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Abstract

In the framework of a 3-3-1 model with a minimal scalar sector, known as the economical 3-3-1
model, we study its capabilities of generating realistic quark masses. After a detailed study of the
symmetries of the model, before and after the spontaneous symmetry breaking, we find a remaining
axial symmetry that prevents some quarks to gain mass at all orders in perturbation theory. Since
this accidental symmetry is anomalous, we also consider briefly the possibility to generate their
masses for non-perturbative effects. However, we find that non-perturbative effects are not enough
to generate the measured masses for that three massless quarks. Hence, these results imply that

the economical 3-3-1 model is not a realistic description of the electroweak interaction.
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I. INTRODUCTION

Up to now, from the experimental point of view, neutrino masses and their mixing, and
dark matter are the only issues demanding for explanations beyond the standard model
(SM). On the other hand, from the theoretical point of view, the quest for a more deeper
understanding lead us to believe that a more fundamental model of the interactions is needed.
That model should be able to answer simple but deep questions. Some of these questions
are: why the number of families of quarks and leptons is three? Is there a more fundamental
relation (symmetry) between quarks and leptons? Why does the observed pattern for the
particle masses have this particular form? Should not the parameters involved have any
calculability? What is the origin of CP violation? Even in the SM, what is the origin of the
CP violating CKM phase? Can it be computed? Is there any more efficient mechanism able
to account for the matter-antimatter asymmetry in the Universe? What is the mechanism
that generates masses and mixing angles for neutrinos? Is there CP violation in leptons?
What would be its role in the evolution of the Universe? How dark matter and dark energy
can be incorporated? Unfortunately, up to now, the experimental efforts were not able to
indicate exactly what the physics beyond the SM should be.

In the framework of gauge theories, one way of introducing new physics is to consider a
gauge symmetry group larger than the SM one. Some years ago models with the SU(3)¢ ®
SU(3),®U(1)x gauge symmetry were proposed [1-4], which are having considerable further
developments. The so-called 3-3-1 models present interesting features concerning the asked
questions above. One of them is that, depending on the representation content, the triangle
anomalies cancel out, and the number of families has to be a multiple of three. More
precisely, it must be just three due to the asymptotic freedom. A version of this kind of
models called minimal [1-4] presents a Landau-like pole when sin?6fy, = 1/4 at energies
of the order of a few TeVs [5]. This particular behavior stabilizes the electroweak scale
avoiding the hierarchy problem and also explains why it is observed sin? 6y, < 1/4. This
model also accounts for the electric charge quantization independently of the nature of the
massive neutrinos, i.e. whether they are Dirac or Majorana particles [6]. The model has
also interesting features concerning the strong CP problem. In the minimal 3-3-1 model
there is an almost automatic Peccei-Quinn (PQ) symmetry, and an automatic one in the so

called economical version of the model, as we will show here below. In both versions there



are ways of solving the strong CP problem while keeping the corresponding axion invisible
and protected against gravitational effects [7, 8]. Due to a larger gauge symmetry group
and a rich scalar sector, this kind of model has called some attention in many other subjects
like new sources of CP violation, active neutrino mass generation and mixing, dark matter
candidates and Z’-boson physics.

In this paper we are concerned with the quark mass generation, in the context of the
economical 3-3-1 model (E331, for short). In particular we investigate the capabilities of the
model in generating realistic quark masses. The quark sector of this model was already con-
sidered in literature and conflicting results were found [8, 9]. In this work, in order to clarify
this important issue, we do a detailed study of the symmetries (local and global symmetries)
of the entire E331-model Lagrangian. Once we have identified all the symmetries, and after
the spontaneous symmetry breaking (SSB) of the scalar potential, we investigate which are
the remaining symmetries (if any) of the vacuum state. In other words, we seek which are (if
any) the independent linear combinations of the group generators that annihilate the vac-
uum state, in order to know if the corresponding symmetries are realized a la Wigner-Weyl
(WW) or Nambu-Goldstone (NG). That is of fundamental importance since it will affect
the physical particle spectrum. If the total Lagrangian and vacuum state are both invariant
under a symmetry transformation, this is a WW realization of that symmetry. On the other
hand, if the vacuum is not invariant this is a NG realization and this implies a massless NG
scalar boson. We find that there is a WW realization of a subgroup of the initial symmetry
group that protects some quarks from getting mass at all orders in perturbation theory, as
expected from quantum field theory.

The paper is organized as follows. In Sec. II we briefly review the economical 3-3-1 model.
In Sec. III we make a detailed study of the symmetries of the model, in both situations
before and after the spontaneous symmetry breakdown, and its implication for the quark
masses. Non-perturbative effects contributing to quark masses are also briefly considered.

Our conclusions are presented in Sec. IV.



II. A BRIEF REVIEW OF THE ECONOMICAL 3-3-1 MODEL

The model considered has a matter content given by [10]

T
\IfaL = (Vm €a, (VaR)C>L ~ (1> 3> _1/3) y CaR ™ (1> 1’ _1) )

QaL - (don Uq, d:x)z ~ (3a 3*> O)a QBL = (Ug, d3a Ug)z ~ (37 37 1/3)7
tar ~ (3,1,2/3) , iy ~ (3,1,2/3), dun ~ (3,1, —1/3), d.pe ~ (3,1, —1/3)

(
=0 ~(1,3,-1/3), p= (", 1% o))" ~(1,3,2/3), (1)

where a = 1, 2, 3, @ = 1, 2 and the values in parentheses denote respectively the quantum
numbers corresponding to the (SU(3),, SU(3),, U(1)) groups. From now on Latin and
Greek letters always take the values 1, 2, 3 and 1, 2, respectively.

With the quark, lepton and scalar multiplets in Eq. (1) we have that the most general

Yukawa interactions allowed by the gauge symmetries and renormalizability are

»CY = Yab\Il—aLebRp + Y:z/b‘sijk (\II—GL)Z (\Ilbl)]c (p*>k
+ Gl@ung + GiﬁQaLd,ﬁRX* + GZ@daRP + GiaQaLuaRp*

+ G2QspuarX + G QardarX” + GTQsrd, pp + GEQuruspp” + h.c., (2)

where G*, Yy, and Y}, are arbitrary complex matrices and Y}, is also antisymmetric. We use
the convention that addition over repeated indices is implied.

The x and p scalar multiplets break down spontaneously the SU(3), ® SU(3), ® U(1)
gauge symmetry. The vacuum expectation values, VEVs, in this model satisfy (Rep®) =
v, (Rex?) = u < (Rex?) = w. The most general scalar potential, that is both invariant

under the gauge symmetry and renormalizable, is

V= 2xx 12000+ A (8 X (00)” + s (XT) (0f0) + 00 (X)) (0Tx) . (3)

With only two scalar multiplets the scalar sector is simple and it is, in principle, an appealing
feature of this model comparing to other 3-3-1 models [1, 2, 11].

Finally, the electric charge operator is written as

Q:Ts—%R*-X, (4)

where T3 and Ty are the diagonal generators of the SU(3), group and X refers to the quantum
number of the U(1), group.



III. SPONTANEOUS SYMMETRY BREAKING AND MASSLESS QUARKS

Before considering which symmetries are broken down, we look for all exact symmetries,
local and global, this model actually has. Doing so, we realize that apart from the local
gauge symmetry SU(3),®SU(3), ®U(1) y, this model has two extra global U(1) symmetries
which we denoted generically by U(1) ¢~ In order to see that, we write down the relations
that these symmetries have to obey in order to keep the entire Lagrangian invariant. From

Eq. (2) we obtain the following relations

—C@s + Cu, G =0, —Co+Cap, =G =0, —Cgs + Cup + ¢ =0, (5)
—C@ +Cir =G =0, =Cos +Car + 6 =0, =Co 4 Cur =€ =0, (6)
—Cs +Cay, TG =0, =Co+Cuy, =G =0, =Cu + (e + (=0, (7)
2Cy + ¢, =0, (8)

where the (y,’s above denote the U(1), charges of the ¢; fields. Solving Eqgs. (5-8), we find
that all charges, (y,, can be written in terms of three independent ones. It means that the
model has only three independent U(1) ¢ symmetries. In principle, we can choose whatever
three independent U(1) ¢ Symmetries as basis. However, some physical considerations can
be done to appropriately choose them. First, we note that one of these symmetries is the
U(1)y gauge symmetry which is anomaly free by construction and which has an associated
gauge boson. The other two are global symmetries and they can be divided into a vectorial
and a axial symmetry acting on the quarks. The vectorial one is the well known baryon
number symmetry, denoted here as U(1),, which is an accidental symmetry in this model
as it is in the SM. The other one is a axial symmetry also acting on the quarks, which
we denote as U(1)pg. The last symmetry is a PQ one since it is anomalous and Apq,
the coefficient of the [SU(B)C]zU(l)PQ anomaly, is ac —3. Also, notice that the U(1)p, is
a natural symmetry in the sense that it is not imposed, it follows from the gauge local
symmetry and renormalizability, instead. In other words, the economical model naturally
has a PQ symmetry. The assignment of the three independent U(1) quantum charges is
shown in Table I (these quantum charges appeared for the first time in Ref. [8], we have
written them here for the sake of completeness and clearness). Thus, the model actually has
a larger symmetry: G = SU(3), ® SU(3), ® U(1)x ® U(1)5 ® U(1)pg,, where the last two

ones are accidental and global symmetries.



Qar| Q3r| (uar, Usp)| (dar, dg)| Yar| €ar| pP| X
Ul)y| 0 |1/3| 2/3 “1/3 |-1/3| -1 |2/3|-1/3
Uy | 1/3|1/3|  1/3 1/3 oo o] o
U(l)pg| —1 | 1 0 0 |-1/2|-3/2| 1| 1

Table I: Assignment of the three independent U(1) quantum charges in the economical 3-3-1 model.

Now, let us search for the remaining symmetries after the y and p scalar triplets obtain
their VEVs, (x) =V, = —& (u 0, w)" and (p) = V, =% (0 v, 0)". To do that, we consider
an infinitesimal transformatlon of the total group G on the vacuum states to find the gener-
ators of the unbroken subgroups as a linear combination of the T;, X, PQ, and B generators.
Here, it is important to note that the SU(3), ® U(1), subgroups are clearly unbroken and
thus we can omit them in the following analysis without affecting our conclusions. Then,

under an infinitesimal transformation on the vacuum we have

8
(Z%Ti + v Xxlsxs + 5PQX13x3> Vi =0, (9)

s

(Zam +9 X, 1353 + (5PQP13X3> V, =0, (10)
i=1

where «;, v and d are independent real constants and 13,3 denotes the 3 x 3 identity matrix.

Also, we have from Table I that Xx = —1/3, X, = 2/3 and PQ, = PQ, = 1. Since the x

and p scalar triplets are in the fundamental representation of SU(3),, the 7T} generators in

Egs. (9) and (10) are given by \;/2, where \; are the well known Gell-Mann matrices. From

Egs. (9-10) follows

v(an —ias) = 0, (11)

v(ag + iar) = 0, (12)

u (g +iog) +w (ag —iar) = 0, (13)

( 3a3+\fa8+47+65) =0, (14)

Bu(ay + i) — 2w (Vag +7 - 36) = 0, (15)

u <3a3 +v3ag — 29 + 65) + 3w(ay —ias) = 0, (16)

with i = v/—1. Solving simultaneously Eqs. (11-16) (with u # 0, v # 0 and w # 0) we have
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that oy = as = a5 = ag = ay = 0 and

6uw

6 2w? az  6cos(20) as
o= O (20 N5 s _ Gcos20) as 18
T3 <u2 +w? ) V3 V3 V3 "
3w? 3
vo= —mé + a3 = —5 (1 + COS(29)) 5 _I_ A3, (19)

where tanf = u/w. Since the parameters oz and § are independent, this implies that
from the ten generators only two linearly independent combinations, say g; and gs, remain
unbroken. At a first glance, the choice of these generators is arbitrary. However, we take
into consideration that one of them has to be the anomaly-free electric charge generator,
which is achieved by taken 6 = 0 and a3 = 1. Doing so, g; = ). The other generator, g,
must have § # 0 in order to be linearly independent of g; (since all generator with 6 = 0

will be proportional to ). Hence, the unbroken generators are written as:

1
— Ty — — Ty + X, 20
g1 3 V3 8 (20)
g2 = |3cos?(0) T3 — 3sin(20) T, + %\/5(3 cos(26) — 1) Tz + PQ| 9, (21)

with § # 0 in the last equation. The symmetry associated to g, U(I)Q, is anomaly free as
it is well known. The gy generator, which is independent from gy, is a linear combination of
T3, Ty, Tz, PQ generators. We refer to the symmetry associated to g, as U(1),. The key
point here is that a part of the initial axial symmetry, U(l)PQ, remains unbroken because
the coefficient d, in Eq. (21), is always different from zero. In conclusion, the existence of g;
and g, implies that the U(1), ® U(1)y subgroup of the SU(3), @ U(1) x ® U(1)p, remains
unbroken.

Now, since G is an exact symmetry, i.e. [G, Lr] = 0 (where L7 is the total Lagrangian of
the model) from the Goldstone’s theorem [12], we have exactly eight NG scalar bosons (a NG
scalar boson for each broken generator), which in this model will become the longitudinal
component of the eight massive gauge vector bosons via the Higgs mechanism. In the
physical scalar spectrum this model has only massive scalar bosons, HY, HY, H", H~, as
it is shown in [13]. If the go was broken, a NG scalar boson would appear in the physical
scalar spectrum. Because g, has a component in PQ generator, that physical NG scalar
boson would be an axion. However, it does not happen and the model has three massless

quarks (one u—type quark and two d—type quarks) instead. This can be easily seen from
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the mass matrices because a couple of rows in the u—quark mass matrix and two couples of
rows in the d—quark mass matrix are proportional to each other, see Egs. (18) and (19) in
Ref. [13]. The exact form of those massless quarks is neither clarifying nor relevant for our
analysis, thus, we do not write them here. These massless quarks are fully expected because
an exact axial symmetry that is realized in the WW manner implies massless fermions.
The action of the remaining U(1), symmetry preventing some quarks to gain mass be-
comes obvious when we change basis to work with the mass eigenstates instead of the
symmetry eigenstates. The symmetry eigenstates U;p g, Djr,r (with i = 1,...,4 and j =
1,...,5) and the mass eigenstates (Unr),y, r, (Dm),; p are related by Up g = (VR (Un)r.r
and Dpp = (V22)"(Dy)p g, where VL[{ % are independent unitary matrices such that
VIMUVIT = MY and VPMPVDT = MP, where MY = diag(mu,,, > Muyss Marss Mausys)
and MP = diag(ma,,,, Mdyyy» Mdyss» Mdags> Mayys)- Since the mass matrix of the u— and d-
quark types are not hermitian matrices, in order to obtain the mass eigenstates we have
to solve the matrix equations: VIMIMITVI = ViMatpavaT = (M9)?, ¢ = U, D. More
specifically, we have to find the base-rotation matrices V'z and V7 to be able to write
the Yukawa interactions in terms of the quark-mass eigenstates. This task can be done
by standard procedures. Unfortunately, exact analytical expressions for these matrix are
enormous so that it is worthless to show them here. The diagonalization study shows
that we have one vanishing eigenvalue in the u—quark sector and two in the d—quark
sector, as expected. The respective zero-mass eigenstates are clearly identified. Lets
call them as w1, dyi, and dpe. It means that there are no mass terms of the form
Moy ), UATTLUML R + My st LA g + My darordarog + hec., i€, My, = May, = My, = 0.
We find more important results looking at the quark-scalar field interactions coming from
the Yukawa interactions in Eq. 2. Here we find that there is no interactions involving the
right component of these massless quark states. The right states uynp, dyig, and dysp
disappear from the Yukawa interactions. In other words, no left quark state are coupled with
these massless states through neutral- or charged-scalar fields. Nonetheless, these zero-mass
right components should have some interaction after all. In fact, from the quark kinetic
terms we find that they interact only with the neutral vector bosons, A,, Z,, and Z /; These
interactions couple only quarks with the same chirality. It means that each one of the
right components w1 g, dyig, and dyop can be transformed by an arbitrary U(1)y phase

without affecting any other term in the Lagrangian. Hence, looking at the Yukawa and



the neutral vector boson interactions, written in terms of the quark-mass eigenstates, we
can identify the U(1)y symmetry responsible for preventing these quark states to get mass:
the massless right fields w1 g, dyng, and dasp transform as e®uig, €din g, €“dyog
and all other fields transform trivially under U(1)y (note that this symmetry is anomalous
with [SU(3),]° U(1); anomaly oc —3). This is a clear and undoubtable manifestation of
the remaining symmetry we have found. If we consider perturbation theory, these massless
quarks can not get mass through radiative corrections to their propagators since the right
component of these fields disappeared from the Yukawa interactions and they only couple
to neutral vector bosons which conserve chirality. Therefore, there is no way to form loop
diagrams to give mass for these particular fields, at all orders in perturbation theory.

Now, let us discuss the possibility of generating masses for those massless quarks through
non-perturbative corrections and the viability of this model to explain the low-energy hadron
phenomenology. Roughly speaking, that can be seen as follows. From both chiral QCD and
lattice calculations the ratio p, /g is 0.410 £ 0.036 [14-16], where ,, and g4 are the “low-

energy quark masses”. These should be distinguished from the quark mass parameters, m; of

mgms

AxSB

the QCD Lagrangian at high scale [17]. In particular, p, = B1m,, + B2 where Ay gp ~ 1
TeV (where we have identified naturally the massless quarks as u = uy; and d = dyy; and
s = dp2). It means, p, receives an additive non-perturbative contribution of order mgms
in addition to the perturbative one, S;m,, which is zero because both m,, is zero. The non-
perturbative contribution is also zero because m, and m, are both zero and [, is estimated

to be a number of order one. Thus, p, = 0, which is in complete disagreement with the

ratio fi, /. A similar analysis is also valid for the ug and ps [18].

IV. CONCLUSIONS

The scalar content in the E331 model is not enough to break down the initial symme-
try, G to U(1), ® U(1). Instead, an extra generator g, remains unbroken and thus the
model has a U(1), axial symmetry after the spontaneous symmetry breaking. As we have
explicitly shown above, go is a linear combination of the T3, Ty, Ty, PQ generators and it is
linearly independent of the generators of the electric charge and baryonic number, ¢; and B,
respectively. Because of the PQ component in the g, generator, we have that the initial axial

U(1)pq symmetry is not completely broken. In other words the U(1), ® U(1), subgroup



of the SU(3), ® U(1)x ® U(1)p, group remains unbroken. Therefore, the model has three
massless quarks. The U(1), symmetry acts on the mass eigenstates as an axial symmetry,
Uanir — €unir, dang — €“dyng, dyor — €“dapr, and this will protect these massless
quarks to acquire mass at any level of perturbation theory. Furthermore, we recall that
the unbroken U(1);; subgroup has its origin in an axial symmetry, U(1)p, which, although
anomalous, is an accidental symmetry in the sense that it follows from the gauge symmetries
and renormalizability. Therefore, the remaining axial symmetry acting on quarks will only
be broken down by non-perturbative QCD processes [19]. However, these effects are not
enough to provide the necessary low-energy quark masses, p;, to the three massless quarks
to make the model be in agreement with both chiral QCD and lattice calculations, which
give the ratio p,/pq is 0.410 £ 0.036 [14-16]. Hence, the economical version of the 3-3-1
model can not be considered a realistic description of the electroweak interaction. The orig-
inal 3-3-1 models, as the model I presented in Ref. [4], for instance, do not suffer from such

illness.
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