential, δφ.
Assuming plane-wave forms for the perturbed quantities,
α(x) =

∫
[d3k/(2π)3]α(k) exp (ik · x), the final forms of

the evolution equations for the matter density and veloc-
ity are:

δ̇m = −1

a
Θm, (19a)

Θ̇m = −k
2

a

[4πGρm

k2
a2 −XH(1 + fHe + xe)

kBT

mH

]
δm

− (H + ΛeγXHxe)Θm +XH

(k2

a

kBT

mH
− iΛeγk · v0

)
δxe.

(19b)

V. IONIZATION FRACTION FLUCTUATION –
SAHA EQUILIBRIUM SCALING

In order to get a complete picture of the ionization
fraction’s evolution, we need to study the transport of
photons between different parts of the fluctuations. Be-
fore we deal with this problem in Sections VI and VII,
we make a simple first estimate following Paper 1.

The simplifying assumption in this section is that the
ionization fraction scales with matter density in the same
manner as the value calculated using local thermody-
namic equilibrium (LTE, or Saha equilibrium). In subse-
quent sections, we consider non-equilibrium ionization.
We note that perturbed non-equilibrium ionization in
cosmology is one of the contributions to the CMB bis-
pectrum and hence has been investigated as a potential
contaminant to primordial non-Gaussianity studies [31–
34] and probe of new physics [35], however these studies
did not consider the very high k of interest in this paper
and hence did not have to solve the nonlocal radiative
transfer problem considered in Sections VI and VII.

Using the scaling of Eq. (5) for the ionization fraction
fluctuation in Eq. (19b), we reduce the Newtonian evo-
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FIG. 4: Maximum instantaneous growth rate for small-scale
fluctuations in the matter field at recombination, normalized

to the net elapsed coordinate time, τu. The wave-vector is
oriented along the large-scale relative velocity between

matter and radiation, v0. This approximates the perturbed
ionization fraction with the scaling relation of the Saha

equilibrium value, given by Eq. (5).

lution equations to

δ̇m = −1

a
Θm, (20a)

Θ̇m = −
[
H + ΛeγXHxe

]
Θm +

{
(1− xe)

(2− xe)
iΛeγXHxek · v0

− k2

a

[4πGρm

k2
a2 − 2− fHexe

2− xe
XH

kBT

mH

]}
δm.

(20b)

The instantaneous growth rate, G, is the largest eigen-
value of the system of Eq. (20). Figure 4 plots this growth
rate (normalized to a net elapsed coordinate time, τu, at
the redshift of recombination, z0 = 1100) for various val-
ues of the large-scale relative velocity, with the wave vec-
tor oriented along its direction. Modes with comoving
wavenumbers satisfying k > 2 × 102 Mpc−1 (or physi-
cal wavelength smaller than ≈ 30 pc) at recombination
are unstable. The growth rate increases with wavenum-
ber, until it saturates on very large wavenumbers: k ≈
105 Mpc−1, or physical wavelength λphys ≈ 0.06 pc, or
104 AU! The modes at the saturation scale grow by a
factor of a few hundred. Since there is a large number
of small-scale modes, it is worth considering mechanisms
that can cut off the growth on these scales.

Photons in the continuum and Lyα line interact
strongly with matter during this epoch. We have briefly
considered the aspects of this interaction relevant to
background recombination in Section III. Continuum
photons produced in direct recombinations to the ground
state are completely unimportant for the background at
the level of accuracy of Section III. Their interaction
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FIG. 5: Schematic diagram showing the effect of continuum
and Lyα photon transport on the evolution of the ionization
fraction fluctuation associated with small-scale fluctuations.

cross section with neutral hydrogen atoms is so large that
they are promptly reabsorbed. However, we should keep
track of them in the in-homogenous case, since they can
stream from one part of the fluctuation to another.

Figure 5 is a schematic diagram of the radiative trans-
port processes relevant to perturbed recombination. Be-
fore we study the various processes in detail in subsequent
sections, we clarify a few general points.

Under the assumptions of the three level model of the
hydrogen atom, we only need to consider a single spec-
tral line (Lyα). This greatly simplifies our analysis. The
Lyα photons can be decoupled from the continuum due to
their wide separation in frequency. In the rest of this pa-
per, we neglect the homogenous population of the first ex-
cited state, x2 (except in equations which compute tran-
sitions from the n = 2 level), and assume xe + x1s ≈ 1.
As discussed in Section III, it is completely negligible
compared to the other populations.

A first step towards judging the relative importance
of various arms of Fig. 5 is to look at the mean free
paths (MFPs) of the photons at this redshift. If we use
numbers for Lyα photons at the line center, the comoving
wavenumbers corresponding to the MFPs are

kcont = n1sσ1s,conta ≈ 3.6× 106 Mpc−1 (21)

and

kLyα = n1sσ1s,Lyαa ≈
HτSa

c∆H
≈ 1011 Mpc−1. (22)

Here σ1s,cont ≈ 6.3 × 10−18 cm2 is the photo-ionization
cross section for a ground state hydrogen atom at the
threshold frequency, while τS ≈ 5.6 × 108 and ∆H ≈
2.3× 10−5 are the Sobolev optical depth and the dimen-
sionless Doppler width of the Lyα line at the redshift of
recombination.

The MFP for continuum photons is very close to the
saturation scale in Fig. 4. Moreover, as we show in Ap-
pendix A 1, the length scale for the diffusion of Lyα pho-
tons is much larger than this naive estimate. In fact, we
will see in Section VII that Lyα transport is important
for wavenumbers satisfying k > 103 Mpc−1. We begin
by studying the outer arm of Fig. 5 in the next section.

VI. RADIATIVE TRANSFER IN THE
CONTINUUM

We study the transport of continuum photons in two
stages – we first determine their perturbed phase space
density, and then calculate its effect on the recombination
rate. We approach the problem using the Fourier-space
Boltzmann equation (as used in previous sections and in
modern CMB codes [28, 36–38]). We note that the sim-
ilar problem of ultraviolet and X-ray radiative transfer
in the literature on high-redshift 21 cm radiation is usu-
ally addressed by a Green’s function approach, i.e. by
summing the contributions from individual point sources
either analytically or numerically [39–42].

Let the phase space density (henceforth, the PSD) of
continuum photons be f(ν,x, n̂, t). It evolves via the
Boltzmann equation

∂f

∂t
−
[
H +

ninj
a

∂vi
∂xj

]
ν
∂f

∂ν
+
c

a
n̂ · ∇f =

∑
process

ḟ |process.

(23)

The second and third terms on the left-hand side account
for the redshift of photons, and their advection respec-
tively. Both the background cosmological expansion and
the peculiar matter velocity contribute to the redshift
term.

We assume that the PSD is not a dynamical variable
and drop the explicit time-dependence. This is valid
both in the unperturbed and perturbed cases: in the
former, because photons redshift through the frequency
range much faster than a Hubble time; and in the latter,
because the advection term dominates below the Jeans
scale.

We neglect the redshift term in Eq. (23). This is equiv-
alent to neglecting the background rate of recombination
through the continuum channel. We consider the con-
tributions of the absorption and emission of continuum
photons to the right hand side of Eq. (23), and neglect
the redistribution of photons within the frequency range
due to resonant scattering – this is important within the
Lyman lines.

Let σa(ν), α1s(ν) and φ(ν) denote the continuum pho-
ton absorption cross-section, the direct recombination co-
efficient, and the probability distribution for the emit-
ted photons’ frequency respectively. These quantities are
functions of radiation (absorption) and matter (recombi-
nation) temperature. The integrated or total recombina-
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tion coefficient to the ground state is defined by

α1s =

∫ ∞
νc

dν α1s(ν)φ(ν). (24)

The rates of absorption and emission of continuum pho-
tons are

ḟ(ν,x, n̂)|abs = −cn1sσa(ν)f(ν,x, n̂), (25)

ḟ(ν,x, n̂)|em =
c3

2ν2
nenpα1s(ν)

φ(ν)

4π
, (26)

where we have used the fact that every direct recombi-
nation is accompanied by the emission of a continuum
photon, and multiplied by a factor of c3nH/(2ν

2) to con-
vert the contributions per hydrogen atom to those for the
PSD. Substitution in the Boltzmann equation yields

1

a
n̂ · ∇f(ν,x, n̂)

= −n1sσa(ν)f(ν,x, n̂) +
c2

8πν2
nenpα1s(ν)φ(ν). (27)

In the homogenous case, with just the background pa-
rameters, this reduces to the balance between absorption
and recombination contributions.

0 =
1

a
n̂ · ∇f(ν) (28)

= −(1− xe)nHσa(ν)f(ν) +
c2

8πν2
(xenH)2α1s(ν)φ(ν).

(29)

In the presence of small-scale fluctuations, we linearize
the Boltzmann equation and simplify using the unper-
turbed solution, Eq. (29).

1

a
n̂ · ∇δf(ν,x, n̂) + (1− xe)nHσa(ν)δf(ν,x, n̂) =

c2

8πν2
n2

Hxeα1s(ν)φ(ν)
[
xeδm +

2− xe

1− xe
δxe

]
. (30)

Let the total number flux of continuum photons in a di-
rection be N(x, n̂). In terms of the PSD, it is given by

N(x, n̂) =

∫ ∞
νc

dν
8πν2

c2
f(ν,x, n̂). (31)

The photo-ionization cross-section, σa(ν), is discontinu-
ous across the threshold frequency. It falls off with in-
creasing frequency in a power-law fashion [43], while the
PSD falls in an exponential manner in the UV part of the
spectrum. Hence we neglect the frequency dependence of
σa in all integrals. Using Eq. (30) and the definition (31),
we get the equation for the transport of the number flux

1

a
n̂·∇δN(x, n̂)+AδN(x, n̂) = nH

[
B1δm+B2δxe

]
, (32)

where the coefficients are

A = (1− xe)nHσa(νc), (33a)

B1 = nHx
2
eα1s, (33b)

B2 = nHxeα1s
2− xe

1− xe
. (33c)

Note that the coefficient A is the inverse of the mean free
path for continuum photons at the threshold for photo-
ionization.

We assume a plane-wave dependence for the fluctua-
tion, following which the solution to Eq. (32) is

δN(k, n̂)

nH
=
B1δm +B2δxe

A+ i(n̂ · k/a)
. (34)

The photo-ionization from and recombinations to the
ground state together cause the free electron fraction to
evolve as

ẋe|cont = x1s

∫ ∞
νc

dν
8πν2

c2
σa(ν)f0(ν,x)− nHx

2
eα1s. (35)

In the homogenous case, we approximate the small con-
tribution to be zero, which gives us a relation between
the absorption cross-section and the recombination coef-
ficient.

We can obtain this relation by considering the alter-
native scenario of local thermal equilibrium (LTE) be-
tween a population of ionized and 1s hydrogens, free
electrons, and a blackbody distribution of photons above
the threshold frequency. The free electron fraction then
equals the Saha equilibrium value of Eq. (4). As ear-
lier, we neglect power-law frequency dependence of pre-
factors in the integrals over frequency and obtain the
relation

α1s(T ) = 4
hνc
mec2

hνc

(2πmekBT )1/2
σa(νc, T ). (36)

In the inhomogenous case, we perturb Eq. (35) and retain
terms up to the first order.

δẋe|cont = x1s

∫ ∞
νc

dν
8πν2

c2
σa(ν)

[δx1s

x1s
f0(ν) + δf0(ν,x)

]
− nHx

2
e

[
δm + 2

δxe

xe

]
α1s. (37)

We use detailed balance in the homogenous case, and
the definition of the total flux in Eq. (31) to simplify this
contribution to

δẋe|cont = (1− xe)σa(νc)δN0(x)

− nHxe

[
xeδm +

2− xe

1− xe
δxe

]
α1s (38)

= − 1

4πanH

∫
dn̂ n̂ · ∇δN(x, n̂). (39)

To get to the second line, we used equation (32) for the
the flux.

We use the solution (34) and evaluate the angular in-
tegral to obtain the final equation for the effect of con-
tinuum photon transport on the ionization fraction for a
plane-wave fluctuation.

δẋe|cont = −
{ 1

4π

∫
dn̂

in̂ · k
Aa+ in̂ · k

}[
B1δm +B2δxe

]
= −

{
1− Aa

k
arctan

( k

Aa

)}[
B1δm +B2δxe

]
,

(40)
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where the coefficients A,B1 and B2 are given in Eq. (33).
The MFP of continuum photons is 1/A; as expected the
continuum photons’ contribution goes to zero when the
wavelength becomes much larger than this.

VII. RADIATIVE TRANSFER IN LYMAN-α

This section works out the radiative transfer of Lyα
photons in an inhomogenous universe. The subject and
details of this calculation are self-contained, but impact
the rest of the paper through the resulting perturbed
recombination rates. This sections’ results are applicable
over a wide range of length scales; we show that they
reduce to expected values in the large- and small-scale
limits in Appendices A and B.

The PSD of Lyα photons evolves via the Boltzmann
equation of Eq. (23). It is simplest to work in the mat-
ter’s rest frame, since the source terms on the right-hand
side take on simple forms. Absorption, emission and res-
onant scattering contribute to this source term; we de-
scribe each of these processes in detail below.

The scattering of photons off a hydrogen atom in the
ground state is a two step process, involving an excita-
tion to a virtual excited state through the absorption of
the incident photon, and subsequent decay through the
emission of the outgoing one. When the first photon is of
very low frequency, this corresponds to classical Rayleigh
scattering. When its frequency approaches the Lyα fre-
quency (henceforth νLyα), the intermediate state is long
lived and other processes which deplete it become impor-
tant.

In particular, the excitation of the 2p state to higher
bound states and its photo-ionization compete with spon-
taneous emission. We count the former as true absorp-
tions, and the latter as coherent scattering events. The
net photon number is unaffected by coherent scattering,
but the frequency of the outgoing photon is related to
that of the incident one.

The branching ratio for coherent scattering is set by
the rate of spontaneous emission from the 2p state

psc =
ALyα

Γ2p
= 1− pab, (41)

where Γ2p is the width due to all processes, and pab is
the complementary branching ratio for absorption via
two-photon processes. Coherent scattering is the dom-
inant process, and the scattering probability psc is close
to unity.

A useful definition is the Sobolev optical depth of the
Lyα line. It is the net optical depth for the absorption
of a photon over its path as it redshifts through the Lyα
line due to cosmological expansion.

τS =
3

8π
n1s

(
c

νLyα

)3
ALyα

H
. (42)

The line is optically thick at the redshift of recombina-
tion, i.e. τS ≈ 5.6 × 108 � 1. We divide this optical

depth into true absorption and scattering contributions
as

τsc/ab = psc/abτS. (43)

The rate of removal of Lyα photons per unit volume of
phase space due to coherent scattering is

ḟ(ν, n̂)|sc− = −Hντscφ(ν)e[h(ν−νLyα)/kBT ]f(ν, n̂). (44)

In the above expression, φ(ν) is broadened from a delta
function at the Lyα frequency, νLyα, due to the ther-
mal motions of the absorbing atoms and the finite life-
time of the excited state. The resulting profile is a Voigt
function, which is most easily expressed in terms of the
deviation from the central frequency in Doppler widths
[44]:

φ(x, a) =
a

π3/2

∫ ∞
−∞

du
e−u

2

a2 + (x− u)2
, (45)

x =
ν − νLyα

νLyα∆H
, ∆H =

(
2kBT

mHc2

)1/2

. (46)

The Voigt parameter, a, quantifies the relative strength
of the radiative and Doppler broadening mechanisms,
and is given by

a =
Γ2p

4πνLyα∆H
. (47)

The outgoing photon follows a redistribution function,
p(ν, n̂|ν′, n̂′). This is defined as the probability of an out-
going photon (ν, n̂) conditioned on the incoming photon
(ν′, n̂′) [44]. It is normalized as∫

dν
dn̂

4π
p(ν, n̂|ν′, n̂′) = 1. (48)

The rate of injection per unit volume of phase space due
to coherent scattering is

ḟ(ν, n̂)|sc+ = Hντsc

∫
dν′

dn̂′

4π
φ(ν′)e[h(ν′−νLyα)/kBT ]

× p(ν, n̂|ν′, n̂′)f(ν′, n̂′). (49)

True absorptions are two-photon transitions to higher
states, through an intermediate ‘virtual’ 2p state. Direct
photo-ionization from the 2p state is formally included
by letting the summation over the higher states run over
the continuum states. However, the dominant transitions
from 2p are to the 3s and 3d levels. To the first approx-
imation, the resultant absorption probability is

pab ≈
A3s−2p + 5A3d−2p

3ALyα
e−(5hνLyα/27kBT )

≈ 10−4 at z0 = 1100. (50)

In the first line, we have neglected the absorption contri-
bution in the denominator, and assumed that the PSD
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for the second photon of lower energy is that of a black-
body at the radiation temperature. The rate of removal
of photons due to true absorption is

ḟ(ν, n̂)|ab = −Hντabφ(ν)e[h(ν−νLyα)/kBT ]f(ν, n̂). (51)

In a similar manner, true emission of Lyα photons is a
two-photon process, in which the first photon is emitted
in a transition from one of the higher levels (as earlier,
largely from 3s and 3d) to a ‘virtual’ 2p level, and the sec-
ond one during a subsequent decay to the ground state.
We neglect the stimulated component of both transitions
since the PSDs involved are much smaller than unity.
The rate of injection due to true emission is

ḟ(ν, n̂)|em =
c3nH

8πν2
psc

∑
i 6=1s

xiAi−2pφ(ν). (52)

In principle, two-photon transitions to and from the
2s state can also inject or remove photons within the
Lyα line. Depending on the frequency of the more en-
ergetic photon involved, these are Raman scattering or
two-photon transitions between 2s and the ground state.
However, these transitions are much slower than those in-
volving the 2p state; in particular, their cross-section goes
to zero at the central frequency, since there is no phase
space available for the second photon (see Fig. 6). This
statement is no longer true if we include stimulated emis-
sion, but the full transition rates are still much smaller
than the ones to 2p within the Lyα line [45]. Thus, the
majority of photons produced in this manner are on the
far red side of the line. We can safely neglect this chan-
nel while calculating the spectral distortion within a few
hundred Doppler widths of the Lyα line center.

Fig. 6 shows the rates of the radiative processes de-
scribed above which add or remove photons from the fre-
quency range of interest.

A. Solution of the Boltzmann equation

We solve the Boltzmann equation under a number of
simplifying assumptions.

1. The 2s–2p transition rate is high enough so that all
their sublevels are equally occupied. Consequently
we neglect the fast transitions between these sub-
levels.

2. The line profile, φ(ν), dominates the frequency de-
pendence of the absorption and emission terms.
Thus we replace all factors of ν multiplying the
profile with the central frequency, νLyα.

3. The rates of radiative processes are large compared
to the Hubble rate, so the PSD and excited level
populations are effectively in steady state. This is
valid within the line profile due to the high scatter-
ing rate.
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FIG. 6: Rates of radiative processes: The solid and dashed
lines show the rate coefficients per unit frequency for

two-photon absorption via an intermediate 2p level, and
two-photon absorption/Raman scattering to the 2s level,

respectively. The lower and upper axes show the frequency
in physical units, and Doppler widths from line center

respectively. Also shown on the same plot is the spectral
distortion, as calculated by HyRec [18]. The dotted line

shows the number of excess photons over a blackbody per
hydrogen atom per logarithmic frequency interval. The plots

are generated at redshift z0 = 1100.

4. The absorption and emission profiles are iden-
tical. Under this approximation, factors of
exp [h(ν − νLyα)/kBT ] are approximately equal to
unity. This is valid if we restrict ourselves to fre-
quencies which satisfy

|ν − νLyα| � νLyα∆HX, (53)

X =
kBT

hνLyα∆H
≈ 1080, at z0 = 1100.

This is satisfied within the frequency range of in-
terest, since the wings are optically thick to true
absorption only up to ∼ 20 Doppler widths at this
redshift [46].

5. On the far blue side of the line, we take the PSD
to equal that of a blackbody at the radiation tem-
perature.

6. The redistribution function, p(ν, n̂|ν′, n̂′), is
isotropic. We condense it to the the notation
p(ν|ν′).

We use the steady state approximation to balance the
rate of processes which populate the 2p level – down-
ward transitions from higher levels and upward transi-
tions from the 1s level – with its net rate of depletion.

0 = ẋ2p

=
∑
i6=1s

xiAi−2p + 3x1sALyαf − Γ2px2p. (54)
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where f is the average of the phase-space density over the
line profile, f =

∫
dν φ(ν)f(ν). We use this along with

the definition of the scattering probability in Eq. (41) to
rewrite the emission term of Eq. (52) as

ḟ(ν, n̂)|em = HντSφ(ν)
[
feq − pscf

]
, (55)

where we have introduced the equilibrium PSD, feq,
which is defined as

feq =
x2p

3x1s
=

x2

4x1s
. (56)

1. Homogenous case

If the background ionization state and density are ho-
mogenous, the PSD is independent of direction and posi-
tion. Under the assumptions listed above, the Boltzmann
equation of Eq. (23) reduces to

∂f(ν)

∂ν
= τsc

[
φ(ν)f(ν)−

∫
dν′φ(ν′)p(ν′, ν)f(ν′)

]
+ τSφ(ν)

[
pabf(ν)− feq + pscf

]
. (57)

This is easily solved if the redistribution due to coherent
scattering is unimportant, i.e., psc ≈ 0, or independent
of the incoming frequency, i.e., p(ν′, ν) = φ(ν). The PSD
is then given by the Sobolev solution. Complete redistri-
bution is a good approximation within the Doppler core
(up to ∼ 40 Doppler widths away from νLyα at z = 1100
[46]).

However, redistribution due to coherent scattering is
nontrivial in the wings, since the average change in fre-
quency between the incident and outgoing photons is only
a few Doppler widths. We implement the resulting dif-
fusion in frequency using a second-order differential op-
erator. This is commonly known as the Fokker-Planck
approximation [14, 46, 47]. It is well suited for describ-
ing the partial redistribution in the wings. Due to the
high scattering rates near the line center, the PSD sets
itself to the equilibrium value, and the particular pre-
scription used becomes unimportant, as long as it yields
a small result. Under this approximation, the rates of
injection and removal due to scattering are

ḟ(ν)|sc = −Hντsc
[
φ(ν)f(ν)−

∫
dν′φ(ν′)p(ν′, ν)f(ν′)

]
= Hντsc

ν2
Lyα∆2

H

2

∂

∂ν

[
φ(ν)

∂f

∂ν

]
, (58)

The operator above does not account for the effect of
atomic recoil; this is consistent with the approximation
of equal absorption and emission profiles (assumption 4).
Using this in Eq. (57), we get a second order O.D.E for
the phase-space density

∂f(ν)

∂ν
= −τsc

ν2
Lyα∆2

H

2

∂

∂ν

[
φ(ν)

∂f

∂ν

]
+ τSφ(ν)

[
pabf(ν)− feq + pscf

]
. (59)

We numerically solve this differential equation in a fre-
quency range extending out to 1000 Doppler widths on
either side of νLyα, with 50 bins per Doppler width. We
set the PSD to a blackbody on the far blue side, and use a
Neumann boundary condition on the far red side, where
we set the derivative to zero. The latter is designed to
kill an unphysical solution where the PSD grows catas-
trophically as we approach the red side of the line.

Technically, this region is larger than the domain of
validity for some of our approximations, but we formally
extend the equation out to this region in order to reduce
boundary effects. We evaluate the Voigt profile using
Gubner’s series in the core, and a fourth order asymptotic
expansion in the wings [48].

In order to evaluate the equilibrium PSD, feq, we
need the occupancies of the ground (1s) and excited
(2p) states. The rates of their depletion and popula-
tion depend on the PSD itself, so to be completely self-
consistent, we need to solve for the level populations
together with the PSD. Instead, we use the three level
model of recombination of Section III, which assumes
the Sobolev solution. The error introduced by doing so
is small, because the most significant effect of the redis-
tribution is to broaden the jump in the PSD, rather than
change its amplitude.

Figure 7 shows the resulting spectral distortion, which
is defined via the PSD as the number of excess pho-
tons over a blackbody distribution per hydrogen atom
per logarithmic frequency interval. Also shown are the
true distortion (as calculated by the publicly available
HyRec code [18]), and the Sobolev approximation to it,
which neglects redistribution due to coherent scattering.
HyRec’s treatment of recombination and radiative pro-
cesses is significantly more sophisticated than ours – it
does not assume a steady state or equal emission and
absorption profiles, follows the population of the higher
levels, and accounts for two-photon and Raman transi-
tions which are nonresonant with the Lyα transition.

The rate of recombination through the Lyα channel is
the difference between the downward and upward tran-
sition rates

ẋ1s|Lyα = 3ALyαx1s

[
feq − f00

]
. (60)

We get an expression for the average monopole, f00, and
hence the recombination rate through the Lyα channel
by integrating Eq. (57) over frequency, and using the
normalization of the redistribution probability.

∆f = τS[f − feq], (61)

where the notation ∆X respresents the jump in a quan-
tity X across the line, ∆X = X(ν+) − X(ν−). Using
this in Eq. (60), we recover the background recombina-
tion rate in the Sobolev approximation with large optical
depth

ẋ1s|Lyα = −3ALyαx1s

τS
∆f . (62)
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FIG. 7: Lyα spectral distortion: This figure plots the
number of excess photons over a blackbody distribution per
hydrogen atom per logarithmic frequency interval, against
the frequency offset from line center measured in Doppler

widths, at redshift z0 = 1100. The solid line is the solution
of Eq. (59), which incorporates redistribution due to

coherent scattering, while the dashed one is the Sobolev
solution, which does not. Also shown for reference is the

result of the full calculation of HyRec [18].

Typically the PSD on the red side, fν− , sets itself to the
equilibrium value, feq, due to the high optical depth. On
the far blue side, we take fν+ to equal the blackbody
value to maintain consistency with assumption 5 and the
numerical solution.

A significant fraction of atoms reach the ground state
via two-photon decays from the 2s level. From Fig. 6,
we see that the more energetic of the emitted photons is
largely on the far red side of the Lyα line. The effect of
absorption of the background spectral distortion in this
region is largely canceled by that of the stimulated emis-
sion of the low energy photon [45]. Thus, we compute
the two-photon decay rate using the blackbody PSD.

ẋ1s|2s = Λ2s,1sx1s

[
feq − e−{hνLyα/kBT}

]
, (63a)

Λ2s,1s =

∫ νLyα

νLyα/2

dν
dΛ2s

dν
= 8.22 s−1. (63b)

We neglect Raman scattering events involving photons
above νLyα. Their main impact on recombination is ‘non-
local’ in time; they inject photons on the far blue side of
Lyα which redshift into the line at a later time due to
cosmological expansion and get absorbed [45].

Equations (62) and (63) together give the net rate of
recombination to the ground state. The result depends
on the equilibrium PSD, feq, which in turn depends on
the n = 2 level’s population. We use the steady state
assumption and balance its overall rates of population
and depopulation.

One way of implementing this would be to follow the
populations of all the levels which connect to it, in the

manner of Eq. (54). Instead, we choose to work in the
three level approximation of Section III, which collects
all the higher levels into a single block and assumes equal
population for all the sublevels. The rates of case B re-
combination and photo-ionization add up to give the rate
of the upper arms, which connect the fully ionized state
with the n = 2 state.

ẋ2|rec/ion = nHx
2
eαB − x2βB. (64)

If we equate this expression to the sum of Eqs. (62) and
(63), we recover Eq. (11) after some algebra. The ex-
plicit expressions for Peebles’ C factor and the n = 2
population are

C =
3ALyα/τS + Λ2s,1s

3ALyα/τS + Λ2s,1s + 4βB
, (65)

x2 = 4
nHx

2
eαB + (3ALyα/τS + Λ2s,1s)x1se

−E21/(kBT )

3ALyα/τS + Λ2s,1s + 4βB
.

(66)

2. Inhomogenous case

The situation of interest in this paper involves spatially
varying hydrogen number density, ionization fraction and
matter velocity. The resulting phase-space density in
Lyα is both inhomogenous, i.e., varies with position x,
and anisotropic, i.e., varies with direction n̂. We assume
that these variations take the form of small fluctuations
over a homogenous background, so that we can expand
their spatial dependence into plane waves which evolve
independently of each other. They obey the Boltzmann
equation (23), whose linearized form is

∂δf

∂ν
− ick

Hνa
(k̂ · n̂)δf − δτS

τS

∂f

∂ν

= τSφ(ν)
[
pabδf(ν, n̂)− δfeq + pscδf00

]
+ τsc

[
φ(ν)δf(ν, n̂)−

∫
dν′

dn̂′

4π
φ(ν′)p(ν|ν′)δf(ν′, n̂′)

]
.

(67)

Here the perturbed source terms on the right hand side
include the effects of absorption [Eq. (51)], emission
[Eq. (55)], and scattering [Eqs. (44) and (49)], after ap-
plying the assumptions listed at the beginning of Section
VII A.

The fluctuation in the optical depth is

δτS
τS

= δm +
δx1s

x1s
− Θ

aH
(k̂ · n̂)2. (68)

We decompose the angular dependence of quantities into
their spherical harmonic components. (This – or some
more sophisticated variant – is the standard approach
for Boltzmann solvers that predict CMB anisotropies [28,
36–38, 49].) It is convenient to orient the z-axis, ẑ, along
the wave vector, k. Due to azimuthal symmetry about
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FIG. 8: Basis solutions for the inhomogenous Boltzmann equation: (a) and (b) show the solutions Aj and Bj defined in
Eq. (73). The source terms modulate the optical depth through the density and ground state population, and velocity

gradient. This figure is generated for k = 105 Mpc−1 at redshift z0 = 1100.

this axis, quantities depend on direction only through

µ = k̂ · n̂, and the spherical harmonics reduce to the
appropriate Legendre polynomials. The explicit forms of
the decomposition and its inverse for the PSD are [28, 49]

δf(ν, k, µ) =
∑
j

(−i)jδfj(ν, k)Pj(µ), (69a)

δfj(ν, k) =
2j + 1

2

∫
dµ ijPj(µ)δf(ν, k, µ). (69b)

We substitute the expansion (69) into Eq. (67) to get the
Boltzmann equations for the moments. The equation for
the zeroeth moment is

∂δf0

∂ν
=
δτS,0
τS

∂f

∂ν
− τSφ(ν)

[
δfeq − pscδf0

]
+

ck

3Hνa
δf1 + pabτSφ(ν)δf0 + τsc

{
φ(ν)δf0

−
∫
dν′φ(ν′)p(ν|ν′)δf0(ν′)

}
. (70)

The term within curly braces is the scattering contribu-
tion, which redistributes photons within the line. We
replace it with a second-order differential operator under
the Fokker-Planck approximation, in the same manner
as in the homogenous case.

∂δf0

∂ν
=
δτS,0
τS

∂f

∂ν
− τSφ(ν)

[
δfeq − pscδf0

]
+

ck

3Hνa
δf1

+ pabτSφ(ν)δf0 − τsc
ν2

Lyα∆2
H

2

∂

∂ν

[
φ(ν)

∂δf0

∂ν

]
.

(71)

The Boltzmann equations for the higher moments, with
j ≥ 1, are of the form

∂δfj
∂ν

=
ck

Hνa

[
− j

2j − 1
δfj−1 +

j + 1

2j + 3
δfj+1

]
+ τSφ(ν)δfj +

δτS,2
τS

∂f

∂ν
δj,2, (72)

where the δj,2 in the final term on the RHS equals unity
if j = 2 and zero otherwise.

Equations (71)–(72) form a hierarchy for the moments
of the PSD, δfj0 [28, 36]. Absorption, emission and red-
shifting of Lyα photons contribute to the evolution of
each moment, while redistribution due to coherent scat-
tering only contributes to the zeroeth moment. The
latter is a direct consequence of the assumption of the
isotropy of the redistribution function, p(ν, n̂|ν′, n̂′) (as-
sumption 6). In addition to this, free-streaming couples
moments whose angular indices differ by unity [49].

We obtain the complete solution by adding the ones
for each of the source terms as follows:

δfj(ν) =

(
δm +

δx1s

x1s

)
Aj(ν) +

Θ

aH
Bj(ν)

+
(
δfeq − pscδf0

)
Cj(ν), (73)

where Aj ,Bj and Cj are dimensionless solutions sourced
by combinations of the first and second terms on the RHS
of Eq. (71), and the last term on the RHS of (72). The
notation for Cj is used only in this section, and is not to
be confused with Peebles’ C factor.

We numerically solve the Boltzmann hierarchy of
Eq. (71) and (72) for a set of multipoles from j = 0
to jmax = 8. We discretize a range of frequencies extend-
ing out to ±1000 Doppler widths from the line center,
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with 50 bins per Doppler width, in the same manner as
we did for the homogenous case. We assume that all the
perturbed moments go to zero on the far blue side, i.e., a
boundary condition of the Dirichlet type, with an addi-
tional Neumann boundary condition on the blue side for
the zeroeth moment. We use a nonreflecting boundary
condition at jmax to minimize the propagation of errors
back to low values of j [28].

Figure 8 shows the resulting basis solutions Aj and Bj .
These source terms for these solutions create regions of
higher and lower optical depth, which accumulate over-
and under-densities of photons in the blue damping wings
of the Lyα line. The excess photons stream between these
regions, which leads to characteristic features in higher
moments as well. Since there is no injection of photons,
the solutions go to zero on the red-side of the line-center.

Figure 9 shows the solution Cj , whose source term in-
cludes δfeq, which injects photons within the line. Due to
these photons’ large interaction cross section, local equi-
librium between emission and absorption is achieved over
a range of frequencies. This is reflected in the large and
‘truncated’ peak in the monopole. Also worth noting is
the characteristic double peak in the dipole, which arises
due to streaming away from the central frequency.

We solve for the perturbed monopole, δf0, by averag-
ing Eq. (73) with j = 0 over the line profile.

δf0 =
1

1 + pscC0

[(
δm +

δx1s

x1s

)
A0 +

Θ

aH
B0 + δfeqC0

]
.

(74)

B. Perturbed recombination rate

Our goal is to compute the fluctuation in the recom-
bination rate. We first consider the recombination rate
within the Lyα line. The linearized form of Eq. (60) is

δẋ1s|Lyα =
δx1s

x1s
ẋ1s|Lyα + 3x1sALyα

[
δfeq − δf0

]
. (75)

We substitute the expression (74) for the fluctuation in
the monopole averaged over the line, to write this in
terms of the dimensionless solutions defined in Eq. (73).

δẋ1s|Lyα

=
δx1s

x1s
ẋ1s|Lyα + 3x1sALyα

1− pabC0

1 + pscC0

δfeq − 3x1sALyα

×
[(
δm +

δx1s

x1s

) A0

1 + pscC0

+
Θ

aH

B0

1 + pscC0

]
. (76)

Next we consider the perturbation to the two-photon
decay rate from the 2s level. This is only sourced by
changes in the level populations, since the perturbed mo-
ments of the PSD go to zero on the far red side of the
line [see Figs. 8 and 9]. The linearized form of Eq. (63)
is

δẋ1s|2s =
δx1s

x1s
ẋ1s|2s + Λ2s,1sx1sδfeq. (77)

To close Eqs. (76) and (77), we need to compute the
fluctuation in the equilibrium PSD, δfeq (or equivalently,
the population of the n = 2 level). As in the homogenous
case, we use the steady state assumption within the three
level approximation, and balance the rates of the upper
and lower arms of Fig. 5.

For the upper arm, we perturb Eq. (64), which de-
scribes the change in the population of the n = 2 level
due to photo-ionization and recombination from the con-
tinuum levels. We expect the fractional change in the
population of the n = 2 level, x2, to be related to those
in the other parameters of the system. The background
value of x2 is much smaller than the other states’ popu-
lations [see discussion in Section III]. Thus, it is a good
approximation to set δxe + δx1s = 0. Using this,

δẋ2|rec/ion = nHx
2
eαB

[
δm + 2

δxe

xe

]
− δx2βB. (78)

= nHx
2
eαBδm −

[
2nHxeαB + 4feqβB

]
δx1s

− 4x1sβBδfeq. (79)

The rate of the lower arm is the sum of the recombi-
nation rate in the Lyα line [Eq. (76)] and two-photon
decays from the 2s state [(77)]. Using Eq. (64) for the
background rate, and equating the sum with the RHS of
Eq. (79), we get

δfeq =
[
3ALyα

1− pabC0

1 + pscC0

+ Λ2s,1s + 4βB

]−1

×
[
nH

x2
e

x1s
αB

(
δm −

δx1s

x1s

)
− 2nHxeαB

δx1s

x1s
+ 3ALyα

×
{(

δm +
δx1s

x1s

) A0

1 + pscC0

+
Θ

aH

B0

1 + pscC0

}]
.

(80)

Before we compute the perturbed recombination rate,
we define the quantity

P =
3ALyα

1−pabC0
1+pscC0

+ Λ2s,1s

3ALyα
1−pabC0
1+pscC0

+ Λ2s,1s + 4βB

. (81)

This is the analog of Peebles’ C factor [see Eq. (65)] in
the perturbed case – it represents the probability that a
fluctuation in the population of atoms in the n = 2 level
translates into one in the ground state population.

Figure 10 plots P as a function of the wavenumber.
We observe that it asymptotes to a small value for large
wavelengths. We expect this limiting value to be the Pee-
bles C factor. It approaches unity in the complementary
limit of small wavelengths, but we do not show this since
the assumption of the isothermal nature of such small
wavelength modes breaks down at low redshifts. This
turnover happens on scales of k ≈ 103 Mpc−1, which is
large compared to the diffusion scale at line center, which
was calculated in Section V. We give physical arguments
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FIG. 9: The case of injected photons: Shown above is the
solution Cj as defined in Eq. (73), which perturbs the

equilibrium PSD. This figure is generated for
k = 105 Mpc−1 at redshift z0 = 1100.

for the large wavelength limit in Appendix B, and the
turnover scale for small wavelengths in Appendix A.

We substitute Eq. (80) into Eqs. (76) and (77), and
use the definition of P to write the fluctuation in the net
recombination rate as

δẋ1s|Lyα,2s = PnHx
2
eαBδm + δx1s

[
(1− P)nH

x2
e

x1s
αB

− 2PnHxeαB − 4feqβB

]
− 3(1− P)x1sALyα

×
[(
δm +

δx1s

x1s

) A0

1 + pscC0

+
Θ

aH

B0

1 + pscC0

]
.

(82)

In Appendix A 2, we derive the expression for the per-
turbed recombination rate for wavelengths much smaller
than the diffusion scale, and show that it is identical to
the above expression in the limit P → 1.

VIII. SOLUTION FOR THE LOCAL GROWTH
RATES

We solve for the local growth rates by finding the
fastest growing modes of the matter field. We use
Eq. (19) for the evolution of the matter density and veloc-
ity, and obtain the evolution equation for the perturbed
ionization fraction by adding the rates of perturbed re-
combination due to Lyα photons and two-photon de-
cays from 2s [Eq. (82)] and Continuum photon transport
[Eq. (40)]. We use case B recombination coefficients from
[50] for numerical estimates.

Figure 11 plots the maximum instantaneous growth
rate for small-scale matter fluctuations at recombination
(normalized to the net elapsed coordinate time, τu at

101 102 103 104 105 106

k(Mpc)−1

0.0

0.2
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0.8

1.0

P

FIG. 10: Inhomogenous analog of the Peebles C factor: The
parameter P defined in Eq. (81), as function of the

wavenumber, k. It is the probability that a fluctuation in
the population of n = 2 leads to one in that of 1s. This

figure plots values out to k ≈ 3.6× 105Mpc−1, up to which
matter fluctuations can be assumed to be isothermal.

z = 1100) for various values of the large scale shear v0.
Comparison with the results of Fig. 4 shows that the
instability persists, and even somewhat strengthened, on
intermediate scales with wavenumber k ≈ 102 Mpc−1.
However, it is cutoff on small scales due to the radiative
processes described in Sections VI and VII. The precise
wavenumber at which it is cutoff depends on the large-
scale relative velocity, but is well before the saturation
scale over the practically achievable range.

In the next section, we estimate the growth rates
achieved due to a stochastic background relative velocity,
the distribution for which was introduced in Section III.

IX. DISTRIBUTION OF GROWTH FACTORS

The growth rate shown in Fig. 11 is a general property
of the equations of motion calculated in the presence of a
constant background relative velocity. In actuality, this
background velocity at a given location and time is picked
from the distribution of Eq. (13) of Section III. Moreover,
values at nearby redshifts are correlated with each other.
Thus we should critically consider how this distribution
is sampled over time.

Towards this end, we generalize the equal-time distri-
bution of Eq. (13) to

〈v0,i(x, t)v
∗
0,j(x, t

′)〉 =
1

3
δij

∫
d ln k F(k; t, t′)∆2

ζ(k),

(83)

F(k; t, t′) =
1

k2
[θm(k, t)− θr(k, t)][θm(k, t′)− θr(k, t

′)]∗.

(84)
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FIG. 11: Maximum instantaneous growth rate for
small-scale fluctuations in the matter field at recombination,

normalized to the net elapsed coordinate time, τu. The
scenario here is identical to that of Fig. 4, except that
perturbed recombination is treated with full radiative

transport of Continuum and Lyman-α photons.

The direction of the relative velocity, v0(x) at a given
point x, varies with time. The force term, frad, in the
equation of motion (15b), depends on the direction of
the local wavevector relative to the background velocity.
We proceed under the simplifying assumption that the
fastest growing mode always aligns itself; this is true in
the case where the timescale for growth is much smaller
than that for change in the relative velocities. Thus the
linear growth factors obtained are upper bounds to the
actual ones achieved.

We use the notation T (k,x) to denote the net growth
factor of fluctuations with wave vector k in a small region
around a point x. This quantity depends on the entire
relative velocity history, v0(x, t). At any point on the
history, the growth rate is the largest eigenvalue of the
equations of motion [Eqns. (19b), (A9) and (40)]. As
earlier, we denote this eigenvalue by G. The growth factor
in a small region around a point, x, due to linear physics,
and over the velocity history, is

T (k,x) = exp
[∫

dt Re(G)(k,v0(x, t))
]
. (85)

Note that T (k,x) is normalized to unity in the absence
of any growth or suppression. The relation in Eq. (85)
endows the growth factor with a distribution that is in-
herited from that of the velocity histories. For a partic-
ular realization of the relative velocity field v0(x, t), the
value of T (k,x) varies when both its input wave-vector
k and position x are varied. However, over the entire set

of realizations, there is no dependence on the direction k̂
and the position x, due to the isotropy and homogene-
ity of the fluctuations underlying the relative velocities.
With this understanding, we use the condensed notation
T (k) for the growth factors.
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FIG. 12: This figure plots the mean growth factor 〈T (k)〉p
achieved in the highest pth fraction of a sample set of 107

velocity histories, for successively smaller p-values and a
range of wavenumbers. The growth factor is normalized such
that it is unity when there is no growth or suppression. Also

shown is the largest growth factor for each wavenumber
achieved in this sample set. Note that the growth is

suppressed on scales on which the linear analysis predicts
the strongest instability for large relative velocities

(k > 104 Mpc−1, from Fig. 11).

We generate a large number of these velocity histories
in an efficient manner by sampling the distribution with
the covariance matrix of Eq. (83). We numerically sample
these velocity histories at 90 redshifts between z = 800
and z = 1430, and evaluate Eq. (85) by spline integration.
In order to illustrate the tail of the growth distribution,
we choose to plot the mean growth factor achieved in
the highest pth fraction of the realizations. We formally
define this as

〈T (k)〉p =
1

Np

N∑
i=N−Np+1

Ti(k), (86)

In this equation, N is the number of realizations of the
relative velocity history, v0(x, t), which have been sorted
in increasing order of the value of T for the purpose of
the summation. The p in this definition corresponds to
the usual notion of p-value. This use of the symbols N
and p is restricted to this section alone, and they do not
represent the number flux and momentum here.

Figure 12 shows the tails 〈T (k)〉p estimated from a set

of 107 samples of the relative velocity history, for a range
of wave numbers k. Note that Fig. 11 predicts that small-
scale modes of wavelengths k ∼ 105 Mpc−1 are most
unstable for a constant large-scale relative velocity. The
growth factors estimated in Fig. 11 are optimistic for two
reasons: firstly, they depend on the distribution of the
histories, i.e. time-series of large-scale relative velocities,
and secondly and most importantly, the instability is only
active during the time where the electrons and photons
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are coupled, and this is much smaller than the coordinate
time due to the short duration of recombination.

X. DISCUSSION

The analysis in this paper accomplishes our primary
goal of answering the question of the stability of small-
scale fluctuations in the matter field at recombination.
Our main conclusions in this regard is that while grow-
ing sound wave modes exist, the amount of growth that
occurs during the cosmic recombination epoch is only a
fraction of an e-fold, and we do not expect the unsta-
ble modes to produce any phenomenological consequences.
Fluctuations with comoving wavenumbers satisfying k >
102 Mpc−1 are unstable in the presence of large-scale
relative velocities between matter and radiation. On in-
termediate scales, this instability persists in the face of,
and is even strengthed by the transport of continuum
photons above the photo-ionization threshold, and pho-
tons within the Lyα line of neutral hydrogen. However,
this transport cuts off the growth before the saturation
scale of k ≈ 105 Mpc−1.

The linear analysis of the fluctuations only yields in-
stantaneous growth rates for a constant large-scale rela-
tive velocity; the true growth factor within a given patch
depends on the local relative velocity over a range of red-
shifts, and occurs for a duration (the width of recombina-
tion) that is shorter than the coordinate time. Account-
ing for this, we find no appreciable growth within a large
number of random realizations of the relative velocity his-
tory. The largest growth factor achieved in our sample
set, which corresponds to a p-value of 10−7, is slightly less
than 1.2, for modes with wavenumber k ≈ 103 Mpc−1.

Along the way, we made a number of simplifying as-
sumptions to facilitate the solution of the complicated
problem of perturbed recombination. We examine a few
of them below.

The first, and most helpful one, is the three level model
of the hydrogen atom, which assumes radiative equilib-
rium between upper levels of the true hydrogen atom.
This is a good assumption at high redshifts, but becomes
progressively worse as the redshift approaches z ' 800, at
which point it is approximately a 10% correction. In the
context of homogenous recombination, there have been
two approaches to deal with this – follow the higher lev-
els in a consistent manner [18], or multiply the case-B
recombination coefficient, αB, with a fudge factor [17].
We eschew this additional complication in our prelimi-
nary analysis; instead, we generate realizations and com-
pute growth rates only for redshifts z ≥ 800, where the
instability is expected to be strongest.

A second assumption is the equality of matter and ra-
diation temperatures, which allows us to compute the
recombination and photo-ionization rates at the CMB
temperature. This is an excellent approximation for the
background temperatures during the redshifts of inter-
est due to the high Thomson scattering rates [17]. Its

validity is much less clear in the perturbed case; a de-
tailed discussion of timescales can be found in Ref. [51].
In our case, the relevant comparison is the dimensionless
ratio tsc/tC of the sound-crossing time tsc = a/(kvs,I)
to the Compton cooling time tC = 3mec(1 + fHe +
xe)/(8σTaradT

4
γxe). These timescales are equal at a crit-

ical wavenumber kcr: sound waves are isothermal for
k � kcr and adiabatic (or at least decoupled from the
CMB temperature) for k � kcr. We find that kcr de-
creases with time, equaling 108 Mpc−1 at z = 1290, 107

Mpc−1 at z = 1020, 106 Mpc−1 at z = 870, and 105

Mpc−1 at z = 690. Thus for the range of redshifts we
consider in this paper (up to z = 800), we can make the
isothermal approximation for modes of wavenumbers up
to k ≈ 3.6× 105 Mpc−1.

Another factor we have not included in our analysis
is the transport of the microwave background photons
themselves between different parts of the fluctuations.
Rather we have assumed that the CMB photons can
freely stream through many perturbation wavelengths.
At the earliest redshift considered herein, z = 1430, the
photon comoving attenuation coefficient (inverse comov-
ing mean free path: 1/(nHaxeσT) is 0.8 Mpc−1. This
is much smaller than the wave numbers k under con-
sideration here, justifying the treatment of the CMB as
uniform.

Finally, in a larger context, this paper solves the prob-
lem of perturbed recombination for modes on very small
scales. Previous work on large-scale modes relevant to
the linear fluctuations in the CMB [51–53] has shown
that the ionization fraction obtained by perturbing the
ODE resulting from the three-level model of the hydro-
gen atom is accurate enough for all practical purposes.
This breaks down for very small-scale modes; modulo the
proper prescription for the perturbed kinetic tempera-
ture, the method outlined in Sections VI and VII helps
solve the problem in this limit.
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Appendix A: Lyman-α transport:
Diffusion-dominated regime

In this section, we study the diffusion of Lyα photons
during the epoch of recombination. In the first part of
this section, we demonstrate that the length scale for
their transport is much larger than the simple estimate
of Eq. (22). In the second part, we derive a simple ex-
pression for the perturbed rate of recombination in the
Lyα and two-photon channels when the wavelength of
the fluctuations is much smaller than this scale.

1. Length scale for diffusion

We begin by studying the redistribution of Lyα pho-
tons’ frequency due to resonant scattering off ground-
state hydrogen atoms.

The Sobolev optical depth, τS, is much greater than
unity at the redshift of recombination [see the estimate
following Eq. (42)]. The overwhelming majority of ab-
sorptions are followed by the spontaneous de-excitation
of the excited atom [see Eq. (41)]. Thus the timescale for
coherent scattering is much shorter than the Hubble time
for a photon in the Doppler core of the Lyα line. A large
number of scattering events effectively scrambles the ini-
tial frequency over a short time, and the emitted photon’s
frequency is well described by a distribution over the line
profile which is incoherent with the initial one.

p(νout|νin) = φ(νout), (A1)

where we have adopted a suggestive notation for the
probability distribution.

The mean free path of the scattered photon is obtained
by averaging over this frequency distribution

〈lmfp(ν)〉 =

〈
1

n1sσsc(ν)

〉
=

1

τSH

c

νLyα

〈
1

φ(ν)

〉
→∞.

(A2)

Physically, this is a consequence of the Lyα photon
rapidly scattering out of the core into the wings, where
the probability of further scattering is very small. The re-
peated scattering and resulting diffusion is not described
by typical Brownian motion with the steps drawn from a
globally Gaussian distribution. Thus the mean free path
at line center, in Eq. (22), is a poor guide to the Lyα
transport scale.

In the rest of this section, we look at this random walk’s
step size distribution in more detail, and estimate a scale
for the Lyα photon transport.

A general random walk is studied by following a collec-
tion of walkers starting at the origin. It is characterized
by the distribution of their density after a given number
of steps. The asymptotic form of this distribution is [54]

pN (x) =
1

N (d/α)
Lα

[ x

N (1/α)

]
, 0 < α ≤ 2, (A3)
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FIG. 13: Histograms of the displacements of 105 photons
after N scattering events, in units of the mean step size of at

the Lyα line-center, 〈x(νLyα)〉. They are normalized to
integrate to unity. Inset: Demonstration of their scaling
property. The histograms collapse onto a common form

when the displacement, x, is rescaled by a factor of N1/α,
with the index α = 1.06.

where d is the dimensionality of the random walk (d = 3
in our case), and Lα[x] is a stable distribution. Its index,
α, is fixed by the tail of the distribution of the step size:

lim
x→∞

p(x) ∼ 1

x1+α
. (A4)

We estimate the index in our case by marginalizing over
the frequency of the scattered photon.

p(x) =

∫
dν p(ν) p(x|ν)

∼
∫
dν φ4(ν) x2 exp [−x2φ2(ν)] −−−−→

x→∞
x−2. (A5)

The argument for the scaling in Eq. (A5) is that the
dominant contribution to the integral at large step sizes,
i.e., when x → ∞, is from frequencies satisfying φ(ν) ≤
x−1; the prefactor is exponentially suppressed when we
move a few Doppler widths away. Through Eq. (A4),
this implies a distribution of the form Eq. (A3) for the
density distribution, with an index of around unity.

We confirm this observation by following a large num-
ber of photons through simulated scattering events. Fol-
lowing each event, we redistribute the frequency incoher-
ently according to Eq. (A1), neglect any direction de-
pendence and pick the subsequent step with a Gaussian
distribution for its size, with the MFP at that frequency.

Figure 13 shows the density distributions following a
large number of scattering events, N , and the collapse of
these distributions onto a universal form when the dis-
placements are scaled appropriately.

The displacement does not follow the usual
√
N law of

Brownian motion – instead, the histograms collapse onto
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a universal form when the independent variable is scaled
as N1/α with α = 1.06. Also notable is the fact that
the resulting universal form is a fat-tailed distribution
which exhibits power law scaling, rather than the usual
exponential falloff of the Gaussian distribution.

The quantity of direct interest for transport properties
is the spread in a given time, t. The diverging mean-
free path leads to a spread which approaches ballistic
transport, hence the distributions are significantly cut
off by the maximum distance ct.

As before, we directly sample the distributions through
a large number of simulated scattering events. Their
spread is fit by a power-law dependence of the form
〈x2(t)〉 ∼ t1.88.

To gauge the implications for the importance of Lyα
photon transport, we consider the various processes in-
volved in perturbed recombination, schematically repre-
sented in Fig. 5. The response time to a fluctuation in
the ionization fraction is set by the speed of the case B re-
combination arm, tr = (1/neαB). From the near-ballistic
transport discussed above, the time taken by a Lyα pho-
ton to diffuse across the fluctuation is comparable to the
wave crossing time td ≈ (λphys/c). From Fig. 4, we see

that comoving wave-numbers of k ∼ 105 Mpc−1 are most
relevant for the instability. On these length scales, the
wave crossing time and response time are

td ≈
2πa

kc
= 0.2 yr� tr ≈ 200 yr at z = 1100. (A6)

These two timescales become comparable for wavenum-
bers k ≈ 102 Mpc−1 at the redshift of recombination,
which is when the nonlocal radiative transport starts to
matter. These wavelengths are significantly larger than
the simple estimate of Eq. (22). This is borne out by
Fig. 10. The practical consequence is that for modes with
wavelengths smaller than this, perturbed recombination
cannot be modeled by simply varying the cosmological
parameters of the homogenous solution.

2. Recombination rate in diffusion-dominated
regime

This section uses the notation of Section VII for the
moments of the photons’ phase space density. In particu-
lar, inhomogeneities in the zeroeth moment, δf0(νLyα,x),
drive transport of Lyα photons. We consider fluctuations
with small enough wavelengths so that the Lyα photons
easily diffuse between the peaks and troughs. In this case,
the Lyα flux adjusts itself to wash out inhomogeneities
in the zeroeth moment.

The population of the first excited level is set by bal-
ancing the transition rates to and from the ground state.
The condition that the Lyα phase space density is uni-
form yields

δf0(νLyα,x) = δ (feq) = 0, (A7)

δx2 = 4feqδx1s. (A8)

The precise details of the radiative transfer determine
the adjustment in the Lyα flux - we avoid studying that
part of the mechanism by considering the case B recom-
bination arm of Fig 5. All that is needed to solve the
recombination arm is the fluctuation in the population
of the n = 2 level, which is given by Eq. (A8):

δẋe|Lyα,2s = δ(−nHx
2
eαB + x2βB)

= −nHx
2
eαB

[
δm + 2

δxe

xe

]
+ βBδx2

= −nHx
2
eαBδm −

[
2nHxeαB + 4feqβB

]
δxe.

(A9)

This matches the P → 1 limit of the result of the com-
plete analysis, Eq. (82).

Appendix B: Limit of weak diffusion

In this section we work out an analytical solution to the
Boltzmann hierarchy in a situation with weak diffusion.
This is the complementary limit to that considered in
Appendix A, and is realized when the wavelength of the
fluctuations is much larger than the length scale for the
diffusion of the Lyα photons. We restrict ourself to the
source term in Eq. (71) involving δfeq.

1. Anisotropic part of hierarchy

Let us consider the hierarchy of equations for the mo-
ments with j ≥ 1, Eq. (72). If the range of frequencies
∆νv over which δfj0 varies is larger than

∆νmfp =
1

τSφ(ν)
≈ 4π2(ν − νLyα)2

ALyατS
(B1)

(where the approximation is in the damping wings), the
photons’ scattering rate is faster than that of their red-
shift through the frequency range of interest, and we may
drop the left hand side. We expect this to be valid since
∆νmfp < |ν − νLyα| in the damping wings, even out to
|ν/νLyα − 1| of order unity.

This condition is satisfied very easily in the Doppler
core due to the high scattering rates:

∆νmfp,core = νLyα∆H

√
π

τS
e(ν−νLyα/νLyα∆H)2 � νLyα∆H.

(B2)
Dropping the left-hand side of Eq. (72) converts the sys-
tem of ODEs into an algebraic hierarchy. We can define
the frequency-dependent parameter

q = q(ν, k) ≡ HνaτSφ(ν)

ck
(B3)

= 1.1× 106

(
k

105 Mpc−1

)−1

φV(x) at z = 1100,

(B4)
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which is the optical depth for photons to travel a co-
moving distance k−1 at that frequency. We then reduce
Eq. (72) to

0 = q−1

[
− j

2j − 1
δfj−1 +

j + 1

2j + 3
δfj+1

]
+ δfj (B5)

(for j ≥ 1). It is convenient at this point to trans-
form back to angle-space, i.e. to work with the func-
tion δf(ν, k, µ). Multiplying Eq. (B5) by 2 and using the
inverse transformation of Eq. (69), we see that

0 =

∫ 1

−1

dµ δf(µ)
[
iq−1jPj−1(µ) + iq−1(j + 1)Pj+1(µ)

+ (2j + 1)Pj(µ)
]
. (B6)

Using the multiplication formula for the Legendre poly-
nomials gives

0 = (2j + 1)

∫ 1

−1

dµ Pj(µ) δf(µ)(iq−1µ+ 1). (B7)

This holds for all j ≥ 1, hence the solution is that the
combination (iq−1µ + 1)δf(µ) must be a constant inde-
pendent of µ:

δf(µ) = F 1

1 + iq−1µ
. (B8)

In particular, the relation between the first and zeroeth
moments is

δf1(ν, k)

δf0(ν, k)
= 3i

∫ 1

−1
dµ µ δf(ν, k, µ)∫ 1

−1
dµ δf(ν, k, µ)

= 3i

∫ 1

−1
dµ µ (1 + iq−1µ)−1∫ 1

−1
dµ (1 + iq−1µ)−1

= −3q
[
1− 1/q

arctan (1/q)

]
. (B9)

2. The isotropic part

It remains to solve the equation for δf0(ν, k). We sub-
stitute the relation (B9) into Eq. (71), and retain the

source term of interest to get the Boltzmann equation
for this moment

∂δf0

∂ν

= −τSφ(ν)
[
δfeq − pscδf0

]
− τsc

ν2
Lyα∆2

H

2

∂

∂ν

[
φ(ν)

∂δf0

∂ν

]
+ τSφ(ν)

[
pab −

{
1− 1/q

arctan (1/q)

}]
δf0. (B10)

The boundary condition is that δf00,+ = 0 (i.e. no per-
turbation to the incoming radiation on the blue side of
the line). The solution C0(ν) of Eq. (73) is determined
by setting δfeq − pscδf̄00 = 1 in Eq. (B10).

We examine the simplest case, where the frequency dif-
fusion term is negligible. In the limit we are considering
in this section, the wave-number k → 0. In that case, the
parameter q → ∞, and the term in curly braces on the
RHS of Eq. (B10) approaches zero. Taking this limit, we
have

∂δf0

∂ν
= τSφ(ν)pabδf0 − τSφ(ν). (B11)

Defining the cumulative distribution function of the pro-
file X =

∫
dν φ(ν) (so that X ranges from 0 at the red

side of the line to 1 at the blue side), we may solve this
equation to yield

δf0(ν) =
1

pab

[
1− epabτS(X−1)

]
. (B12)

Averaging over the line profile is equivalent to the inte-

gration
∫ 1

0
dX :

C0 = δf0 =
1

pab

(
1− 1− e−τSpab

τSpab

)
. (B13)

It follows that

1− pabC0

1 + pscC0

=
1

τS

1− e−τSpab
1− psc(1− e−τSpab)/(τSpab)

. (B14)

In the relevant optically thick limit of τSpab � 1, this be-
comes equivalent to the usual Sobolev escape probability,
≈ 1/τS. Substitution into the definition of P in Eq. (81)
recovers the standard Peebles’ C factor of Eq. (65).
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[18] Y. Ali-Häımoud and C. M. Hirata, Phys. Rev. D 83,
043513 (2011), arXiv:1011.3758 [astro-ph.CO].

[19] J. Chluba and R. M. Thomas, Mon. Not. R. Astron. Soc.
412, 748 (2011), arXiv:1010.3631 [astro-ph.CO].

[20] G.-C. Liu, K. Yamamoto, N. Sugiyama, and H. Nishioka,
Astrophys. J. 547, 1 (2001), astro-ph/0006223.

[21] S. Singh and C.-P. Ma, Astrophys. J. 569, 1 (2002), astro-
ph/0111450.

[22] R. Weymann, Physics of Fluids (1958-1988) 8, 2112
(1965).

[23] D. Tseliakhovich and C. Hirata, Phys. Rev. D 82, 083520
(2010), arXiv:1005.2416 [astro-ph.CO].

[24] Planck Collaboration, P. A. R. Ade, N. Aghanim,
C. Armitage-Caplan, M. Arnaud, M. Ashdown, F. Atrio-
Barandela, J. Aumont, C. Baccigalupi, A. J. Banday,
and et al., ArXiv e-prints (2013), arXiv:1303.5076 [astro-
ph.CO].

[25] J. Chluba and R. A. Sunyaev, Astron. Astrophys. 475,
109 (2007), astro-ph/0702531.
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