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A search for neutrino oscillations induced by Lorentz violation has been performed using 4,438
live-days of Super-Kamiokande atmospheric neutrino data. The Lorentz violation is included in
addition to standard three-flavor oscillations using the non-perturbative Standard Model Extension
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(SME), allowing the use of the full range of neutrino path lengths, ranging from 15 to 12,800 km,
and energies ranging from 100 MeV to more than 100 TeV in the search. No evidence of Lorentz
violation was observed, so limits are set on the renormalizable isotropic SME coefficients in the eµ,
µτ , and eτ sectors, improving the existing limits by up to seven orders of magnitude and setting
limits for the first time in the neutrino µτ sector of the SME.

PACS numbers: 11.30.Cp, 14.60.Pq

I. INTRODUCTION

Symmetry under Lorentz transformations is a funda-
mental feature of both the standard model of particle
physics and the general theory of relativity, but viola-
tions of this symmetry at or below the Planck scale,
mP ≈ 1019 GeV, have been predicted in a variety of
models, including discrete spacetime structure and space-
time foam interactions [1, 2]. The direct observation
of Lorentz violation (LV) would provide access to this
Planck-scale physics [3–6]. The Standard Model Ex-
tension [4–8] (SME) is an observer-independent effective
field theory with all the features of the standard model
and general relativity plus all possible LV terms. Lorentz
violation can also include violation of charge-parity-time
reversal (CPT ) symmetry [9][10]. At experimentally ac-
cessible energies, these LV signatures are strongly sup-
pressed by a factor of the order of mW /mP ≈ 10−17,
the relative magnitudes of the electroweak and Planck
scales [11]. Despite this suppression, numerous experi-
mental techniques have been employed to search for LV
phenomena [12–14].

Neutrino oscillations, as an interferometric effect, are a
sensitive probe of LV with two possible signatures: side-
real variations, which would be evidence of a preferred
spatial direction, and spectral anomalies [15–17]. Previ-
ous searches within the SME framework have generally
focused on sidereal variations, though they sometimes
include time-independent components that only mod-
ify the spectrum. They have been performed in short-
baseline muon (anti)neutrino beams [18–21], the long-
baseline NuMI neutrino beam [22, 23], the Double-Chooz
reactor experiment [24, 25], and in atmospheric neutrinos
at Ice Cube [26]. These experiments have generally used
either the short-baseline [11] or perturbative [27] approx-
imations of the SME to set limits on LV parameters and
report limits for each parameter independently.

The Super-Kamiokande experiment (SK) [28] is a
cylindrical, underground, water-Cherenkov detector,
with a fiducial mass of 22.5 kton in the Inner Detec-
tor (ID) and an active veto outer detector (OD) for tag-
ging cosmic ray muons entering the detector. The at-
mospheric neutrinos are incident from all directions with
path lengths and energies spanning three and six orders
of magnitude, respectively. This wide range in L and
E makes atmospheric neutrinos a sensitive tool to probe

∗ Deceased.

the coefficients which produce spectral anomalies. The
SK data cover such a wide range of lengths and ener-
gies that the perturbative SME can no longer be used
and the exact Hamiltonian must be diagonalized [29].
Since the oscillation of massive neutrinos has been well-
established in numerous experiments [30–47], the exact
Hamiltonian includes three-flavor oscillations and MSW
matter effects [48] in addition to LV. We investigate the
real and imaginary parts of the lowest-order effective
CPT -even and CPT -odd LV coefficients in the eµ, µτ ,
and eτ sectors. We are the first neutrino experiment to
study isotropic LV in the µτ sector of the SME; all pre-
vious experiments sensitive to this sector searched only
for sidereal variations.

The neutrino oscillation probability, whether from
standard oscillations or Lorentz violation, depends on the
initial neutrino flavor, the distance the neutrino travels,
L, and the neutrino energy, E. We separate our data into
samples correlated with energy and with enhanced νµ, νe
or neutral current (NC) flavor content. The events fully
contained (FC) within the inner detector have the lowest
energies. Events that start in the inner detector but then
exit before depositing all their energy are classified as
partially contained (PC) and have generally have higher
energies. The up-going muon events (UP-µ) that enter
the detector having deposited some of their energy in the
surrounding rock beforehand are the highest energy sam-
ple. This sample only contains up-going events to avoid
the overwhelming background of down-going cosmic ray
muons. While the energy of the muons cannot be de-
termined event-by-event, the highest-energy muons will
shower inside the detector and can be identified using the
method described in [49].

We then further bin the data using observables cor-
related with L and E. Instead of path length, we bin
the data in zenith angle, cos θz, defined as the angle be-
tween the event direction and the downward vertical di-
rection. The neutrinos with the shortest path lengths are
downward-going (cos θz near 1) and the neutrinos with
the longest path lengths are upward-going (cos θz near
-1). The simulation which predicts the number of neu-
trino events in each bin includes a distribution of neu-
trino production heights based on a model of the atmo-
sphere described in more detail in [50]. This range of pro-
duction heights introduces a smearing of the oscillation
probability for a given zenith angle for downward-going
and horizontal events but is negligible for upward-going
events which cross most of the Earth. For events with
one visible Cherenkov ring, we bin in momentum, which
is reconstructed using the total amount of light with a
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Coefficient Unit d CPT Oscillation Effect

Isotropic

aTαβ GeV 3 odd ∝ L
cTTαβ - 4 even ∝ LE

Directional

aXαβ , a
Y
αβ , a

Z
αβ GeV 3 odd sidereal variation

cXXαβ , c
Y Z
αβ , . . . - 4 even sidereal variation

TABLE I. Lorentz-violating coefficients and their properties.
The last row includes all possible combinations of X,Y, Z,
and T except TT . d refers to the dimension of the operator.
α and β range over the neutrino flavors, e, µ, and τ . The
X, Y , and Z indicate coefficients which introduce effects in
a particular direction in a Lorentz-violating preferred refer-
ence frame. The T and TT terms are not associated with
any direction and thus introduce isotropic distortions in the
oscillation pattern.

70◦ cone, and then refined using templates from simu-
lation. For multi-ring events, partially-contained events,
and stopping UP-µ events, we bin in visible energy, de-
fined as the energy of an electron that would produce
the same total amount of light seen in the detector. The
data are divided into a total of 480 bins for each run pe-
riod, which are then combined across run periods before
fitting. The binning is chosen so that enough events are
expected in each bin for the fit to be stable. The binning
scheme is largely the same as that used for the standard
three-flavor oscillation analysis [51], with some upgrades
described in [52].

The various data samples and the SK-I through SK-IV
data used in this analysis are described in detail in [52],
the event generator, Monte Carlo simulation (MC), and
reconstruction are described in [50], and recent improve-
ments are described in [53].

II. LORENTZ VIOLATION IN NEUTRINO
OSCILLATIONS

In the SME, Lorentz violation is included with neutrino
oscillations by adding an LV term, HLV , to the standard
neutrino Hamiltonian,

H = UMU† + Ve +HLV , (2.1)

where U is the PMNS mixing matrix [54], M is the neu-
trino mass matrix,

M =
1

2E

 0 0 0

0 ∆m2
21 0

0 0 ∆m2
31

 , (2.2)
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(a) νµ → νµ, No Lorentz violation

Energy (GeV)
-110 1 10 210 310

P
at

h 
Le

ng
th

 (
km

)

210

310

410

0.0

0.2

0.4

0.6

0.8

1.0

(b) νµ → νµ, aTµτ = 10−22 GeV
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(c) νµ → νµ, cTTµτ = 7.5× 10−23

FIG. 1. (color online) The νµ → νµ oscillation probabilities,
plotted in path length vs. neutrino energy. (a) Standard oscil-
lations appear as lines of constant L/E which have slope 1 on
this log-log scale. Standard three-flavor oscillations are con-
centrated in the upper-left portion in all three oscillograms,
corresponding to low energy and long distance. (b) The aTµτ
coefficient introduces oscillations proportional to L, which ap-
pear as horizontal lines (constant L) at high energies. (c)
The cTTµτ coefficient introduces LE oscillations which appear
as lines with slope minus one. Oscillograms for all sectors, as
well as the µ→ e probabilities are shown in Appendix B.

and Ve is the electron potential which introduces matter
effects [48],

Ve = ±
√

2GF

 Ne 0 0

0 0 0

0 0 0

 , (2.3)
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where GF is the Fermi constant and Ne is the average
electron density along the neutrino’s path, calculated us-
ing the four-layer PREM model of the density profile of
the Earth [55].

The Lorentz-violating Hamiltonian, HLV , has many
possible terms with complex coefficients summarized in
Tab. I, broadly categorized as isotropic or directional.
While in principle atmospheric neutrinos are sensitive
to the sidereal variations induced by the directional
terms [26], in this analysis we focus only on the isotropic
terms which introduce spectral variations which oscillate
depending on L and LE (as opposed to the L/E depen-
dence of standard oscillations [56]). The diagonal ele-
ments of HLV have also been neglected since they cannot
be observed in oscillations, giving,

HLV =

 0 aTeµ aTeτ(
aTeµ
)∗

0 aTµτ(
aTeτ
)∗ (

aTµτ
)∗

0



− 4E

3

 0 cTTeµ cTTeτ(
cTTeµ

)∗
0 cTTµτ(

cTTeτ
)∗ (

cTTµτ
)∗

0

 , (2.4)

for neutrinos. For antineutrinos, the aT parameters go
to −(aT )∗ and the cTT parameters go to (cTT )∗, which
is equivalent to Re

(
aT
)
→ −Re

(
aT
)

and Im
(
cTT

)
→

− Im
(
cTT

)
.

A common approach in neutrino oscillation experi-
ments is to treat HLV as a small perturbation δh on the
standard model Hamiltonian [27] and calculate the low-
est order non-zero variations in the oscillation probability
(first order when standard oscillations are present, second
order when they are not, such as at short baselines). The
sensitivity of Super-K to this model was evaluated [29].
However, for this approach to be valid the perturbation
must be small, defined as |δh| � 1/L. If we take the
condition as |δh| < 10% × (1/L), then more than 30%
of the events in SK fail this perturbative condition for
aT = 5 × 10−24 GeV, resulting in unphysical oscillation
probabilities greater than one and less than zero. Since
the events failing the condition belong to the samples
most sensitive to Lorentz-violation effects, this model was
deemed inappropriate for the Super-K atmospheric neu-
trino analysis. Instead, we use an exact diagonalization
of H which produces bounded oscillation probabilities in
Super-K samples for all values of the Lorentz-violating
coefficients, shown in detail in Appendix A. The accu-
racy of this calculation was ensured by confirming that
the oscillation probabilities from the full diagonalization
matched the standard three-flavor oscillation calculation
used in SK (based on [57]) and the perturbative calcula-
tions for parameter values that were valid in the pertur-
bative scheme.

Figure 1 shows examples of the νµ survival probability
vs. energy and path length for the aT and cTT param-
eters in the µτ sector. Standard oscillations appear as

lines of constant L/E, which have slope one on these log-
log plots. The aTµτ and aTeµ coefficients create oscillation
patterns in νµ disappearance that depend only on length.
These oscillations will appear as horizontal lines, which
can be seen in Fig. 1(b) at high energies where there are
no L/E oscillations. The distance (or equivalently cos θz)
at which the LV oscillation begin is set by the value of aT .
The cTTµτ and cTTeµ coefficients introduce LE oscillations
which will appear as lines with slope minus one, which
can be seen at high energies in Fig. 1(c). The value of
cTT controls the energy the new oscillations begin at.

The samples most sensitive to the high-energy µτ sig-
natures are the UP-µ samples. Figure 2 shows the zenith-
angle distributions of the three UP-µ data samples, as
ratios relative to standard oscillations, compared with
the MC predictions corresponding aTµτ = 10−22 GeV

and cTTµτ = 7.5 × 10−23 (the same as the examples in

Fig. 1). The length-only oscillations from aTµτ appear as
large, zenith-dependent oscillations in the non-showering
and showering UP-µ samples since cos θz is monotonically
(though not linearly) related to distance. The fast oscil-
lations at high energy from cTTµτ create significant extra
νµ disappearance at all cos θz’s in the same through-going
samples.

Plots of the νµ survival probabilities and the νµ → νe
oscillation probabilities for all the aT and cTT parameters
can be seen in Appendix B and the zenith distributions
of all the samples compared with the data can be seen
in Appendix C. Both aTeµ and cTTeµ behave much like
their µτ counterpart in the highest energy samples, but
also introduce some smaller but significant changes in the
lower energy e-like and µ-like samples that would allow
the effects of the two sectors to be distinguished from
one another. The aTeτ and cTTeτ terms, on the other hand,
behave quite differently from the other sectors: they re-
duce or eliminate L/E oscillations that should otherwise
occur at medium and higher energies. So, instead of ex-
tra νµ disappearance there is less. They also enhance
the νe appearance signal at lower energies. Oscillograms
are only shown for non-zero real parts of the parame-
ters, but the real and imaginary parts produce similar
oscillation effects in the high-energy regions where LV-
induced oscillations are dominant. The influence of the
imaginary parts is only in this high-energy region while
the real parts also introduce small modifications in the
low-energy oscillation probability.

III. LORENTZ-VIOLATING OSCILLATION
ANALYSIS

The three-flavor plus SME oscillation model described
in Section II is fit to the data samples described above
using the techniques from [52]. The fitter minimizes a
“pulled” χ2 [60] assuming Poisson-statistics between the
MC expectation, calculated for a particular value of the
complex coefficient, and the data:
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FIG. 2. (color online) Ratios of the summed SK-I through SK-IV cos θz distributions relative to standard three-flavor oscillations
for the UP-µ sub-samples, which are the most sensitive to the effects of LV. The stopping sub-sample (left) contains neutrinos
with energies peaking around 10 GeV, the non-showering sub-sample (center) peaks around 100 GeV, and the showering sub-
sample (right) peaks around 1 TeV. The black points represent the data with statistical errors. The lines corresponds to the
MC prediction including Lorentz-violating effects, with aTµτ = 10−22 GeV in solid blue and cTTµτ = 7.5× 10−23 in dashed red.

LV Parameter Limit at 95% C.L. Best Fit No LV ∆χ2 Previous Limit

eµ

Re
(
aT

)
1.8× 10−23 GeV 1.0× 10−23 GeV

1.4 4.2× 10−20 GeV [58]
Im

(
aT

)
1.8× 10−23 GeV 4.6× 10−24 GeV

Re
(
cTT

)
8.0× 10−27 1.0× 10−28

0.0 9.6× 10−20 [58]
Im

(
cTT

)
8.0× 10−27 1.0× 10−28

eτ

Re
(
aT

)
4.1× 10−23 GeV 2.2× 10−24 GeV

0.0 7.8× 10−20 GeV [59]
Im

(
aT

)
2.8× 10−23 GeV 1.0× 10−28 GeV

Re
(
cTT

)
9.3× 10−25 1.0× 10−28

0.3 1.3× 10−17 [59]
Im

(
cTT

)
1.0× 10−24 3.5× 10−25

µτ

Re
(
aT

)
6.5× 10−24 GeV 3.2× 10−24 GeV

0.9 −
Im

(
aT

)
5.1× 10−24 GeV 1.0× 10−28 GeV

Re
(
cTT

)
4.4× 10−27 1.0× 10−28

0.1 −
Im

(
cTT

)
4.2× 10−27 7.5× 10−28

TABLE II. Summary of the results of the six fits for Lorentz-violating parameters (the real and imaginary parts of each
parameter are fit simultaneously). The upper limits at the 95% confidence level (C.L.) and best fits are shown, as well as the
∆χ2 between the best fit and the hypothesis of no Lorentz violation. The most significant exclusion of Lorentz invariance is in
the aTeµ fit, which is still consistent with no LV at the 68% confidence level. Since the parameters are scanned on a logarithmic
scale and only positive parameter values are used, 10−28 is the minimum value considered and is equivalent to no LV.

χ2 = 2
∑
i

(∑
n

ẼSKn
i (~θ,~ε)−

∑
n

OSKn
i +

∑
n

OSKn
i ln

∑
nOSKn

i∑
n Ẽ

SKn
i (~θ,~ε)

)
+ χ2

penalty(~ε) (3.1)

where n indexes the four SK run periods, i indexes the
analysis bins, OSKn

i is the number of observed events in

bin i during SKn, and ẼSKn
i (~θ,~ε) is the MC expectation

in bin i in SKn with the coefficients being tested, ~θ, and
systematic parameters, ~ε. The expectation in each bin
is calculated separately for each run period and then the
run periods are summed for the comparison between data
and MC.

The systematic uncertainties are approximated as lin-
ear effects on the analysis bins,

ẼSKn
i (~θ,~ε) = ESKn

i (~θ)

1 +
∑
j

fSKn
i,j

εj
σj

 (3.2)

where j indexes the systematic errors, ESKn
i (~θ) is the

MC expectation in bin i in SKn without systematic
shifts, and fSKn

i,j is the fractional change in bin i in SKn
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(b)

FIG. 3. (color online) Two-dimensional contours at the 95%
confidence level for the real and imaginary parts of aTeτ , aTeµ,

and aTµτ in (a) and cTTeτ , cTTeµ , and cTTµτ in (b). The hashed
areas indicate the side of the contour that is excluded. The
best-fit points from the three fits are also shown as markers.
The one-dimensional ∆χ2 curves are shown in the top and
right side plots with the alternate variable profiled out.

due to σj , the 1-sigma change in systematic j. The con-
straints on these parameters are included as a penalty
term in Eqn. 3.1:

χ2
penalty(~ε) =

∑
j

(
εj
σj

)2

. (3.3)

The analysis includes 155 systematic error parame-
ters. The uncertainties in the atmospheric neutrino flux,
neutrino interaction cross-sections, particle production
within nuclei, and the standard PMNS oscillation pa-
rameters are shared across all run periods so fSKn

i,j is the
same in SK-I through SK-IV. The uncertainties related
to detector performance: reconstruction, particle identi-
fication, energy scale, and fiducial volume uncertainties,
differ between run periods since they depend on the spe-
cific detector geometry and hardware. For these uncer-
tainties, fSKn

i,j will be non-zero in only one run period.
A table of all systematic uncertainties included in the
analysis can be found in the appendix to [52].

In order to focus the analysis on the LV coefficients,
the standard oscillation parameters are constrained to
external measurements and their uncertainties are taken
as systematic errors. The T2K measurement of νµ dis-
appearance, |∆m2

32| = (2.51 ± 0.10) × 10−3 eV2 and
sin2(θ23) = 0.514 ± 0.055 [61], is used because its
narrow-band beam and shorter fixed baseline makes it
less sensitive to the Lorentz-violating spectral distor-
tions considered in this analysis. The mixing angle
sin2(2θ13) = 0.095 ± 0.01 is taken from the 2013 PDG
world-average [62], the solar terms are taken from the
global fit performed by the SK solar+KamLAND anal-
ysis, ∆m2

21 = (7.46 ± 0.19) × 10−5 eV2, sin2(θ12) =
0.305 ± 0.021 [32]. The CP -violating phase δ and the
mass hierarchy (the sign of ∆m2) are not yet known and
so are allowed to float unconstrained.

Equation 3.1 is minimized with respect to the ~ε for

each choice of ~θ in a fit’s parameter space. A set of linear
equations in εj ’s are derived from Eqn. 3.1 using the fact
that the derivative ∂χ2/∂εj is zero at the minimum [60].
These equations can then be solved iteratively to find
the minimum profile likelihood for that set of oscillation

parameters, building up a map of χ2 vs. ~θ. The best fit
point is defined as the global minimum of this map.

Six fits are performed for the real and imaginary parts
of aT and cTT in the three sectors, eµ, eτ , and µτ . The
real and imaginary parts of each coefficient are fit simul-
taneously, but otherwise the coefficients are fit indepen-
dently following the procedure typical for SME analy-
ses [12]. Tests with fits to high-statistics fake data sets
reliably find no LV when none is present and correctly
extract the best fit point if a fake data set with an LV
signal is used. However, there is generally some ambi-
guity between the real and imaginary parts since they
produce similar oscillation effects at the energies where
LV-oscillations dominate. The low-energy differences al-
low the correct parameter to be chosen in fits to simulated
data with high statistics, but small fluctuations can eas-
ily move the best fit point to just the real part, just the
imaginary part, or a combination of the two.

No significant evidence of Lorentz violation is seen in
any of the fits. The most significant exclusion of no LV
is for aTeµ, and it has a ∆χ2 = 1.4, less than 1σ with two

degrees of freedom. The absolute χ2 for the fits range
from 538.6 to 540.0 with 480 bins (477 degrees of free-
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dom), corresponding to goodness-of-fit p-values around
2.5%. The best-fit momentum and zenith distributions
for the aT and cTT fits are shown, compared with the
data, in Appendix C. A summary of the fit results, in-
cluding upper limits at the 95% confidence level, best-fit
values, and levels of agreement with no Lorentz violation
can be seen in Tab. II. The two-dimensional contours
at the 95% confidence level on aT and cTT are shown in
Figs. 3(a)-3(b) respectively. The limits on the real and
imaginary parts of the parameter are slightly different in
the eτ and µτ sectors because these fits found best fit
points with different values for the real and imaginary
components.

IV. CONCLUSIONS

The large range of energies and path lengths in the
atmospheric neutrino sample make it sensitive to a va-
riety of spectral distortions introduced by violations of
Lorentz invariance as parameterized by the Standard
Model Extension. However, the long distances and high
energies make the perturbative approach used in other
experiments inappropriate, so we present the first anal-
ysis of Lorentz violation in neutrino oscillations where
the full, non-perturbative Hamiltonian is used, combined
with three-flavor neutrino oscillations. No evidence of LV
is seen, so we set limits on the isotropic parameters aT

and cTT in the eµ, µτ , and eτ sectors. These are the
first limits on the isotropic parameters in the µτ sector,
and we improve the existing limits [12] on aT by 3 orders
of magnitude and on cTT by seven orders of magnitude
thanks to the wide range of energies and path lengths of
the neutrinos in the atmospheric neutrino samples. Fu-
ture studies of SK atmospheric neutrino data could also
set limits on the directional parameters by searching for
sidereal variations in the atmospheric neutrino data.
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Appendix A: Neutrino oscillations with Lorentz
violation

This appendix shows the full calculation of the neu-
trino oscillation probabilities with both three-neutrino
mixing and Lorentz Violation, without assuming that the
baseline is short or that the LV Hamiltonian is small.
Neither of these approximations is valid for SK because
of its wide range of path lengths and energies.

The oscillation probabilities for Lorentz violation plus
three-flavor oscillations including matter effects are cal-
culated by diagonalizing the Hamiltonian which includes
all these pieces, following the method from [63]. Com-
bining the parts described individually in Section II,

H = U

 0 0 0

0
∆m2

21

2E 0

0 0
∆m2

31

2E

U† ±
√

2GF

 Ne 0 0

0 0 0

0 0 0

±
 0 aTeµ aTeτ(

aTeµ
)∗

0 aTµτ(
aTeτ
)∗ (

aTµτ
)∗

0

− 4E

3

 0 cTTeµ cTTeτ(
cTTeµ

)∗
0 cTTµτ(

cTTeτ
)∗ (

cTTµτ
)∗

0

 ,

(A1)

where U is the PMNS mixing matrix, E is the neutrino
energy, GF is Fermi’s constant, and Ne is the average
electron density along the neutrino’s path. For antineu-
trinos, the complex conjugates of all terms are taken
(though in practice this only affects δcp in U and the

a and c parameters) and the signs of the νe matter effect
and a matrices are negative.

The next step is to diagonalize this 3×3 matrix to cal-
culate the new eigenvalues and mixing matrix. Since the
Hamiltonian is Hermitian the eigenvalues are guaranteed
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to be real. They can be calculated below as the roots of
a cubic equation,

Ei = −2
√
Q cos

(
θi
3

)
− a

3
, (A2)

with i = 0, 1, 2 and where the components Q and θi,

Q =
a2 − 3b

9
(A3)

θ0 = cos−1
(
RQ−

3
2

)
(A4)

θ1 =θ0 + 2π (A5)

θ2 =θ0 − 2π, (A6)

can be calculated from the trace and determinant of H:

a =− Tr(H) (A7)

b =
Tr(H)2 − Tr(H2)

2
(A8)

c =− det(H) (A9)

R =
2a3 − 9ab+ 27c

54
. (A10)

The diagonalization also produces a mixing matrix U ,

Uei =
B∗i Ci
Ni

Uµi =
AiCi
Ni

Uτi =
AiBi
Ni

, (A11)

where

Ai =Hµτ (Hee − Ei)−HµeHeτ (A12)

Bi =Hτe(Hµµ − Ei)−HτµHµe (A13)

Ci =Hµe(Hττ − Ei)−HµτHτe (A14)

N2
i =|AiBi|2 + |AiCi|2 + |BiCi|2. (A15)

The oscillation probabilities can then be calculated
from,

Pαβ =
∣∣〈νβ | e−iHL |να〉∣∣2 (A16)

which expands to

Pαβ = δαβ

− 4
∑
j>i

Re
(
UβjU

∗
βiU

∗
αjUαi

)
sin2 (L∆Eji/2)

+ 2
∑
j>i

Im
(
UβjU

∗
βiU

∗
αjUαi

)
sin2 (L∆Eji) , (A17)

where ∆Eji = Ej − Ei are the differences between the
eigenvalues.

We can expand further, taking two examples particu-
larly relevant for atmospheric neutrinos. The νµ survival
probability,

Pµµ = 1−
∑
j>i

|AjAiCjCi|2

N2
jN

2
i

sin2 (L∆Eji/2) , (A18)

and the νe appearance probability,

Pµe =− 4
∑
j>i

Re(A∗jAiB
∗
jBi)|CjCi|2

N2
jN

2
i

sin2 (L∆Eji/2)

+ 2
∑
j>i

Im(A∗jAiB
∗
jBi)|CjCi|2

N2
jN

2
i

sin (L∆Eji) .

(A19)

Appendix B: Oscillograms

This appendix includes plots of the νµ → νµ and νµ → νe oscillation probabilities vs. neutrino path length and
neutrino energy for large (10−22 GeV and 7.5×10−23) values of the LV parameters to show what the effects of the six
different coefficients. Oscillograms for standard three-flavor oscillations are included for comparison at the end. For
both aT and cTT , the eµ and µτ sectors have similar νµ → νµ probabilities but different νµ → νe probabilities. For
both parameters the eτ sector has the opposite effect of the other sectors: eliminating standard oscillations instead
of introducing non-standard oscillations.
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(a)νµ → νµ, No Lorentz violation
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(b)νµ → νe, No Lorentz violation

FIG. 4. (color online) For comparison, the νµ → νµ (left) and νµ → νe (right) oscillation probabilities, plotted in path length
vs. neutrino energy for standard three-flavor oscillations.
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(a)νµ → νµ, aTeµ = 10−22 GeV
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(b)νµ → νe, aTeµ = 10−22 GeV
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(c)νµ → νµ, aTµτ = 10−22 GeV
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(d)νµ → νe, aTµτ = 10−22 GeV
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(e)νµ → νµ, aTeτ = 10−22 GeV
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(f)νµ → νe, aTeτ = 10−22 GeV

FIG. 5. (color online) The νµ → νµ (left) and νµ → νe (right) oscillation probabilities, plotted in path length vs. neutrino
energy for the aT parameter in the (top to bottom) eµ, µτ , and eτ sectors. The aT coefficients scale terms proportional to L,
so the distortions get stronger as cos θz approaches -1.
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(a)νµ → νµ, cTTeµ = 7.5× 10−23
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(b)νµ → νe, cTTeµ = 7.5× 10−23
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(c)νµ → νµ, cTTµτ = 7.5× 10−23
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(d)νµ → νe, cTTµτ = 7.5× 10−23
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(e)νµ → νµ, cTTeτ = 7.5× 10−23
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(f)νµ → νe,cTTeτ = 7.5× 10−23

FIG. 6. (color online) The νµ → νµ (left) and νµ → νe (right) oscillation probabilities, plotted in path length vs. neutrino
energy for the cTT parameter in the (top to bottom) eµ, µτ , and eτ sectors. The cTT coefficients scale terms proportional to
LE, so the distortions get stronger at higher energies.



12

Appendix C: Zenith angle distributions

This appendix includes ratios relative to standard three-flavor oscillations for all of the sub-samples included in
the analysis. The ratios are generally plotted vs. zenith angle (cos θz), except for samples which are binned only in
energy. The data is shown as points with statistical error bars. The dashed lines represent the best fits for each of
the 6 fits while the solid lines represent examples of large LV parameters (10−22 GeV and 7.5× 10−23), the same as
the oscillograms in Appendix B). The plots are divided into e- and NC-like samples and µ-like samples, and the aT

and cTT fits are shown separately.
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FIG. 7. (color online) Ratios of the summed SK-I through SK-IV cos θz or momentum distributions relative to standard three-
flavor oscillations of the e- and NCπ0-like FC sub-samples. They are projected into cos θz when binned in both momentum
and angle. The black points represent the data with statistical errors. The dashed lines represent the best fits from the three
sectors for the aT parameters and the solid lines represent examples of large Lorentz violation (aT = 10−22 GeV, equivalent to
Fig. 5). Significant deviations from unity would indicate Lorentz violation.
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FIG. 9. (color online) Ratios of the summed SK-I through SK-IV cos θz or momentum distributions relative to standard
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FIG. 10. (color online) Ratios of the summed SK-I through SK-IV cos θz distributions relative to standard three-flavor oscil-
lations for the µ-like FC, PC, and UP-µ sub-samples. They are projected into cos θz when binned in both and the Sub-GeV
2 decay-e sample is binned only in momentum. The black points represent the data with statistical errors. The dashed lines
represent the best fits from the three sectors for the cTT parameters and the solid lines represent examples of large Lorentz
violation (cTT = 7.5× 10−23, equivalent to Fig. 6). Significant deviations from unity would indicate Lorentz violation.
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