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This article gives details of our proposal to replace ordinary chiral SU(3)r x SU(3)r perturbation
theory xPTs by 3-flavor chiral-scale perturbation theory xPT,. In xPT,, amplitudes are expanded
at low energies and small u,d, s quark masses about an infrared fixed point a;p of 3-flavor QCD.
At a;gr, the quark condensate (Gg)vac # 0 induces nine Nambu-Goldstone bosons: m, K,n and a
0t" QCD dilaton o. Physically, o appears as the f5(500) resonance, a pole at a complex mass
with real part < mx. The AI = 1/2 rule for nonleptonic K-decays is then a consequence of xPT,,
with a Kgso coupling fixed by data for vy — 7w and Ks — vy. We estimate Rir =~ 5 for the
nonperturbative Drell-Yan ratio R = o(e*e™ — hadrons)/o(ete™ — pu" ™) at g, and show that
in the many-color limit, o/fo becomes a narrow ¢g state with planar-gluon corrections. Rules for
the order of terms in xPT, loop expansions are derived in Appendix A, and extended in Appendix
B to include inverse-power Li-Pagels singularities due to external operators. This relates to an
observation that, for 7 channels, partial conservation of the dilatation current is not equivalent to
o-pole dominance.
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I. SUMMARY

The precise determination of the mass and width of
the fo(500) resonance [1-3] prompted us [4] to revisit
an old idea [5, 6] that the chiral condensate (§q)vac # 0
may also be a condensate for scale transformations in the
chiral SU(3)r, x SU(3)g limit. This may occur in QCD
if the heavy quarks t, b, ¢ are first decoupled and then the
strong coupling' «, of the resulting 3-flavor theory runs
nonperturbatively to a fixed point a;g in the infrared
limit (Fig. 1). At that point, S(a;g) vanishes, so the
gluonic term in the strong trace anomaly [18§]
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o — G2, G+ (14 ym(as)) > meqg (1)

q=u,d,s
is absent, which implies

or

= (14 ym (o)) (mytiu + madd + m5s)
0, SU(3). x SU(3)x limit 2)

and hence a 07+ QCD dilaton? ¢ due to quark condensa-
tion.® The obvious candidate for this state is the fo(500),
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I We have [D,,, D,] = igGY, T where Dy, is the covariant deriva-
tive, {T%} generate the gauge group, as = g2/4r is the strong
coupling, and 8 = pdas/Op and vm = pdlnmg/Op refer to a
mass-independent renormalization scheme with scale p.

2 We reserve the term dilaton and notation o for a Nambu-
Goldstone boson due to scale invariance being preserved by the

Ny = 3 proposal
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FIG. 1: The solid line shows a 3-flavor 8 function (or better,
a QCD version [7] of the Gell-Mann—Low W function) with
an infrared fixed point ajg at which as “freezes” [8-13] but
the manifest scale invariance of [14-16] is avoided. The exis-
tence of ayr for small Ny values is not entirely settled. The
dashed line shows the original lattice result [17] for Ny = 0
(no quarks) where 8 remains negative and becomes linear at
large as.

which arises from a pole on the second sheet at a complex
mass with typical value [1]

my, = 441 — i 272 MeV (3)

Hamiltonian but broken by the vacuum, in some limit. We are
not talking about the o-model, scalar gluonium [19], or “walk-
ing gauge theories” [20-23] where 8 & 0 near a scale-invariant
vacuum and proposals for “dilatons” [23-25] seem unlikely [26].
In field and string theory, it is often stated that Green’s functions
are manifestly conformal invariant for 8 = 0. This assumes that,
as in perturbative theories with 8 = 0, there are no scale con-
densates. If a scale condensate is present, conformal invariance
becomes manifest only if all 4-momenta are space-like and large.
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FIG. 2: Tree diagrams in the effective theory xyPT, for the
decay Ks — mm. The vertex amplitudes due to 8 and 27 con-
tact couplings gs and g27 are dominated by the o/ fo pole am-
plitude. The magnitude of gk, is found by applying xPT,
to Ks — vy and vy — 7.

and surprisingly small errors [27]. In all estimates of this
type, the real part of my, is less than mg.

In Sect. IT below, we recall problems with the phe-
nomenology of yPT3 caused by the fo pole in 07 chan-
nels, and observe that they can be avoided by treating
fo as a Nambu-Goldstone (NG) boson o in the limit
(2). The result is chiral-scale perturbation theory yPT,,
where the NG sector {m, K,n, fo/o} is clearly separated
in scale from other hadrons.

Sect. IIT introduces the model-independent xyPT, La-
grangian for meson amplitudes expanded in a,; about oy
for my, 4,5 ~ 0. It summarizes soft 7, K,n,c meson the-
orems for three-flavor chiral and scale symmetry. For
amplitudes where o plays no role, the results agree with
XPTs. Results for soft ¢ amplitudes (Sect. IV) are simi-
lar to those found originally [5, 6] but include effects due
to the gluonic term in (1). In Appendix A, Weinberg’s
analysis of the yPT5 loop expansion [28] is extended to
include xPT,.

Effective electromagnetic and weak operators are then
added to simulate two-photon processes (Sect. VI) and
nonleptonic K decays (Sect. VII). The main result is a
simple explanation of the AI = 1/2 rule for kaon de-
cays: in the lowest order of xYPT, there is a dilaton pole
diagram (Fig. 2) which produces most of the {m7}—¢
amplitude

AO = JAg&27 vertices T Ao’—pole = Ao’—pole (4-)
and makes it large relative to the I = 2 amplitude As [3]:
|40/ Ao

We conclude that the ratio of the 8 and 27 contact cou-
plings gs and go7 is of the order

1< [gs/g2r| <5 (6)

indicated by early calculations [29-32], and not the value
22 found by fitting lowest order xPT3 to data.

In order to obtain a value for the Kgo coupling of
Fig. 2, we compare the two-photon processes vy — 7w
(Fig. 3) and K¢ — 7v. Well-known features of these
amplitudes are the presence of ultraviolet finite 7%+, K+
loop diagrams coupled to the external photons [33], and
the need for a rule [34-36]

22, (5)

~
expt

Ap~ 0, = O(p) (7)

FIG. 3: Dilaton pole in vy — 7. In this order of xPT,,
diagrams with a 7% or KT loop coupled to both photons
must also be included.

specifying the effect of a photon or weak boson field A,
on the chiral order of terms in loop expansions. These
features are important for our analysis, and in particular,
for an investigation in Sect. VI of the relation between
the o7 coupling (Fig. 3) and the electromagnetic trace
anomaly [37, 38]

6 = 0 + (Ro/6r) Fyp FH,
o(eTe™ — hadrons)
olete” = ptp~)

R= (8)

energy— oo
at the QCD infrared fixed point as = a;g. Here F),,
and a are the electromagnetic field strength tensor and
fine-structure constant, and 6,,,, is the energy-momentum
tensor for QCD and QED combined.

To obtain an approximate result for the decay o — v,
the momentum ¢ carried by 64 has to be extrapolated

from ¢? = 0 (given exactly by the electromagnetic trace
anomaly) to ¢> = mZ. In simple cases, and when pho-
tons are absent, this amounts to o-pole dominance of 64,
i.e. partial conservation of the dilatation current (PCDC)
[39], which is the direct analogue of partial conservation
of the axial-vector current (PCAC) for soft-pion ampli-
tudes. However, we find that, unlike PCAC for 7% — ~7,
PCDC for ¢ — ~v is modified by meson loop diagrams
coupled to photons. In effect, these ultraviolet conver-
gent diagrams produce an infrared singularity which is
an inverse power of the light quark mass, arising in the
same way as conventional Li-Pagels singularities [40, 41],
but sufficiently singular to compete with the pole term.

In Appendix B, we show that, for a fixed number
of external operators coupled purely to the NG sector,
these inverse-power singularities do not upset the con-
vergence of the chiral expansion: relative to the corre-
sponding lowest order graph, be it tree or loop, each ad-
ditional loop produces a factor O(my) or O(mglnmy).
The analysis generalises the rule (7) for minimal gauge
couplings [34, 35] and its extension to axial anomalies [36]
to include (a) other nonminimal gauge couplings such
as the electromagnetic trace anomaly (8), and (b) ex-
ternal Wilson operators of any kind. Appendix C is a
brief note about Eq. (8) for QCD in the physical region
0 <as <apg.

Unlike other results in this article, our estimate

Rig =5 9)

for the renormalized value of R at the fixed point depends
on the many-color limit N. — oco. This involves the



observation (Sect. II) that for N, large, the dilaton o/ fo
is a qq state, i.e. similar to 7, K, 7, but with planar-gluon
corrections. Like other ¢g resonances, o/ fo has a narrow
width in that limit (Sect. IV).

II. MOTIVATION

It may seem odd that new conclusions about QCD
can be drawn simply from approximate chiral symme-
try and 0+ pole diagrams. Scalar pole dominance for
reactions like Kg — 7 was considered long ago [42-45],
it can be easily incorporated in a chiral invariant way,
and if difficulties with hyperon decays® are overlooked,
theory and experiment for soft w, K, n amplitudes are in
excellent agreement, with dispersive corrections included
where necessary.

The flaw in this picture is contained in another old ob-
servation — lowest order yPTs, if not corrected, typically
fails for amplitudes which involve both a 0™ channel and
O(my) extrapolations in momenta:

1. Final-state 77 interactions [46] in K4 decays [47]
and nonleptonic K [48, 49] and n [50, 51] decays
compete with and often dominate purely chiral con-
tributions [46-52].

2. The chiral one-loop prediction for the Kj — 7%y
rate [53] is only 1/3 of the measured value [54].

3. The lowest order prediction [55, 56] of a linear rise
in the vy — 77° cross section disagrees [57] with
the Crystal Ball data [58].

These facts became evident at a time when it was thought
that 0+ resonances below ~ 1 GeV did not exist,® but it
was already clear that agreement with data required the
inclusion of large dispersive effects which had to be some-
how “married” to chiral predictions [61]. The same can
be said now, except that the fo(500) pole of Eq. (3) can
be identified as the source of these effects. Consequently
dispersion theory for these processes, with the possible
exception of n — 37 decay [62], is far better understood
[45, 63-66].

But that does nothing to alter the fact that the low-
est order of standard chiral SU(3) x SU(3) perturbation
theory xPTj3 fits these data so poorly. The lowest order
amplitude Aro is the first term of an asymptotic series

A= {Avo + Axro + Axnro + - -} (10)

xPTs3

in powers of O(m g ) momenta and quark masses m,, 4,5 =
O(m3%) (with my, q/ms held fixed). If the first term is a

4 Accounting for nonleptonic hyperon decays will require either
xPT for baryons or the weak sector of the Standard Model to be
modified.

5 The €(700) resonance considered in [5, 6, 37, 38] was last listed
in 1974 [59]. Replacing it by fo(500) was proposed in 1996 [60].

poor fit, any truncation of the series to make it agree
with a dispersive fit to data is unsatisfactory because the
series is diverging.

For example, consider the amplitude for K; — 70y
(item 2 above). Let the series (10) be matched to data
by including dispersive NLO corrections (next to lowest
order) and then truncating:

Ak, —moyy = {ALo + ANLO}XPT3 . (11)

The LO prediction for the rate is 1/3 too small, so, de-
pending on the relative phase of the LO and NLO terms,
a fit can be achieved only for

‘ANLO‘XPTg 2 ﬁ’ALO’XPn : (12)

How can this be reconciled with the success [35] of
xPT3 elsewhere? Corrections to lowest order yPTj3
should be ~ 30% at most:

|’ANLO/ALO|XPT3 < 0.3, acceptable fit. (13)

A standard response® is that there are limits to the ap-
plicability of an expansion like yPT3, so failures in a few
cases are to be expected.

In our view, there is a consistent trend of failure in
0T channels which can and should be corrected by mod-
ifying the lowest order of the three-flavor theory. This
must be achieved without changing xPTs, where ampli-
tudes are expanded about the chiral SU(2) x SU(2) limit
with O(m, ) extrapolations” in momenta; yP Ty is wholly
successful, producing convergent results with small cor-
rections, typically 5% or at most 10%:

|ANLO/ALO}XPT2 < 0.1, observed fits. (14)

Our solution is to replace xPT3 by chiral-scale per-
turbation theory xPT,, whose NG sector {7, K,n,0/fo}
includes fo(500) as a dilaton o associated with the scale-
invariant limit (2). In xPT,, the strange quark mass m
sets the scale of mfco as well as m?% and m?, (Fig. 4, bot-
tom diagram). As a result, the rules for counting powers
of my are changed: fy pole amplitudes (NLO in xPTj)
are promoted to LO. That fixes the LO problem for am-
plitudes involving 0** channels and O(my) extrapola-
tions in momenta. At the same time, YPT, preserves
the LO successes of xPTj3 elsewhere: for reactions which
do not involve o/ fo, the predictions of yPT3 and xPT,
are identical.

The analysis relies on a clear distinction being drawn
between xPTs, xPT3, and xPT,. For each amplitude

6 LCT thanks Professor H. Leutwyler for a discussion of this point.

7 For some authors, “two-flavor theory” refers to pionic processes
without the restriction O(my) on pion momenta. That is xPT3
or xPT,, not xPTa. See Fig. 4.
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FIG. 4: Scale separations between Nambu-Goldstone (NG)
sectors and other hadrons for each type of chiral perturbation
theory xPT discussed in this paper. Note that scale separa-
tion in xPTs2 (chiral SU(2) x SU(2), top diagram) is ensured
by limiting extrapolations in momenta p,p’ to O(mx) (not
O(mk)). In conventional three-flavor theory xyPT3 (middle
diagram), there is no scale separation: the non-NG boson
fo(500) sits in the middle of the NG sector {m, K,n}. Our
three-flavor proposal xPT, (bottom diagram) for O(mxk) ex-
trapolations in momenta implies a clear scale separation be-
tween the NG sector {m, K,n,0 = fo} and the non-NG sector
{p7w7 K*7 N7 77’7 ot '}'

A, these three versions of xPT produce three inequiva-
lent asymptotic expansions of the form (10). The corre-
sponding scale separations between NG sectors and other
particles are shown in Fig. 4.

We use xPTs in the strict sense originally intended
[34, 41, 67-69]: an asymptotic expansion for the limit
My,q — 0 with ms # 0 and (crucially) momentum ex-
trapolations limited to O(m,). There are only three
NG bosons {7, 7%, 7}, with no dilaton: xPTs is not
sensitive to the behavior of S because of the relatively
large term mg3s in Eq. (1) for 4. Since s is not
treated as a light quark, the K and n mesons as well as
fo,p,w, N, 0’ ... are excluded from the yPTs NG sector.

If there is an O(mpg) extrapolation in momentum,
xPT5 is not sufficient. Three-flavor contributions must
be included, either as large dispersive extrapolations, or
with xPTy replaced by a three-flavor chiral expansion:
xPTs [35, 41, 70-72] or xPT,.

An O(mg) extrapolation may arise because K or 7 is
soft, or because the pion momenta in (say) 7w — 77 or
~7y — mm are chosen to be O(my), or because of a kine-
matic constraint. A well known example is the fact that
xPT5 says almost nothing about Kg — nm: if one pion
becomes soft, the momentum difference between on-shell
states |K) and |m) is necessarily O(mg). An example
of interest in Sect. VII is the pion-loop result [33] for

Kg — =7y, which is not implied by yPTs: a three-flavor
expansion is necessary.
Both xyPT3 and xPT, involve the limit®

m; ~ 0, m;/m; fixed, i, = u,d, s. (15)

In each case, amplitudes are expanded in powers and
logarithms of

{momenta} /xcn < 1 (16)

where the infrared mass scale x.n, &~ 1 GeV is set by the
chiral condensate (Gq)vac. In xXPTs, Xen is 47F; [75],
where F; = 93 MeV is the pion decay constant; a similar
result will be found for xyPT, in Sect. IV. The chiral
scale . also sets the mass scale of particles outside the
corresponding NG sectors.? For nucleons with mass My,
this is evident from the Goldberger-Treiman relation

FrgrnN =~ gaMpy . (17)

It is essential [75] to make a clear distinction between
the low-energy scale x., and the ultraviolet QCD scale
Aqcp = 200 MeV associated with expansions in the
asymptotically free domain

{momenta} /Aqcp > 1. (18)

Strong gluonic fields are presumably responsible for both
scales, but that does not mean that the dimensionless
ratio

Xch/AQCD ~5 (19)

has to be 1.

The difference between yPTs and xPT, can be seen
in the relation between hadronic masses and terms in
Eq. (1) for 64

In xPTs, there is no sense in which the gluonic trace
anomaly is small. For example, the gluonic anomaly is
taken to be responsible for most of the nucleon’s mass:

20s) (g2 vy + o) - (20)

— 123 —

My = (NIBAN) =
This assumes that f,(500) pole terms can be neglected,
or equivalently, given that fj is so light on the mass scale
for non-NG particles set by xcn, that fy couples weakly
to G? and Gg. As noted in Fig. 4, the small f, mass
implies that yPTj5 has no scale separation, which (as we
have seen) is a problem because fy couples so strongly to
other particles.

8 We require ms > m,, q throughout. Double asymptotic series
can be considered for either xPT2 and xPT3 [35, 73] or xPT2 and
xPTs. The unusual limit ms — 0 for fixed My q # 0 considered
in Sect. 4 of [74] does not produce any NG bosons.

9 Except for glueballs, if they exist. In xPT,, they may have large
masses due to gluonic scale condensates such as <G2>Vac.
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FIG. 5: Dominant o-pole diagram in xPT, for (N|6}|N).

Contrast this with xPT,, where the infrared regime
O(mx) momenta < Xcn (21)
emphasizes values of s close to a;p, so a combined limit

Myds~0 and oy S amp (22)
must be considered. Since S(as) is small, the gluonic
trace anomaly is small as an operator, but it can produce
large amplitudes when coupled to dilatons.

Consider how My arises in YPT, (Fig. 5). Like other
pseudo-NG bosons, o couples to the vacuum via the di-
vergence of its symmetry current,

()01 |vac) = —m2F, =O0(m2), my =0 (23)

where F, is the dilaton decay constant. The nucleon re-
mains massive in the scaling limit because of its coupling
—gonNONN to o and the factor —i/m?2 produced by the
o pole at zero momentum transfer. This gives rise to the
well known analogue [39]

FgggNN ZMN (24)

of the Goldberger-Trieman relation (17).
In our scheme, both the gluonic anomaly and the quark
mass term in Eq. (1) for 6/} can contribute to My in the

chiral-scale limit (2). That is because we require!’
mZ =0(m3%) = O(Mmu.a.s), (25)
which allows the constants Fg2 and Fg, given by

Blas)/(4as)(0]G?|vac) = —mj Fgz
{14 vm ()} Z mq(o|qqlvac) = _m?yFéq (26)

q=u,d,s

to remain finite in that limit:

My ~ Faegonn + Fyqgonn - (27)

10 In principle, we could have constructed a chiral-scale perturba-
tion theory with m, and my as independent expansion param-
eters, but that would make sense only if there were a fourth
light quark or different low-energy scales for chiral and scale
expansions. Fig. 4 provides clear confirmation that the choice
me = O(mp) is sensible.

Suggestions that a resonance like f,(500) cannot be a
pseudo-NG boson have no foundation. There can be no
theorem to that effect because counterexamples such as
our effective chiral-scale Lagrangian in Sect. III are so
easily constructed. It is true that in the symmetry limit
where a NG boson becomes exactly massless, it has zero
width, but that is because there is no phase space for
it to decay into other massless particles. If phase space
for strong decay is made available by explicit symmetry
breaking and quantum number conservation allows it, a
pseudo-NG boson will decay:

my > 2m,; = width T'y . r #0. (28)
Note that:

e Non-NG bosons need not be resonances; for exam-
ple, 7/(960) is stable against strong decay.

e The resonance fo/o becomes a massless NG boson
only if all three quarks u,d, s become massless as
as tends to oqp. In that combined limit, all parti-
cles except w, K,n and ¢ remain massive. Strong
gluon fields set the scale of the condensate (Gq)vac,
which then sets the scale for massive particles and
resonances except (possibly) glueballs.

e QCD at oy = a;i resembles the physical theory
(i.e. QCD for 0 < a5 < qqy) in the resonance
region, but differs completely at high energies be-
cause it lacks asymptotic freedom. Instead, Green’s
functions scale asymptotically with nonperturba-
tive anomalous dimensions in the ultraviolet limit.

Another key difference between yPT3 and yPT, be-
comes evident in the many-color limit N, — oo [76-78].
At issue is the quark content of the fy(500) resonance:
is it a standard ¢g meson, or an exotic tetraquark state
qqqq? In general, this is a model-dependent question; in-
deed the tetraquark idea was first proposed for the 0%
nonet in the context of the quark-bag model [79]. How-
ever the large- N, limit permits conclusions which are far
less model-dependent.

In modern analyses of xPTs, fo(500) is often consid-
ered to be a multi-particle state and so is not represented
by a field in an effective Lagrangian. Instead, the yPT3
expansion is unitarized, with fy identified as a resonating
two-meson state produced by the unitarized structure.
From that, the large-N, conclusion [80]

fo~ 7w~ (¢q)?, unitarized yPTs (29)

is drawn. This assumes from the outset that fy is not
a dilaton. The problem, already discussed at the begin-
ning of this Section, is that the yPT3 expansion diverges
because it is dominated by these unitary “corrections”.
In xPT,, the large-N, properties of fy/c are similar
to those of pions, and are found by considering the two-
point function of 6,,, instead of chiral currents. At large-
N,, the spin-2 part is dominated by pure-glue states:

T (vac|0ap0,, |vac) = O(N?). (30)

spin—2



However, when the spin-0 part is projected out by tak-
ing the trace 6%, the quark term dominates the gluonic
anomaly of Eq. (1) at large N, because of the factor
as ~ 1/N,. multiplying G?. Thus we find

T<Vac’93‘6‘ﬁlvac> = O(N,) (31)

due to the quark term compared with O(1) from the glu-
onic anomaly. Clearly, a o pole can be present only if
fo/o is a qq state. At zero momentum transfer, this pole
contributes m2 F? to the amplitude (31), from which we
conclude

F, = 0(V)). (52)

as for the pion decay constant F;. We will see in Sect. IV
that the dilaton, like other ¢q states, obeys the narrow
width rule at large N..

Sometimes pure-glue corrections in fp/o are dominant.
The most obvious example is the nucleon mass My,
where the leading O(N,) contribution due to ¢ states
is the numerically small two-flavor sigma term

(N|myau + mgdd|N) < My . (33)

Therefore (as is generally agreed) most of My comes from
the m,, 4-independent term due to pure-glue exchange. In
particular, the terms ~ G? and m,ss in Eq. (1) for 4
couple to a nucleon only via pure-glue states.

IIT. CHIRAL-SCALE LAGRANGIAN

Consider strong interactions at low energies as < g
within the physical region

Let d denote the scaling dimension of operators used to
construct an effective chiral-scale Lagrangian. In general,
there must be a scale-invariant term L;,, with scaling
dimension d = 4, a term Ly,ass with dimension [81]

dmass =3 - Ym (aIR) 5 1 < dmass <4 (35)
to simulate explicit breaking of chiral symmetry by the
quark mass term, and a term L,,om with dimension d >
4 to account for gluonic interactions responsible for the
strong trace anomaly in Eq. (1):

‘CxPTO. = ‘Cldr§'4 + ‘Cgr?;lm + ‘Crdn<a;ls L. (36)

The anomalous part of diyass is evaluated at oqp because
we expand in o, about oqp. A proof that Linom has
dimension d > 4 appears later in this Section.

We restrict our analysis to the NG sector of xPT,
(Fig. 4). Then operators in

Lpr, =L[0,U U] (37)

are constructed from a QCD dilaton field o and the usual
chiral SU(3) field

U=U(rK,n), UU' =1T. (38)

Scale and chiral transformations commute, so ¢ is chiral
invariant. The scale dimensions of w, K, 7 and hence U
must be zero in order to preserve the range of field values
on the coset space SU(3) x SU(3)r/SU(3)v [82].

In Eq. (36), both Liny and Lanom are SU(3), x SU(3)r
invariant, while Lp.s belongs to the representation
(3,3) @ (3, 3) associated with the 7, K, 7 (mass)? matrix
M. In lowest order, with M diagonalized,

F2 mfr 0 0
M=-Z1|0 m2 0 (39)
4 2

0 0 2m3% —m?
the vacuum condition for U is
U—=1T for m,K,n—0. (40)

The dimension of L,,om can be found from the scaling
Ward identities (Callan-Symanzik equations)

0 0 0
{/La_u + 5(045)6— + 'Ym(O‘S) ; mgq

o g }A =0 (41)
for renormalization-group invariant QCD amplitudes A.
The term 9/day corresponds to the gluonic anomaly
in Eq. (1), so the effect of as0/0as on A is to insert
the QCD operator G? = G}, G at zero momentum
transfer. Applying a,0/da; to Eq. (41),

i 0 g dA
{ua_/,b + B(aS)aas + ﬁ (as) - ﬁ(o&s)/as}a‘sﬂ

0 0A
= —04567“5 ;”ym(as)mqa—mq (42)

we see that the anomalous dimension function for G2 is

Va2 (as) = ﬁ/(QS) — Blas)/as - (43)

Hence, to lowest order in the expansion oy S oy, Lanom
has a positive anomalous dimension equal to the slope of
£ at the fixed point (Fig. 1):

danom = 4 + ﬁ/ (aIR) > 4 . (44)

As oy — aqg, the gluonic anomaly vanishes, so for
consistency,'? we must require terms in Lanom to involve
derivatives 90 = O(M) or have O(M) coefficients:

Lanom = 0(0*, M) . (45)

The result is a chiral-scale perturbation expansion xPT,
about oqr with QCD dilaton mass mys = O(mg).

An explicit formula for the yPT, Lagrangian (36) can
be readily found by following the approach of Ellis [5, 83].
Let F,; be the coupling of o to the vacuum via the energy



momentum tensor ¢, improved [84] when spin-0 fields
are present:

<0(Q)|9;W|V3“C> = (FU/?’) (qMQU - guuqz) . (46)

When conformal symmetry is realized nonlinearly [85], a
dilaton field o is needed to create connection terms ~ do
in covariant derivatives. It transforms as

o — o — LF,log|det(0a'/0x)| (47)

under conformal transformations  — ', which corre-
sponds to scale dimension 1 for the covariant field e/ .
The dimensions of yPT3 Lagrangian operators such as

KU, U = LF2Tx(0,U0"UT) (48)

and the dilaton operator I, = %8#08“0 can then be
adjusted by powers of ¢?/F> to form terms in £. In lowest

order,

L4 o = {eK + oKy + c3e®?/Fr e/ b

inv,

d>4
‘Ca]ﬂom7 LO

={1-c)K+(1—-c2)Ks + cqe?/Fe }e(2+5/)‘7/F" ,

d<4
‘Cm&ss7 LO

= Te (MUt + UM)eB—m)o/Fa (49)

where " and 7, are the anomalous dimensions ' (a;p)
and v, (g ) of Eqgs. (44) and (35).

The constants ¢; and co are not fixed by general argu-
ments, while c3 and ¢4 depend on the vacuum condition
chosen for the field o. The role of c¢3 and ¢4 is to fix the
scale of €7/ just as the (mass)? matrix fixes the chiral
SU(3) direction of U (Egs. (39) and (40)). The simplest
choice of field variables'! is to have all NG fields o, 7, K, n
fluctuate about zero.

For the vacuum to be stable in the o direction at o = 0,
Lagrangian terms linear in o must cancel:

403 + (4 + ﬁ/)c4 = _(3 - ’7m)<Tr(MUT + UMT)>vac
= =3 = ym)FZ (mi + 3m3) . (50)

Egs. (45) and (50) imply that both ¢35 and ¢4 are O(M).
Evidently xPT, is a simple extension of the conven-

tional three-flavor theory xPTs. The xPT, Lagrangian

defined by Eqs. (36) and (49) satisfies the condition

EXPTO' — ‘CXPT(; , O — 0 (51)

and hence preserves the phenomenological success of low-
est order xPTs for amplitudes which do not involve the
0" channel (Sect. II). In next to lowest order, new
chiral-scale loop diagrams involving o need to be checked.

11 On-shell amplitudes do not depend on how the field variables are
chosen [86, 87].

The xPT, Lagrangian obeys the standard rule that
each term L4 of dimension d contributes (d —4)L4 to the
trace of the effective energy-momentum tensor:

0l oe = B Lo — (L)Ll s - (52)

Note that the critical exponent 3’ normalizes the gluonic
term in 64).

IV. STRONG INTERACTIONS

In lowest order, £ gives formulas for the omm coupling

Loz ={24+1—c1)p)|0n|* = (B—7m)mi|w|*}a/(2F,)
(53)

and dilaton mass m,

maFy = F7 (mi + 5m3) (3 — ym) (L +vm) — ﬂ'(4+ﬁ(’)c4)

54
which resemble pre-QCD results [5, 6, 83, 88] but have
extra gluonic terms proportional to 5’. For consistency
with data, we must assume that the unknown coefficient
24 (1= ¢1)B in Eq. (53) does not vanish accidentally.
That preserves the key feature of the original work, that
Lorr is mostly derivative: for soft 7w scattering (energies
~ my), the dilaton pole amplitude is negligible because
the o vertex is O(m?2), while the onm vertex for an
on-shell dilaton

Jorr = —(2+ (1L = c1)B)mg/(2F,) + O(m7)  (55)

is O(m2), consistent with o being the broad resonance
fo(500).

Comparisons with data require an estimate of F,, most
simply from NN scattering and the dilaton relation (24).
The data imply [89] a mean value g,nn ~ 9 and hence
F, ~ 100 MeV but with an uncertainty which is either
model-dependent or very large (=~ 70%). That accounts

for the large uncertainty in
SR+ 1-ca)d |56 (56)
when we compare Eq. (55) with data [1]:
|gorr| = 3.31T092 GeV, and m, ~ 441 MeV.  (57)

The convergence of a chiral-scale expansion can be
tested by adding o-loop diagrams to the standard yPTg
analysis [35]. These involve the (as yet) undetermined
constants 8, v, c1..4: for example, corrections to ggrr
involve the coo and oconm vertices derived from Eq. (49).

However a numerical estimate of scales associated with
the expansion can be obtained using the dimensional ar-
guments of Manohar and Georgi [75]. The idea is to count
powers of dimensionful quantities F; and (for xPT,) F,
associated with the quark condensate (Gq)vac, and keep
track of powers of 47 arising from loop integrals. To il-
lustrate their point, Manohar and Georgi considered loop
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FIG. 6: Examples of NLO yPT, graphs in the chiral-scale ex-
pansion of 77 scattering for O(mx) momenta. Each vertex is
generated by the lowest order terms (49) in £. Not shown are
additional diagrams involving the self-energy of the o propa-
gator, and internal o lines which connect one external 7 leg to
another. Similar diagrams are found for the ¢ and u channels.

corrections to w7 scattering, such as the first diagram in
Fig. 6, for which they obtained the estimate

Aloop [ Agree ~ x logarithms. (58)

1
1672 F2

In our scheme, we must add contributions

1 F? .
~ {1671'2F2 and 167r2F4} x logarithms (59)

from e.g. the second and third graphs of Fig. 6. As a
result, we find that there are in principle two xPT, scales

Xx = 47F; and Yy, = 4nF, . (60)

The rough estimate of 100 MeV for F,, (close to Fy ~ 93
MeV) indicates that in effect, there is a single infrared
mass scale

Xr & Xo =~ 1 GeV (61)

as foreshadowed in Eq. (16).

Numerology which ignores factors of 47 can be as mis-
leading in xyPT, as in xPTs. The most important ex-
ample of this arises from the observation that fo(500) is
almost as broad as it is heavy. Does this mean that the
width of fy(500) is a lowest order effect, i.e. of the same
order in m, as the real part of the mass? If so, would not
that invalidate PCDC (partial conservation of the dilata-
tion current), where dominance by a real pole is assumed
for the lowest order?

To see that the answer is “no”, let us estimate the o
width I'yrr in the spirit of Manohar and Georgi. We find

3

mU
Tor 250 MeV  (62)

~ |go71'7r|2
~Y

- 16mm,

1—‘(771'71'

50 [onr is O(m2) and hence nonleading relative to the

mass my. We are therefore justified in using just tree
diagrams to generate the lowest order'? of xPT,, as in
xPTsy and xPTs. (The main exception to this rule, for

12 Beyond lowest order, and in degenerate cases like the K;—Kg
mass difference, methods used to estimate corrections at the Z9
peak [90] and the p resonance [91] may be necessary.

two-photon channels, is discussed in Sect. VI and Ap-
pendix B.) Pure numerology fails because F, in the de-
nominator of (62) is an order of magnitude smaller than
X0

In the large- N, limit, as shown in Sect. II, the dilaton
behaves as a qq state. It follows that the gluonic cor-
rections ~ (1 — ¢1)f3" in Eq. (55) for the omm coupling
correspond to disconnected quark diagrams, so they are
nonleading

(1—c1)B =0(1/N.) (63)
and the pre-QCD result [5, 6]
Fogornr = _m<27 (64)

is recovered for N, large. It follows from Eq. (32) that o
decouples from 7r at large N.:

Jornm = 0(1/\/FC) : (65)

Hence, like other qq states, the dilaton ¢ obeys the nar-
row width rule

Forr = O(1/N.). (66)

The technique used to obtain Eq. (49) from xPT;
works equally well for higher order terms in strong in-
teractions, and also for external operators induced by
electromagnetic or weak interactions (Sects. VI and VII).

In general, NLO terms in the strong interaction La-
grangian £ are O(0*, M2, M?). For example, let us con-
struct O(0*) terms from the YP T3 operator (TroUOUT)2.
It has dimension 4 already, so it appears unchanged in
the scale-symmetric term

L Lo = {coeficient} (TroUOUT)? + . .. (67)

i.e. without o field dependence. The anomalous term has
dimension greater than 4, so it depends on o

La>4 o = {coefficient} (Tr(’“)UBUT)%B/U/F"' (68)

anom, NL

The difference between yPT3 and xPT,, is summarized
in Fig. IV. See Appendix A for a discussion of power
counting for xPT, loop expansions.

No 0t* channels: IimO xPTs = xPT;3
o—

Effect of 01T channels:

[LO + NLO{ large fo/o poles + small corrections} + ...

\ N

[ Lo”+ NLO{small, including o loops} + ... |

]XPT3

xPTo

FIG. 7: Comparison of xPTs and xPT,. The fo/o pole terms
responsible for the poor convergence of xPTs are transferred
to LO in xPT,, where they do not upset convergence.



V. RESONANCE SATURATION IN xPT,

Conventional xPTj is often supplemented by a tech-
nique [92] in which the coefficients of O(9%) = O(m%)
terms are estimated by saturation with particles or res-
onances from the non-NG sector. This scheme can be
readily adapted to xPT,, provided that the changed role
of fo/o is understood.

Each non-NG particle or resonance of mass M, gives
rise to a pole factor which carries a linear combination
p = O(mg) of the external momenta. The relevant coef-
ficient is obtained from terms ~ p*/MZ2_ in heavy-particle
expansions of these pole factors

p4/(p2 - Mrzcs) = p2 +p4/Mr2(:s +. for Mres >p.

(69)

These expansions are nonchiral, i.e. they are not light-
particle, small-momentum expansions of the type (16).
Evidently this technique assumes a clear scale separation
between the NG and non-NG sectors.

Where does the f,(500) resonance fit into this scheme?
Having it contribute as a light particle in chiral expan-
sions and a heavy particle in Eq. (69) would be double
counting.

In xPTj3, the answer is that the f,(500) does not be-
long to the NG sector, so it is treated as a heavy reso-
nance. The obvious lack of scale separation with the K,n
NG bosons (Fig. 4) makes this proposal unworkable.

In xPT,, the problem disappears because fo/co is as-
signed to the NG sector. Its contributions are already
taken into account in chiral expansions, so logically, it
must be ezcluded from the saturation procedure of [92].
That is in line with the requirement that saturation be
restricted to the non-NG sector. Scale separation of the
NG and non-NG sectors works well for YPT, (Fig. 4), so
the heavy-particle conditions Mes > p for p = O(mg)
are satisfied.

In practice, YPT, coefficients such as those in Egs. (67)
and (68) are not easily evaluated, because the analysis
requires data for soft o as well as soft 7, K, n amplitudes.

VI. ELECTROMAGNETIC PROPERTIES OF
MESONS

In xPT,, the electromagnetic interactions of NG
bosons are of great interest because

e the amplitudes for Kg — 77 and vy — 77w can be
used to analyse K — 27 (Sect. VII);

e the electromagnetic trace anomaly (8) and hence
the Drell-Yan ratio can be estimated at the infrared
fixed point oy = aqp;

e in vy channels, meson loops can produce Li-Pagels
singularities ~ 1/m? ;. and hence amplitudes
which compete with o-pole tree diagrams.

Photon interactions are introduced as in xPTj3, with
the added requirement that the chiral singlet field o is
gauge invariant. So under local U(1) transformations,
we have

o0, U—e ANORUeir)Q (70)
where Q = %diag(2, —1,—1) is the quark-charge matrix.
Gauge invariance can be satisfied minimally by introduc-
ing a covariant derivative for U,

DU = 8,U +ieA,[Q. U], (71)

where A, is the photon field. However this is not suf-
ficient: it does not change the scaling properties of the
effective Lagrangian, and so cannot produce an electro-
magnetic trace anomaly (8) proportional to F,, F'*".
The operator F,,, F'** has dimension 4, so we need an
action which, when varied, produces a scale invariant
result. This can happen only if the scaling property is
inhomogeneous. The o field has a scaling property (47)
of that type, from which it is evident that the effective
Lagrangian must contain a nonminimal term of the form

Loy = +Gonn0Fu F1 . (72)

This is the effective vertex first considered by Schwinger
[93] in his study of the gauge invariance of fermion trian-
gle diagrams.

Originally, the electromagnetic trace anomaly (8) was
derived in the context of broken scale invariance (before
QCD and asymptotic freedom), so the ultraviolet limit
defining the Drell-Yan ratio R was nonperturbative. A
comparison of Egs. (8) and (72) in the tree approxima-
tion, or equivalently o-pole dominance of 6% (PCDC), led
to the conclusion [37, 38] that the coupling of o to v is
proportional to R.

In the current context, there are two important modi-
fications to this argument.

The first is to identify “R” correctly. In the physical
region 0 < oy < oqg, asymptotic freedom controls the
ultraviolet limit and produces a perturbative answer

Ryy = Z{quark charges}> =2, Ny = N. =3 (73)

for Ny = 3 light flavors and N, = 3 colors. However,
the hard gluonic operator G2 in ¢4, prevents PCDC from
being used to relate low-energy amplitudes to asymp-
totically free quantities like Ryy,. Instead, in the low-
est order of YPT,, we use amplitudes defined at the in-
frared fixed point where the gluonic trace anomaly van-
ishes and so PCDC can be tested. At the infrared fixed
point a; = oqp, there is no asymptotic freedom, so the
UV limit of ete™ — hadrons produces a nonperturba-
tive value Rig which has to be determined theoretically.
Thus we expect gs~ to be related to Rigr.

The second modification is a surprise. In vy channels,
meson-loop integrals produce inverse Li-Pagels singular-
ities ~ M~ in the chiral limit M ~ 0, where M is the



7, K,n (mass)? matrix (39). These infrared singularities
are strong enough to allow 7%, K* one-loop diagrams to
have the same chiral order as tree amplitudes contain-
ing the anomalous vertex in (72). This means that naive
PCDC (o-pole dominance) does not work when v+ chan-
nels are present; for example, the ¢ — ~y coupling turns
out to be proportional to (Rig — 1/2), not Rig. Similar
problems are not encountered for PCAC, partly because
loop corrections to PCAC are limited by the negative
parity of the corresponding Nambu-Goldstone bosons.

It becomes less surprising when the power-counting
rule (7) for electromagnetic corrections to yPT expan-
sions is considered.

A standard treatment of xPT [34, 35] is to require that
the effective Lagrangian be invariant under local chiral
SU(Ny)r x SU(Ny)g transformations. This requirement
is satisfied minimally by replacing ordinary derivatives d,,
acting on U fields with covariant ones

DU =0,U - %(Uu +a,)U + %U(UH —au), (74)

where the gauge fields v, (z) and a,(x) transform inho-
mogeneously under the respective vector and axial-vector
subgroups of SU(Ny)r x SU(Ny)r. In order to match
the chiral counting 0,U = O(p) used by Weinberg [28] to
study pure pion processes in YPTy, Gasser and Leutwyler
proposed the rule [34, 35]

ap ~ vy =0(p). (75)

For electromagnetic processes, this requires the photon
field A, obtained from

v, = —2eQA, and a, =0, (76)

to be counted as O(p). As a result, one-loop meson am-
plitudes which couple (say) ¢ to any number of external
photons are of the same chiral order, namely O(p*).

In xPT,, where the global symmetry group includes
dilatations, chiral gauge invariance is not sufficient to de-
termine the chiral order for nonminimal operators such as
(72). In Appendix B, we generalize the Gasser-Leutwyler
analysis to cover such cases. As a result:

1. both Eq. (75) and the rule A, = O(p) remain valid;

2. the operator (72) gives rise to a O(p*) vertex am-
plitude of the same chiral order as one-loop meson
graphs for o — v7;

3. in the presence of photons, xPT, corrections to
lowest-order tree and loop diagrams still converge:
each additional loop is suppressed by a factor ~
MInM or M.

In this Section, we consider lowest-order amendments
to PCDC for the amplitude (yv|0%|vac).

Let v; = v(e;, ki) represent a photon with polarization
¢; and momentum k;, and let F(s) be the form factor
defined by

<71,'72|§ﬁ(0)|vac> = (61 '62k1 'kg—el'kgeg-kl)F(S) . (77)
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FIG. 8 Lowest order contributions to (71, fy2|§ﬁ (0)|vac) in
xPTs. Diagram (a) represents the contact term proportional
t0 go~, while diagrams (d), (e), (h), and (i) are each accom-
panied by an additional crossed amplitude (not shown). Simi-
lar loop diagrams have been considered in xPTs for Ks — vy
[33], K1 — 7%y [53], and vy — ©°7° [55, 56].

The electromagnetic trace anomaly concerns the value of
this form factor at s = O:

FO) = ~4ma [ diodye -y TP @0 I5080) .

(78)
At the fixed point oy = oy, we have a theory of bro-
ken scale invariance, so the conditions of the derivations
in [37, 38] are satisfied. The leading short-distance be-
havior of both (JoJ30,1)vac and (JoJg)vac is conformal,
with no anomalous dimensions because J, and 6,, are
conserved, and the soft d < 4 trace 6/, ensures conver-
gence of Eq. (78) at x ~ y ~ 0. Therefore, we can write
down an exact anomalous Ward identity'3

_ 2Bpa

F(0) 3m

Qg = aIR . (79)

The calculation of the form factor F(s) in xPT, in-
volves two classes of diagrams (Fig. 8):

1. Dilaton pole diagrams (a-e¢) which produce a fac-
torized amplitude

1
:A _—
T s —m2

Fi(s) (—m2F,). (80)

Here A,~~ includes a contact term —igs~~ from dia-
gram (a) and contributions from one-loop diagrams
(b-e) with internal 7%, K+ lines.

2. A one-loop amplitude Fy(s) from diagrams (f-i)
with internal 7%, K+ lines coupled to the vacuum
via 61).

13 There is similar result for 0 < as < R which involves RUV but
has no practical use. See Appendix C.



The o — 7y amplitude in Eq. (80) can be written

S

. 16" 1 + 2[¢
Aoy = =igoy + —=C >~ mi( ) 6
7 =K

where the label ¢ = & or K refers to the meson prop-
agating around the loop in diagrams (b-¢). In Eq. (81),
the constant C is a combination of low energy coefficients

C=1-yn—(1—-c1)p (82)

and Iy is the relevant Feynman-parametric integral

1
Iy = mi//dzleQ 01 — 2 — 22)/(21225 - mi) (83)
0

for on-shell photons kf = k3 = 0. The constant C and
integral I, also appear in the result for diagrams (f-i):

o« o (1421
Fy(s)==(C-2) Y m¢( - ) . (84)
¢p=m,K
The final step is to compare the answer for
F(s) = Fi(s) + Fx(s) (85)

with the s = 0 constraint (79). For that, we need the
Taylor expansion

1421, = —% +O(s?). (86)

Summing the 7+ and K* contributions, we have

3 m;(1+821¢) :—%—I—O(s), (87)
¢=m,K

and so find that the terms involving C cancel:
F(s) = goyyFo + /314 O(s) . (88)

Comparison with Eq. (79) yields the desired relation'?

Joyy = 37?_—;0 (RIR - %) : (89)

Evidently, the one-loop diagrams which produce the term
—1 relative to R;z have the same chiral order as the tree
diagram involving g~. This is an explicit demonstra-
tion of the way PCDC is modified by the inverse Li-Pagels
singularities noted above for v+ channels.

An estimate for R from Eq. (89) is not straight-
forward because dispersive analyses of reactions such as

14 The answer is simple because we chose a o field with the scaling
property (47). Constants like C can appear if other definitions of
o are used.
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vy — 7w yield residues at the fy/o pole proportional to
the full amplitude Ay (s = m2) of Eq. (81), not go---
Currently, we have no independent data about the con-
stant C, apart from the weak constraint (56) for (1—cq)5’
and the inequality

1<l =y <2 (90)

from Eq. (35). We will argue below that numerically,
these corrections are likely to be small compared with
the electromagnetic trace anomaly. First, let us review
what is known about vy — 7r from dispersion theory.

The residue of the f(500) pole was first extracted from
the Crystal Ball data [58] by Pennington [63] and sub-
sequently refined in several analyses [97-100]. We use a
recent determination [100] of the radiative width

Typy = 2.0+ 0.2 keV (91)

based on fits to data [101] of pion polarizabilities.'5

In lowest order xPT,, the relevant diagrams for the
process o — 7y are those shown in (a-e) of Fig. 8, but
with o treated as an asymptotic state. The narrow width
approximation is valid in lowest order yPT,, so the mag-

nitude of the full amplitude A, at s = m?2 is deter-
mined by
Loy = 8|4, (92
oY = Gag ol
Comparison with (91) then gives
| Aoy | = 0.068 £ 0.006 GeV ™! (93)

where the uncertainties have been added in quadrature.

The presence of lowest order meson loops in 7~ chan-
nels implies that numerical results for the contact term
depend on how the scalar field is defined.'* Consequently,
care must be exercised when comparing our value with
those found using xPT3 or dispersion theory — defini-
tions of “the contact fyyy coupling” are not necessarily
equivalent. For example, the small values for these cou-
plings reported in dispersive analyses [106, 107] could well
be consistent with each other and with our result for the
coupling L,~ of Eq. (72).

In xPT, we find that for . large, it is the contact
term which is the dominant contribution to As-. This
is because, relative to the single-quark loop diagrams as-
sociated with Rz = O(N.), terms from 7%, K* loop
graphs involve an additional quark loop and so are sup-
pressed by a factor 1/N.. We therefore have

gory = O(y/N.) and C=0(1) (94)

15 We do not use the alternative estimate [100] I'oqyy = 1.7 4 0.4
keV because it depends on scalar meson resonance saturation
for low energy constants of xPT2 expansions [102, 103] and also
(tracing back via App. D.2.2 of [104] to [105]) xPT3 expansions.
As noted in Sect. IV below Eq. (69), that places fo in the non-
NG sector. It would be inconsistent for us to combine that with
xPTs.
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FIG. 9: Drell-Yan ratios Ryy and Ry associated with the
proposed 3/ function. For eTe™ — hadrons at high energies
with 0 < as < oqR, the strong coupling a runs to zero and
the result Ry is perturbative (asymptotic freedom). How-
ever if as is at apy, it cannot run, so we get a nonperturba-
tive result R;gr associated with short-distance scaling at the
infrared fixed point.

in the large-N, limit and conclude'®

Aa"y’y = _igovw + O(l/\/ﬁc) . (95)

From Eq. (93) and within the large uncertainty due to
that in F,,, we estimate

Rip~5. (96)

This result is a feature of the nonperturbative theory at
arg (Fig. 9), so it has nothing to do with asymptotic
freedom or the free-field formula (73).

VII. WEAK INTERACTIONS OF MESONS

The most important feature of yPT, is that it explains
the empirical AT = 1/2 rule for nonleptonic kaon decays
such as K — 7.

Problems explaining the data for nonleptonic kaon and
hyperon decays were first recognised sixty years ago [108].
They became acute with the advent of 3-flavor chiral per-
turbation theory. For xyPTj3 applied to kaon decays, the
dilemma is:

1. A fit to data in lowest nontrivial order, i.e. for O(p?)
amplitudes Ao, would require the ratio of 8 to 27
couplings |gs/ge7| to be ~ 22, much larger than any
of the reasonable estimates in the range (6).

2. The main alternative is to accept Eq. (6) and ar-
gue that the dominant contribution comes from a
NLO O(p*) term produced by strong final-state in-
teractions in the 0T channel, e.g. via a non-NG
scalar boson S [42-45] for which the pole diagram

16 This approximation is not required in our analysis of Kg — 77
in Sec. VII. Indeed go~~ does not appear anywhere. The key
ingredient is the phenomenological estimate (93) for the complete
amplitude Ag~~.
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in Fig. 2 is O(p*/m%), with mg # 0. Then the
xPT3 expansion diverges uncontrollably,'”

INLO/LO py, = 22 (97)

contradicting the premise that xPTjs is applicable.

Let us review option 1 in more detail. In the lowest
order'® of standard yPTs, the effective weak Lagrangian

Lyeak|y—g = 98Qs + 927Q27 + Qmw + h.c. (98)
contains an octet operator [110]
Qs = Ji3Jo1 — T3 11, Ty = (U0 Uy (99)

the U-spin triplet component [31, 111] of a 27 operator

Qa7 = T13Jo1 + 5 T23T11 (100)
and a weak mass operator [112]
Qmw = Tr(Xs — iA7) (g MU' + g, UMT) . (101)

Although @, has isospin 1/2, it cannot be used to solve
the Al = 1/2 puzzle if dilatons are absent. When Q.
is combined with the strong mass term Lmass|o-:07 it can
be removed by a chiral rotation

U—U=RUL (102)
which aligns the vacuum such that
(U)yac = I and M = real diagonal. (103)

Therefore [111] Q. has no effect on yPTj5 low-energy
theorems relating K — 7w and K — 7 on shell, and so
the conclusion that |gs/ga7| is unreasonably large (= 22)
cannot be avoided.

In xPT,, the outcome is entirely different. First, we
adjust the operator dimensions of Qg, Q27, and Q.. by
powers of e?/Fo

Lyeak = Qg Z ggn€(2_78")‘7/F" + 927Q27e(2—V27)U/Fa

n

+ Qe Imw) P ¢ (104)
as in Egs. (49) and (68) for the strong interactions, with
octet quark-gluon operators allowed to have differing di-
mensions at a;g. The key point is that the weak mass
operator’s dimension (3 — 7,,,,) bears no relation to the
dimension (3 — 7,,) of Liass, so the o dependence of

17 The factor 22 is 70 times larger than the limit ~ 0.3 prescribed
by Eq. (13) for an acceptable fit.

18 Our aim is to solve the AI = 1/2 puzzle without using NLO
terms. Weak NLO terms in xPT3 [109], except those depending
on fo/o (Sect. V), become weak NLO xPT, terms when mul-
tiplied (as in Eq. (68)) by suitable powers of e?/Fo. We expect
these to produce small corrections to our result.
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FIG. 10: Lowest order diagrams for Kg — vy in xPT,,
including finite loop graphs [33]. The grey vertex contains
7%, KT loops as in the four yPT3 diagrams to the right. An
analogous set of diagrams contributes to vy — 7°7°.

QmuweB =)/ Fo cannot be eliminated by a chiral rota-
tion. Instead, after aligning the vacuum, we find

Ejvlfﬁ = Qs Z ggne 218 Fr 4 gor Qore2m127/ Fe

n

+ @mw{e(&vmw)a/ﬂ, _ e(swm)o/Fa} +he, (105)
where the tilde indicates that the 8 and 27 operators are
now functions of the rotated field U. As a result, there
is a residual interaction Lx o, = ngaKso' which mixes
Ks and o in lowest O(p?) order

= (/Ym - Vmw)Re{(2m%{ - m?r)gM - m?rgM}Fw/2Fa
(106)
and produces the AT =1/2 amplitude A, po1e of Fig. 2.
At this point, we could simply choose gr., to fit
the rate for Kg — 7w, knowing that inserting the full
Kg — mm amplitude into the standard loop calculation
for Kg — ~7 [33] would give agreement with experiment.
That would leave unclear what version of chiral pertur-
bation theory in Fig. 4 is being used to analyse Kg — .
So instead, we first apply xPT, to Kg — yvy and vy —
77 in order to determine gk, and then show that this
gives a result for Kg — 77 which agrees with experiment.
The scalar part Ag~~ of the Kg — vy amplitude

ngG’

A = (Gukr - k2 = k2 k1) Ay (107)

receives three contributions at lowest order (Fig. 10)

Aseyy = AT+ AP + AP (108)

The explicit expressions are
AT A9 = 20 s (i)

loo « 1+ 21
.Am}? = —2—3(98 + 927) Z (mi — mi)( - ¢7) 7
TF? Py my

(109)

where the magnitude of A, is determined from Eq. (93)
and I is the integral given by Eq. (83). If we neglect the
gs and go7 terms, we find

|9k so| ~ 4.4 x 103 keV? (110)

to a precision < 30% expected for a three-flavor chiral
expansion.
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Now consider Kg — nm (Fig. 2). Eq. (110) and data
for the fo width (Eq. (57)) imply that the o-pole diagram
contributes (very roughly, given'? o/ fo’s width and near
degeneracy with K)

| Agopote] = ‘% ~ 0.34keV (111)
to the full I = 0 amplitude®®
Ao = L (as + bo) (e~ m2) 4 Ao (112
If the gg 27 contributions are again neglected,
|Ao| = | Ag-potel (113)

we see that Eq. (111) accounts for the large magnitude
of AO [3]
|[Aolexps. = 0.33keV . (114)
We conclude that the observed ratio |Ag/As| ~ 22 is
mostly due to the dilaton-pole diagram of Fig. 2, that
gs = Y., gsn and go7 have roughly similar magnitudes
as simple calculations [29-32] indicate, and that only ga7
can be fixed precisely (from K+ — 7 79).
Consequently, the lowest O(p?) order of YPT, solves
the AT = 1/2 problem for kaon decays. The chiral low-
energy theorems which relate the on-shell?® K — 27 and
K — 7 amplitudes have extra terms due to ¢ poles, but
the no-tadpoles theorem [111] is still valid:
(K |Hyeax|vac) = O(m2 —

m3), K onshell.  (115)

VIII. REMARKS

Why must the 07" particle be a dilaton in order to
explain the AT = 1/2 puzzle for K decays? Because the
property m, — 0 in the chiral-scale limit (2) is essential.
As is evident from Eq. (97), assuming scalar dominance
by a non-NG particle contradicts the basic premise of
chiral theory that at low energies, the NG sector domi-
nates the non-NG sector. That is why none of the au-
thors proposing scalar dominance by a non-NG particle
since 1980 [42] claimed to have solved the puzzle or per-
suaded others to stop working on other proposals, such

19 Our convention for the K — 77 isospin amplitudes is that given
in [113).

20 Ref. [111] followed standard practice in current algebra. It re-
lated the amplitude for K — 7w, where Hyear carries zero
4-momentum, to K — 7w for on-shell kaons and pions, where
the relevant operator [Fs,Hyeax]| Obviously carries nonzero 4-
momentum. Ref. [111] is often misquoted by authors who im-
plicitly set the momentum transfer for K — 7 equal to zero.
In Eq. (115), |vac) refers to the unique state with translation
invariance, so Hyeak carries momenta whose square is m%(.
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FIG. 11: Next to lowest order (NLO) diagrams which con-

tribute to the resonance structure of fo/o in xPT,. Ultravi-
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as penguin diagrams [114], the large-N, limit [115, 116],
or QCD sum rules [117].

Our resolution of the AT = 1/2 puzzle is distinguished
by not being ad hoc. It is part of a wider program to
obtain numerically convergent three-flavor chiral expan-
sions for amplitudes involving 0T channels, i.e. where
XPTj3 clearly fails (Sect. IT). So far, we can say only that
lowest order YPT, appears to be a good approximation.
More stringent tests of convergence have yet to be de-
veloped because loop corrections involve couplings like
oonn for which we lack data. An important example is
the shape of the o resonance at NLO (Fig. 11), where
the higher order corrections to (62) have yet to be de-
termined. This will require explicit calculations which
include numerical fits for the coo, conm,... couplings.

Another test could be to invent a unitarization pro-
cedure for yPT, and check whether (unlike xPTj) it
produces small corrections to lowest order results.

The basis of our work on approximate scale and chiral
SU3), x SU(3) g symmetry in QCD should be carefully
distinguished from what is postulated in analyses of walk-
ing gauge theories. As noted by Del Debbio [16], in such
theories, “the infrared fixed point ... describes the physi-
cal properties of theories which are scale invariant at large
distances, where the field correlators have power-like be-
haviours characterized by the anomalous dimensions of
the fields.” That means that there is no mass gap at the
fixed point: scale condensates are assumed to be absent.

Our view of physics at the infrared fixed point is quite
different. The Hamiltonian becomes scale invariant for
massless u, d, s quarks, but the vacuum is not scale in-
variant because of the condensate (Gq)vac 7 0. It sets the
scale of the mass gap for hadrons p,w,N,n’,... in the
non-NG sector (Sect. IT below Eq. (28)). For example, at
the infrared fixed point in Fig. 9, ete™ — hadrons at low
or intermediate energies has thresholds and resonances
similar to QCD at similar energies. Scaling behaviour
sets in only at high energies.?

A result of this fundamental difference is that our hy-
pothesis of an infrared fixed point for Ny = 3 is not tested
by lattice investigations done in the context of walking
gauge theories. Those investigations are based on criteria
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like Miransky scaling [118] which assume that a theory
cannot have an infrared fixed point if it does not dis-
play the behavior described above in the quote from Del
Debbio.

More generally, our view is that theoretical evidence for
or against our proposal in Fig. 1 is inconclusive. Various
definitions of the QCD running coupling can be be readily
compared in low orders of perturbation theory, but it is
not at all clear which definitions are physically equivalent
beyond that. The key nonperturbative requirements for
a running coupling are that its dependence on the mag-
nitude of a space-like momentum variable be monotonic
and analytic. Gell-Mann and Low [119] achieved this for
QED, but these properties are hard to establish for QCD
running couplings. A lack of equivalence of these defini-
tions may explain why differing results for infrared fixed
points are obtained.

Unfortunately, our analysis does not explain the fail-
ure of chiral theory to account for nonleptonic |AS| =1
hyperon decays. We have shown that octet dominance is
not necessary for K-decays, but that makes no difference
for hyperon decays: the Pati-Woo Al = 1/2 mechanism
[120] forbids all contributions from 27 operators.

Note Added. A similar chiral Lagrangian with a tech-
nicolor “dilaton” has just been published by Matsuzaki
and Yamawaki [121]. They acknowledge our prior work
[4], but say that they do not believe it to be valid for
hadronic physics. The basis for this assertion is the claim
(footnote 8 of [24]) that “light” dilatons are forbidden by
the one-loop formula —(67) (33 — 2Nf)a? for the QCD
B function. The problems with this are that (a) the rele-
vant limit is infrared, not ultraviolet, and (b) for o, large,
the one-loop formula violates the analyticity bound [122]
8 2 —asInag.
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Appendix A: Chiral Order in xPT,

In 1979, Weinberg [28] found that successive terms in
the xPTs expansion of amplitudes with pionic external
and internal lines and external momenta p ~ m, obey the
“power counting” rule that each additional loop produces
a factor ~ p? or, if there is a Li-Pagels singularity [40, 41],
p?Inp. With essentially no change in the analysis, this
rule can be extended to xPTs for pure =, K,n ampli-
tudes with p ~ my, mg,m,. Here we extend Weinberg’s
rule to YPT, for amplitudes with internal and external
lines restricted to the corresponding NG sector mw, K, n, o
(Fig. 4).

This extension is not entirely straightforward because
xPT, is really the special case

as — ap = O(M or 99) for 00 = O(M) (A1)
of a double expansion'® in the quark mass matrix M
about zero and the running coupling a, about oqz. In
higher orders, critical exponents such as f'(oqg) and
Ym(oqr ) become leading terms of expansions in M. For
example, when ~..(as) in Eq. (43) is expanded about
the fixed point, the dimension Eq. (44) of the gluonic
anomaly is corrected as follows:
danom — 4+ B'(our) + (O‘s - O‘IR)'VIG2 (ag) +... (A2)
Then terms in the yPT, Lagrangian will include correc-
tions of the form
ef'o/Fr P/ 11 4 0} (A3)
where O accounts for the effects of powers of the QCD
factor oy — oqp. In the effective theory, this factor may
correspond to either an explicit M factor or two deriva-
tives 0...0 not necessarily acting on the same field. A
power (as — app)? will then produce a superposition of
terms

~ {2k O operators on up to 2k fields}MP~F.  (A4)
Therefore O is in general an operator depending on pow-
ers of o, M and 00.

So in a higher chiral order, terms in the effective La-
grangian may involve o-dependent factors

omteger > 0 exp ({constant}o /F, ) (A5)
which do mot scale homogenously under the transfor-
mations (47). Indeed, terms of that type appear as
renormalization counterterms for yPT, loop expansions.
The proliferation of low-energy coupling constants due
to inhomogenous scaling, with constraints between them
possible but not obvious, makes the phenomenology of
higher-order xYPT, challenging.

Fortunately, these complications do not impede the ex-
tension of Weinberg’s rule to xPT,. Our approach re-
sembles Sect. 3.4.9 of the review [72].
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Let ¢ refer to the spin 0~ octet 7, K, 7. In momentum
space, a general vertex involving ¢ and ¢ fields produces
terms

~ pgmi’“mg’“/ , integers d, k, k' (A6)
where p, refers to components of the various vertex mo-
menta and the product p? has degree d when all p, are
scaled to tp,. The aim is to determine the behavior of
Feynman diagrams under the rescaling
De — tpe mi — t2m§, , m2 — t2m2 (A7)
of all external momenta p. and masses mg , of the NG
bosons ¢ and o. Note that the dilaton mass m, scales in
the same way as m,, in keeping with the discussion'? of
Egs. (25), (45) and (A1).
Let A(pe, mg, ms) be a connected amplitude given by
a diagram with Iy internal ¢ lines, I, internal o lines,
and Nggi vertices of the form (A6). External lines are
amputated (e.g. placed on shell) and the factor §*(3" pe)
for momentum conservation is omitted. Apart from Li-
Pagels logarithms [40, 41] produced by loop integrals,

each internal NG boson line

d*k i
/(27r)4 k2 —m3 , +ie (A8)

contributes a factor 2 under (A7), so A scales with a
chiral dimension or order given by

D =4+42I3+2I,4+ Y Nagm (d-+2m+2m/—4) . (A9)

d,m,m’

The number of independent loops N, for a graph is re-
lated to the total number of vertices V.=1>", " Namm:
by the geometric identity

Ny=Isy+1I,—V+1. (A10)

Substituting this identity into (A9) gives a result

D=2+ Y Nimo(d+2m+2m'—2)+2N,, (All)

d,m,m’

similar to that obtained originally [28] by Weinberg.

The feature of Eq. (A1l) worth emphasizing is that
the loop number N, places a lower bound on D. That
is because the vertex contribution (A6) must have chiral
dimension > 2, i.e.

d+2m+2m' —2>0 (A12)
and so (A11) implies the general inequality
D >2+2N,. (A13)

The case D = 2 includes and is limited to tree graphs
produced in lowest order, i.e. by vertices (A6) with chiral
dimension 2.



Given that the Li-Pagels infrared singularity for N,-
loop diagrams is O(In‘t) at most, we see that each new
loop is suppressed by a factor of at most ¢2 In ¢ for small ¢,
as in xPTs and xPTj3. The extra logarithm is too weak
to allow a given loop diagram to compete with diagrams
with a smaller number of loops. In particular, both o-
pole dominance (PCDC) and ¢-pole dominance (PCAC)
are valid for pure NG processes in lowest order. This is
consistent with the discussion of the ¢ width in Sect. IV.

A further result is that higher-order versions of the
constraint (45) on Lanem are not needed. Once imposed,
it can be maintained to any order.

Apart from remarks about the c NN coupling in Sect.
II, the analysis in this paper is limited to the NG sector.
Chiral power counting in the presence of baryons and
other non-NG particles is a nontrivial matter even for
ordinary xPT [72].

Appendix B: External Currents and Wilson
Operators in xPT

This Appendix concerns the effect of operators such as
the lowest order (8,1) and (1, 8) currents

F,=F}* Ui Ut and Ff = Fe* /T Utio,U
(B1)

on chiral power counting in the NG sector. This arises
from the discussion in Sects. I and VI of the Gasser-
Leutwyler rule (7) and the failure of naive o-pole dom-
inance (PCDC) for ¢ — ~v, where loop diagrams with
inverse-power Li-Pagels singularities compete with the
tree diagram. These singular powers are counted auto-
matically if Appendix A is extended to include vertices
due to external operators carrying low momenta.

Vertices of the currents (B1) have chiral order 1 be-
cause of the presence of a single derivative 0 = O(p). At
first sight, counting a single power for the corresponding
current sources (7) and (75) seems obvious. For (say) a
photon insertion in an internal propagator, we have

O(l/p2) — O(A x p/p*) (B2)

with no change in loop number, so the chiral order for
amplitudes with photons can be matched to those with-
out by choosing A, ~ p.

What is less obvious is the idea that these rules remain
valid for sources of currents in QCD itself, where they
enter linearly in the action, e.g.

SQCD — SQCD + /d4$A#(j”)/‘qu (B3)

but give rise to nonlinear polynomial dependence in the
effective theory. For example, in addition to terms lin-
ear in A, the effective theory contains anomalous terms
proportional to F#F,, for 7° — vy and F*F,, for
o — 77, as well as non-anomalous powers of A, permit-
ted by electromagnetic gauge invariance. Why should
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the rule A, ~ p for linear terms in the effective theory
also hold for terms nonlinear in 4,7

The reason is that infrared powers in NG-meson loop
integrals are generated by a single mass scale: M. There-
fore chiral order can be inferred from ordinary (non-
operator) dimensionality. From A, ~ (length)™!, we can
conclude e.g.

FMF,, = 0. (B4)

The extra two derivatives in F? compared with A,A,
are responsible for the failure of the o vertex (72) to
dominate one-loop meson contributions to o — 7.

When the lowest chiral order for a process induced by
external currents mixes tree and loop diagrams, the rules
of Appendix A must be amended. First, diagrams formed
entirely from current vertices, i.e. with no vertices of the
relevant yPT Lagrangian for strong interactions, should
be classified according to their loop number: tree, one-
loop, and sometimes higher. Then for each class, adding
an internal loop produced by strong-interaction vertices
increases the chiral order by at least 2. So the mixing of
loop numbers for a given chiral order persists in higher
orders, but the overall convergence rule that each new
internal loop is suppressed by M?In M or M? is main-
tained.

Evidently, gauge invariance and the restriction to cur-
rents as external operators is not essential for this discus-
sion. All we need is a source J of unique (non-operator)
dimensionality for a QCD Wilson operator. This will
generate a polynomial in J for the effective theory with
a chiral-order rule for J. For example, let S and P be
sources for gg and gy5q in QCD corresponding to

(U £ UT}eBm)e (B5)

in lowest-order yPT,. Then insertion of this operator
into a ¢ or o propagator yields

O(l/pz) — O({S or ’P}/p4) (B6)

so keeping the chiral order constant, we rediscover the
rule [34]

S~P~0p?. (B7)

For a Wilson operator represented by a lowest order yPT
operator whose vertices are of chiral order k, the result
is

J ~0p*"). (B8)

Appendix C: Electromagnetic Trace Anomaly in
QCD

Originally, before QCD was invented, the electromag-
netic trace anomaly was derived [37, 38] assuming a the-
ory of broken scale invariance for strong interactions [81]:

dim 0 < 4. (C1)



This anomaly relates the amplitude T<6‘ﬁ JaJg)vac in the
zero-energy limit (78) to the Drell-Yan ratio for the three-
flavor theory at infinite?! center-of-mass energy. Our ap-
plication (79) is restricted to as being exactly at the fixed
point a;, where broken scale invariance is still valid.

In the physical region 0 < oy < aoqp of QCD, broken
scale invariance, with its anomalous power laws in the ul-
traviolet limit for all operators except conserved currents,
is not valid, because the gluonic trace anomaly in Eq. (1)
violates Eq. (C1). However the ultraviolet requirements
of the derivation can be checked directly by using asymp-
totic freedom: the leading short-distance behaviors of

T(JadpOu)vac s T{Jadglu)vac and T(JoJp0))vac

(C2)
are given by one-loop amplitudes with massless propa-
gators, which is a special case of what was assumed for
broken scale invariance. (The last amplitude in (C2) is
needed to ensure convergence of Eq. (78) at x ~ y ~ 0.)
The fact that some nonleading terms die off as inverse
logarithms instead of inverse powers has no effect on the
derivation.

So we conclude that the derivation can also be carried
through for QCD in the physical region, despite the hard
breaking of scale invariance by the gluonic term in 6.
The result is an exact relation

F0) = 2Ry o

for 0<as <o (C3)
in terms of the perturbative ratio Ry, = 2 of Eq. (73).

Comparing Egs. (79) and (C3), we see that F(0) is
discontinuous in a, at oqr. That is not a problem be-
cause the ¢ pole and charged 7+, K+ loops can produce
singular behaviour such as

e
~— f ~0. C4
ey or ¢, my (C4)
However a relation between Ry, and Ry cannot be es-
tablished because the condition (45) for Lanom is not valid

for an expansion not about a;y.

21 Note that the result (79) is exact; it is not due to an estimate
at some large but finite energy. For example, it does not assume
duality [123].
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