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Abstract

Phenomena that involve two or more on-shell particles are particularly sensitive to the effects of

finite volume and require special treatment when computed using lattice QCD. In this paper we

generalize the results of Lüscher, and Lellouch and Lüscher, which determine the leading order ef-

fects of finite volume on the two-particle spectrum and two-particle decay amplitudes to determine

the finite-volume effects in the second order mixing of the K0 and K0 states. We extend the meth-

ods of Kim, Sachrajda and Sharpe to provide a direct, uniform treatment of these three, related,

finite-volume corrections. In particular, the leading, finite-volume corrections to the KL−KS mass

difference ∆MK and the CP violating parameter ǫK are determined, including the potentially large

effects which can arise from the near degeneracy of the kaon mass and the energy of a finite-volume,

two-pion state.

PACS numbers: 11.15.Ha, 12.38.Gc 13.20.Eb 14.40.Df
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I. INTRODUCTION

The mass difference ∆MK between theKL andKS mesons arises in the standard model at

fourth order in the electro-weak coupling. Its resulting small size (3.484(6)×10−12MeV [1])

makes this quantity highly sensitive to new phenomena that lie outside the standard model.

The quantity ∆MK is the real part of theK0-K0 mixing matrix element M00. The imaginary

part ofM00 enters the parameter ǫK which describes indirect CP violation in the kaon system

(ǫK = 2.228(11)×10−3 [1]). While both ∆MK and ǫK are known precisely from experiment,

their accurate calculation within the standard model poses an important challenge for the

non-perturbative methods of lattice QCD.

The quantity ǫK is dominated by short distance effects coming from the scale of the masses

the W boson and the top quark. It can be computed in the standard model to an accuracy of

approximately 5% using QCD/electro-weak perturbation theory provided the K0-K0 matrix

element of a single ∆S = 2 four-quark operator
(
sγµ(1 − γ5)d

)(
sγµ(1 − γ5)d

)
has been

computed using lattice methods. Here d and s are the fields of the down and strange quarks

respectively. However, comparing the predictions of the standard model with the measured

value of ǫK to greater accuracy will require the treatment of long-distance phenomena, at

the energy scale of the charm quark mass and below. In contrast, ∆MK receives its largest

contributions from phenomena whose energy scale lies at and below the charm quark mass,

energies at which QCD/electro-weak perturbation theory cannot be used reliably [2].

Recently developed methods [3–9] promise to allow the calculation of these long-distance

effects directly using lattice QCD. This should permit percent-level tests of the standard

model theory of CP violation and an increase of a factor of ten in the sensitivity of compar-

isons between the predictions of the standard model and experiment for ∆MK . Since both of

these calculations involve possible on-shell, intermediate two-pion states, they are suscepti-

ble to potentially significant finite-volume corrections. It is the first-principles determination

of these finite-volume effects which is the central topic of this paper.

The masses and matrix elements of single-hadron states computed in lattice QCD are

affected by finite-volume effects which decrease exponentially as L, the linear size of the

lattice, grows. Since the pion is the lightest hadron, in most cases the dominant finite-

volume corrections are proportional to e−mπL [10]. However, if the energy of interest is

above a two-particle threshold so that the two particles can propagate without exponential
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suppression throughout the spatial volume, then power-law finite-volume corrections will

result. For the case of a single two-particle channel with energy below the threshold for

three or more particles [11] or with two or more coupled two-particle channels [12], it is

possible to relate the finite-volume shift in the allowed two-particle energies to the infinite-

volume scattering matrix. This relation has proven to be a valuable tool, allowing the

determination of scattering phase shifts from finite-volume energies which can be computed

in lattice QCD.

Similarly a two-particle decay matrix element can be computed using lattice QCD by

exploiting this finite-volume quantization of the two-particle energies to adjust the energy of

the two-particle final state to equal the mass of the decaying particle. However, when relating

the resulting on-shell, finite-volume matrix element to that in infinite volume the usual

conversion factor, appropriate for non-interacting pions, requires an additional O(1/L3),

finite-volume correction which can also be computed from the two-particle phase shifts [13,

14]. While originally presented for the case of the decay of a particle at rest, these results

have been extended to the decay of a moving particle [15–17] and to the case of multi-channel,

two-particle final states [12].

Second-order weak amplitudes such as ∆MK or ǫK represent a third topic in which on-

shell, two-pion states can result in potentially significant finite-volume effects, similar to

those analyzed by Lüscher and by Lellouch and Lüscher. Recall that the mixing of the K0

and K0 states is a text-book [18] application of time-dependent perturbation theory and

results in the formula for the complex mixing matrix Mab

Mab = P
∫ ∞

2mπ

dE
∑

α

〈Ka|HW |α,E〉〈α,E|HW (0)|Kb〉
MK − E

, (1)

where the sum over the intermediate states |α,E〉 includes an integral over the intermediate-

state energy E and a generalized sum over the other degrees of freedom represented by the

label α. Here P indicates that the singularity from the denominator when E = MK is to be

defined using the principal part prescription. The indexes a and b take the values 0 and 0

corresponding to the states K0 and K0, respectively. Since the center-of-mass coordinates

are always included in this paper, we use the unintegrated, weak Hamiltonian density HW

in the right-most factor in Eq. (1) to avoid introducing a delta function for three-momentum

conservation.

As is shown in Ref. [7], a finite-volume version of the right-hand side of this equation can
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be obtained from a Euclidean-space, lattice calculation:

MV
ab =

∑

n

〈Ka|HW |n〉〈n|HW |Kb〉
MK − En

, (2)

where now all the intermediate states |n〉 have discrete energies and the singularity in the

denominator must be avoided by either choosing L to prohibit intermediate states with

energies degenerate with the kaon mass MK or by explicitly removing the singular term

from the sum.

The first results [3, 5] for the finite-volume correction connecting the expressions in

Eqs. (1) and (2) were obtained using a generalization of the indirect method of Lellouch

and Lüscher and applied only to the special case that the energy of one of the two-pion in-

termediate states was tuned to match the mass of the kaon and that state was removed from

the sum in Eq. (2). A more general result, valid for an arbitrary sequence of finite-volume

two-pion energies, was presented in Ref. [19]. In this paper we will provide a derivation of

this more general result which uses the techniques of Kim, Sachrajda and Sharpe (KSS) [17].

As we will see, this approach allows these three topics (finite-volume energy quantization,

two-particle decay and second-order weak particle mixing) to be treated in a uniform way

and provides a new, direct derivation of the results for the final two topics.

Common to each of these three processes is the s-channel, two-particle-irreducible, π− π

scattering kernel which contains no finite-volume, power-law corrections. In each case the

same structure of finite-volume singularities in the center-of-mass energy is determined by

this kernel, independent of whether the initial and final states are simply two pions or more

complex products of a weak Hamiltonian acting on a kaon state.

We now briefly outline this approach. We will study two closely related, Minkowski-space

Green’s functions Cππ(E) and CK(E)ab defined by

Cππ(E) =

∫
d3r

∫ ∞

−∞

dt〈0|T
{
σ†
ππ(~0, 0)σππ(~r, t)

}
|0〉ei(~P ·~r−Et) (3)

CK(E)ab = − i

2

∫
d4x〈0|T

{
Ka†(0)

∫
dt2HW (t2)e

iEt2

∫
dt1HW (t1)e

−iEt1Kb(x)

}
|0〉

e−iPK ·x

(
P 2
K −M2

K

i

)2
∣∣∣∣∣
P 2

K
=M2

K

. (4)

Here σππ is a local, interpolating operator which can create a two-pion state from the vacuum.

The right-most factor in Eq. (4), (P 2
K −M2

K)
2 amputates the two external kaon propagators
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ensuring that the right-hand side of that equation, evaluated on-shell at P 2
K = M2

K , becomes

a matrix element between physical initial and final kaons. The correlation function Cππ(E)

contains an intermediate two-pion state carrying three momentum ~P and energy E, while

the two-pion state which can appear in CK(E)ab carries momentum ~PK and energy EK ±E

where the kaon four-momentum PK is given by PK = (~PK , EK) and the plus/minus sign

results if the HW (x) vertex is contracted with the strange quark in the incoming/outgoing

kaon. For simplicity we specialize to the case of zero total momentum: ~P = ~PK = ~0. The

indices a and b can take the values 0 and 0 and for the second case, K0 ≡ K0 . Note that

in addition to Eqs. (3) and (4), all of the other equations and discussions in this paper are

presented in Minkowski space.

By specifying the total incoming three-momentum with a spatial Fourier transform which

introduces no explicit factors of the spatial volume and by imposing no additional constraint

on the final three-momentum, we have defined both Cππ(E) and CK(E) in such a way that

they will have a well-defined infinite-volume limit. It is the determination of the differences

between each of these Green’s functions when evaluated in finite and infinite volume:

CFV
X (E) = CV

X(E)− C∞
X (E) for X = ππ or K (5)

which is the subject of this paper.

Kim, Sachrajda and Sharpe study Cππ(E) and derive an explicit formula for CFV
ππ (E).

Because of the close relation between the results presented here and those in the earlier pa-

per [17] of KSS we will adopt the notation used in that paper. In particular the superscript

FV indicates the difference between a finite and an infinite volume result while the super-

script V identifies the result that would be obtained in a finite volume V . Up to exponentially

small corrections, the difference CFV
ππ (E) comes entirely from on-shell, two-pion intermediate

states and appears in essentially the same form in both CFV
ππ (E) and CFV

K (E). As originally

recognized by Lüscher, this difference can be written entirely in terms of infinite-volume

quantities.

In the approach of KSS, the poles of CFV
ππ (E) are directly related to the infinite-volume

π− π scattering phase shifts δl(E). However, these poles must be present only in the finite-

volume Green’s function CV
ππ(E) where they are located at the energies of the finite-volume

two-pion states. Thus, the infinite-volume π − π phase shifts are constrained by the finite-

volume π − π energies. For the case of the second Green’s function CK(E) the same set of
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poles, now in the variable E+MK , appear in CFV
K (E)ab and CV

K(E)ab. Equating their residues

for the case a = b = 0 gives directly the finite-volume corrections to the K → ππ amplitude

originally derived by Lellouch and Lüscher. Finally, when evaluated at E = 0, CFV
K (E)00

reproduces the general formula for the finite-volume corrections to the off-diagonal, K0−K0

mixing matrix element M00 which determines ∆MK and ǫK , given in Ref. [19].

The remainder of this paper is organized as follows. In Section II we will present the ex-

pression obtained by KSS for the finite-volume correction CFV
ππ (E), summarize its derivation

and recall how it can be used to obtain Lüscher’s relation between finite-volume, π-π energies

and infinite-volume π-π scattering phase shifts. Section III demonstrates that if a similar

analysis is applied to the quantity CFV
K (E)00 we can obtain directly the Lellouch-Lüscher

relation between finite- and infinite-volume K → ππ decay amplitudes. In Section IV we

observe that when evaluated at E = 0, CFV
K (E)ab gives the difference MFV

ab = MV
ab − M∞

ab

that is needed to remove finite-volume effects from the quantity MV
ab — a quantity which can

be calculated using lattice methods. Finally, Section V contains some concluding remarks.

II. FINITE-VOLUME CORRECTIONS TO Cππ(E) AND FINITE-VOLUME EN-

ERGY QUANTIZATION

In this section we review the approach of Kim, Sachrajda and Sharpe to determine the

finite-volume corrections to the correlation function Cππ(E) given in Eq. (3). Their starting

point is the usual diagrammatic expansion of Cππ(E) into products of amputated, s-channel,

two-particle irreducible, four-particle correlation functions K connected by pairs of single-

particle propagators as shown in Figure 1. Here s-channel, two-particle irreducible means

that the kernel K is constructed from graphs which cannot be divided into two disconnected

components, one containing the two input pion lines and the other the output pion lines by

cutting only two intermediate pion lines. This graphical sum can be expressed algebraically

by the following equation in which the resulting geometric series is evaluated:

C ′
ππ(E) = ΓL

ππS2Γ
R
ππ + ΓL

ππS2KS2Γ
R
ππ + . . . (6)

= ΓL
ππS2

1

1−KS2
ΓR
ππ. (7)

The prime indicates that C ′
ππ(E) includes only terms with one or more two-pion intermediate

states. The final and initial factors ΓL
ππ and ΓR

ππ correspond to amputated, two-particle
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irreducible amplitudes containing the two-pion interpolating operators σ†
ππ and σππ while S2

represents the product of the two free scalar propagators for the two intermediate particles

and K the two-particle irreducible, π-π scattering kernel. Each matrix product in Eq. (7) in

principle involves integrations over the four-momenta of two pions. However, we reduce this

eight-dimensional integration volume to the four-dimensional volume of a single pion four-

momentum by using the conservation of the total energy and momentum. As mentioned

earlier, we work in the π-π rest frame with ~P = 0.

The usual graphical decomposition of the amplitude Cππ(E) suggested by Figure 1 in-

volves a full scalar propagator, S(k2), corresponding to each meson line in that figure. In

obtaining Figure 1 and Eq. (7) we removed a factor Zπ(k
2), which is an analytic function of

k2 for k2 < (3mπ)
2, from the full propagator S(k2),

S(k2) =
iZπ(k

2)

k2
0 − ~k 2 −m2

π + iǫ
(8)

and absorbed those two factors of Zπ into the definition of the two-particle irreducible scat-

tering kernel K and the left-hand vertex ΓL
ππ. So that free scalar propagators are represented

by the meson lines in Figure 1 and appear in the product S2 in Eq. (7). (For simplicity, we

will normalize the scalar fields φ so that Zπ(m
2
π) = 1.)

Γ
L
ππ

Γ
R
ππ +Γ

L
ππ

+ Γ
R
ππK Γ

L
ππ K + · · ·K Γ

R
ππ

−k

P − k

FIG. 1. A graphical representation of the decomposition of the amplitude Cππ(E) into a series of

terms, each with a specific number of maximal, two-particle irreducible subgraphs. The shaded

kernel K with four external pion lines represents the amputated, two-particle irreducible π-π scat-

tering amplitude while the right and left vertices labeled ΓL
ππ and ΓR

ππ correspond to the amputated,

two-particle irreducible portions of each graph which contain the interpolating operator σππ act-

ing on the vacuum. Free particle propagators are used to join the subgraphs shown, with the

appropriate factors Zπ(k
2) included in the ΓL

ππ and K amplitudes as described in the text.

We should point out, that while we are interested in establishing relations between phys-

ical quantities in QCD, it is not known how to make this sort of diagrammatic expansion in

QCD where the relevant graphs are composed of quark and gluon propagators, not the pion

propagators which are used in the classification upon which Figure 1 is based. Consequently,
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the present and earlier studies relating finite-volume effects to physical, infinite-volume scat-

tering properties are derived for an artificial theory in which the pions are elementary par-

ticles, not quark-anti-quark bound states. We then assume that general relations which are

found in such an artificial theory are universal since we are describing long-distance effects

and must also be obeyed by corresponding quantities in QCD.

All power-law, finite-volume corrections present in CV
ππ(E) come from the sums over the

discrete, two-particle, spatial momenta associated with each factor of S2 in Eq. (7). A typical

such sum can be written

F =

∫ ∞

−∞

dk0
∑

~k

XL(~k, k0)
1

(
k2
0 − ~k2 −m2

π + iǫ
) (9)

· 1
(
(E − k0)2 − ~k2 −m2

π + iǫ
)XR(~k, k0),

where for periodic boundary conditions in a cubic box of side L, ~k = 2π(n1, n2, n3)/L

where the ni, 1 ≤ i ≤ 3 are integers. Here XL(~k, k0) and XR(~k, k0) represent the left- and

right-hand factors in the product in which this particular discrete sum appears. Following

Lüscher [10] and KSS, we rearrange the k0 integration contour in Eq. (9) to isolate that part

of the right hand side of Eq. (9) which is not analytic in the summation variable ~k.

For example, we can begin with a value of E between 0 and mπ. In that case the

Minkowski-space integral over k0 can be Wick rotated counter-clockwise to a contour along

the imaginary axis which lies to the left of explicit k0 poles at ωk and E + ωk but to the

right of poles at −ωk and −ωk + E, where ωk =
√
k2 +m2

π. This contour can then be

shifted to the right of the pole at k0 = ωk and Cauchy’s theorem used to express the original

integral as the sum of the shifted integral and an extra term evaluated at the k0 = ωk pole.

We can then increase E into the region of interest, 2mπ < E < 4mπ. In this region it is

only this k0 = ωk pole contribution which is non-analytic in the three-momentum ~k. This

singularity corresponds to the 1/(k0 + ωk − E) pole from the second propagator evaluated

at k0 = ωk. The power-law, finite-volume corrections can be then obtained by applying the

Poisson summation formula to this singularity in the product of two free-particle propagators

which occurs when both particles are on-shell.

Using the Poisson summation formula KSS obtain an expression for the power-law, finite-

volume correction to the amplitude F which involves only infinite-volume, on-shell quanti-
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ties:

FFV =
∑

l2,m2

∑

l1,m1

XL(q)l2,m2
F (q)l2m2,l1,m1

XR(q)l1,m1
, (10)

where q =
√
(E/2)2 −m2

π is the energy-conserving momentum of each of the on-shell,

intermediate pions. The factors XL/R(q)l,m are the amplitudes XL/R(~k, k0) evaluated on-

shell and projected onto definite angular momentum eigenstates. For example,

XR(q)l1,m1
=

∫
dΩY ∗

l1m1
(θ, φ)XR

(
Ω̂(θ, φ)q, ωq

)
, (11)

where Ω̂(θ, φ) is a unit vector whose direction is specified by the usual polar coordinates θ, φ

while the single-pion energy ωq =
√
q2 +m2

π. The finite-volume correction matrix Fl2m2,l1,m1

is given by:

F (q)l2m2,l1,m1
=

q
√
4π

16πωq

∑

l,m

{
δl0δm0 − i

4π

ql+1
clm(q

2)

}{∫
dΩp̂Yl2,m2

Yl,mY
∗
l1,m1

}
, (12)

where

clm(q
2) =

1

L3

∑

~k

eα(q
2−k2)

q2 − k2
kl
√
4πYlm(θk̂, φk̂)− δl0P

∫
d3k

(2π)3
eα(q

2−k2)

q2 − k2
(13)

and k = |~k|. The exponential factor was introduced by KSS to make the sum over ~k

convergent and clm(q
2) should be evaluated in the limit α → 0+. (The Eqs. (10)-(13) above

are equivalent to Eqs. (21)-(23) and (42) in KSS.)

If each of the sums over the two-particle momenta represented in Figure 1 is written as

the sum of the infinite-volume result and the finite-volume correction given in Eqs. (10)-

(13), then the graphical sum shown in Figure 1 can be rearranged and the sum over the

infinite-volume terms performed first. This sum over a series of infinite-volume, two-particle

contributions will result in the infinite-volume π-π scattering amplitude M . The remaining

sum over various numbers of finite-volume corrections can then be organized as a second

geometric series as shown in Figure 2 and represented algebraically as:

CFV
ππ (E) = Γ̃in

ππ

(
−1

2
F
)
Γ̃out
ππ + Γ̃in

ππ

(
−1

2
F
)
iM

(
− 1

2
F
)
Γ̃out
ππ + . . . (14)

= −1

2
Γ̃in
ππF

1

1 + i
2
MF

Γ̃out
ππ . (15)

Here F is the matrix defined in Eq. (12), M is the infinite-volume, two-pion scattering matrix

while Γ̃
out/in
ππ are column/row vectors describing the infinite-volume, on-shell coupling of two
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pions to the operator σππ. In contrast to the two-particle irreducible vectors ΓL
ππ and ΓR

ππ

which appear in Eq. (7), the vectors Γ̃in
ππ and Γ̃out

ππ are two-particle reducible and contain the

full π − π interaction present in the final or initial π − π state.

These matrices and vectors with l and m angular momentum indices can be written

in terms of standard infinite-volume Green’s functions as follows. The π − π scattering

amplitude Mlm can be obtained from the amputated, two-particle scattering amplitude

4∏

i=1

{
p2i −m2

i

} 4∏

i=1

{∫
d4xi

}
ei(p4x4+p3−p2x2−p1x1)

〈
φ(x4)φ(x3)φ(x2)φ(x1)

〉

= (2π)4δ4(p4 + p3 − p2 − p1)M(p4, p3, p2, p1) (16)

by putting the initial and final particles on shell and projecting onto angular momentum

eigenstates:

iM(q)lmδl′lδm′m ≡ 1

4π

∫
Y ∗
l′m′(q̂ ′)dΩq̂ ′

∫
Ylm(q̂)dΩq̂ (17)

M
(
(~q ′, ωq), (−~q ′, ωq), (~q, ωq), (−~q, ωq)

)
,

where the vectors ~q = qq̂ and ~q ′ = qq̂′ are each proportional to the unit vectors over

whose directions we are integrating. With this KSS choice of normalization, M(q)lm can be

expressed in terms of the scattering phase shifts using the formula:

M(q)lm = 32π
ωq

q

(
e2iδl − 1

)

2i
, (18)

Finally the column/row vectors Γ̃
out/in
ππ are given by:

Γ̃out
ππ (E)lm =

1√
4π

∫
dΩq̂Y

∗(q̂)lm
∏

i=1,2

{∫
d4xie

ipixi
p2i −m2

i

}〈
T
{
φ(x1)φ(x2)σππ(~0, 0)

}〉

=
1√
2π

2ωq

〈
ππout(~0, q, l,m)

∣∣σππ(~0, 0)
∣∣0
〉

(19)

and

Γ̃in
ππ(E)lm =

1√
4π

∫
dΩq̂Y (q̂)lm

∏

i=1,2

{∫
d4xie

−ipixi
p2i −m2

i

}〈
T
{
σππ(~0, 0)φ(x1)φ(x2)

}〉

=
1√
2π

2ωq

〈
0
∣∣σππ(~0, 0)

∣∣ππin(~0, q, l,m)
〉
, (20)

where the momenta p1 and p2 are on shell and given by p1/2 = (±qq̂, ωq). The angular

momentum eigenstates |ππout/in(~P , q, l,m)〉 obey the normalization condition:

〈
ππout/in(~P ′, q′, l′, m′)|ππout/in(~P , q, l,m)

〉
=

(2π)6

q2
δ3(~P ′ − ~P )δ(q′ − q)δl′lδm′m. (21)
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++ + · · ·

FV FV FV FV FV FV

˜
Γ
in

ππ

˜
Γ
out

ππ

˜
Γ
in

ππ M
˜
Γ
out

ππ

˜
Γ
in

ππ M M
˜
Γ
out

ππ

FIG. 2. A graphical representation of the decomposition of the finite-volume correction to the

amplitude Cππ(E) into a series of terms, each with a specific number of finite-volume corrections

to the sum over two-particle states. The shaded kernel M is the infinite-volume π-π scattering

amplitude while the right and left vertices labeled Γ̃in
ππ and Γ̃out

ππ correspond to the complete am-

putated, infinite-volume Green’s functions containing two external pion lines and the interpolating

operators σ†
ππ or σππ acting on the vacuum. These correspond to the column and row vectors Γ̃out

ππ

Γ̃in
ππ defined in Eqs. (19) and (20).

Following KSS, we use Eq. (15) to obtain Lüscher’s finite-volume quantization condi-

tion [10, 11] relating the energies En of the discrete, finite-volume two-particle states to the

infinite-volume π − π scattering phase shifts which appear in Eq. (18). Since each discrete,

finite-volume energy En must correspond to a pole in the finite-volume correlator CV
ππ(E)

at E = En and no such poles are present in the infinite volume correlator, the finite-volume

correction CFV
ππ (E) must also contain these poles, which can be recognized as roots of the

determinant of the matrix 1 + i
2
MF which appears in the denominator of Eq. (15).

For the case in which only the s-wave π-π phase shift is non-zero the determinant of the

matrix 1 + i
2
MF is proportional to a known function of δ0(E):

Det(1 +
i

2
MF ) ∝ 1 +

i

2
M00F00,00 (22)

=
cot(φ) + cot(δ0)

cot(δ0)− i
(23)

where the angle φ(E), originally introduced by Lüscher, is defined in our context by

cot(φ) =
4π

q
c00(E). (24)

The finite-volume, energy eigenvalues En must then be zeros of the function given Eq. (23):

sin
(
φ(En) + δ0(En)) = 0 (25)

or

φ(En) + δ0(En) = nπ, (26)
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where n is an integer. For completeness, we also give Lüscher’s original expression for φ(E):

tan(φ(E)) =
π3/2

(
qL
2π

)

Z00

(
1,
(
qL
2π

)2) where Z00(s, x) =
1√
4π

∑

~n∈Z3

1(
~n2 − x

)s (27)

In contrast to Eq. (13) where an explicit exponential regulator has been added to make the

sum over ~n finite, the function Z00(s, x) specified in Eq. (27) is to be understood as defined

for complex s when Re(s) > 3/2 and then analytically continued to the point of interest,

s = 1.

In the next two sections we will go beyond the discussion presented in KSS and examine

how these finite-volume poles at E = En enter the finite-volume corrections to the second

correlator CK(E), given in Eq. (4). Equating the residues of the poles in the finite-volume

amplitude CV
K(E) with those in the infinite-volume quantity CFV

K (E) will provide a direct

derivation of the familiar Lellouch-Lüscher relation between the finite- and infinite-volume

K → ππ decay matrix elements. Using the equation directly will give the finite-volume

correction for the second-order weak amplitude which describes K0 −K0 mixing.

III. FINITE-VOLUME CORRECTIONS TO K → ππ DECAY

The Lellouch-Lüscher relation between the finite- and infinite-volume K → ππ decay

matrix elements follows easily from an application of the methods of the previous section to

the K0 − K0 correlation function CK(E)00 defined in Eq. (4). As in Sec. II, we study the

difference CFV
K defined in Eq. (5). Except for the column and row vectors, the finite-volume

correction CFV
K (E)00 can be expressed as a geometric series in the finite-volume correction

matrix F (q) that is identical to that given in Eq. (15) for CFV
ππ :

CFV
K (E)00 = − i

2
Γ̃in
KF

1

1 + i
2
MF

Γ̃out
K . (28)

Here the column and row vectors Γout
K and Γin

K are given by analogues of Eqs. (19) and (20).

We can determine Γout
K as follows:

Γ̃out
K (E)00lm =

1√
4π

∫
dΩq̂Y

∗(q̂)lm
∏

i=1,2

{∫
d4xie

ipixi
p2i −m2

i

}∫
d4xe−ipK ·xp

2
K −M2

K

i
〈
T
{
φ(x1)φ(x2)HW (~r = ~0, t = 0)K0(x)

}〉

=
1√
2π

2ωq

〈
ππout(~0, q, l,m)

∣∣HW

∣∣K(~pK = 0)
〉√

2MK (29)

12



where, as in Eqs. (19) and (20), the momenta p1 and p2 are on shell and given by p1/2 =

(±qq̂, ωq) and HW is the Hamiltonian density whose spatial integral is the Hamiltonian HW .

Because of the energy injected into the weak interaction Hamiltonian in Eq. (4) and our

choice of amplitude described below, 2ωq = MK + E. A similar expression can be obtained

for Γ̃in
K(E)lm:

Γ̃in
K(E)lm =

1√
2π

2ωq

〈
K(~pK = 0)

∣∣HW

∣∣ππin(~0, q, l,m)
〉√

2MK , (30)

where, as in Eq. (29), MK + E = 2ωq. By introducing the injection and extraction of the

energy E by HW (t) in Eq. (4) we have created a distinction between these two otherwise

identical operators: one, HW (t1), injects the energy E and the other, HW (t2) extracts E.

As a result we can distinguish two classes of contractions: a first in which HW (t1) is con-

tracted with the strange quark present in the initial kaon state and a second in which that

initial strange quark is contracted with HW (t2). To simplify the following discussion we will

consider only the first class of contractions (the case where the intermediate ππ energy is

MK + E). We will also remove the usual factor 1/2 shown in Eq. (4) so that in the limit

E → 0 we will recover the correctly normalized, second-order matrix element from this single

class of contractions.

In obtaining Eqs. (29) and (30) we have also adopted the usual treatment of the center-

of-mass variables, designed to avoid introducing unnecessary differences between finite- and

infinite-volume amplitudes. For infinite-volume matrix elements we use the Hamiltonian

density HW and states that are normalized to (2π)3 times a delta function in the center-of-

mass momentum while for finite-volume matrix elements we use states normalized to unity

and the integrated Hamiltonian HW =
∫
d3rHW (~r).

As in the derivation of the Lüscher quantization condition, we can argue that the poles

which occur in CFV
K (E) must arise from the finite-volume amplitude CV

K(E) and equating

their residues in CFV
K (E) and CV

K(E) as required by Eq. (5) will then relate the finite- and

infinite-volume 〈ππ|HW |K0〉 matrix elements. Thus, we should equate residues of the poles

at E = En −MK in the right- and left-hand sides of the following equation:

∣∣V 〈ππ|HW |K0〉
∣∣2

E +MK − En

=
ωqq

16π2

〈K0|HW |ππin〉∞ei(φ−δ0) ∞〈ππout|HW |K0〉
sin(φ+ δ0)

(31)

=
ωqq

16π2

∣∣∞〈ππout|HW |K0〉
∣∣2ei(φ+δ0)

(E +MK − En)
d(φ+δ)
dE

cos (φ+ δ0)
(32)
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where the left-hand side of Eq. (31) is the relevant term in the finite volume amplitude

CV
K(E) while the right-hand side of that equation is the KSS expression for the difference

between the finite- and infinite-volume correlation functions, CFV
K (E). In going from Eq. (31)

to Eq. (32) we have extracted the phase factors associated with the in and out states (often

referred to as the Watson phase factors) from the two matrix elements in the numerator of the

right-hand side of Eq. (31) and combined them with the expression obtained by expanding

the denominator at the E +MK = En pole. This gives the usual Lellouch-Lüscher relation

between the finite-volume and infinite-volume decay matrix elements:

∣∣∞〈ππout|HW (~0)|K0〉
∣∣2 = 16π2

ωqq

∣∣〈ππ|HW |K0〉V
∣∣2d(φ+ δ)

dE
. (33)

The form of this equation depends on the normalization condition that we have adopted for

the s-wave infinite-volume ππ scattering state, |ππout〉∞ given in Eq. (21). This equation

reduces to the original Lellouch-Lüscher relation if our normalization conventions for this

infinite-volume state are converted to theirs.

Recall that in our definition of CK(E), the energy E is carried by the operator HW while

the kaon is on-shell. Thus, as observed in Ref. [14], Eq. (33) holds not only in the case

of an energy-conserving decay matrix element when the volume has been adjusted so that

E = En −MK = 0 but for general values of E +MK that lie above the two-pion threshold

but are sufficiently small that mixing with multi-pion states can be neglected. This result

can also be easily generalized to relate the finite- and infinite-volume matrix elements of a

variety of operators between single-particle initial states and two-pion final states [14].

IV. FINITE-VOLUME CORRECTIONS TO ∆MK AND ǫK

Finally we determine the finite-volume corrections to the K0 −K0 matrix element M00

given in Eq. (1). The real part of M00 determines ∆MK and its imaginary part gives ǫK .

We begin with Eq. (5) for the case X = K and ab = 00 written as:

C∞
K (E = 0)00 = CV

K(E = 0)00 − CFV
K (E = 0)00. (34)

Since the quantities CK(E = 0)00 have been chosen so that their dispersive parts correspond

precisely to M00 for both the finite- and infinite-volume cases, we can simply substitute the

KSS result for CFV
K (E = 0)00 into Eq. (34) to obtain a formula which provides the desired

14



relation between M∞
00

and MV
00
:

∫ ∞

2mπ

dE
∑

α

〈K0|HW |α,E〉∞ ∞〈α,E|HW (~0)|K0〉
MK −E + iǫ

=
∑

n

〈K0|HW |n〉V V 〈n|HW |K0〉
MK − En

(35)

− ωqq

16π2

(
cot

(
φ(MK) + δ0(MK)

)
+ i

)

·
〈
K0

∣∣HW

∣∣(ππ)out, E = MK

〉∞ ∞〈
(ππ)out, E = MK

∣∣HW

∣∣K0
〉
,

where the states |α,E〉∞ and generalized sum over α are those introduced previously in

Eq. (1). In the correction term in the third line of this equation we have removed a factor

of e2iδ0 from the matrix element of what was an “in” state so that the product of bra and

ket “out” states results and only the phase associated with the two potentially CP-violating

matrix elements of HW appears in the correction term. The Watson phase has been written

explicitly.

The denominator MK − E + iǫ of the left-hand side of Eq. (35) gives two terms: the

principal part, which defines M00, as well as a −iπδ(E−MK) term. The delta function term

is not present in the finite-volume portionMV
00

of the right hand side and instead corresponds

to the +i term within the large curved brackets:

−iπ
∑

α

〈K0|HW |α,MK〉∞ ∞〈α,MK |HW |K0〉 = (36)

−i
ωqq

16π2

〈
K0

∣∣HW

∣∣(ππ)out,MK

〉∞ ∞〈
(ππ)out,MK

∣∣HW

∣∣K0
〉
.

This identity provides no new information beyond a check of our method. The left- and

right-hand sides of Eq. (36) are essentially identical except that the states appearing on the

left, |α,E〉∞, must be normalized to a delta function in the energy while the states on the

right, |(ππ)out, E = MK

〉∞
are normalized according to Eq. (21), a difference for which the

extra factor of ωqq/16π
2 on the right-hand side compensates. This factor can be recognized

by comparing the normalization conventions in Eq. (21) with conventions that are consistent

with the generalized sum over α and energy used in Eq. (1):

〈l′m′, ~P ′, E ′|lm, ~P , E〉 = (2π)3δ3(~P ′ − ~P )δ(E ′ − E)δl′lδm′m, (37)

where for the generalized index α we have used the usual discrete angular momentum vari-

ables lm and the center-of-mass momentum ~P .

The equation of interest results after Eq. (36) is subtracted from Eq. (35), leaving an

15



equation for the principal part alone:

P
∫ ∞

2mπ

dE
∑

α

〈K0|HW |α,E〉∞ ∞〈α,E|HW |K0〉
MK − E

=
∑

n

〈K0|HW |n〉V V 〈n|HW |K0〉
MK − En

(38)

− ωqq

16π2
cot

(
φ(MK) + δ0(MK)

)〈
K0

∣∣HW

∣∣(ππ)out,MK

〉∞ ∞〈
(ππ)out,MK

∣∣HW

∣∣K0
〉

=
∑

n

〈K0|HW |n〉V V 〈n|HW |K0〉
MK − En

− cot
(
φ(MK) + δ0(MK)

) d
(
φ(E) + δ0(E)

)

dE

∣∣∣∣∣
E=MK

(39)

·
〈
K0

∣∣HW

∣∣ππ,MK

〉V ′ V ′〈
ππ,MK

∣∣HW

∣∣K0
〉
.

Equation (39) can be written in the more compact from:

M∞
00 = MV

00 − cot
(
φ(MK) + δ0(MK)

) d
(
φ(E) + δ0(E)

)

dE

∣∣∣∣∣
E=MK

(40)

·
〈
K0

∣∣HW

∣∣ππ,MK

〉V ′ V ′〈
ππ,MK

∣∣HW

∣∣K0
〉
.

Our primary result, Eq. (38), for the finite-volume correction to ∆MK is given directly in

terms of infinite-volume quantities. However, to be useful in a finite-volume lattice calcula-

tion we need to express the correction in terms of finite-volume quantities that also can be

computed using lattice methods. This is done in Eqs. (39) and (40). Nevertheless, we should

recognize that the explicit, finite-volume K → ππ matrix element, 〈K0
∣∣HW

∣∣ππ,MK

〉V ′

,

which appears in Eqs. (39) and (40) is energy conserving and must be evaluated using an

appropriate volume V ′, adjusted to ensure that Eππ = MK , which may be different from the

volume V being used to compute MV
00
.

It is reassuring to note that as the finite volume is adjusted so that an energy En of a dis-

crete, finite-volume state approaches MK the 1/(MK−En) pole in the finite-volume quantity

MV
00

will be canceled by a corresponding pole in the factor cot
(
φ(MK) + δ0(MK)

)
d
(
φ(E) +

δ0(E)
)
/dE. In fact, we can examine the singular case where En → MK in which the

1/(MK −En) term in MV
00

is canceled. Expanding the right-hand side of Eq. (40) to zeroth

order in MK − En for that case gives the formula:

M∞
00 =

(
MV

00

)′ − d

dE

{〈
K0

∣∣HW

∣∣ππ, E
〉V V 〈

ππ, E
∣∣HW

∣∣K0
〉}∣∣∣

E=MK

(41)

+
1

2

[
1

d(φ+δ0)
dE

d2(φ+ δ0)

dE2

]

E=MK

〈
K0

∣∣HW

∣∣ππ,MK

〉V V 〈
ππ,MK

∣∣HW

∣∣K0
〉

where the prime superscript on MV
00

indicates that the state |n〉 with En = MK has been

omitted from the sum in Eq. (2). The second term on the right-hand side of Eq. (41) results
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from expanding the numerator in MV
00

to first order in M − En while the third term comes

from a similar expansion of argument of the cotangent in Eq. (40). This special case, where

the volume is chosen so that En = MK , was the first result that was obtained for the finite-

volume corrections to M00 [3, 5] using a generalization of Lellouch and Lüshcer’s indirect

approach of examining the resonant structure of ππ scattering that results when the effects

of the second-order weak interactions and KL and KS intermediate states are studied. While

we have chosen to derive the result given in Eq. (40) using the methods of KSS, this result

can also be obtained using the techniques developed in Ref. [14] and it was this approach

which lead us to the more general formula given in Eq. (40) and first presented in Ref. [19].

It should be noted that Eq. (40) relates the complete complex off-diagonal mixing matrix

M00 computed in finite and infinite volume: both its real and imaginary parts. Thus, it can

be used in both the calculation of ∆MK and ǫK . This contrasts to the indirect approach to

these relations taken in Refs. [3] and [5] where a very different strategy was needed for these

two cases.

V. CONCLUSION

In this paper we have derived the finite-volume corrections necessary to determine the

KL −KS mass difference and the long-distance contributions to ǫK from lattice simulations

in an Euclidean finite volume. Because of the principal part which appears in the infinite-

volume expression for M00 and the potential singular behavior of the corresponding finite-

volume quantity, quantitative control over these finite-volume effects is necessary before a

finite-volume lattice QCD calculation of M00 can be related to the infinite-volume KL −KS

mixing matrix. In fact, the relation between the finite- and infinite-volume quantities is quite

simple and the necessary finite-volume correction can also be evaluated if the finite-volume

K → ππ matrix elements can be computed. Such matrix elements are necessarily a part

of a calculation of M00 since the two-pion state will typically also lead to unphysical terms

which grow exponentially as the temporal region over which the two weak Hamiltonians are

integrated grows; for example, see Eq. (2) of Ref. [9]. Thus, K → ππ matrix element must

already be included in a calculation of M00 to remove these unwanted terms. However, the

matrix element needed for this finite-volume correction is evaluated for energy-conserving

kinematics with Eππ = MK . This may require additional calculation with a different volume
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chosen to achieve Eππ = MK , a singular choice that is likely best to avoid for the actual

calculation of M00. Fortunately, exploratory calculations [20] suggest that the two-pion

contribution to M00 is quite small so even an approximate estimate of this on-shell decay

amplitude may be adequate even for an accurate calculation of M00.

As noted above the result for the finite-volume correction for M00 is an important com-

ponent of a first-principles calculation of the long-distance contribution to both ∆MK and

ǫK . (Here by long distance we refer to phenomena at or below the scale of the charm quark

mass.) The calculation of these quantities with systematic errors on the order of 10% may be

a practical five-year goal. Exploratory calculations [7, 9, 20] which include all graphs suggest

that statistical errors can be controlled at the few percent level, including those which arise

from disconnected diagrams and that the approach to pions with physical mass also does

not pose insurmountable difficulties. The largest obstacle to a complete calculation of M00

with controlled errors is the need to include both the heavy charm quark, which requires

a small lattice spacing, and physical pions, which requires a large volume. The RBC and

UKQCD collaborations are presently generating an 802× 96× 192 ensemble with an inverse

lattice spacing 1/a ≈ 3 GeV and physical values for the light, strange and charm quark

masses. However, it is likely that a complete calculation of M00 on this and ensembles with

finer lattice spacing must wait for the next generation of high-performance computers.

After this work was completed we learned of an independent analysis [21] in which it

has also been recognized that the KSS approach can be used to provide a third, alternative

derivation of the Lellouch-Lüscher relation between infinite- and finite-volume decay matrix

elements, as has been shown in Section III above, supplementing those in Refs. [13] and [14].

VI. ACKNOWLEDGEMENT

C.T.S., N.H.C. and X.F. would like to thank their colleagues in the RBC and UKQCD col-

laboration for helpful discussions. N.H.C. and X.F. were supported in part by US DOEGrant

No.DE-SC0011941 and C.T.S. by UK STFC Grants ST/G000557/1 and ST/L000296/1.

G.M. was supported in part by the ERC-2010 DaMESyFla Grant Agreement Number:

18



267985 and the MUIR (Italy) under a contract PRIN10.

[1] K. A. Olive et al. (Particle Data Group), Chin.Phys. C38, 090001 (2014).

[2] J. Brod and M. Gorbahn, Phys.Rev.Lett. 108, 121801 (2012), arXiv:1108.2036 [hep-ph].

[3] N. H. Christ (RBC and UKQCD Collaborations), PoS LATTICE2010, 300 (2010).

[4] J. Yu, PoS LATTICE2011, 297 (2011), arXiv:1111.6953 [hep-lat].

[5] N. H. Christ, PoS LATTICE2011, 277 (2011), arXiv:1201.2065 [hep-lat].

[6] J. Yu, PoS LATTICE2012, 129 (2012), arXiv:1212.0234 [hep-lat].

[7] N. Christ, T. Izubuchi, C. Sachrajda, A. Soni, and J. Yu (RBC and UKQCD Collaborations),

Phys.Rev. D88, 014508 (2013), arXiv:1212.5931 [hep-lat].

[8] J. Yu, PoS LATTICE2013, 398 (2013), arXiv:1312.0306 [hep-lat].

[9] Z. Bai, N. Christ, T. Izubuchi, C. Sachrajda, A. Soni, et al., Phys.Rev.Lett. 113, 112003

(2014), arXiv:1406.0916 [hep-lat].

[10] M. Luscher, Commun. Math. Phys. 105, 153 (1986).

[11] M. Luscher, Nucl. Phys. B354, 531 (1991).

[12] M. T. Hansen and S. R. Sharpe, Phys.Rev. D86, 016007 (2012), arXiv:1204.0826 [hep-lat].

[13] L. Lellouch and M. Luscher, Commun. Math. Phys. 219, 31 (2001), hep-lat/0003023.

[14] C. J. D. Lin, G. Martinelli, C. T. Sachrajda, and M. Testa, Nucl. Phys. B619, 467 (2001),

hep-lat/0104006.

[15] K. Rummukainen and S. A. Gottlieb, Nucl. Phys. B450, 397 (1995), hep-lat/9503028.

[16] N. H. Christ, C. Kim, and T. Yamazaki, Phys. Rev. D72, 114506 (2005), arXiv:hep-

lat/0507009.

[17] C. h. Kim, C. T. Sachrajda, and S. R. Sharpe, Nucl. Phys.B727, 218 (2005), hep-lat/0507006.

[18] J. F. Donoghue, E. Golowich, and B. R. Holstein, Camb. Monogr. Part. Phys. Nucl. Phys.

Cosmol. 2, 1 (1992).

[19] N. H. Christ, G. Martinelli, and C. T. Sachrajda, PoS LATTICE2013, 399 (2014),

arXiv:1401.1362 [hep-lat].

[20] Z. Bai, (2014), arXiv:1411.3210 [hep-lat].

[21] R. A. Briceno and M. T. Hansen, (2015), arXiv:1502.04314 [hep-lat].

19


