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We investigate the effect of averaging inhomogeneities on expansion and large-scale structure
growth observables using the exact and covariant framework of macroscopic gravity (MG). It is
well-known that applying the Einstein’s equations and spatial averaging do not commute and lead
to the averaging problem and backreaction terms. For the MG formalism applied to the Friedman-
Lemaitre-Robertson-Walker (FLRW) metric, the extra term can be encapsulated as an averaging
density parameter denoted Q4. An exact isotropic cosmological solution of MG for the flat FLRW
metric is already known in the literature, we derive here an anisotropic exact solution. Using
the isotropic solution, we compare the expansion history to current available data of distances to
supernovae, Baryon Acoustic Oscillations, CMB last scattering surface data, and Hubble constant
measurements, and find —0.05 < Q4 < 0.07 (at the 95% confidence level). For the flat metric
case this reduces to —0.03 < Q4 < 0.05. The positive part of the intervals can be rejected if a
mathematical (and physical) prior is taken into account. We also find that the inclusion of this term
in the fits can shift the values of the usual cosmological parameters by a few to several percents.
Next, we derive an equation for the growth rate of large scale structure in MG that includes a term
due to the averaging and assess its effect on the evolution of the growth compared to that of the
ACDM concordance model. We find that an Q4 term of an amplitude range of [-0.04,-0.02] lead to a
relative deviation of the growth from that of the ACDM of up to 2-4% at late times. Thus, the shift
in the growth could be of comparable amplitude to that caused by similar changes in cosmological
parameters like the dark energy density parameter or its equation of state. The effect could also be
comparable in amplitude to some systematic effects considered for future surveys. This indicates
that the averaging term and its possible effect need to be tightly constrained in future precision
cosmological studies.

PACS numbers: 98.80.Es,98.80.-k,95.30.Sf

I. INTRODUCTION

The rapid improvement in the quantity and quality of incoming and future observational data has encouraged
the field of astrophysics to aim for a precise and accurate cosmology. In such a context, the understanding and
control of systematic effects in the data and modeling have become essential to such an endeavor. Indeed, in order
to constrain the information extracted from the data to a percent precision level, it is necessary to consider nuisance
effects and contaminants that affect the data at this level. These effects include not only systematics related to data
measurements but also corrections in the theoretical modeling including nonlinear and relativistic effects.

One effect worth exploring is the averaging problem in relativity and cosmology that may effect the precision and
accuracy of the cosmological constraints derived from the data [1]-[26]. The problem originates from the fact that
spatial averaging (or smoothing out inhomogeneities) in the universe is an operation that does not commute with
applying the Einstein field equations. In other words, the field equations derived form the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric that describes the universe at very large scales will be different from the equations
derived at smaller scales and then averaged over large distances and volumes in the universe. This is due to the
non-linear nature of the field equations of General Relativity. The presence of this non-commutation is well-known
in the literature and usually gives additional terms in the Friedmann equations known as back-reaction terms [27]-
[83]. This back-reaction has been in general agreed upon by now to be too small to affect dramatically the overall
dynamics of the universe, however it remains an open question whether this back-reaction can affect the constraints
on cosmological parameters at the percent-precision level and thus if it should be considered at the same footing as
other systematics in cosmological analyses. In this paper, we address some aspects of this question.

The averaging procedures and the resulting backreaction terms provide mathematical formalisms on how smaller
scale inhomogeneities in the universe can affect the dynamics at large scales. Such averaging schemes provide effective
dynamical equations that explicitly relate the "macroscopic” observables to the underlying ”microscopic” structure.
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The construction of averaging schemes for General Relativity has a long history and there has been many proposed
methods [1]-[26]. While some have proposed averaging schemes that use only scalar evolution equations, e.g. [8, 9,
11, 13, 14, 18], a great deal of effort was put into developing a fully covariant averaging procedure that can be applied
to tensor equations [1, 2, 5].

Perhaps one of the most promising covariant schemes was proposed by [1, 2] and is referred to as Macroscopic
Gravity in the literature. This was inspired by some earlier work on the subject matter [16, 17]. The formalism
derives the macroscopic gravitational field equations based on the usual Einstein’s equation plus a tensor term due to
the averaging process. These new field equations can be solved for a specific macroscopic geometry (for example the
FLRW metric) without explicit reference to the microscopic geometries. The solutions to the macroscopic equations
will give the dynamical equations with additional terms due to the averaging that are related to the microscopic
geometries. This became an attractive framework for cosmology and the Macroscopic Gravity field equations have
been solved for the flat FLRW metric [85-87] and some authors have explored the cosmological implications of the
formalism [41, 66].

In this paper we analyze the effect of terms due to the macroscopic gravity averaging scheme on constraints from
the expansion history and the growth rate of large scale structure in the universe.

The structure of the paper is as follows. In section II, we give an overview of the Macroscopic Gravity formalism.
Then, in section IITA we detail the approach to systematically obtain exact solutions in macroscopic gravity. We
briefly rederive the flat FLRW isotropic solution and introduce a new anisotropic exact solution. In section IV, we
compare the macroscopic gravity observables of the isotropic solution to the expansion history data. In section V we
derive the growth equation for the flat FLRW model. Finally we conclude in section VI. Units are chosen throughout
the paper such that ¢ = 1.

II. THE AVERAGING AND MACROSCOPIC GRAVITY FORMALISM

In this section we will introduce Zalaletdinov’s Macroscopic Gravity formalism detailed in Refs [1, 2]. The Macro-
scopic Gravity formalism consists of a covariant averaging procedure, a method of assigning derivatives to the averaged
geometric objects, and the application of the averaging procedure to the Einstein Field Equation (EFE) and the Car-
tan’s Structure Equations in order to derive an effective EFE giving the coarse grained macroscopic dynamics.

The average of an arbitrary tensor field P at a point x over some averaging region ¥, surrounding the supporting
point x is defined as
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Where, Vy, = me V/—g(x")d*z" is the 4-volume of the averaging region for support point x, and A®_, (z, z'), Aﬂlﬁ (@', x)
are arbitrary bivectors (i.e. two point vectors whose primed index transforms like a vector at ' and unprimed index
transforms as a vector at x ) which satisfy the conditions lim,/—,, A%4 (2',2) = 63 and Ao‘ﬁ/(x,x’)A’B;,, (o, 2") =
A (z,2"). The first condition ensures that the average tensor at a supporting point x (P%(z)) becomes the value
of the original tensor field at x when the averaging region goes to zero (lims, o P%(z) = P%(z)) and the second
ensures that A, (v,2') is the inverse operator of AO‘/B (2',z). The most natural and well known bivector is what is

known as the bivector of geodesic parallel displacement (go‘lﬁ(:zr’, x)) [88] which satisfies both the required conditions
and hence can be used as the ”averaging bivector”. In fact, when the averaging bivector is the bivector of geodesic
parallel displacement, the above definition of tensor averaging is similar to the one used by Isaacson in his well known
paper on gravitational radiation [16, 17] with the exception that in the latter, the integration is over the background
while in the above definition, the integration is over the actual microscopic geometry, i.e. in the above equation the
measure y/—g(z’) is that of the microscopic metric rather than that of the macroscopic background metric. However,
when defining the differentiation of average tensors, using the bivector of geodesic parallel displacement introduces
some complications which we will discuss below, so it won’t be the one used in the Macroscopic Gravity formalism.

In order to define derivatives of average tensors, the averaging region at each supporting point is defined according
to the following prescription which Zalaletdinov calls ”averaging region coordination”. All the points 2 €Y, ina
chosen averaging region (X,,) for a supporting point 2%, are Lie dragged to a nearby supporting point y* = x® + AX{*
along the integral curves of an arbitrary vector field £ parameterized by A, in order to define the averaging region at
that point (X,), using a bivector referred to as the coordination bivector which satisfies the first of the two conditions
satisfied by the previous averaging bivector. For simplicity, the averaging bivector can be taken as identical to the
coordination bivector. Now, the averaging region of supporting point y (3,) read

Y, = {yo/|yo/ =z 4+ A/\fﬁAa/B(x',:v);:v/a €.}



This procedure is used to construct averaging regions for all the supporting points in the manifold. The well defined
coordination between the averaging regions allow us to write the measure in a region in terms of the measure in a
nearby region as

V=9 = V=gl (1+ A (I =g(@))ar + ANAET) ) + O(AN?)

Where the semicolon stands for covariant derivation with respect to the microscopic connection.
Using the above expression, the Lie derivative of the volume Vx_ can be written as

£eVs, =€ (A7,5) V5, 2)

With the angle bracket denoting integration over the averaging region divided by Vs, for example P¥ =< A% P of >
The Lie derivative of an arbitrary average vector P® can be expressed as

£P7 =& ((Pog) + (A% P ) = (A%, ) PF) (3)

where we have defined P, = P, + Aﬂ/aR g/, the coma stands for partial derivative, and the over tilde represents the
bilocal extension of a geometric object, for example P = A“ P

In order for the average tensors to be single valued functions of the supporting point, the partial derivatives must
commute. Since £¢P* = &8 <PO‘>) 5= ﬁ@ﬂ 5 the commutator of the partial derivatives is given by

P oy = Py ) + (PA” gs) = (A i) PP

Requiring the partial derivatives to commute (P* |3, = 0) implies that the averaging bivector satisfies the condition
o o &
A%y A% g e ATy =0 (4)

Furthermore, from Equation (2) the condition for the Lie-dragging of an averaging region to be volume preserving
(i.e. £¢Vy, =0) reads

A0 =0 (5)

Now, using the conditions (4),(5) and equation (3), the partial derivatives of an average vector can be written as

Peg = <ﬁa:ﬂ> (6)

The bivector of parallel propagation does not in general satisfy conditions (4) or (5), so it is not possible to set
up the averaging region coordination using that as the averaging bivector. However, it has been shown [84] that
for an arbitrary metric there always exists a bivector satisfying equations (4) and (5), and that satisfying these two
conditions is equivalent to the bivector being the product of two vector bases A% (2,2") = () (x)e(l,) («') with the
structure functions C’kij being constant (where [e(i),e(j)] = C’kije(k)). Choosing different e; (i.e. different averaging
bivectors) will give different averaged fields for a given microscopic tensor field (see Eq. (1)).

In order to obtain an effective EFE, it is necessary to know what averaged geometric object gives the effective
dynamics. In the Zalaletdinov formalism, the ”bilocal extension of the connection coefficients” defined as

Folgy = A% (A%, + A, A7) (7)

which transforms like a connection at x, like a scalar at 2/, and reduces to the microscopic connection I'“ gy I the
limit 2’ goes to x, is what should be averaged in order to get the effective macroscopic connection coefficient. There
will be a macroscopic curvature tensor (M“;. ;) and a macroscopic metric (Gqp) corresponding to the macroscopic
connection (< .7-""67 >). Additionally, there exists a connection (wam) corresponding to the averaged microscopic
Riemann tensor (R 8y s). The difference between the two connection coefficients is defined as the Affine deformation
tensor (A%; =< F% > —7m% ).



By averaging out the Cartan structure equations, the metric compatibility equation , their integrability conditions
and the microscopic EFE, the Macroscopic Gravity field equations can be constructed and shown to be of the form

S | R — €
7 Moy — 50577 My, = 876G (T, + T ) 8)

Where Mpg,, denotes the macroscopic Ricci tensor, g€ the average of the inverse microscopic metric, T, the averaged

stress energy tensor, and T(grav)© -, the gravitational stress energy tensor.
1 -
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Here the correlation 2-form Z%, ¥ is defined as

2%y e = <‘7: s vo > <]_—th> <]:Hga]> (10)

and it’s traces are as follows.
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where Q¢ Bpu 18 known as the polarization tensor.

The correlation 2-form has the following symmetries

o p
Z Bly vo) — 0 (11)
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and it satisfies the equi affine constraint

Zaa'y Mvcr =0 (14)

The differential properties for the correlation 2-form are set by a correlation 3-form and a correlation 4-form. It is
possible to set the correlation 3 and 4-forms to zero and hence greatly simplify the formalism by setting the covariant
derivative of the correlation 2-form with respect to the macroscopic connection to zero.

a p _
2781y volia) =0 (15)

where || represents covariant derivative with respect to the macroscopic connection. This equation also ensures that
the averaged stress energy tensor is conserved.
The above equation has the integrability condition,

7z M z* Mgy + 2%, 5 My — 2° My, =0 (16)
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Furthermore, setting the correlation 3 and 4 -forms to zero require the quadratic constraint

5 o 6 u « o n 0 5
Z Blvy m'rZ Se yg] +Z Bly ZgZ KT 55] + 7 Blvy I/UZ Je m‘r] + 7 Blvy QEZ KT vo] (17)
(0% 0
+Z Bl ééZ vo m‘r] +7Z Blvy m‘rZ de yg] =0
The average of the Cartan equations implies the Affine deformation tensor needs to satisfy the constraint
A“ A% A, = Lo 1
Bollel ~ A%elp A" po] = 5% 00 (18)
Additionaly, the average of the integrability condition of the Cartan equations gives

A MO gn) + A 51, Q% o) = A%y M on) = A% Q gory = 0 (19)

For a given macroscopic metric, equations ( 11)-(19) can be solved to derive the correlation 2-form and the corre-
sponding additional terms in the field equations.



IIT. EXACT COSMOLOGICAL SOLUTIONS TO MACROSCOPIC GRAVITY EQUATIONS

In order to solve the Macroscopic Gravity equations, it is essential to assume that the inverse of the averaged
microscopic metric is equal to the macroscopic metric. This will restrict the class of solutions but it’s not possible to
avoid this since the theory does not provide a method of deriving this quantity other than explicitly performing the
averaging.

A. Algorithmic approach to solving the Macroscopic Gravity equations

A systematic approach to obtaining an exact solution are as follows.

e Define the metric for the macroscopic geometry Gg and calculate the Riemannian curvature tensor M “8y0

e Define the correlation 2-form in terms of 720 arbitrary functions of the coordinates with the symmetries given
by equation (11)

e Apply the algebraic cyclic identity Eq. (12)

e Apply the algebraic equi affine constraint Eq. (14)
e Solve the integrability condition Eq. (16)

e Solve the differential constraint Eq. (15)

e Solve the quadratic algebraic constraint for the correlation 2-form Eq. (17)

Solving these equations will in general give all the independent components of the correlation 2 -form (although sym-
metries in the macroscopic geometry can place further constraints reducing the number of independent components).

e Now the affine deformation tensor can be solved for using equations (18) and (19)
e The gravitational stress energy tensor can now be calculate using Eq. (9)

e Finally any constraints on the gravitational stress energy tensor due to symmetries in the macroscopic geometry
need to be applied

All remaining independent functions in the correlation 2-form and the affine deformation tensor will correspond to
different microscopic geometries giving the same macroscopic geometry, and are free parameters of the model. Now
the macroscopic EFE (8) can be derived for a given averaged stress energy tensor.

B. Previously derived spatially homogeneous and isotropic solutions

The model of cosmological interest is the one with the macroscopic geometry described by the FLRW metric
in agreement with observations. The macroscopic gravity solutions for the flat FLRW metric has been studied in
the literature [85-87] with the second reference giving a systematic analysis of the solutions for the case when the
correlation 2-form (Z 0‘57 " ) and the affine deformation tensor (A“ 57) are invariant under the six parameter group
of Killing vectors (corresponding to the three translational and three rotational symmetries of the metric), and the
electric part of the correlation tensor is zero. The solution to the correlation 2-form was found to be completely
specified by three arbitrary constants A, ho and by while the affine deformation tensor was specified by only A. The
gravitational stress energy tensor reads:

A0 0 0
o 0 14 0 0
8TGTm ) = 3 a? 20
? 0 0 §% 0 (20)
0 0 0 1%

We have re-derived this solution in this work and our results are in agreement with the findings of [85, 86]. In
summary, for the macroscopic line element

ds® = —dt* + a® (da® + dy* + dz?) (21)



with an averaged stress energy tensor of the form of a perfect fluid Tg‘ = diag(—p, p, p, p) where p is the energy density
and p is the anisotropic pressure.
The macroscopic EFE [8] read

a2 87CG 142 A
a _ _ 1A A 22
2 3773273 (22)

20 a? 1.A2
Ll _8rGp— =
a+a2 TP 3 a?

+A (23)

where over-dots denote partial differentiation with respect to the time coordinate t.
Hence, the Macroscopic Gravity correlations appear like an extra positive spatial curvature term in the Friedmann’s
equations.

The constant A emerges from applying the formalism to the macroscopic flat FLRW metric. It has no explicit scale
dependence, however, it does implicitly depend on scale in the sense that the derived expression holds only when
the averaging is performed at a scale large enough to reduce the macroscopic geometry to completely homogeneous
and isotropic. At smaller scales, the effects due to averaging will not be captured by this simple expression and will
presumably explicitly depend on the scale.

C. Spatially homogeneous and anisotropic solutions to Macroscopic Gravity equations

The exact solutions for Macroscopic Gravity are known only for the flat homogeneous and isotropic and the static
spherically symmetric cases [85-87, 122]. The non static spherically symmetric solution has been found [123] using
”volume preserving coordinates” and an approximation rather than by solving equations (11)-(19) directly. In this
section we will consider the solution for a macroscopically homogeneous, anisotropic and spatially flat metric (i.e a
macroscopically Bianchi type I metric) of the form

dS? = —dt? + a(t)?da® + b(t)2dy® + c(t)2d22. (24)

We note that we will derive this exact solution here just as a further example for macroscopic gravity but we will
use for the observables and the remaining of the paper the isotropic solution from the previous sub-section.

We will not assume that correlation 2-form Z%, " is invariant under the three parameter group of Killing vectors
(G3). However, the gravitational stress energy tensor (Eq. (9)) will be required to be diagonal and invariant under
the action of G5 since the average stress energy tensor being considered is invariant under the action of G3. In the
language of [87] it’s a " Type II” solution.

The assumptions used to obtain the solutions are as follows,

e The average of the inverse microscopic metric is equal to inverse macroscopic metric
gaﬁ — Gaﬁ

e The averaged microscopic stress energy tensor takes the form
aB = diag[—p(t) »P1 (t) P2 (t) »P3 (t)]

e The electric part of the correlation 2-form is zero.

Zo‘ﬁ,y # ou” =0 where u? = [1,0,0,0] is the time like vector orthogonal to the hyper-surface of homogeneity

e The affine deformation tensor will be assumed to be invariant under the action of the group of Killing vectors.
Lx Ao‘ﬁ,y = 0 where k(;) = 0; and i=x,y,z

All the following calculations were performed using the publicly available tensor algebra package GRTensor and the
commercial computer algebra package Maple.
From equation (11) the correlation 2-form ostensibly has 720 independent component. We started by defining the
correlation 2-form with these symmetries in terms of 720 functions of the coordinates. The cyclic identity (13) gives
250 independent constraints while the Equi-affine relation (14) gives 76 additional independent linear constraints and
the assumption that the electric part of the correlation tensor is zero gives a further 275, reducing the number of
independent components to 121. The calculations up-to this point will be true for any metric since the metric and
it’s derivatives played no role in the equations. So for any macroscopic geometry, the correlation 2-form will have at
most 121 independent components.



Now applying the integrability condition (16) gives an additional 52 constraints bringing the total number of inde-
pendent components to 69. Solving the differential constraint (15) forces all the functions to be independent of time
and we are left with 69 functions of the position coordinates.

The gravitational stress energy tensor can now be calculated and it will be a diagonal and depend on 6 of the func-
tions. Applying the requirement that the gravitational stress energy tensor is invariant under the action of G3 gives
6 differential constraints. Solving them, the gravitational stress energy tensor reads

Aa+Bb+Cec 0 0 0

@ 1 0 .ACL 0 0
(grav) - -
SmGT s = b et 0 0 Bb 0 (25)
0 0 0 Ce

where A, B,C are constants. The correlation 2-form now has 69 independent components, 66 of them are functions
of the position coordinates and 3 are constants.
Now the macroscopic EFE (8) reads

ab ae be

Aa + Bb+ Ce
B Eett Bt
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It would be of interest to know how this compares to the dynamics of a homogeneous anisotropic space time with
spatial curvature. Since the RW metric with positive curvature is a special case of the Bianchi type IX, the natural
choice for comparison would be of that type.

The metric for a Bianchi model can in general be written in the form

ds? = —dt* + n(i)(j)w(;)w(g) dz®da® (30)

where w(,il) are the components of the invariant basis 1-forms corresponding to the Bianchi type and 7)) is a

)(4)
symmetric matrix that is a function of only time. For the Bianchi IX model the invariant basis 1-forms are [124]

w = cos(y)d + sin(v) sin(0)dep
w® = sin(1))d6 cos(1)) sin(0)dep

w® = dy + i cos(0)do

The simplest Bianchi IX model for comparison would be the one with 7¢;;) = diag[a(t), b(t), c(t)]. For this model
the EFE read

ab  ac  be 2a2b% + 2022 4+ 2422 —a*t — bt — 4
—t — 4+ — = + 8nGp (31)

ab  ac ac 4a?b2c?

b & b B 2a2b% + 2a%c® + b* + ¢* — 3a* — 2b%¢?

b ' e be 4a2b?c?

— 87Gp; (32)



i & oac 2a%0% +20°c* + a* + ¢! = 3b* — 2ac* 87Cps (33)
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a b be 2a2¢% 4 2022 + a* + b* — 3¢t — 2a2b?

B T T — 871G 34
a b + ab 4a2b2c? TP (34)

The exact Macroscopic Gravity solutions for the spatially flat anisotropic metric (26-29) have some similarity with
the spatially closed anisotropic solution for the microscopic EFE. When a(t) = b(t) = ¢(t), both sets of equations
have the same form. Equations (26-29) reduce to the flat homogeneous solution described in the previous section
while equations (31-34) reduce to the spatially closed FLRW solution. However, unlike the simple case of the isotropic
solution, it is unclear how to relate these new terms to a spatial curvature. It is known that the ”mixmaster” models
described by equations (31)-(34) show chaotic behavior at early times [125] and it remains to be analyzed whether
the macroscopically anisotropic models have similar behavior that would wipe out any macroscopic anisotropies.

IV. EXPANSION HISTORY OBSERVABLES AND CONSTRAINTS ON MACROSCOPIC GRAVITY
ISOTROPIC SOLUTION

The observational consequence of the macroscopic FLRW model with its additional ”dynamical curvature” A2 /a2,
on the luminosity distance measurements and hence the constraints on the cosmological parameters from the distance
observables has been studied in the literature [41]. In this paper we will apply the additional constraint A% > 0
(hence 24 < 0) coming from the constraint equations for the affine deformation tensor (see [86]). We obtain the
results for the cases with and without this constraint.

First, we write the Macroscopic RW metric as,

dS? = —dt® + a(t)*[dr® + fi(r)?(d6? + sin® 0d¢?)] (35)

sin(r) ifk=1,
where fe(r)=4qr if k=0, and k is the spatial curvature of the macroscopic metric.
sinh(r) if £ <0.

If the source is a perfect fluid, the effective EFE read:

8 E A 1A%
2 __
A =3rGr-+3 -3 (36)
a 4 1

where the Hubble parameter has been defined as, H = a/a. The effective Friedman equation (36) can be rewritten in
terms of the current matter parameters as

N|=

H(a) = Ho(Qa 2 + Qa2 + Qp + Qpa™?) (38)
where Q,, = %wGp/ HZ is matter density parameter, Qn = A/3H{ is the cosmological constant density parameter,
Q) = —k/a?H? is the curvature density parameter, Q4 = —A?/3H2a? is the "gravitational energy” parameter due
to averaging [41], and Hj is the Hubble parameter evaluated today.

In this work, we make the assumption that light rays on average follow the null geodesics of the averaged macroscopic
space time and that the only changes to the luminosity distance are due to the change in the modified Friedmann
equation. Some rays of light are demagnified and some are magnified but on average photon flux conservation leads
to no net change in the luminosity distance [72]. So overall, this seems to be a reasonable assumption for the average



of a large number of photons and is consistent with some of the findings in the literature [38, 43, 89]. However some
authors have found [30, 69, 70] that inhomogeneities could lead to small changes in the redshift relation and possibly
large changes to the luminosity distance. It is re-assuring that the changes in the redshift were found to be small
in those studies while the changes in the luminosity distance are suppressed on average by photon flux conservation.
Nevertheless, it will be good to address this point further in the formalism used in this paper by applying it to the
null geodesic equation and the Sachs equations explicitly, similar to what was done for the EFE. We leave this full
project for future work.

Now, following the usual derivation, the luminosity distance can be written for the curved FLRW macroscopic

metric as,
1 e v/ |Q|da’

aHg~/ 1974 =1 (Qka’2+QAa’2 + Qpat + Qd

and for the flat FLRW macroscopic metric it reads

1 da’
e | Tt "
aHy Jo =1 (Qaa’? + Qpa'* + Q,a’)?

Due the degeneracy between Q4 and Qj in the denominator (i.e. Friedmann equation), for the fits to the data
we use the dynamical energy term that is the sum of the averaging gravitational energy and geometric curvature
(Qa = Qa + Q) same as ref [41].

We fit the cosmological parameters for the FLRW solution of Macroscopic Gravity (and other models) using the
available cosmological distance data. The supernova (SNe) observations from the Union 2.1 data set [90], Cosmic
Microwave Background (CMB) last scattering surface data from WMAP 9 year data release [91], Baryonic Acoustic
Oscillations (BAO) from WiggleZ [92] and the Hubble rate from HST measurements [93].

The parameter fits for the various models were performed using x? minimization via a maximum likelihood analysis

(i.e. we minimize x* = X%y + X%a0 + X&) and Monte-Carlo Markov Chain approach using a modified version of
the publicly available package COSMOMC [94].

In order to get the constraints from the supernova data, we define x% N as

557 N 2 2
= ) "

where p(z) = m — M = 5logy (dr(z)) + 25 is the extinction corrected distance modulus, o; is the uncertainty in
the i*" SNe data point, 7 is the apparent luminosity and d, is the Luminosity distance measured in Mpc. When
performing the fits we effectively marginalize over the absolute luminosity M.

In order to fit for the CMB surface of last scattering we define three fitting parameters [95]. The shift parameter R
defined by

R(z) = /(1 + 2.)D () (42)
the redshift to the surface of last scattering z. given by
2z, = 1048 (1 + 0.00124(Q2h?) "8 (1 + g1(Qnh?)9?) (43)
where (see for example [96] )

. 0.0783(Qyh?) 0238

T 130.5(2,h2)0-763
0.560
92 = 2)1.81
1+ 21.1(Qh?)
and the acoustic scale (I,) defined as
D (2«
lo = (1+ Z*)WAi(Z) (44)

rs(2s)
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with the proper angular diameter distance, D(z) = dp(z)/(1 + 2)? and the comoving sound horizon

1
1 [Te= d
ro(z) = —= / 2 (45)
V3 Jo a?H(a)\/1+ (3Q,/4Q)a
where Q. = 2.469 % 107°h~2 for Temp = 2.725K.
The parameters are fitted using
Xemp = Ar;Cov™* (z;, ;) Az, (46)

with z; = (R, la, 2:), Az; = x; — 22 and Cov~!(z;, ;) the inverse covariance matrix for the parameters from the
reference [95].
Next, in order to obtain the constraints from the BAO, following [97] we define the effective distance Dy as

Dy(z) = (Dg(z)(l + z)2ﬁ>é (47)

with the redshift at the decoupling epoch given by

1291(Q,,h2)0251
"~ 1+ 0.659(€2,,1%)0-828

Zd (14 b1(2h%)) (48)

with

by = 0.313(Q,h%) "% (1 4 0.607(Q,,h)°0™)

by = 0.238(€,,h%)°233

The parameter constraints from the BAO are now given by

, o) — (1 (2 . 2
X2BAO _ Z (TS(ZZ)/DU( i) — (rs(2:)/Do( l))obs> (49)

g;

We also add the prior, the inverse of the angular diameter distance at red shift 0.04 equals 6.49405 x 1073 £
0.31512 x 1072, (i.e. Hp = 74.24 3.6 km/s for the fiducial model) given by the HST measurements [93], and the prior
Qh2% = 0.022 4 0.002 given by big bang nucleosynthesis.

We perform the parameter fits for Macroscopic Gravity, ACDM and wCDM with a constant equation of state, by
varying the physical dark matter density (2pash?), the physical baryon density (€2,22), the curvature parameter (Qy)
and in the cases of Macroscopic Gravity and wCDM, the dynamic curvature i.e. the sum of the averaging gravitational
energy and geometric curvature (Qrq = Q4 + Q) and the equation of state of dark energy (w) respectively. The
values for those parameters and the derived parameters €2,,,, Q4,5 and Hy are summarized in Table I, and Figure 1.

For the macroscopic gravity, we find in the case of models restricted by the mathematical and physical prior
[86], that —0.027 < Q4 < 0 (68% confidence level). In the case where we do not impose the prior, we obtain
—0.024 < Q4 < 0.036. As we will discuss further in section VI, the mathematical prior turned out also to be
a physical prior consistent with the fact that a larger magnitude of negative backreaction term leads to a larger
enhancement of the growth of structure as supported by studies using inhomogeneous cosmological models [98, 99].
We are also able to reproduce exactly the results of reference [41] where the table shows that the constrained value
for Q4 is significantly large when the SDSS SNelA compilation [100] (which uses the MLCS2k2 light curve fitter) is
used. Table I, and Figure 1 uses only SNe data from the Union 2.1 compilation that uses the SALT II light curve
fitter.

V. GROWTH OF LARGE SCALE STRUCTURE IN THE MACROSCOPIC GRAVITY AVERAGED
UNIVERSE

A. Derivation of the growth evolution equations in Macroscopic Gravity

In order to study the growth of structure due to small inhomogeneities in the macroscopically flat Friedmann
universe, we will perturb the metric, the stress energy tensor, the correlation 2-form and the affine deformation tensor
about the exact macroscopic solution. The new quantities will be given by

9% =99 5 +359% (50)
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Parameters ACDM wCDM MG with prior MG w/o prior Flat MG with prior Flat MG w/0 prior

Qx  0.01475918 —0.01379 017 0.0026790047  0.007570:0052 0 0
Qa 0.688700% 0.69070010  0.724790%0  0.692F0:0% 0.73319-51¢ 0.711+0:055
Qm 020870058 020770058 0.29570015  0.2957055, 0.279+0:018 0.280+0:013
Hy 715727 72.8750 69.911:¢ 69.911-0 69.5112 72.8%59
Qa N/A N/A  —0.02167592L% 0.0058709299  —0.012370:91% 0.00970 919
w -1 —11250 -1 -1 -1 -1

TABLE I: Marginalized parameter constraints (68 % confidence) from the cosmological distance observations (supernova data
from the Union2.1 compilation, the HST data, the last scattering surface data from WMAP9, and the WiggleZ BAO data).
The prior here is 24 < 0.. Results are given for the Macroscopic Gravity using the curved and flat macroscopic FLRW metric,
with and without the prior.

T 7(0)cx T
To =T, + 6T (51)
« _ 0 «
ATy AC L A (52)
[e% o 0)< «@
A%, = AOT 4 5A%, (53)

where the superscript zero denotes the value of the exact solution and the prefix § denotes the perturbations about
the exact value. The perturbations are taken to be of order € . By expanding the macroscopic gravity equations
(8)-(19) in terms of the order parameter up to linear order, it’s possible to obtain the equations governing the first
order terms. The perturbations we consider will be on scales smaller than the averaging domain, so they will be the
fluctuations that would be smoothed out from the averaging.

We reproduced the perturbation results of [87], but present here the derivation steps, and we derive the growth
rate equation further below.

The zeroth order terms will satisfy the original exact equations while the first order terms will satisfy a linearized
version of the above equations (see [101]). The equations (11)-(19) at first order will be given by

a u _
82 By vo) — 0 (54)
6Zaﬁ’y Mua’ = _6ZMV’y aﬁa’ (55)
a p
0z By vo] = 0 (56)
02 oy e =0 (57)
a _
02 81 yoin) =0 (58)
6Z6ﬁ[: éuMaE/m-] -0z elp JUM PBrm] +02° Blp 61/M ERT] _5Zaﬁ[,u’yguM€§mr]
ZO T SM® ACQN SM* ZO% 0 5, 0M AN SMe,, 1 = (59)
Blu dv erm] 6[# dv Br] + Blu dv enm] B[u ev dkm] T 0
626%9 Mz(o)a& Lol + 579 By ""Z(O)emage] + 52&{3{75 ZO_z(o)u& or] + 5Z Z(O)eﬁﬂ'é .
o 0 0)H o 0? » 0o ¢ a 05 0 a
+5Z Bly éEZ( ) vo Eﬂ'] +0Z Bly MZ( ) de vo] +2 Bly mr5Z Se ua] +29 Bly 5052 KT Je] (60)
0)“ 0 0)™ 6 0)™ s 0)™ 0
+Z( ) Bly voézuée K] + Z( ) Bly 5662 KT ua’] + Z( ) Bly 5€5Z vo k) + Z( ) Bly m‘r(SZ Se vol 0
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FIG. 1: Two dimensional marginalized joint contour plots ((68% and 95% confidence levels)) for the FLRW solution of the
Macroscopic Gravity using the supernova data from the Union2.1 compilation, the HST data, the last scattering surface data
from WMAPY, and the WiggleZ BAO data. These are the results for the Macroscopic Gravity model without any prior on Q.4
and where spatial curvature is also allowed.

; o 1
« _ « (0 _p(0 € _ - «
OA% 1) = 0A% [, AO" go — AT [ 0A ) = —20Q%,, (61)

GA B[p]waéak] +0A° B[anéff)\] a 5AQE[P]WCEUM a (SAOZS[PQC BoA

. . o o (62)
0 ro 0 [ o 0 re o 0 € _
A 5, 0M Oy + A 6Q% o — A [ OM 5 — AV ,0Q° 5o =0

where | represents covariant derivative with respect to the unperturbed macroscopic connection.

If Z(O)aﬁV H o A 5o~ O(e) (i.e. A% h1,by ~ O(e)) the equations governing the first order correlation 2-form and
the affine deformation tensor will be identical to the ones satisfied by the zeroth order quantities (11)-(19). Therefore
if we assume that electric part of the first order correlation tensor is zero (2% ", ,v7 = 0 where v7 = L1 —¢,6u))
the first order gravitational stress energy tensor will have the form of a positive spatial curvature term.

The assumption that Z(©® /37#1,0_ ~ O(e) is consistent with the small mean value for 24 obtained in section IV.

Since only scalar perturbations are relevant for the growth of inhomogeneities we will restrict the metric perturba-
tions to just the scalar part. Now, without any loss of generality the metric can be written in the conformal Newtonian

gauge as

dS? = a(m)2(~(1 + 26)dif? + (1 — 20)(da? + dy? + d=?)) (63)

The source will be considered as a perturbed perfect fluid and the first order stress energy tensor will read
61", = —6p (64)
5T, = ~(p+ p)ou (65)

6T, = dp 6 (66)
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where dp is the energy density perturbation, dp is the pressure perturbation and du; is the comoving peculiar
velocity
Now the modified Einstein field equation (8) at first order read

V2 —3H(Ho + ¢') = 4rGa*(6p + dp ) (67)
Vl(IHQZ/) + (25/) = —47TGCL2 (p +p— ?))—2‘22> V15u (68)
" +3H + 2H + H?)p = 4nGa? ((5p — ‘%‘) (69)

where V; is the spatial covariant derivative, dp 4 is the energy perturbation to the gravitational stress energy tensor,
a prime denotes the derivative with respect to 7, V;du is the irrotational part of the comoving peculiar velocity of

’
a

the fluid (which can be written as a divergence of a function du) and H is defined as <. Equation (67) is the (0,0)
component, equation (68) is the (1,0) component and equation (69) is the (i,j) component where i j . When there is
no anisotropic stress the i = j component gives ¢ = ¢ and has been used to eliminate ¢ from the above equations.
At this point it is convenient to decompose the perturbations into the eigenfunctions of the Laplace equation (see
[102]). Scalar harmonics satisfy V2@ + k?Q = 0 while vector harmonics are given by Q; = %’Q .
It becomes apparent that for subhorizon modes (kn >>1) ¢ and ¢’ are negligible compared to the spatial derivatives
of ¢. Hence equation (67) can be rewritten as

4]
V2¢ = 4wGa’p (5 + %) (70)
The twice contracted Bianchi identity for the modified EFE gives

Ao (grav)a o

Taja+T Blla =0 (71)

It might at first appear that the stress energy components are not independently conserved. However that is not the

case. It can be shown that the differential constraint on the correlation 2 form (15) implies the gravitational stress

energy tensor is conserved (T(-‘"‘“’)a Blla = 0) and hence, the averaged stress energy tensor is conserved independently.
The first order conservation equations for the averaged stress energy tensor are given by

50"+ 3H(Sp+ 0p) — 3¢/ (p+p) + a(p + p)VZéu =0 (72)
1
—((p+p)a’V?5u) + V23p + (p+p) V36 =0 (73)

Where, the first equation comes from 5T°‘O|a = 0 and the second equation comes from the spatial divergence of
5T

o = 0. Since we are considering the matter dominated era, the radiation can be neglected. Hence, p = 0, and
(pa?) is a constant. Defining the density contrast by &,, = 6p/p and using equations (72) and (73), we can obtain an

obtain an evolution equation for the density contrast of the form:
" ’ 5
8, +H6,, —AnGa’p (5m + ﬂ) =0 (74)
p

In order to proceed, it is necessary to write the perturbation to the gravitational energy density in terms of the
matter energy density. In order to do that we argue that even though the matter stress energy tensor and the
gravitational stress energy tensor are conserved independently, the perturbation to the gravitational energy density
must be tightly coupled to the perturbation of the matter energy density, since the inhomogeneities in the matter
cause the gravitational stress energy. Hence, we can assume that the comoving peculiar velocity of the gravitational
energy density is the same as the matter comoving peculiar velocity. With this assumption, the T(974v) ofja = 0
component of the first order conservation equations of the gravitational stress energy tensor is given by

(64 —20) + gaV&L =0 (75)
where
_ Opa
4= (76)
831G a?
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FIG. 2: The relative difference in growth factor between the Macroscopic Gravity model MG-ACDM and the ACDM. A non-
zero contribution of the Q24 backreaction term due to averaging increases the growth proportionally to the amplitude of this

term. The effect of Q4 is up to 2-4% at late times on the growth factor function compared to the ACDM.

Using equations (75) and (74) to eliminate du and integrating, since d 4 = 0 when ¢, = 0, we find:

3
Om — =04 =0
2 A
Which gives
5o, = — A26,,
PA= T onGa2

Substituting the above in equation (74) gives the growth equation

2
6, + M6, — | 4nGa®p — A Sm =0
3a?

The above equation in terms of the cosmological time t, reads:
. . A2
Om +2Ho,, — | 47Gp — — ) 0, =0
3a?

Where the dot denotes differentiation with respect to t, and H is the Hubble parameter a/a.
In order to conveniently plot the growth, the growth equation can be written as a function of scale factor

" ’ 3 ’ 1 -/42

where prime now denotes partial differentiation with respect to a rather than 7.

B. Effect of averaging on the growth rate versus precision cosmology requirements

(77)

(79)

In order to compare the growth of structure within a given model to observational data, it is most common to use
the logarithmic growth factor since that is what is measured from for example redshift distortions and Lyman-Alpha

forests [103-111]

~dlnd
T dlna

f

(80)
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FIG. 3: LEFT: The relative difference in the growth factor function between the ACDM model with 24 = 0.70 and those where
Qa takes the values shown on the figure. Increasing €25 increases the late-time growth suppression as expected. RIGHT: The
relative difference of the growth factor between the ACDM model (i.e. the equation of state w = —1) and dark energy models
where the equation of state takes the values shown on the figure. In both cases, the growth factor function is changed by up
to several percent.

It would be of interest to know how the effects of back-reaction on the growth compares to that of the dark energy
density of equation of state. Particularly whether the effects of averaging can be degenerate with a change in these
parameters. For dynamical dark energy models with a constant equation of state w (see for example [112-120]), the
growth equation is given by

df H 3 o _gH?
dlna+f2+<H2+2>f_599”a Tz =0 i
with
H 2
H—02 = Q?ncfg + Q?{CFQ + Q%a{”(l*w)
H 1H
ﬁ = §H_02 (—3Q?na_4 — 29?{(1/_3 — 3(1 + w)QE)\a_S(l'H”))

Substituting §° = %f and § = %(fz —f+ d‘f{@) in equation (79) we obtain the growth equation for the Macroscopic

Gravity model in terms of the growth factor as

df 2 i 3450 -3 0 -2 Hg _
dlna+f +<H2+2>f (2Qma + Qa H2_0 (82)
where
H2
P = Q?nch + Q?{CFQ + lecfQ + Q%
0
H 1H?
m = EH_(; (—3921(1_4 — 29?(@_3 — 29?4a_3)

We find that a non-zero negative 4 term of 2 — 4% due to averaging has the effect of enhancing the growth by
2 — 4% at late times relative to when no averaging backreaction is taken into account (see Fig. 2). These effects are
of the same order as those resulting from changing the dark energy density parameter or its equation of state (see
Fig. 3).
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VI. CONCLUSION

In this work we studied the effects of averaging inhomogeneities on the expansion history and the growth rate of
large scale structure using the non perturbative framework of Macroscopic Gravity. The framework is based an exact
mathematical formalism developed to provide a covariant averaging procedure. The formalism results in modified
Friedmann equations with a new term that can be viewed as a back-reaction term and have been previously called as
the averaging gravitational energy density parameter 4.

As examples of exact solutions to macroscopic gravity field equations, we rederive here a previous isotropic and
homogeneous solution and we obtain a new homogeneous but anisotropic solution. Starting from the macroscopically
homogeneous, anisotropic, and spatially flat metric of Bianchi type-I, we derive the effective Einstein field equations
with new terms due to the averaging process. These dynamical equations have the form of an anisotropic generalization
to the Friedmann equations obtained for the isotropic solution and reduce to them when isotropy of the scale factor
is restored. Unlike the simple case of the isotropic solution, it is unclear how to relate these new terms to a spatial
curvature. We use for comparison to observations the isotropic solution.

We then compare the macroscopic gravity expansion equations to available data sets from distances to supernovae,
Baryon Acoustic Oscillations, CMB last scattering surface data, and Hubble constant measurements. We note that
instead of using directly €24 in the analysis, we use a term that takes into account its degeneracy with spatial curvature
into the Friedmann equation so 24 become a derived parameter.

We find for the isotropic macroscopic FLRW metric solution —0.05 < 4 < 0.07 (at the 95% confidence level). In
the flat metric case, the bounds reduce to —0.03 < Q4 < 0.05. If we take into account a mathematical and physical
prior that restricts the sign of the averaging term to be negative, then the positive part of the interval can be rejected
leading to tighter constraints. It is worth noting that the other cosmological parameters (2, ., Qx, and Hp) are
moved by a few to several percent from their ACDM concordance model values when the averaging term is included
in the analysis.

Next, we explore the effect of the averaging term on the growth rate of large scale structure. We rederive previous
results from perturbing the Macroscopic Gravity field equations and then derive a growth rate equation that can be
compared to future observations. We assess the effect of the amplitude of the resulting averaging term on the growth
rate function and find that an Q4 term of of amplitude range interval [-0.04,-0.02] lead to an enhancement deviation
of the growth up to 2-4% at late times. This change in the growth is comparable in amplitude to the changes that
will be caused by a similar change in the dark energy density parameter or its equation of state. Particularly, the
effect of increasing the magnitude of the negative averaging term is to enhance the growth rate of large scale structure
which is physically consistent with other results in the literature studying gravitational infall/clustering using exact
inhomogeneous cosmological models [121]. The effect of the averaging on the growth is also comparable in amplitude
to some systematic affects in ongoing and future surveys.

We conclude from using the averaging macroscopic gravity formalism to assess the effect of inhomogeneities on the
expansion history and the growth rate of structure that this effect needs to be tightly constrained and analyzed in
the future for a precise and accurate cosmology.
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