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In an attempt to find a quasi-local measure of quantum entanglement, we introduce the concept of
entanglement density in relativistic quantum theories. This density is defined in terms of infinites-
imal variations of the region whose entanglement we monitor, and in certain cases can be mapped
to the variations of the generating points of the associated domain of dependence. We argue that
strong sub-additivity constrains the entanglement density to be positive semi-definite. Examining
this density in the holographic context, we map its positivity to a statement of integrated null en-
ergy condition in the gravity dual. We further speculate that this may be mapped to a statement
analogous to the second law of black hole thermodynamics, for the extremal surface.

I. INTRODUCTION

The holographic AdS/CFT correspondence indicates
that the fundamental constituents of spacetime geometry
are quanta of a conventional non-gravitational field the-
ory. The precise manner in which these non-gravitational
quanta conspire to construct a smooth semiclassical
spacetime, however, still remains obscure. Holography is
motivated by black hole thermodynamics, which suggests
that emergence of gravity can be associated with coarse-
graining a la classical thermodynamics [1]. We then seek
to understand what is being coarse-grained, and how.

A crucial hint is provided by the fact that AdS/CFT
geometrizes quantum entanglement: entanglement en-
tropy (EE) in the CFT is given by the area of a certain
extremal surface in the bulk [2-4]. Indeed, the fascinat-
ing idea of spacetime geometry being the encoder of the
entanglement structure of the quantum state [5-7] hints
at potentially deep insights into the workings of quantum
gravity.

As a first step, we would like to decipher the dynamical
equations of gravity from the these statements. In this
regard, EE which motivates the connection to geometry,
a-priori presents a complication: it is non-local — even
in local QFTs, it is defined on a causal domain. The
corresponding bulk quantity depends on the bulk geom-
etry along a codimension-2 extremal surface. To make
contact with local gravitational physics, it would be con-
venient to work with a more localizable construct in the
dual CFT.!

Inspired by this logic, we propose to study a QFT
quantity we call entanglement density. This effectively
measures two-body quantum entanglement between two
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1 For recent progress on directly deriving gravitational dynamics
from EE, cf., [8-11].
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FIG. 1. Tllustration of the generic variations d;.4 and d2.4
which are used to define the entanglement density (1).

infinitesimally small regions. To motivate its construc-
tion, consider a quantum field theory on a (rigid) back-
ground spacetime B which is foliated by spacelike Cauchy
surfaces ¥. We pick a region A C ¥ and construct the
reduced density matrix p4. The entanglement entropy
Sa = —Tr(palogpa) is the von Neumann entropy of
this density matrix, and is a functional of 0.A. We pro-
pose to retain locality by examining EE for infinitesimal
variations of OA (and hence A). Schematically for a con-
figuration ps; on the Cauchy slice, we define the double
variation:?

N (01.A, 62.A) = 0162 .54 (1)

The construction is pictorially illustrated in Fig. 1.

Let us now simplify 7 by appealing to the fact that S4
is a functional on the entire domain of dependence D[A].
We focus on backgrounds B and regions A for which D[A]
is given by the intersection of past and future light-cones
from two points, CF respectively. As a consequence we

2 This construction has some parallels with recent discussions of
differential entropy introduced in [12] and explored more thor-
oughly [13].
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will focus on the variations inherent in (1) which are due
to the variations of one of the points, say €, keeping the
other fixed (or vice versa).® In this context d; d2 S4*¢ = 0
for 2d and 3d CFTs, although (1) pertains in any QFT.

We will exploit the fact that n is naturally sensitive
to a key property of the von Neumann entropy, namely
strong subadditivity (SSA), which states that

Sauss + 8404, < Sa, + 84, VA2 (2)
SSA is a convexity property of entanglement; for regions
in (2) being small deformations of a parent region, this
has a quadratic structure, which motivates (1). Inspired
by a beautiful construction of Casini & Huerta [15, 16],
we show that entanglement density can be expressed as
a second order differential operator D% acting on EE by
differentiating with respect to the coordinates c* of G+
(specified explicitly for d = 2,3 in §II). SSA then implies
D2, S(ct;ecm) >0.

Exploiting the holographic construction of EE in terms
of bulk codimension-two extremal surfaces & 4, we argue
that the variations of interest can be mapped to the mo-
tion of the extremal surface along its null normals N(“ 4y
Using standard differential geometric identities, this in
turn can be simplified to a statement about the geometry
side of Einstein’s equations E,, = R, — %Rgm, +Aguw,
namely

/ € B Nl Nty > 0. 3)
Ea

where € is the volume form induced on the extremal sur-
face.* Indeed, as the main result of this paper we will
show that the entanglement density is precisely given by
(3) for small perturbations in the AdS3/CFT; setup. We
have therefore related SSA (which can be regarded as a
physicality condition on EE) to a restriction on the space-
time curvature.®

NB: As this work was nearing completion we received
[24], where a similar relation between SSA and bulk en-
ergy stress tensor has been discussed. Similar results
have been obtained by Arias and Casini (unpublished).

II. SSA IN FIELD THEORY

To set the stage for our analysis let us recall the proof of
the c-theorem [25] and F-theorem [26-28] based on SSA,
as in [15, 16]. We consider subsystems which are defined

3 A related version of entanglement density was considered earlier
in [8, 14], without invoking the relativistic causal structure.

4 A sufficient condition for this positivity is the null energy condi-
tion. The null energy condition has been crucial in the deriva-
tions of SSA [17-19].

5 For other applications of entropic inequalities and related con-
straints in gravity duals see [20-23].

by the intersection of light-cones from two points €+ in d-
dimensional QFTs. Letting D[A] = J~[CT]NJT[C~], we
pick A to be a Cauchy slice for D[A] at constant time; see
e.g., Figs 2 and 3. Then S 4 can be viewed of as a function
of the coordinates c* of C*; ie., S4 = S(ct;c™). For
B = R¥ 11 we take ¢t = (t4,x+). Letting a = %, we
define the entanglement density in d = 2,3 with respect
to varying C* as

2(d—2)

a

ﬁa(taaxa) = |0, + 87&; S(taaxa) >0, (4)
where the inequality is guaranteed by SSA. We give a
quick overview following [16], with some additional gen-

eralizations.

A. QFTsind=2

We start by applying SSA to the configuration in
Fig. 2; for space- and time-translation invariant configu-
rations, we can w.l.o.g. fix C* = (0,0) as a reference and
drop subscripts for coordinates of €~. SSA implies

Sap +Scp > Sap+ Scp - (5)

The fact that EE is defined on a causal domain can
be used to redefine our region. For example Syp =
Sac ucp even for states which are not boost invariant,’
since both AD and AC' U CD have the same domain of
dependence. As a result we do not make any symmetry
assumptions about the state for which EE is evaluated.
Now consider moving €~ from its original location
(t,z) along the light-cone directions to €7, and CZ re-
spectively by an amount e. This effectively shifts the left
and right end-points of A along the boundary of DI[A]
defining the regions on the Lh.s. of (5). For the second
region on the r.h.s. we can equivalently consider trans-
lating €~ — G}" by a distance 2e. Under these shifts we
track the implications of SSA (5). In fact, in the present
case we simply need to plug in the explicit dependence of
the coordinates of the end-points of the various regions:

S(t—e, x—e)+S(t—e, x+€)—S(t, v)—S(t—2¢,2) > 0. (6)

The inequality (6), upon expanding to second order in e,
immediately yields

f_ = (=07 +02) S(t,z) > 0. (7)

Repeating the argument with the roles of €* reversed,
we obtain 714 > 0.

Note that the inequalities 7T > 0 can be saturated:
as is clear from the relation to the entropic c-function
[15], the entanglement densities iy are vanishing for the

6 Since we have null segments, this statement should be viewed in
a suitable limiting sense.



vacuum state of a CFT. Furthermore, they also vanish
whenever the EE can be computed in a CFT by a con-
formal transformation as in [29], which includes, for ex-
ample, the finite size system at zero temperature and the
finite temperature system with an infinitely large size.

Physically, n+ computes the entanglement between the
two infinitesimally small light-like intervals AC' and BD
in Fig. 2. Since both are directed in the opposite null
directions, it is obvious that if the state is completely
separated into the left and right-moving sector, the en-
tanglement should be trivial. This explains why the en-
tanglement density is vanishing for ground sates of 2d
CFTs. On the other hand, for generic states, for exam-
ple a ground state of a non-conformal theory, we will find
it is non-vanishing.

fer =00

> e
(t—exte)

-
(t,z)

FIG. 2. Illustration of the set-up following [15] in d = 2.
We choose €T to be the origin and the region A lies on the
time-slice with coordinate %t. We assume ¢t < 0 and € < 0.

B. QFTsind=3

The generalization to d = 3 can be obtained following
[16] by considering the iterated SSA inequality

i (8)
+ S(Uijk (XiﬂXj ﬂXk)) —I—~~—|—S(ﬂiXi).

We will work in a continuum limit, converting the sums
to integrals on both sides of (8).

We once again start with A defined by €* = (0,0) and
C~ = (t,x). This corresponds to the choice of subsys-
tem given by a round sphere. To apply SSA we consider
translating €~ +— eﬁ_y in the light-cone directions by a
distance ¢, but this time respecting the rotation symme-
try. This defines the subsystems X;, described by ellipses
on 0D[A]. The loci of points composing (‘3;7 is a circle on

AJT[C™] at time ¢ — ¢, as indicated in Fig. 3.

€*=(0,0)

FIG. 3. Ilustration of the set-up following [15] in d > 3
with the same conventions as in Fig. 2. The regions X; in
d = 3 are obtained by considering the future light-cone from
points distributed on the (dotted) circle, while their iterated
intersections are obtained by considering the future light-cone
from points on the (dashed) line-segment.

To ascertain the unions of the iterated intersections
on the r.h.s. of (8) we make the following observation
[16]. Each term in the r.h.s. of (8) generically leads to
a curve which averages to a circular cross-section of the
light-cone; in the present case we need cross-sections of
OJ~[CT] at constant time. These can equivalently be
obtained by translating €~ + € in the temporal direc-
tion. With this in place we can examine the implications
of SSA.

Consider first the contribution from the shift €~ —
Gﬁ;. Writing out the coordinates explicitly we find

2
Lhs. s = |1—€ed+ % (V2 +202)| S(t,x) + O(%).

The r.h.s may be computed similarly, with the only ad-
ditional complication being that we need to translate the
measure from the circular cross-sections of 9J~[C] onto
the vertical segment along the map €~ — €. Account-
ing for this as in [16] we find:

2
r.hs.(g) = [1 — €0 + ez (3 0 — i@t>} S(t,x) 4+ O(e?).

Combining the above two expressions we have the in-
equality resulting from SSA:

h = {D + iat} S(tx) > 0. )

Repeating the analysis about €% we can show ny > 0.
This completes the derivation of (4).
Note that in boost invariant states (e.g., vacuum)

where S 4 is a function of proper length £ = /t? — ||x]|?,



(4) simply reduces to [15, 16]:
08"(6) — (d—3)S'(¢) < 0. (10)

We have however managed to convert this to a local
statement for regions A4 which are naturally generated
by intersecting light-cones from two points €*. Although
we have written the expressions (4) and (10) in a man-
ner which suggests an obvious generalization to higher d,
there are some subtleties with this interpretation, which
we revisit in §IV.

IIT. HOLOGRAPHIC ENTANGLEMENT
DENSITY

Having understood the basic constraint on the entan-
glement density, let us now consider the holographic con-
text, employing the AdS3/CFT5 duality. We focus on lin-
ear perturbations around the pure AdSs solution, corre-
sponding to small excitations around the vacuum. In the
bulk gravity theory, we consider Einstein gravity coupled
to arbitrary matter fields, with the energy-momentum
tensor T}, given by the Einstein’s equation

E. =Ry — %ng +Agu =87GN T (11)

It is now convenient to work directly with the end-
points of A, whose null coordinates are (u,,v,) and
(u,,,v,) respectively in R, In terms of these, the two
entanglement densities are given by:

o0 0 .

= Ou,, Ov, = Ou, v, ASa. (12)
Note that we define the density in terms of ASy =
Sff — 5%%¢ which measures the entanglement of the ex-
cited state py relative to the vacuum. It is crucial here
that n4 vanishes in the vacuum state, for while SSA holds
for any state of the CF'T, it is no longer true that AS4
satisfies SSA.” With this understanding we can replace
Sa4 — AS, and still maintain the sign-definiteness of
entanglement densities 711 defined in (12).

We now evaluate AS,4 by analyzing the holographic
entanglement entropy in the perturbed geometry around
pure AdS3 described by the (gauge fixed) metric:

dz? — dudv
2

o0 0

ds* = + hap(u, v, 2) da® da® (13)

z
where hg, captures the perturbation (Latin indices re-
fer to the boundary). For linear order changes of holo-
graphic entanglement entropy, we can work with the orig-
inal geodesic in AdS3 (parameterized by &) which con-
nects the endpoints of A:

(U4 u;sing, V+uv,s8ing, /|u,v,|cosé),

(u,v,2) =

7 Tt is easy to verify this statement explicitly say by considering
ps. to be the thermal state.

4

where {U,u;} = 1 (u, £u,) and {V,v,} = 3 (v, £ v,)
give the mid-point and separation between the end-points
of A.

The first-order perturbation of AS 4 is given by

_ g A
ASA_E £ MO (14)

where 79 and (") are induced metric (7e¢) at leading
and first sub-leading orders, i.e.,

Oy — L
Y (g) - 00825 )

7(1)(6) = COSQ& (huu u? + hm; ’U? + 2 huv ué U&) .

After some algebra we arrive at the following simple
relations:

£ 4GN|u ON /gdf 7
5|/ VAt NN

>

ly N i)E,W)

Tuw) 20, (15)

\uv

where E,,, is the Lh.s. of the Einstein’s equation (11).
The vectors N (“ 4 are the two independent null normals

to the extremal surface £4 in AdSs,

- u5v5|c032£} .

Firstly, we note from (15) that the positivity of entan-
glement density is correlated with null energy condition.
While we have established the above result explicitly only
for linear deviations away from the vacuum, the fact that
7i+ vanishes in vacuum, and its positive semi-definiteness
from SSA for any excited state, makes it natural for us
to conjecture that the relation

N cos*¢ v, cos®¢
&) | (sin€F1) (sin€ +1)’

N 1 m
v >

holds for any asymptotically AdS3 backgrounds, with & 4
being the extremal surface (spacelike geodesic parame-
terized &) which holographically encodes S 4. We leave a
more complete exploration of this relation for the future.

It is interesting to note that for normalizable states of
pure gravity in AdSs, the entanglement density always
vanishes. This is consistent with our earlier observation
that entanglement density is vanishing for any state ob-
tained by conformal transformations of ground states in
2d CFTs. Indeed, solutions in the pure AdS3 gravity can
be obtained by bulk diffeomorphisms corresponding to
boundary conformal transformations [30].

IV. DISCUSSION

In this paper we have introduced a new quantity, the
entanglement density 7 for relativistic field theories, and



argued that it provides a useful encoding of certain as-
pects of gravitational dynamics via holography. We have
directly argued for its positivity using the SSA property
of EE in 2d and 3d field theories. More generally, we see
from our explicit analysis that the positivity of 7 and the
gravitational null energy condition go hand in hand. At
the same time, we anticipate (16) to be of fundamental
importance, since it geometrically encodes the SSA and
captures second order variations of holographic entangle-
ment entropy.

While our holographic analysis was carried out for lin-
earized fluctuations around AdSs, we anticipate that (16)
holds at the non-linear level. In fact, it is tempting to
conjecture a more general statement valid in any dimen-
sion: SSA implies that the entanglement density n > 0
for any state of a QFT with n¥*¢ = 0. Furthermore,
translating the description of 72 into holography one finds
that (3) holds for any deformation away from pure AdS
in arbitrary spacetime dimensions. To wit,

SSA = AL >0, Y =0,

One could try to follow the logic of §IIB to arrive at
the conclusions above, by considering variations of the
past tip of D[A] (cf., Fig. 3 with each point replaced by
S9=3). However, this attempt runs afoul of sub-leading
divergences in the entanglement entropy from the r.h.s.
of (8) as explained in [16]. It is nevertheless interesting
to contemplate whether the entanglement density can be
used to provide further insight into ¢ and F-theorems and
generalizations thereof.

Nevertheless we may draw the following analogy based
on the conjecture above: the statement of SSA is reminis-
cent of the second law of thermodynamics since it asserts
convexity of entanglement (but under region variation as

opposed to time variation). We are arguing that this
guarantees positivity of the entanglement density. Via
holography, generic deformations about the CFT vac-
uum (equilibrium) then increase the ‘cosmological Ein-
stein tensor’ E,, when suitably averaged over the ex-
tremal surface. In essence, this quantity codifies a ver-
sion of gravitational second law for entanglement density.
Indeed, in the ‘long-wavelength’ (hydrodynamic) regime,
one may capture the thermal entropy production via the
entanglement density by taking A to be suitably large.
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