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Abstract

We study the light-quark mass and spatial volume dependence of the matrix elements of AB =0
four-quark operators relevant for the determination of V,,; and the lifetime ratios of single-b hadrons.
To this end, one-loop diagrams are computed in the framework of heavy hadron chiral perturba-
tion theory with partially quenched formalism for three light-quark flavors in the isospin limit;
flavor-connected and -disconnected diagrams are carefully analyzed. These calculations include
the leading light-quark flavor and heavy-quark spin symmetry breaking effects in the heavy hadron
spectrum. Our results can be used in the chiral extrapolation of lattice calculations of the matrix
elements to the physical light-quark masses and to infinite volume. To provide insight on such chiral
extrapolation, we evaluate the one-loop contributions to the matrix elements containing external
By, Bs mesons and Ay baryon in the QCD limit, where sea and valence quark masses become equal.
In particular, we find that the matrix elements of the A3 flavor-octet operators with external By
meson receive the contributions solely from connected diagrams in which current lattice techniques
are capable of precise determination of the matrix elements. Finite volume effects are at most a

few percent for typical lattice sizes and pion masses.
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I. INTRODUCTION

In inclusive decays of single-b hadrons, the effects of spectator quarks (light constituent
quarks in the hadrons) play an important role in extracting their decay widths and the
lifetimes of different species as those quarks participate in the weak process. In particular,
for a number of years there have been suggestions that the lifetime of the A, baryon had
significant corrections from the spectator effects [1, 2|, which might explain the small exper-
imental value of the lifetime ratio 7(Ap)/7(Bg). Recent measurements tend to favor more
natural values [3] :
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7(Ba)
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Theoretical determinations of these lifetime ratios rely on the heavy quark expansion (HQE)
for inclusive decays with one heavy quark in the final state [4-7]. Although the A, lifetime
is no longer a puzzle, it is desired to improve the theoretical determinations of the lifetime
ratios since their uncertainties are larger than those of experimental measurements by an
order of magnitude except 7(Bs)/7(By) [8]. In particular, the dominant source of systematic
uncertainties in the HQE predictions are the size of the non-perturbative matrix elements
of the dimension-six AB = 0! four-quark operators containing spectator quarks, which are
poorly known from exploratory lattice studies [9-11] and QCD sum rules [12-15]. Thus,
the determination of these matrix elements from the state-of-the-art lattice calculations will
significantly reduce the uncertainties and play an essential role in the precision test of the
HQE.?

The theoretical calculation of the decay width can be done systematically using the optical
theorem, which relates the total decay rate of the single-b hadron Hj to the imaginary part

of the matrix element of the forward scattering amplitude,

U(Hy, — X) = Im(H,|T|Hy), (2)

Hy

L' AB denotes the change of b-quark number by the operators.
2 As emphasized in a recent review paper about the current status of the HQE [16], the HQE is now in

the era of precision tests as the significant discrephancies between the HQE predictions and experimental
measurements are resolved for the A, lifetime and the semileptonic branching ratios of B mesons. More-
over, the validity of the HQE is strongly supported from the fact that the recent measurement of the
decay rate differences AT, [3] perfectly agrees with the HQE predictions [17].



where My, is the hadron mass. Here the transition operator T is given by

T / T {Loss (1), Logs(0)}, 3)

where L.¢; represents the effective AB = 1 weak Lagrangian renormalized at the scale
of b-quark mass, ;1 = my. Since the energy release is large (~ m;) in b-hadron decays,
the operator product expansion (OPE) is applicable to construct local AB = 0 operators
having the same quantum numbers, with suppression by inverse powers of m; accompanying
increasing operator dimensions.? Using the OPE, one can write the decay width by

Gimj 1

Py = X) = o5 90,

2 ;’fbi’“‘i (Ho|Op ™" Hy), (4)
k b

where ¢ (1) and OfB=0 represent Wilson coefficients containing relevant CKM matrix ele-
ments and dimension-k AB = 0 local operators, respectively. The forward matrix elements
of the local operators in Eq. 4 are systematically expanded with inverse power of m; in the
framework of heavy quark effective theory (HQET) [23-25]. This is the basic structure of
the HQE. In these expansions the leading-order term is universal for all kinds of b hadrons.
It is well known that deviations of the lifetime ratios first arise from the terms of order
1/m? which include the nonperturbative corrections to (Hy|bb|H,) in the HQET and the
subleading terms in the OPE, l_)gsichG“”b, whose dimension is five [5-7]. The spectator ef-

fects contribute to the process at the order of 1/m3, where the corresponding dimension-six

3 It is well known that the OPE breaks down when one calculates differential inclusive B-meson decay
distributions near the endpoint region in phase space, where a proper treatment of forward matrix elements
of non-local operators is required [18-20]. Although the non-local operators typically reduce to local ones
if the decay distributions are integrated over all phase space, there are cases such as the inclusive radiative
decay B — Xyv in which certain non-local matrix elements have sizable corrections to the total decay
rate [21, 22]. However, we note that in the case of the total inclusive decay rates of single-b hadrons (i.e.
all final states are summed), which is relevant for the determination of lifetimes, it is believed that the
standard OPE is applicable.



AB = (0 four-quark operators in a convenient basis are given by [1]*

O10 = b (1 — %)g™ @y (1 — )b,
Oo = b*(1 —75)g™ @ (1 + v5)V’,
O34 = b*vu(1 = %) g™ @iy (1 — 75)b°,

O = b"(1 —75)g™ @ (1 + 75)b”, (5)

where b denotes a b-quark field and ¢* denotes a light-quark field of flavor a. The color
indices «, [ and the Lorentz indices p are summed, but the flavor indices a are not. In fact,
although these effects are suppressed by an additional power of 1/m;, the contributions are
numerically enhanced by a phase-space factor of 1672 [1].

It was also pointed out that the contribution of the four-quark operators in Eq. 5 can be
significant to the inclusive decay B — X, /v, which is closely related to the determination
of Vi [26]. The four-quark operators relevant to this semi-leptonic decay are given by

O14 — Oy, at the scale ;1 = m;, and their matrix elements can be parameterized by

21 (BIOIB) — (BlOs|B)) = My (B - By, ©)

where fg and Mp are the decay constant and the mass of B meson, respectively, and B;
and By are phenomenological parameters called bag constants. In the vacuum insertion
approximation (or factorization) [27, 28], we have By = Bs and the spectator effects in Eq. 6
vanish. However, the actual values of these matrix elements should be determined from
non-perturbative calculations and can be much different than that from the factorization
approximation. In Ref. [26], for instance, the author showed that the correction to the
branching ratio, § B(B — X,{1;), by spectator effects substantially enhances the estimate of
the corresponding errors in the hybrid expansion, e.g. a violation of the relation By = By by
10% makes the correction of the branching ratio twice larger than the estimated uncertainty
in Ref. [29].

In the OPE, the Wilson coefficients c¢(u), which embed the dependence on scale u,

are determined from perturbative calculations while the matrix elements of local four-quark

4 For sy = 0 single-b baryons, only the first two four-quark operators are sufficient to compute the spectator
effects in the heavy-quark limit, because Oy (O2) are related to Oz (O4) up to 1/my corrections via a

Fierz transformation thanks to heavy-quark symmetry.



operators can be computed nonpertubatively, potentially from lattice QCD (see Ref. [16] and
references therein). From the point of view of lattice QCD, difficulties arise from the fact that
the light quark ¢ in the operators can be different from the light valence-quark ¢’ in the single-
b hadrons, i.e. ¢’s are contracted to themselves, so called eye-contractions [26]: the operators
could mix with lower dimensional ones requiring a power-law subtraction. In addition, lattice
calculations of the matrix elements including disconnected diagrams generally suffer from
a noise problem. Although it is inevitable to avoid such difficulties in the calculation of
the semi-leptonic decay, it is expected that the contributions of the eye-contractions are
negligible in the calculation of the B-meson lifetime ratios due to the light-quark flavor
symmetry. In particular, we find that the matrix elements of the A3 flavor-octet operators
involving external By meson, which are relevant to the determination of 7(B™)/7(By), do
not only exclude the eye-contractions, but also the disconnected contributions® at the next-
to-leading order in chiral expansion.

The purpose of this paper is to compute the one-loop chiral corrections, which are func-
tions of light-quark mass (or pion mass), to the matrix elements of AB = 0 four-quark
operators in Eq. 5. At present, the light-quark masses in many lattice studies are not phys-
ical due to limited computing resources, and thus the chiral extrapolation to the physical
quark masses is essential to obtain the matrix elements with high-precision. To do this, we
consider heavy hadron chiral perturbation theory (HHyPT) [30-34] at finite volume [35—
37] as the machinery to write the four-quark operators in terms of low-energy degrees of
freedom, heavy hadrons and Goldstone mesons. Moreover, our calculation is performed in
partially quenched chiral perturbation theory (PQxPT) [38] which is appropriate for cur-
rent and foreseeable lattice calculations, as well as it naturally distinguishes disconnected
diagrams from connected ones. Although the heavy quarks are assumed to be static, we
consider the leading effect of various mass differences among B mesons and single-b baryons.
For B mesons, the chiral corrections to the matrix elements of infinite volume QCD were
previously calculated in Ref. [39].

The organization of this paper is as follows. In Sec. II, we briefly review heavy hadron

chiral perturbation theory involving hadrons containing a single-b quark in SU(6|3) partially

5 More precisely, the “disconnected” means the flavor-disconnected in which the light-flavor quarks in the
operators are not connected with those in the external hadrons. Throughout this paper, similarly, the

“singlet” and “octet” mean the flavor-singlet and -octet, respectively.



quenched theories. Mass differences in the heavy hadron spectrum, which originate from the
light-quark flavor and heavy-quark spin symmetry breakings, are discussed in detail, where
the relevant mass parameters enter the one-loop chiral computations. Sec. III contains
the determination of AB = 0 four-quark operators in partially quenched heavy hadron
chiral perturbation theory. In Sec. IV, we present our main results: calculation of the
matrix elements of the four-quark operators including one-loop chiral contributions at infinite
volume and in a finite spatial box, where connected and disconnected contributions are
clearly separated. Integrals and sums appearing in the loop calculations are summarized
in Appendix A, while coefficients for these calculations involving B mesons and single-b
baryons are summarized in Appendices B and C, respectively. Moreover, the pion-mass
dependence of chiral corrections and finite volume effects are discussed for the exemplified

cases of external By, By mesons and A, baryon. Finally, we conclude our work in Sec. V.

II. PARTIALLY QUENCHED HEAVY HADRON CHIRAL PERTURBATION
THEORY

The interactions of heavy hadrons containing a heavy quark with Goldstone mesons
can be described in the framework of chiral perturbation theory (xPT) combined with the
HQET. The inclusion of the heavy-light mesons into yPT was first carried out in [30-32]
and extended to quenched and partially quenched theories in [40, 41]. The 1/Mp and chiral
corrections were investigated in [42], where Mp is the mass of the heavy-light pseudo-scalar
meson. The superfield appearing in this effective theory is [43]

O = (PO - p0y) 127, @
where PZ-(E) and P:S_)) annihilate pseudo-scalar and vector mesons containing an anti-b quark
and a light quark of flavor i. For convenience, the space-time variables in the fields and
transformations do not explicitly appear throughout this paper (e.g. Hi(g) (x) = HZ»(B)). In
the heavy quark formalism, the momentum of such mesons is given as p* = Mpv* + k* with
k* < Mp, where v* is the 4-velocity of the meson fields. Under a heavy quark spin SU(2)
transformation Sy, and a light-flavor transformation U [i.e., U € SU(3) for full QCD and
U € SU(6|3) for partially quenched QCD (PQQCD)], the field H® transforms as

@ o (B) o
HY - U/ HY S
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The conjugate field, which creates mesons containing an anti-b quark and a light quark of

flavor 7, is defined as
0O =0 =127 (P’f@”v’” v PG’”%) , 8)
and transforms under S;, and U as

‘i(f?) =S, _](-B)UTji. (9)

The inclusion of baryons containing a b-quark and two light quarks into yPT was first
proposed in [32-34], and the effective theory was generalized to the quenched and partially
quenched theories in [44-46]. In the limit m;, — oo, the heavy quark’s spin decouples from
the system and the total spin of the light degrees of freedom is conserved. Because of this
property of the heavy-quark symmetry, one can classify baryons by the total spin quantum
number of the light degrees of freedom, sy = 0 or sy = 1. These two types of baryons carrying
light flavors ¢ and j can be included into SU(6|3) PQxPT by introducing the corresponding
interpolating fields at the quark level as

T~ 67 (067 + 0776 ) eanlCs)as for s, =0,

)

Sjj o~ b7 <q§x’aq]ﬁ’b - C]%B’bqjq’a> €abe(CYH)ap for sp =1, (10)

where C' is the charge-conjugation matrix, «, 3, are the Dirac indices, and a, b, ¢ are color

indices. These flavor tensor interpolating fields satisfy
Tij = (=)""Ts, Sy = (=1)""uSp, (11)
where the grading factor 7, accounts for different statistics of quarks in PQQCD,

1 for k=1,2,3,4,5,6 (valence and sea),
i = (12)
0 for k =7,8,9 (ghost).

The 7 and S fields form a 39- and a 42-dimensional representations of SU(6|3), respectively.
The baryon fields appearing in HHyPT have the same flavor properties of the corresponding
interpolating fields as in Eq. 11, where the combination of the heavy-quark spin 1/2 and
the total spin of light quarks s, leads us that 7" baryon carries spin 1/2, while S baryon
carries both spin 1/2 and 3/2 which are degenerate in the heavy-quark limit. If we restrict

our attention to the pure valence-valence sector, we recover the familiar baryon tensors of

7



QCD. For s, = 0, the baryon tensor ﬂ(jvalence'valence) is anti-symmetric under the exchange of

light-quark flavor indices and explicitly written as

0 Ay —+1/2
b
(valence-valence) 1 ——1/2
T =5 M0 57 (13)
—+1/2  ——1/2
—Z, —Z, 0

where the superscript indicates the 3-component of the isospin. For s, = 1, the baryon

tensor ;; is described by the superfield

5= [0 B+ B (1)

where B;; and Bi*j“ are spin-1/2 and 3/2 baryons, respectively.® In the valence-valence

(valence-valence)

sector, the baryon tensor B;; is symmetric under the exchange of light-quark

flavor indices and explicitly written as

=/+1/2
o+l Ay0 1=
b V2T 2T
(valence-valence) 1 w0 _1 1 —'—1/2
Bj; = B% X 55 : (15)
1 ='+1/2 1 ='-1/2 0
V2—b V2—b b

and similarly for the B;.kj“ fields. Under the heavy-quark spin transformation S, and the

light-flavor transformation U,

Ty — SpU; U, T,

The conjugate fields, which create single-b baryons, are denoted as 5{‘]- and Tj;.
In PQxPT, the leading-order (LLO) chiral Lagrangian for the Goldstone mesons is

2

L= ‘%str[(@“ZT)(@MZ) + 2By (ST M, + MIX)] + 0 (0" Do) (9, o) — Mg P3, (17)

where ¥ = exp(2i®/f) = £ is the nonlinear Goldstone field, with ® being the matrix

containing the standard Goldstone fields in the quark-flavor basis. In this work, we follow

¢ The baryon field T;; (B;;) satisfies HTdTl (Bij) = Tij (Bij), while B} satisfies HTZ/B;}“ = B! and
YABE =0,

)



the supersymmetric formation of PQxPT where the flavor group is graded [38]. Therefore
Y. transforms linearly under SU(6|3), &) SU(6|3)r,

Y — ULSU, (18)

where Upmy € SU(6|3)nr) is the left-handed (right-handed) light-flavor transformation.
The operation str[ | means supertrace over the graded light-flavor indices. The low-energy

constant By is related to the chiral condensate by

By = _<O\ﬂu}+dd\0)’ (19)

and the quark-mass matrix in the isospin limit is
Mq :diag(muvmuamsymjvmjamramuamuams)- (2())

We keep the strange quark mass different from that of the up and down quarks in the
valence, sea, and ghost sectors. Analogous to QCD, the strong U(1)4 anomaly can give rise
to the large mass of the singlet field ®, = str(®)/+/6, i.e. same size of the chiral symmetry
breaking scale, and thus ®, can be integrated out, resulting in residual hairpin structures in
the two-point correlation function of neutral mesons [47, 48].

The Goldstone mesons couple to the above B meson and single-b baryon fields via the

field &, which transforms as
¢ — UneUt = UEUY, (21)

where U is a function of Uy, Ugr, and ®. The field £ can be used to construct the vector and

axial-vector fields of meson,
1 1
V= Llglore + gonel), Ar = Slglone - o], (22)

As the vector field plays a role similar to a gauge field, the chiral covariant derivatives which

act on B meson and single-b baryon fields can be defined as
prHY = orH® — (v HY,
DHTy; = 0Ty — i(VH), ka] —i(=1)" (n5+nx) (V“) szk,
DHSY, = 918y, —i(V?); " Sy —i(= 1)t (Ve ks



The LO effective Lagrangian in the chiral and 1/Mp expansions is

Lihor = —itrp[H® - DH®Y) — i(§"0 - DS,) +i(Tv - DT) + AP(5-S,) (23)

+91trD[Hz(b)H(E)jfyu%A?’i] + ig?euwp(g“UVAUSp) + \/593 [(TAMSM) + (SWAMT)] )

where trp is the trace over Dirac space and v, is the velocity of the heavy hadrons. Note that
the B-meson fields are of mass dimension 3/2 like the single-b baryon fields by absorbing
vMp into H Z-(b), where Mpg is the mass of the B meson. The flavor index contractions of the

operators for the baryons are [49]

(TYT) = T/} Ty,
(S*Y'S,) = SMIYES .,
(TY"S,) = TVYS,,. (24)

The parameter AP is the mass difference between the S and T fields with same light flavor

indices,

AP = Mg — My, (25)
which is of O(Agep) and does not vanish either in the chiral limit or in the heavy-quark
limit.

In one-loop chiral calculations, the effects of SU(6|3) flavor symmetry breaking appear

through the mass differences of hadron fields:

Lihwr = Mtrp[H M HOT) 4 Xtep[HP HOstr(M)
+5\2(5“M55M) + )\'Q(S'“Su)str(]\/lg) + 5\3(TM§T) + )\g(TT)str(/\/lg), (26)

where
Me = By (EMTE + TMeT) . (27)

The terms proportional to A" cause a universal shift to the single-b hadron masses, while the

terms proportional to A attribute to the mass differences,

5](;,\5) = Mpé - Mpk = Mp[* — Mp]: = 25\180(mg - mk),
5](65) = Mnj — MTk]. = MSej — Mgkj = 25\2B0(mg — mk), (28)

10



where j represents the spectator quark and we assume Ay = \3. We also consider the effects
of heavy-quark spin symmetry breaking at O(Agcep/mag),
2t (F[Z@)%H@NUW) , (29)
mp
which vanishes in the heavy-quark limit. The « term provides the mass difference between
the P* and P mesons with same light flavor,
AM = Mp. — Mp, = 8 (30)
: me
In principle, there are also analogous heavy-quark spin symmetry breaking terms in the
baryon sector, resulting in mass differences between B;; and B:j“ baryons in Eq. 14. However,
we neglect these mass differences which are numerically much smaller than A®) [50]. If we
redefine the field in which the heavy-light meson and 7" baryon containing u or d valence
quarks are massless, the denominators of the propagators for other heavy-light mesons and
single-b baryons are shifted by the linear combinations of various mass differences in Eq. 25,

Eq. 28, and Eq. 30.

III. AB =0 FOUR-QUARK OPERATORS IN HEAVY HADRON CHIRAL PER-
TURBATION THEORY

In the partially quenched theory, the four-quark operators in Eq. 5 transform as left-flavor
singlet, a 30-dimensional representation, and left-flavor octet, a 51-dimensional representa-
tion, built form the tensor product of two fundamental representations of SU(6|3). For
lattice QCD, a more convenient form of the AB = 0 four-quark operators can be obtained

by accounting for the graded light-flavor transformations:”

oM = str (AE‘%) + §%¥°str <A£Q) str (0), (31)
with

0% = I Wgs g, , T, (32)

" In SU(K + N|K) PQQCD with arbitrary K (valence and ghost quarks) and N (sea quarks), the singlet
four-quark operators do not match those of unquenched QCD [51]. When the number of valence quarks
is equal to the number of sea quarks (i.e K = N = 3 in our case), however, this mismatch disappears and

the LO low-energy constants appearing in both theories are exactly same.

11



where

L —7s _1+s

q*, and qrp =@ 5 (33)

q7 =

Here T'™ and T'® are the appropriate spin and color matrices. Following the standard
construction of the operators from heavy hadron fields, we can consider 'V and I'® as
spurious fields. To make the operators invariant under SU(2) heavy-quark spin and SU(6|3)

flavor transformations, the spurious fields must transform as
r — 5,rOyl, r® — y,r®gsf. (34)

The symbol 6*¢ denotes the contribution of the eye-contractions, where the light quarks
in the four-quark operators O are contracted by themselves, while the symbol A’? denotes
the partially-quenched extension of the Gell-Mann matrix. It is convenient to classify the
operators according to three types of quarks, (valence, sea, ghost), transform under the chiral
rotation of SU(3)va1 @ SU(3)sea @ SU(3)ghost; the Gell-Mann matrices can be extended in a
simple way, /\EQ = A\, @ diag(1, A 1), where \g = diag(1,1,1) for the flavor-singlet and
A3 = diag(1,—1,0), Ag = diag(1,1, —2) for the flavor-octet. Here, we have introduced the
symbol A*** to distinguish the disconnected (non-valence) contributions from the connected
(valence) ones, i.e. X =1 or \** = ( depending whether the disconnected contributions
are included or not.

The LO operators in HHYPT relevant to the four-quark operators in Eq. 31 can be written

as
oM = str (A}:Q@> + 0%str <A£Q> str (@(bare)> : (35)

where the tilded operators O for heavy-light mesons and single-b baryons are defined in below
Sec. IIT A and Sec. III1 B, respectively.® At the tree level in the chiral expansion, the first
term corresponds to connected diagrams, while the second term corresponds to disconnected
diagrams which are absent for the octet. Notice that, as will be seen in Sec. IV, the first
term generates disconnected diagrams as well as connected ones at the next-to-leading-order

(NLO) one-loop level.

8 The operator O("©) is the tree-level operator of O, i.e. the four-quark operators are not dressed by

Goldstone mesons.

12



A. AB =0 four quark operators for heavy-light B-mesons

The most general bosonized form of the four-quark operators for heavy-light B-mesons

in HHyPT is®
() = > {allHO) OO (HOE),E) + a2 TV (HOE, 2,

+ a(g)[(fH(i’))aF(l)Ex] [F(2)(H(6)§T)b5;] + az(i)[(SH(B))CT(DEIF(?)(ﬁ(ﬁ)gT)bE;]

+ @ EH ) (HOEZ MPTOZ]] + a D [(¢H ) (HEN), 2. IOV
+ o Dl(eH) (HOENZNrOTOZ] + ol [(€H®) (A, rOrVE) ],

1,2

(36)

/

where i = 1,2, 3,4, and =, are =/, are all possible pairs of Dirac structures '°. The bracket

notation [ | represents the trace over the Dirac space. Any insertion of ¥ in the Dirac
structures can be absorbed by the heavy meson fields, ¥H(v) = H(v), while any insertion
of 75 at most changes the sign of I'. The HQET parity conservation and the contraction of
Lorentz indices requires that =, = Z/.. The single Dirac-trace terms can be rewritten by the

double trace using the 4 x 4 matrix identity
1
4[AB] = [A][B] + s Allys B] + [An] 0" B + [Avusllvsy Bl + 5o ][] (37)

Since 'V and T'® are left- and right-handed current respectively, the last four terms in

Eq. 36 vanish. In summary, the operators in @zHM can be reduced to
(0m1)' = >~ {ail(€H) TV, T (HE,E,]
Z +aul(EHPTOZ)NO(HO)E] |, (39)
where =, € {1,7,,0,,}. After evaluating the trace over the Dirac space, we obtain

(@gM)“b = Bia(EPON(POE), 4 By o(¢ PrOTa(POmgh),
+ ﬁi,1(§P(5))a(P(g)T£T)b + 52.72(§p:(5))a(p*(5)T,u§T))b’ (39)

9 The field H i(b) for mesons containing a b quark ar}d a light anti-quark of flavor i is obtained by applying
the charge conjugation operation to the field Hi(b) in Eq. (7): Hi(b) = 1%11 (P;l(tb)fy“ — Pi(b)75), which

transforms under Sy, and U as Hi(b) — ShH](-b)UU;. Also, the conjugate field is defined as FIZ.(b) = fyOHi(b)TvO.
10 The Dirac structure =, = 1, Yu, Ouv, and possible combinations with ¢ and s.

13



where 3 and j are linear combinations of ;. and a;,, respectively. Explicitly we have, for

i=1,3,

511(511) = da; 1 (1) + 160y, (i, ),
Bia(Bia) = A1 (@), (40)

fori =24

511(511) = a1 (qin) + 405, (G ,),
Bia(Biz) = dovi, (@, ) (41)

As shown above, the low-energy constants (LECs) for pseudo-scalar and vector meson mixing
processes are different in all cases, which is different from the results in Ref. [39] where LECs
for the cases of © = 2,4 are same. Since having a single LEC for the operators in an effective
theory greatly simplifies chiral extrapolation of corresponding lattice data, it is important to
confirm our result from another consideration. For this purpose, consider our four-fermion

operators, O, ,, which appear in the HQET as,

OHET _ oirWg, .70 + QT Vq,q, 0P QT (42)

where I' are the appropriate Dirac and color structures, while Q and Q) are the fields an-
nihilating a heavy quark and heavy anti-quark, respectively. Note that these fields do not

create the corresponding anti particles but their conjugate fields do.

We also consider the heavy quark spin operator [52]
S = €°[Q01,Q — Qo Q), (43)

where 0;; = %[%, ;] with 4, j = 1,2, 3. Since the heavy quark spin operator changes the spin
of heavy-light meson by one, the relation between LECs in the operator @1HM can be seen
from calculating the commutation (or anti-commutation) of Sg’) and Of (?ET acting on the

pseudo-scalar heavy-light meson state |P) containing a heavy-quark field ). We find that
(S5, 01 1IP) # 0, {58, 01"} P) # 0. (44)

Similar results can be shown for the pseudo-scalar heavy-light meson state |P) containing a
heavy anti-quark field ). This implies that the pseudo-scalar and vector meson mixing pro-
cesses via these operators are not simply related to each other, and so they are accompanied

by different LECs consistent with Eqs. 39-41.
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B. AB =0 four quark operators for single-b baryons

The most generalized form of four-quark operators for single-b baryons in HHyPT is

(012)" = > {al(SueN TIZT (€8, ); + i (5,61 (€8, ostrn (VL TE)

xT

+ [ (TENITOZ,TO (T ) + (TN (€Dt [ VTP, (45)

where 1 = 1,2, 3,4, and = and =* are all possible Dirac structures,

(1]
I

17 % E,ul/ = g“”? 'V/glu’l/’ O—MV? ’I/O-MV7 O—MV’V/? (46)

and possible combinations with 7°. Any insertion of +° changes at most the overall sign.
One may consider the terms TTMWZLTA S and T'S,[IVZLT?)] along with their conjugates
which are invariant under SU(2) heavy quark spin symmetry, where Z¢ = ~H ¢A# ~Hy.
However, we exclude these terms because, along with APQ, they violate the SU(6|3),,r flavor

symmetry. By evaluating the Dirac matrices we obtain
(08%)" = {81, (B (B + Blo( B (€B)oy + Ba(TEN (€}, (47)
where §"’s are linear combinations of a’’s. The explicit values of '’s are, for i = 1, 3,

(1 1 1 3
5271 = 4a/ ;/ py 82( 1/ p + ( ) 1/)» 5{2 = _551{,1 - 204;?;/ng 1{,3 = _4@2;/7 (48)

and for i = 2.4,
ﬁz{,l = _2a:1;/glw — 4i(a /(1@)/ p O /(11,/1/)7 B = _Bz 1+ 3a (7;)/9“”7 1{,3 = 20425:2/’ (49)

Unfortunately, this result implies that none of the low-energy constants are related to each

other, and thus all of them must be considered as independent parameters in fitting lattice

QCD data.

IV. MATRIX ELEMENTS OF AB =0 OPERATORS

The generic forms of the matrix elements of AB = 0 four-quark operators to the NLO in

SU(6|3) partially quenched HHYPT can be written as

<B|(’))‘IZQ|B) = (1 + 3N0Y00) [CF,B81(1 + Wp) + Q%] + BT + analytical terms, (50)
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TABLE I: Coefficients C’]’\% in Eq. 50.

Chi

CF C§
Ay Eﬁ =, 3 IS WA v ngé = P,
k=3 0 1 -1 0 1 —1 1 -3 0
k=8 1 -3 -3 1 1 1 -1 -1 =2

11

for B mesons'' and

(TIONCIT) = (1+3X20%80) [CRB4(1+ Wr) + (=, + 265 Q%] + BT
+analytical terms,
(S|OM|S) = (14 3X°26%°6,0) [CEB,(1+ Ws) + (=28, + 85) Q% + 8305, | + BT

+analytical terms, (51)

for T" and S baryons. The equality symbol means the matching between PQQCD and the
chiral effective theory. The coefficients C; = C% = C2% = 1 for all external single-b hadrons,
while those with k£ = 3,8 are given in Table I for B mesons and in Table II for 7" and S
baryons.

There are three types of non-analytic one-loop contributions, the wavefunction renormal-
ization resulting from the self-energy diagrams (W), tadpole (7), and sunset (Q) diagrams,
as depicted in Fig. 1. We perform these calculations both at infinite volume and on a torus

of length L in each of three spatial directions (the temporal extent is assumed to be infinite),

1 More precisely, | B) denotes the state annihilating a B meson containing a anti-b quark and a light quark,
where we use the standard notation, e.g. B, = BT = bu. It is straightforward to extend our calculations

to the AB = 0 matrix elements involving mesons containing a b quark and a light antiquark.
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FIG. 1: One-loop diagrams contributing to the matrix elements of AB = 0 four-quark operators.
The single and double solid lines correspond to external and internal heavy hadrons, such as B,
B* mesons or T', S baryons, respectively. The dashed lines are the Goldstone meson propagators
including possible hairpin interactions. The crossed circles denote the LO four-quark operators in
HHYPT in Eq. 35, while the filled circles denote the axial couplings in the chiral Lagrangian in
Eq. 24. Diagrams from left to right are the wavefunction renormalization, tadpole- and sunset-type

operator renormalizations, respectively.

where the results are presented in Sec. IV A and Sec. IV B below. Because the AB = 0 four-
quark operators in HHyPT have the same forms for any values of 7 as in Eq. 39 and Eq. 47,
the one-loop chiral corrections are independent on the structure of the AB = 0 operators in
Eq. 5 and thus we omit the subscript ¢ throughout this section for convenience.

The analytic terms include the NLO contributions of chiral symmetry breaking effects
~ mi and heavy quark symmetry breaking effects ~ Agcp/mp. In the chiral expan-
sion, in particular, the former contributions play a role of counterterms which are neces-
sary to renormalize the one-loop contributions. There are five corresponding NLO oper-
ators, str <)\£QM5@>, str(AgQ(’5> str(Me), str(AEQ./\/Q) str(@), str<A£Q>str<OM§>, and
</\£Q>str (O) str(Me), accompanying with unknown low-energy constants. Notice that in
the isospin and QCD limit the last three operators for )\gQ vanish, while those for )\gQ are

2 2

proportional to mj- — mZ originate from the flavor SU(3) symmetry breaking.

A. One-loop contributions for B Meson

First, we study the one-loop contributions for B mesons in Eq. 50. To take account
of the flavor SU(3) breaking effects from both the Goldstone masses and the heavy-meson
spectrum, we investigate the structure of the one-loop diagrams by analyzing the quark-

flavor flow picture [53]. To do this, we define the rules as below.
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FIG. 2: Self-energy diagrams contributing to the matrix elements containing B mesons. The solid
thick and thin lines denote the anti-b quark and the valence light quark, respectively, while the

dashed thin line denotes the sea light quark. Diagram (b) is the hairpin structure.

e Each flavor flow line in a one-loop diagram has a direction and a flavor index: the
flow along the direction means a quark with that flavor, while the flow against the
direction means its antiquark. We drop the flavor index of a b-quark because of its

irrelevance to our discussion.

e The “tilded” coefficients are for the hairpin contributions from the flavor-neutral

mesons.

e The “bar” notation in the coefficients denotes the flavor-disconnected diagrams ap-
pearing in the chiral expansion, which are distinguished from the eye-contraction in

Eq. 35.

Following the above rules and the quark flow picture in Fig. 2, the wave-function renor-
malization contributions can be written as [36]
;2
g M Y
W, = f—; [6H(Ma,j, AU 4 §OD) 4 334(M, ,, ACD 1 50DY — F(M,,, A<M>)] . (52)
where a runs over the valence light-quark flavors. The non-analytic functions H and H are
defined in the Appendix A, while the mass parameters M,, AM) and (5(%) are defined in
Sec. II.
The loop contributions for tadpole integrals are completely determined by the structure
of the operators O™ in Eq. 39, where the flavor SU(3) breaking effects arise solely from
the Goldstone masses. As a result, we obtain

i
TE = 2 D (a4 XTI (M), (53)
¢
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FIG. 3: Sunset diagrams contributing to the matrix elements containing B mesons. The solid thick
and thin lines denote the anti-b quark and the valence light quark, respectively. The crossed square

. ~\PQ . . ..
is the operator O* . Diagram (b) is the hairpin structure.

where the summation runs over all possible Goldstone mesons in SU(6|3) PQxPT. The
non-analytic function [ is defined in Appendix A and the coefficients x and = are given in
Table IIT in Appendix B. Notice that all hairpin diagrams cancel out and do not contribute
to any one-loop tadpole corrections.

The quark flow picture for sunset diagrams is presented in Fig. 3, where the crossed square
represents the operator ON° including both the eye- and noneye-contraction in Eq. 35. The
hairpin diagrams for the noneye-contraction give rise to the connected contribution, while
the others give rise to the disconnected contribution. The contributions from the sunset

diagrams are then summarized as

-2
O = 0|5 g, A0 400~ 3 A 20| (3
ool

where the second term sums over all pairs of flavor-neutral states in the valence-valence
sector, i.e. @@’ runs over n,n., Nuns, and nsms. The coefficients are given in Table IV in

Appendix B.

B. One-loop contributions for single-b Baryon

To discuss the structure of the single-b baryon one-loop diagrams within the quark-flavor

flow picture, we introduce one more rule:

e The “primed” coefficients are for the one-loop diagrams involving the internal T
baryon, while the unprimed coefficients for the diagrams involving the internal S

baryon.
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FIG. 4: Self-energy diagrams contributing to the matrix elements containing single-b baryons. The
solid thick and thin lines denote the anti-b quark and the valence light quark, respectively, while
the dashed thin line denotes the sea light quark. Diagram (c) and (b) are the hairpin structures.
The diagrams including the internal S baryons lead to terms multiplied by w and @, while those
including the internal T" baryons lead to terms multiplied by w’ and @’ in Eq. 55, where the tilded
coefficients denote the hairpin structure. The diagrams obtained by interchanging the flavor indices

a and b , not shown in this figure, have also been taken into account in our results in Table V.

In Fig. 4, we show the quark-flavor flow picture for the baryon self-energy diagrams. Fol-
lowing the above rule and the rules defined in Sec. IV A, we obtain the contributions from

the wavefunction renormalization for 7" and S baryons [37, 46],

)

. 2 r

/l/g (B) - ~

Wr = f_g Z wgabH(Ma’b7 A(B) + 5a7b ) - Zw%a%b?—l(M‘l’b’ A(B))
L ¢ olod

. 2 B

g B ~ Y

Ws = _f22 E wiabH(Ma,bﬁ,S,b)) - § :w%a%b?-[(Ma,b,O)]
L ¢ olog

ig? e
Sl MM, ~ AP 4 605) — 3y HMa, ~A)
d) ¢¢/

, (85)

where the summations are over the Goldstone mesons in SU(6/3) PQxPT. The coefficients
w,w’, W, and @' are presented in Table V in Appendix C, while the mass parameters A

and (5((59) are defined above in Sec. II.
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(c) (d)
FIG. 5: Sunset diagrams contributing to the AB = 0 matrix element of single-b baryons without
the hairpin structure. The solid thick and thin lines denote the anti-b quark and the valence light
quark, respectively, while the dashed thin line denotes the sea light quark. The crossed square
is the operator @AEQ. Diagram (b) contributes to the y terms, while the diagrams including the
internal S and T baryons lead to terms multiplied by y and ¢’ in Eq. 58, respectively. The diagrams
obtained by interchanging the flavor indices a and b , not shown in this figure, have also been taken

into account in our results in Table VII, Table VIII and Table IX.

A single-b baryon carries two light-flavor quarks, where one of them is contracted with
the four-quark operators, while the other is the spectator quark. Therefore, the situation for
the baryon tadpole and sunset diagrams is more involved compared to those for the meson

diagrams. We first obtain the contributions from tadpole diagrams,

i T(S)k . \sea_T(S)k
7;@(5) - ﬁ Z(xd’jb ) + A xd)ib) )I(Ma,b)a (56)
¢

where the coefficients z7%) and z7®) are given in Table VI in Appendix C. Like the case
of B mesons, all hairpin diagrams cancel out and do not contribute to any one-loop tadpole
corrections.

The quark-flavor flow structure for the baryon sunset diagrams can be summarized in Figs.
5 and 6. Notice that the four-quark operators do not change the spin of a single-b baryon as
discussed in Sec. III, and thus there are only three possible combinations of internal baryons,

Toj —Tvj, Baj — By, and By, — By the flavor indices a and b are contracted with )\l,zQ, while
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FIG. 6: Sunset diagrams contributing to the AB = 0 matrix element of single-b baryons involving
the hairpin structure. The solid thick and thin lines denote the anti-b quark and the valence light
quark, respectively, while the dashed thin line denotes the sea light quark. The crossed square is
the operator @AEQ. The diagrams including the internal S and 7" baryons lead to terms multiplied
by § and ' in Eq. 58, respectively. The diagrams obtained by interchanging the flavor indices

a and b, not shown in this figure, have also been taken into account in our results in Table VII,

Table VIII and Table IX.

the index j is for the spectator quark. For the noneye-contraction, both nonhairpin and
hairpin diagrams can give rise to the connected contribution to the matrix elements; the
nonhairpin diagram in Fig. 5b is the only one giving rise to the disconnected contribution.

The contributions from the sunset diagrams for 7" and S baryons are summarized as

22
ig i e
U= [Z%ﬁ+Aseay§;f)H(MavbaA(B) +00) = D gy, H(Map, AP |
¢ d)d)/
2
‘9 S,k sea -5,k B ~Sk ~
% = 5p lz% XMy 8) - ymfﬂMavb’”] ’ 7
d) d)d)/
k o Zg.?Q) /S,k) )\seaflng M A(B) 5(3) ~/S,k ~ M A(B)
QST B F Z<y¢“b + y¢ab )H( abs + a,b ) - y¢aa¢;;b7-[( aby ) )
¢) ¢¢/

where the summations are over the Goldstone mesons in SU(6/3) PQxPT. The coefficients
v, v, U, ¥,y and ¢ are presented in Table VII, Table VIII and Table IX in Appendix C.
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C. Evaluation of one-loop contributions

In this subsection, we evaluate the one-loop diagrams including external B;, B, mesons,
and A, baryon to provide insight on chiral extrapolations of the matrix elements obtained
from lattice simulations. As seen in Eqgs. 50 and 51, the matrix elements of the singlet
four-quark operators are complicated by the eye-contraction. For this reason, we restrict
our attention to the matrix elements of the octet operators. We carry out the calculations
in the QCD limit, where the masses of sea quarks are same with their counter part valence
quarks. We fix f = 0.132 GeV, AM) = 45 MeV, AP = 200 MeV, M, = 691 MeV,
5\1 = 0.189 GeV™!, and 5\2 = 0.377 GeV~! 12 We also fix the renomalization scale by
1 = 4r f. The numerical values of the axial couplings g; and g3 are taken from the recent
lattice QCD calculations [55, 56] as follows: 0.398 < ¢; < 0.5 and 0.58 < g3 < 0.84
with central values of gy = 0.449 and g3 = 0.71, respectively. We also vary the ratios
of P* to P and S to T' LECs over the reasonable ranges, |52/0:1] < 2 for B mesons and
(=B +28)/85] < 2 for A,

We first consider SU(3) theory in the isospin limit. The typical one-loop contributions
involve kaons or 7-mesons, where their chiral logarithms in the SU(2) chiral limit are given
as (Mg /p*) log(M /p?) ~ 0.21 or (M?/p?)log(M?/pu?) ~ 0.25. Using the pion mass over
the typical range of 200 MeV < M, < 400 MeV and the standard subtraction scheme in
Eq. A1, we find that the size of one-loop contributions is comparable with the LO matrix
elements. Therefore, the convergence of the SU(3) chiral expansion of the matrix elements
becomes questionable. Fortunately, for chiral extrapolations of lattice results one only re-
quires knowledge of the pion mass dependence, and this can be achieved within SU(3) theory
by taking the subtraction scheme below inspired by SU(2) chiral perturbation theory, where
the one-loop chiral logarithms vanish in the SU(2) chiral limit [37, 57, 58]. Notice that the
use of different subtraction schemes in one-loop integrals results in the finite renormaliza-
tion of the LO matrix elements, but does not change physical quantities such as the hadron

masses. We define the non-analytic functions I°®*(m) and H*"®(m, A), which are relevant

12 The values of AXM) and A®) are consistent with experiment. The value of M; 5 is determined by the Gell-
Mann-Okubo formulas using (Mg )phys = 0.498 GeV and (Mr)phys = 0.135 GeV, while the values of A\; and
Ao are determined by Eq. 28 using (Mg, )phys — (M, ) phys = 0.087 GeV and (Mzo) phys — (Mp0)phys = 0.173
GeV, respectively. The physical values of hadron masses used in the determination of these various

parameters are found in Ref. [54].
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to the one-loop calculations, as

15 (m) = I(m) — I(my),
HE™ (m, A) = H(m,A) — H(mg, Ay), (58)

where mgy and Ay are the mass of Goldstone mesons and the mass difference between external
and internal single-b hadrons at zero pion mass, respectively. We recall that the mass of a
Goldstone meson is written as M2, = Bo(mg +my), i.e. Mg = (M2, + M?)/2 and M; =
(2MZ,+ M?)/3, and the strange quark mass M,  is fixed. The above non-analytic functions
involve logarithms of the masses of Goldstone mesons, where for kaons and n-mesons these
logarithms'® are much less sensitive to the pion mass than those for pions are. Note that
the subtracted terms are constants and appropriately absorbed by the counterterms.

Our current understanding on the matrix elements are very limited; see Ref. [16] for the
summary of previous determinations. In particular, there are only a few quenched lattice
simulations in Ref. [9, 10] for B mesons and in Ref. [11] for A,. Instead of using the definite
values of the LECs 5 and (%, therefore, we rather calculate the NLO one-loop contributions
normalized by the LO LECs as follows:

1
B
where B denotes the external single-b hadron, while § denotes the LECs f; and g5 for B

(B|OM"|B) 1.100p = = (B|OY"|B) — C, (59)

mesons and A, baryon, respectively. Here we use the subtraction scheme defined in Eq. 58
and neglect the analytic terms in Eq. 50 and Eq. 51. The results of one-loop calculations are
summarized in Fig. 7 for external By and B, and in Fig. 8 for A,. In each figure, the black
dashed line is the LO contribution, while the blue and red solid curves are the connected
and disconnected one-loop contributions, respectively; we use the central values of g, and g3
with the ratios of LECs being unity, f2/61 = (=01 +255)/85 = 1. The variations of the axial
couplings and of both the axial couplings and the ratios of LECs are represented by the inner
dark-shaded and outer light-shaded regions, respectively. It is clear from these figures that
the sunset diagrams provide an important part of the disconnected one-loop contributions

to the matrix elements, and thus invoke a relatively large uncertainties due to the unknown

13 In the SU(2) limit, where the mass of strange mesons can be treated on the same order as the chiral
symmetry breaking scale, such logarithms vanish and we recover the subtraction scheme used in the
context of SU(2) theory [37].
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FIG. 7: Infinite-volume one-loop contributions to the matrix elements of AB = 0 four-quark
operators containing an external By for )\:I;Q (top-left) and )\EQ octets (top-right), and B; for )\gQ
octet (bottom). For references, black dashed lines correspond to the LO contributions. Blue and
red colors represent the connected and disconnected one-loop contributions, respectively; solid lines

are obtained using g1 = 0.449 and [3/$; = 1, while inner and outer shaded regions are obtained

by varying g; and both g1 and |82/31] over the range given in the text, respectively.

LECs for B* mesons and S-type baryons. In addition, the matrix elements containing

external By have relatively small pion-mass dependence compared to those containing By

because of the absence of pion loops, where their logarithmic behavior almost fades away.

For idealized values of LECs, namely 8y = (1 and 8 = —f; + 205, the disconnected

diagrams provide a sizable contribution to the matrix elements for the )\SPQ octet because
of large SU(3) breaking effects in the light-quark sector. In the case of the A;? octet, the

matrix elements containing By and A, do not exist to all orders in the chiral expansion

provided isospin symmetry is exact. As seen in Fig. 7, on the other hand, the matrix

element containing By receives connected one-loop contributions which are exactly opposite

to those for the A§® octet, but it receives no disconnected contributions. Since the eye-
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FIG. 8: Infinite-volume one-loop contributions to the matrix elements of AB = 0 four-quark
operators containing an external A; baryon for )\gQ octet. For references, black dashed lines
correspond to the LO contributions. Blue and red colors represent the connected and disconnected
one-loop contributions, respectively; solid lines are obtained using g3 = 0.71 and (=] +2085)/8% =
1, while inner and outer shaded regions are obtained by varying g3 and both g3 and |(—/]+245) /55|

over the range given in the text, respectively.

contractions also vanish, one can in principle determine this matrix element very accurately
from the calculation of connected diagrams which are accessible by current lattice techniques.
Moreover, its precise value will play a crucial role in the investigation of the life-time ratio
7(BT)/7(B4) [16].

Now, we explore the finite volume effects in AB = 0 matrix elements for external By,
B, mesons, and A, baryon. To this end, we consider the change in the finite volume matrix

elements relative to the infinite ones normalized by their three-level values,

(B|OM"|BY(L) — (B|O*"|B)(c0)

5 , 60
(BlOX®|B) tree (90)

(B|OM" |B)py =

where B denotes the external single-b hadron. With a lattice volume fixed by L = 2.5 fm
we present the results for By, B, in Fig. 9, and for A, in Fig. 10, where the blue and red
solid curves are the connected and disconnected one-loop contributions; we use the central
values of g; and g3 with the ratios of LECs being unity, fo/f1 = (=81 + 205)/55 = 1. The
variations of the axial couplings and of both the axial coupling and the ratios of LECs are
represented by the inner dark-shaded and outer light-shaded regions, respectively. In the
case of By finite volume effects in the connected diagrams for A\;9 are exactly same with

those for the Ay ? octet, while the effects in the disconnected diagrams vanish. In the cases
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FIG. 9: Finite volume effects in the matrix elements of AB = 0 four-quark operators containing
external By, for )\?I)DQ (top-left) and )\gQ octets (top-right), and By for )\8PQ octet (bottom) over the

range of m,;L from 2.5 to 5 in a L = 2.5fm lattice. The details are same with those in Fig. 7.

of B, and A,, the change in Eq. 60 for )\gQ is ill-defined because the corresponding tree-
level matrix elements do not exist. Finite volume effects for B, are considerably suppressed
because pion loops do not contribute to these matrix elements in the QCD limit, while the
sizes of finite volume effects for A, are similar to those for By. As seen in these figures,
the dominant uncertainty in our calculations, especially for the disconnected contributions,

arises from the variation of the ratio of unknown LECs.

V. CONCLUSION

We have determined the matrix elements of AB = 0 four-quark operators involving
single-b hadron external states relevant for the calculation of V,;, and lifetimes of single-
b hadrons at the next-to-leading order in heavy hadron chiral perturbation theory. We
performed these calculations in SU(6|3) partially quenched theories including finite volume

effects in the isospin limit, where connected and disconnected contributions are analyzed in a
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FIG. 10: Finite volume effects in the matrix elements of AB = 0 four-quark operators containing
an external Ay baryon for )\BPQ octet over the range of m,L from 2.5 to 5 in a L = 2.5fm lattice.

The details are same with those in Fig. 8.

natural manner. At the tree level, the disconnected contributions called the eye-contractions
vanish for the octet operators due to the light-flavor symmetry, but they do not for the
singlet operator. At the next-to-leading order in chiral expansion for the exemplified cases
of external B;, By, and A,, we find that for the )\gQ octet the disconnected contributions
are suppressed but still sizable due to the large light-flavor symmetry breaking. In the case
of the )\EQ octet with an external By meson, on the other hand, we find that the matrix
elements receive contributions solely from connected diagrams. This result suggests that
the precise calculation of these particular matrix elements, which have phenomenological
impact on the determination of the lifetime ratio 7(B™)/7(By), is possible using current
lattice techniques.

Additionally, our results are necessary to extrapolate the QCD and PQQCD lattice data
of these matrix elements from the unphysical light-quark masses used in the finite volume
lattice simulations to their physical values. We find that such chiral extrapolations are
complicated by more than two unrelated low-energy constants appearing in the leading-
order matrix elements in Eqs. 39 and 47. Finite volume effects are at the few-percent level
for a lattice volume of L = 2.5 fm, and should be taken account into the extrapolations as

they become important in high-precision calculations.
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Appendix A: Integrals and sums

The ultra-violet divergences in various loop integrals are regularized by dimensional reg-
ularization and have the term

A= % — vg + log(4m) + 1, (A1)

where d is the number of space-time dimension. This is a commonly used scheme in yPT

calculations [59], which is different from the MS scheme by the constant “1” on the right-

hand side of the above equation. The requisite subtracted integrals appearing in the one-loop

calculations in the framework of PQyPT can all be obtained from the following integrals,

dik 1 im?
_ 4-d _
Iim) = p /(27r)dk2—m2+i€ 1672
im? m?
= g (). -
4—d d
RN " dik kpky
F(m,A) = (g vvY) |:(d_1)/(27.[-)d(k2_m2+ie)(y-k—A+i€)

_ 9o 5, 248° —m2) A
1672 3

i m? 2 10 4 2(A2 — m?) A
= log | — 2_IANY) A4 (A2 a2 ) =
o e () (1= 50) & (G ot &+ 5550 ()]
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where g is the renormalization scale and with

To study finite volume effects in the limit mL > 1, we consider a cubic spatial box of V' =

L3 with periodic boundary conditions. The three-momenta are quantized as k = (27 /L) €,
where e1,e9,e3 = —L/2+1,--- | L/2. After subtracting the ultra-violet divergence like as
in Eq. A2 and Eq. A3, we instead obtain the sums

1 dko 1
I(m) = ﬁ;/%—kﬁ—murie

= I(m) + ]Fv(m), (A5)

B (gpu_vpv /dkjo kpk'y
F(m,A) = d—1) ng k2 —m2+ie)(v-k— A +ie)

- (m, A) + FFV(m, A). (AG)

The finite-volume pieces are given by [35-37]

Ipy(m) = _—imznlLKl(nmL)

472
A#£0

3
mL>1 _ L 3 15 1
42 Z 2nL ( ) ‘ 8 { * Smi 128(nmL)? - ({nmL ’

k| sin(n|k|L) m?
Fov(m,A) = / |7 Av—" |,
F 127‘(‘2an /]k|2+m2—|—A /]/;P—i—mz
: —nmL
= — A
2n Z RS (AT)

70

where 77 = (n1,n9,n3) with n;, € Z, n = |7, and
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The functions appearing in the one-loop results are

OF(m, A)

M(m, ) = ==,

and

H( Moy, A) = Sap{AasM(Map, A) + (1 — Ay )H(Mx, A) + CoyHyy (Mgp, A)}
+(1 = 8up){DYH (My e A) + DEIH(Myy, A) + DEDH(Myx, A}, (A9)

where the function H,, from the integral of hairpin diagrams is

OH(m, A)
The coefficients in the function H are defined by
2
2@z, 3 3(8s ot (8% M2 A))
’ (M7 — My)? 2’ (2035 + 4075, — M2 + MSQ,S)Q
C _ 362 . 253/5 _ 65‘2/88 (25\2/5' - Mz + Ms?,s)
o YUMEZ-MRT T 200 + 400, — M2+ M2
D _ 2055 (M7 — M7, + 267s,) D) _ 2035, (M7 — M, — 2035)
(M= M2 O)(ME - MR T (MR = M) (M - MR
2 Af2 _ os2 2 A2 _ 952
Dq(fi) _ (Mﬂ' MX 26VS)(MS,S MX 26\/53)’ (All)
’ (M2 — M%) (M2, — M%)

where Mib = By(ma +my), 0tg = Miu — M;

u7j7

2 _ 2 2 _
6VSs = Ms,s - Ms,r? M = Mu,ua and

M% =1 (M2, +2M2, — 26% g — 46%,). Notice that we take the isospin limit as in Eq. 20.

In the QCD limit (setting valence and sea quark masses to be identical), we have

w

AZTP = 3 ARCP =3, C¥P =0, CUP =,
DML — o, DERCP =0, DIVP = 1. (A12)

Appendix B: coefficients for chiral one-loop contributions in B-meson

In this appendix, we present the coefficients in Eq. 53 and Eq. 54 corresponding to the
tadpole- and sunset-type diagrams. These coefficients are summarized in Table III and

Table IV.
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TABLE III: Coefficients xf’:

coefficients for £k = 0,8 and for k = 3 are identical and opposite to those of By, respectively. The

and jcfabk in Eq. 53 in the isospin limit. In the case of By, the

coefficients for B, with & = 3 are all zeros.

Bk _Bk
Yo Ty
uj ur s ST uj ur sJ ST

B, —2 -1 0 0 2 1 0 0
k=0

B; 0 0 -2 -1 0 0 2 1
k=3 By, -2 -1 0 0 0 0 0 0

By, —2 -1 0 0 2 -2 0 0
k=38

B; 0 0 4 2 0 0 2 -2

TABLE IV: Coefficients gff and gf’“ p in Eq. 54 in the isospin limit. In the case of By, the
a aa bb
coefficients for £k = 0,8 and for k = 3 are identical and opposite to those of By, respectively. The

coefficients for B, with & = 3 are all zeros.

_B,k ~B.k
Yo Yopr
uy ur sj sr mm Nus Ms7s
B, 6 3 0 0 1 0 0
k=0
B, 0 0 6 3 0 0 1
k=3 B, 0 0 0 0 1 0 0
B, 6 -6 0 0 1 0 0
k=38
B, 0 0 6 -6 0 0 -2

Appendix C: Coefficients for chiral one-loop contributions in B-baryon

In this appendix, we present the coefficients in Eq. 55, Eq. 56, and Eq. 58 corresponding
to the self-energy, tadpole, and sunset one-loop diagrams. These coefficients are summarized

in Table V, Table VI, Table VII, Table VIII, and Table IX.
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TABLE V: Coefficients wT(S), w's | ) ,and @° ,, in Eq. 55 in the isospin limit. ¥, =, and
bab Pab ¢“a¢bb ¢aa¢bb

=’ baryons with different 3-components of the isospin have the same coefficients because of the

)

isospin symmetry. ¢,s and ¢, are distinguished by the appearance of their mass parameters 51(5

and —(555) in the propagator of internal baryons.

wy Wehg/
uu us su ss uj ur sj ST | MuNu MuMs NsNs
Ay 3 0 0 0 6 3 0 0 0 0 0
5 0 3 % o0 3 3 3 3|4 13
) 1 0 0 0 2 1 0 0| 2 0 0
= 1 1 1 1 1 1 1
0 3 2 0 1 2 1 3 | 6 3 &
Q 0 0 0 1 0 0 2 1 o o0 2

/ /

Wo Yogr
D) -1 0 0 0 2 1 0 0 0 0 0
= 1 1 1 1 1 1 1
=10 -5 -5 0 1 5 1 5|5 -3 3
9) 0 0 0 -1 0 0 2 1 0 0 0

35



TABLE VI: Coefficients 22 " and 7L )F in Eq. 56 in the isospin limit. For k = 0,8, we find

¢ab qbab
oM o= gD g = gP 25— 0% and 350 — 7o where 3, E, and ' baryons with different
¢ ¢ Yo ¢ Yo ¢ ¢ ¢ » S = bany
3-components of the isospin have the same coefficients because of isospin symmetry. For k = 3, we
P s =% =% =3 =3 A 2 9
find xd)” = —xd)” and iL'd)b = xd)” = —$¢b = —xd)” , while x¢b = xd)” = x¢b = 0 for possible

Goldstone mesons. Coefficients T are all zeros for k£ = 3.

T(S)vk *T(S)»k‘
l‘¢ l‘¢
uj ur sJ ST uj ur sJ ST
Ay | -2 -1 0 0 2 1 0 0
k=0 E | -1 -3 -1 -3]1 i 1 :
Q 0 0 -2 =11 0 0 2 1
=t -1 =L 0 0o | 0 0 0 0
k=3
>t | -2 -1 0 0 0 0 0 0
Ay | -2 -1 0 0 2 -2 0 0
k=8 E | -1 -3 2 1 1 -1 1 -1
Q 0 0 4 2 0 0 2 -2
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TABLE VII: Coefficients y;", 7, and gt 4, i Ed. 58 in the isospin limit. The unbarred
coefficients of Eb_% are identical and opposite to those of Eb% for kK = 0,8 and k = 3, respectively;
the unbarred coefficients of Ay are all zeros for kK = 3. The barred coefficients of Eb_% are identical
to those of Eb% for k = 0,8, while the barred coefficients are all zeros for k = 3. ¢,s and ¢y,
are distinguished by the appearance of their mass parameters d,s and —d,s in the propagator of

internal baryons.

T,k ~T.k
Y Yoo’
uu us su ss uj ur sJ ST | MuNu MuNs MNsTs
Ay 1 0 0 0 1 : 0 0| 2 0 0
E O T T S S S S T
—b 2 2 2 4 2 4 6 3 6
=T3 1 1 1 1 1 1
k? - 3 =p 2 0 0 b 0 0 0 b 1 12 6 12
Ay 1 0 0 0 1 3 0 o | 2 0 0
EES L 1 o 4 11 1|11
—b 2 2 2 4 12 6 12
_T.k
Yo
Ay 0 0 0 0 1 i 0 0
k=0 +3 1 1 1 1
=2
2, 0 0 0 0 3 3 3 3
Ay 0 0 0 0 1 -1 0 0
k=8 +3 1 1 1 1
=2
=, 0 0 0 0 5 -5 3 —3
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a

TABLE VIIL Coefficients 33", 75", and yqf’“ 5, 0 Eq. 58 in the isospin limit. The unbarred
coefficients of ¥, E;; are indentical and opposite to those of E;, E;f for k = 0,8 and k£ = 3,
respectively; the unbarred coefficients of X and (2, are all zeros for k = 3. In the case of barred
coefficients, ¥ and = with different 3-componets of the isospin have the same coefficients with those
for k = 0,8, while the barred coefficients are all zeros for k = 3. ¢,s and ¢, are distinguished by

the appearance of their mass parameters d,s and —d,, in the propagator of internal baryons.

S,k ~Sk
Yoo Yoo
uu us su ss uj ur sJ ST | NMuNu MuNs MsTs
1 2
=) 1 0 0 0 1 3 0 o | 2 0 0
g 1 0 0 0 1 3 0 o [0 0 0
I T T N Y S S ST B SR
—b 2 2 2 4 2 4 6 3 6
Q 0 0 0 1 0 0 1 3 0 0 0
g 1 0 0 0 1 i 0 o [0 0 0
k=3 ':'/+% 0 0 1 0 0 0 1 1 1 1 1
—b 2 2 4 12 6 12
1 2
=) 1 0 0 0 1 3 0 o | 2 0 0
g 1 0 0 0 1 : 0 o [0 0 0
k=8 —I+3 0 1 1 0 -1 1 1 1 1 1
—b 2 2 2 4 12 6 12
Q 0 0o -2 0 O -2 -1]0 0 0
_Sk
Yo
2y 0 0 0 0 1 3 0 0
k=0 =) 0 0 0 0 : : 3 i
o) 0 0 0 0 0 0 1 :
5 0 0 0 0 1 -1 0 0
k=38 = 0 0 0 0 : —1 i -1
Q 0 0 0 0 0 0 1 -1
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TABLE IX: Coefficients 1", ", and g}’zf; s, 0 Eq. 58 in the isospin limit. The unbarred
coefficients of X", Egﬁ are indentical and opposite to those of E;, ng for k = 0,8 and k£ = 3,
respectively; the unbarred coefficients of Eg and €y are all zeros for kK = 3. In the case of barred
coefficients, ¥ and 2’ with different 3-componets of the isospin have the same coefficients with those

for k = 0,8, while the barred coefficients are all zeros for k = 3. ¢,s and ¢, are distinguished by

the appearance of their mass parameters d,s and —J,, in the propagator of internal baryons.

18,k ~5.k
Y Yoy
uu us su SS Uj ur S ST NMuNu NMuTls MsTs
1 2
=) 1 0 0 0o -1 -5 0 o |- 0 0
g 1 0 0 o -1 -3 0 0 |0 0 0
k=0 .
=3 | 1 1 o -1 -1 1 1 |_1 _1 _1
—b 2 2 2 4 2 4 6 3 6
o 0 0 0 1 0 o -1 -] o0 o0 o0
g 1 0 0 0o -1 =3 0 o0 0 0
k=3 |
=3 0 0 1 0 0 0 1 1 }_1 _1 _1
—b 2 2 4 12 6 12
1 2
=) 1 0 0 0o -1 -5 0 0o |- 0 0
g 1 0 0 o -1 -3 0 0 |0 0 0
k=8 .
='*3 0 1 1 0 1 1 _1 _1 1 1 1
) 2 2 2 4 12 6 12
Q 0 0o -2 0 0 2 1 0 0 0
1S,k
Yo
%y 0 0 0 o -1 -1 o0 0
k=0 = 0 0 0 o -3 -3 -1 -2
) 0 0 0 0 0 o -1 -1
2y 0 0 0 0o -1 1 0 0
k=38 = 0 0 0 0 -3 : -1 1
Q 0 0 0 0 0 0o -1 1
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