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We calculate the O(ag) short-distance, QCD collinear-factorized coefficient functions for all par-
tonic channels that include the production of a heavy quark pair at short distances. This provides
the first power correction to the collinear-factorized inclusive hadronic production of heavy quarko-
nia at large transverse momentum, pr, including the full leading-order perturbative contributions
to the production of heavy quark pairs in all color and spin states employed in NRQCD treatments
of this process. We discuss the role of the first power correction in the production rates and the po-
larizations of heavy quarkonia in high energy hadronic collisions. The consistency of QCD collinear
factorization and non-relativistic QCD factorization applied to heavy quarkonium production is also
discussed.

PACS numbers: 12.38.Bx, 13.88.+¢, 12.39.-x, 12.39.St

I. INTRODUCTION

Both the cross section and polarization of heavy quarkonium production in high energy collisions have posed signif-
icant challenges to our understanding of the production mechanism [1]. Although Non-Relativistic QCD (NRQCD)
treatment of heavy quarkonium production is by far the most theoretically sound [2-5], and generally consistent with
experimental data on inclusive production of J/¢ and Y of large transverse momentum, pr, at the Tevatron and the
LHC [6-9], it has not been able to explain fully the polarization of these heavy quarkonia produced at high-pr [10-13].
With a larger heavy quark mass, mgq, it was expected that NRQCD factorization formalism should do a better job in
describing the production of T so as its polarization. However, recent data on polarization of Y(15, 25, 3S) measured
by CMS collaboration at the LHC [14] also shows inconsistency with full next-to-leading order (NLO) NRQCD calcu-
lation [9, 15]. In addition, global fits of data on J/1 production from various high energy collisions, including ete™,
lepton-hadron, and hadron-hadron collisions [7, 16] show some discrepancies in shape of momentum spectra between
theory predictions and data [17]. For some production channels of the NRQCD calculations, the NLO corrections
are orders larger than their corresponding leading order (LO) results, which raises questions as to whether yet higher
order contributions can be neglected. Motivated in part by these challenges to existing theory, new approaches based
on QCD factorization [18-22] and soft-collinear effective theory [23, 24] have been proposed for the systematic study
of heavy quarkonium production at collider energies.

In Ref. [22], we developed an extended QCD factorization formalism for heavy quarkonium production at large
transverse momentum pr > mpg > Aqcp in hadronic collisions (or at a large energy E > my in ete™ collisions)
with heavy quarkonium mass myg. The new QCD factorization formalism includes both collinear-factorized leading
power (LP) and collinear-factorized next-to-leading power (NLP) terms in the 1/pr expansion of the production cross
section,
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where p#* = P#(mp = 0) is the massless part of the heavy quarkonium momentum in a frame in which the quarkonium
moves along the z-axis, and the renormalization scale p and the factorization scale pr are suppressed. We will often
refer to this result below as “QCD factorization”, to distinguish it from NRQCD factorization. In this factorized
expression, Y. 7 runs over all parton flavors f = ¢, ¢, g, including heavy flavors when mg < pr, while Z[QQ(I{)]

indicates a sum over both spin and color states of heavy quark pairs [QQ(k)] where k = sI with s = v,a,t for
vector, axial vector and tensor spin states, and I = 1,8 for singlet and octet color states, respectively. In Eq. (1),
the variables z, u, and v, with @ = 1 —» and © = 1 — v are light-cone momentum fractions; and Dy, g (z;mg) and
DG (r))— (2, u,v;mq) are single-parton and heavy quark-pair fragmentation functions (FFs), respectively [22]. In
the factorization formula in Eq. (1), we neglect all contributions involving twist-4 multi-parton correlation functions of
colliding hadrons, as well as all terms at NLP involving FF's not from a heavy quark pair, because these contributions
must create the heavy quark pair non-perturbatively. We thus expect them to be suppressed by powers of heavy
quark mass [22], and could be suppressed further by reasons similar to those that lead to the OZI rule in evaluating
the decay rates.

The QCD factorization formalism in Eq. (1) effectively organizes the contributions to heavy quarkonium production
at large pr in terms of the characteristic time when an active heavy quark pair, which is necessary for a final state
heavy quarkonuim, is produced. The LP contribution to the production cross section is given by the hard partonic
scattering to produce an active parton (quark, antiquark, or gluon) at a distance scale of O(1/pr), convolved with a
fragmentation function for this parton to evolve into a heavy quark pair that transmutes into a heavy quarkonium. At
LP accuracy, the heavy quark pair is effectively produced at the distance scale of O(1/2mg), a much longer distance
compared to scales over which the active parton was initially produced. At NLP accuracy, the QCD factorization
requires not only the factorized NLP term in Eq. (1), but also a new power suppressed contribution to the DGLAP
evolution of heavy quarkonium FFs from a single active parton [22]. The factorized NLP term in Eq. (1) describes
the production of the heavy quark pair directly at O(1/pr) where the initial hard collision took place. The power
suppressed contribution to the evolution of single parton FFs effectively sums up all leading logarithmic contributions
to the production of the heavy quark pairs from the distance scale from O(1/ur) to O(1/ug) where pp ~ pr is
the factorization scale and g ~ 2mg is the input scale at which the evolution of the FFs starts. Having both LP
and NLP contribution, the QCD factorization formalism in Eq. (1) effectively covers all leading contributions to the
production of the heavy quark pair, which transmutes into an observed heavy quarkonium, no matter where and when
the heavy quark pair was produced [22]. If we keep only the factorized LP contribution to the cross section in Eq. (1),
we include only the contribution to the heavy quarkonium production when the heavy quark pair is produced at the
distance scale 2 O(1/ o).

The predictive power of the QCD factorization formalism in Eq. (1) relies on the universality of the FFs, and our
ability to calculate the evolution kernels of these FF's, as well as the short-distance coefficient functions, perturbatively,
to all orders in powers of as. In Ref. [22], we evaluated the mixing evolution kernels for one-parton to evolve into a
heavy quark pair at O(a?), as well as evolution kernels for a heavy quark pair to evolve into another heavy quark
pair at O(as). In this paper, we concentrate on the calculation of the short-distance coefficient functions of the QCD
factorization formalism in Eq. (1). When A and B in Eq. (1) are hadrons, the cross section is found using following
expressions, reflecting collinear factorization for the incoming hadrons,
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where a,b represent active parton flavors, running over quarks, antiquarks and gluons, and ¢4—q(x) and ¢p_p(x)
are the parton distribution functions (PDFs) of hadron A and B, respectively, with factorization scale dependence
suppressed. The short-distance coefficient functions for producing a single parton at the LP, 6444 f(p.)+x in Eq. (1),
are the same as the perturbative coefficient functions for producing a light hadron, such as pion, and are available for
both the LO and NLO in powers of «a; in the literature [25]. This is because the factorized short distance coefficient
functions are not sensitive to the details of the hadron produced in the final state, but only the properties of the
fragmenting parton. In the next section, we introduce the method to calculate the short-distance hard parts at NLP,
G atb100(m)(p)+x 11 Eq. (2), and present the detailed calculations of the O(a?) coefficient functions for all relevant
spin-color states of a heavy quark pair produced from the scattering of a light quark and antiquark. The complete
results of short-distance hard parts for all parton-parton scattering channels at O(a?) are given in Appendix A.
With the perturbatively calculated short-distance hard parts in this paper, and the evolution kernels derived in
Ref. [22], the predictive power of QCD factorization formalism in Eq. (1) still requires our knowledge of the universal
FFs at an input scale pg. Since both the short-distance hard parts and evolution kernels are perturbative and the



same for hadronic production of all heavy quarkonium states, it is these input FFs that carry the information on the
characteristics of the individual heavy quarkonia. The universal input FFs are non-perturbative, and in principle,
should be extracted from fitting experimental data, like the FFs for inclusive light hadron production. However,
with the NLP contributions, we will need many more FFs (single parton plus heavy quark pair FFs) for each heavy
quarkonium state produced. Extracting all these FFs from inclusive cross sections of heavy quarkonium production
would not be an easy task.

Unlike the FFs to a light hadron, heavy quarkonium FFs at the input scale py have effectively one intrinsic hard
scale — heavy quark mass mg ~ O(po), which is sufficiently separated from the momentum scale for the binding of
heavy quarkonium, mgv with the heavy quark relative velocity in the pair’s rest frame, v < 1. The physics between
the mg and po could be perturbatively calculable. It was proposed in Ref. [21], as a conjecture or a model, to use
NRQCD factorization to calculate these input FFs by expressing all of them in terms of perturbatively calculated
coefficients and a few local NRQCD matrix elements, organized in powers of v. Since the input momentum scale
to ~ fia, the NRQCD factorization scale ~ O(mg), the perturbatively calculated coeflicient functions should be free
of the large logarithms and the power enhancement that were seen in the NLO NRQCD coefficient functions for heavy
quarkonium production at large pr at collider energies [6-9]. In Sec. III, we review the procedure to calculate the
heavy quarkonium FFs at the input scale po 2 2mg in terms of NRQCD factorization.

Although there is no formal proof that ensures that NRQCD factorization works for evaluating these universal
input FFs perturbatively to all orders in ay and all powers in v-expansion, it has been demonstrated that such
NRQCD factorization should work up to two-loop radiative corrections [18, 19]. Explicit perturbative calculations in
Refs. [26, 27] show that such factorization is indeed possible for up to v* in the velocity expansion since all calculated
perturbative coefficient functions are infrared safe for LP single-parton FFs at O(a?), as well as for NLP heavy quark-
pair FFs at O(as). Such perturbatively calculated input FFs in NRQCD factorization should provide a good starting
point to estimate or determine these much needed universal but nonperturbative functions for heavy quarkonium
production.

If the NRQCD factorization for calculating the input FFs is valid, the collinear factorization formalism in Eq. (1) is
effectively a reorganization of the perturbatively calculated cross section by NRQCD factorization, with resummation
of large fragmentation logarithms. It also provides a justification of NRQCD factorization applied to heavy quarkonium
production at large transverse momentum, at least for the first and second power terms in the 1/pr expansion. In
Sec. ITI, we discuss the connection between the QCD factorization formalism in Eq. (1) and the NRQCD factorization
approach to heavy quarkonium production [2]. With a proper matching, we introduce an expanded factorization
formalism which could smoothly connect the QCD factorization in Eq. (1) for pz > po to the fixed-order calculation
in NRQCD factorization for pr 2 uo 2 2mg, including heavy quark mass effects.

In subsection III C, we provide an explicit example to demonstrate that when pr > mpg, the QCD factorization
formalism in Eq. (1) catches all leading contributions to the heavy quarkonium production. We show that the
extremely challenging calculation of the complete NLO contributions to the production of a color singlet, spin-1
heavy quark pair in hadronic collisions can be effectively reproduced by the much simpler LO perturbative QCD
calculation of the hard parts to produce a color-octet collinear and massless heavy quark pair, convolved with equally
simple LO fragmentation functions for the perturbatively produced pair to fragment into the color-singlet, spin-1
heavy quark pair, calculated in NRQCD factorization. The combination of the two LO calculations reproduces more
than 95% of the full NLO contribution when pr is only a few times of the heavy quark mass. The same conclusion is
also true for other production channels in NRQCD calculations [28].

In Sec. IV, we discuss how to evaluate heavy quarkonium polarization in the QCD factorization approach. Since both
short-distance partonic hard parts and evolution kernels of heavy quarkonium FF's are perturbative, and not sensitive
to the long-distance details of the individual heavy quarkonium produced, the heavy quarkonium polarization should be
completely determined by the heavy quarkonium FFs at the input factorization scale, puo. With pg 2 mg > mqu, it is
very reasonable to apply the same NRQCD factorization conjecture for calculating the unpolarized heavy quarkonium
FFs at scale pg to the calculation of polarized heavy quarkonium FFs at the same input scale. In this section, we
present the projection operators, within the NRQCD factorization approach, for the calculation of polarized heavy
quarkonium FFs with the produced heavy quarkonium in either a transverse or a longitudinal polarization state. As

an example, we present our O(«;) calculation of polarized heavy quarkonium FFs via a color singlet 35%” heavy quark
pair in NRQCD. A complete calculation of polarized heavy quarkonium FF's in NRQCD for all partonic channels is now
available [26, 27, 29]. With the perturbatively calculated polarized heavy quarkonium FFs; we demonstrate explicitly
that the combination of QCD factorization for heavy quarkonium production in Eq. (1) and NRQCD factorization for
the heavy quarkonium FF's can not only reproduce the NLO Color Singlet Model (CSM) calculation for the production
rate, but also the polarization of the produced heavy quarkonia. Clearly, a fuller understanding of heavy quarkonium
production and its polarization requires a new global analysis of all heavy quarkonium production data in terms of
QCD factorization formalism and the new set of evolution equations for heavy quarkonium FFs [28]. Finally, our
conclusions are summarized in Sec. V.



II. PRODUCTION CROSS SECTION AND PARTONIC HARD PARTS

In this section, we introduce a systematic method to calculate all partonic hard parts of the collinear-factorized NLP
terms, d6 ;100 (x)](p.), I Ed. (2) perturbatively. We provide a detailed derivation of the hard parts for producing a
heavy quark pair in various spin-color states from the scattering of a quark and an antiquark at O(a?), and present
our full results for all other partonic scattering channels, including quark-gluon and gluon-gluon scattering channels
in the Appendix A.

A. The formalism

As a consequence of QCD factorization, all factorized partonic hard parts for heavy quarkonium production in
Eq. (2) are uniquely determined perturbatively by the factorization formalism and the definition of fragmentation
functions (and parton distribution functions in the case of hadronic collisions). Like the LP hard parts, the NLP
factorized partonic hard parts, d6 ., 105 (k) (p.) I Eq- (2), are insensitive to the long-distance details of the colliding
hadrons and the produced heavy quarkonium. The factorization formalism in Eq. (1) is also valid when the colliding
hadrons, A and B, are replaced by two asymptotic colliding parton states of flavor a and b, respectively, and the
produced heavy quarkonium, H, is replaced by an asymptotic state of a heavy quark pair with momentum p and
spin-color state [QQ(x)]. Together, the partonic analogs of Eqs. (1) and (2) can be expressed symbolically as,
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where i, j, f represent the factorized active parton flavors, including ¢, g, g, and Q, [QQ(x")] represents a heavy quark
pair of spin-color state x’, and ® represents the convolution over partonic momentum fractions as shown in Egs. (1)
and (2). Unlike the cross section in Eq. (1), both the partonic cross section on the left-hand-side (LHS), and the PDFs
of a parton and FFs of a partonic state on the right-hand-side (RHS) of Eq. (3) can be calculated perturbatively in
terms of Feynman diagrams with proper regularizations. Most importantly, the short-distance partonic hard parts in
Eq. (3) are the same as those in Eq. (2).

The fact that the cross section is factorizable ensures that the perturbatively calculated partonic cross sections on
the LHS and PDFs and FFs on the RHS of Eq. (3) are all free of infrared (IR) divergence, while the ultraviolet (UV)
divergences are taken care of by the renormalization, and all CO divergences are process-independent and cancelled
perturbatively order-by-order in powers of as between the LHS and the RHS to leave the partonic hard parts free of
any divergences. To derive the partonic hard parts in Eq. (2), which are the same as those in Eq. (3), we expand both
sides of Eq. (3) order-by-order in powers of a5, and then, extract all partonic hard parts perturbatively by calculating
the corresponding partonic cross section in the LHS, and the PDFs and FFs of partons on the RHS.

To evaluate the hard parts at the first non-trivial order in hadronic collisions, we expand both sides of Eq. (3) to
O(a),
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where the superscript (m) with m = 0, 1, 2, 3 indicates the power of a; of the corresponding quantity. Since the zeroth
order parton PDFs and FFs are given by the d-functions that fix the corresponding convolutions, the short-distance
hard parts for all possible channels of partonic scattering between parton flavors a and b are given by
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where the first term on the RHS, do sza[QQ ()’ is the perturbative cross section for two partons of flavors a and

b to produce a heavy quark pair of momentum p in a spin-color quantum state [QQ(k)] at order of a2, which covers
all LO partonic processes to produce a heavy quark pair at a large transverse momentum. Since we neglect the
heavy quark mass when pr > mg, this partonic scattering amplitude, like the one in Fig. 1, can have a perturbative



divergence caused by the mass singularity of the gluon propagator, when its invariant mass goes on-shell, p?> — 0,

. . . . 3
which leads to a divergent partonic cross section, daa+b_)[QQ(N)](p).

fact a LP contribution, and is already included in the LP fragmentation contribution, the first term on the RHS of
Eq. (1). Therefore, it should be systematically removed when we calculate the short-distance partonic hard parts
of the NLP contribution to avoid double counting. In Eq. (5), the second term is a natural result of the QCD
factorization formalism. Its role is to remove all possible LP contributions from the first term, and it can be referred
as a subtraction term for removing the mass singularity or the LP contribution.

This perturbatively divergent contribution is in

FIG. 1: Sample partonic scattering amplitude for a(p.) + b(py) — [QQ(x)](p) + X that includes a leading power contribution
to the production rate of a heavy quark pair.

Similarly, by expanding the factorized formalism for the partonic scattering cross section in Eq. (3) to order a, we
derive the factorization formula for calculating the NLO short-distance partonic hard parts of the NLP contribution
as,
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where the sum of 4, j, f runs over all parton flavors, and all lower order short-distance partonic hard parts are well-
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defined and calculable. For example, the d&, g (pe) atb— f(pe)

partonic cross sections given by lowest order 2 — 2 partonic scattering amplitudes, and are finite. In Eq. (6), the
subtraction term in the first line plays the same role as that of the subtraction term in Eq. (5), the subtraction term

are given by Eq. (5), and d& are the lowest order

. L . . . . (4) .
in the second line is to remove the power collinear divergence of the partonic cross section, do QG () ()’ which

has been included in the evolution of the single parton FFs via the mixing kernels from a single fragmenting parton
to a heavy quark pair [22]. The four more subtraction terms in the last three lines of Eq. (6) are needed to remove
the logarithmic collinear contributions that have been included in the evolution of initial-state parton distribution
functions (PDFs). The factorization formula in Eq. (6) can be adapted for calculating the NLO contribution of the
power corrections in other scattering processes, for example, we only need the first two lines for high energy heavy
quarkonium production in e*e™ collisions.

In the remainder of this section, we provide the detailed derivation of the first non-trivial short-distance hard parts
for a quark and an antiquark to produce a heavy quark pair in all possible spin and color states. Because the heavy
quark mass is set to zero in the hard parts, we only need to consider the production of a heavy quark pair in axial-
vector and vector spin states at the order of a2. That is, we calculate the partonic hard parts by using Eq. (5) with
a = q(p1) and b = @(p2) of momentum p; and ps, respectively, and
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where the produced pair [QQ(x)] can be in an axial-vector or a vector spin state while in either singlet or octet color
state.
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FIG. 2: Leading order Feynman diagrams for the ¢§ — QQg subprocess at O(a‘z.).

3 : : (3)
At the order of a2, the scattering amplitude for dgq(p1)+é(p2)—>[QQ(H)](p)

The diagrams in Fig. 2(c), (d), and (e) all have divergent contributions caused by the same mass singularity when
the momentum of the gluon with a short bar goes on-shell, p> — 0. As discussed above, any such perturbatively-
divergent LP contribution should be removed by a subtraction term, the second term on the RHS of Eq. (7). The

&;%;1)+q(p2)_>g(pc) of the subtraction term is the lowest order cross section for partonic process, ¢(p1)+qd(p2) = g9(p)+g,

given by the Feynman diagrams in Fig. 3. At order o2, the partonic cross section dé'?

a(p1)+a(p1)—g(pe)
finite. The function D! N of the subtraction term in Eq. (7) is the lowest order fragmentation function
9(Pe) = [QQ(K)](p)

for a gluon to a heavy quark pair. At order «s, it is given by the Feynman diagram in Fig. 4, which is in cut diagram
notation, where the amplitude and complex conjugate are combined into a forward scattering diagram and the final
state is identified by a vertical line. From the definition of the gluon fragmentation function, two gluon lines in Fig. 4
are contracted by the cut vertex [22],
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where the four-vector 7* with 72 = 0 is an auxiliary vector conjugate to the observed hadron momentum p*, introduced
to help define the fragmenting gluon’s light-cone momentum fraction, as well as its two transverse polarization states
(or “physical” polarization states). In Eq. (8), the a and a’ are color indices of the fragmenting gluon in the amplitude
and its complex conjugate, respectively, and

is given by the Feynman diagrams in Fig. 2.

is perturbatively

LAY 4 aHpY
pc + pc _ pc ﬁ“'ﬁl/ (9)

d™ (pe) = —g”
O (pc - 1)

with cflvzy(pc)pcﬂ = Jzu(pc) f, = 0. In a frame where the hadron is moving along the +z-axis, p* = (p7,07,0,)

with hadron mass neglected, we can normalize the auxiliary vector #* as 7#* = (0%,17,0,), since the cut vertex,

Vy(2), is invariant when we rescale the vector 7#. At the lowest order, the fragmenting gluon momentum p. above is

effectively equal to the momentum of the heavy quark pair p in Fig. 4. Consequently, the LO perturbative gluon FF,
1) _

Dy -1aamim

that the second term in Eq. (7) matches precisely the structure of the divergent piece of the partonic cross section
(3)

404 (p1)+a(p2)+[QQ ()

infrared safe (IRS) and perturbative. This subtraction also avoids double counting of the LP contribution, as required

by QCD factorization.

is divergent as the gluon momentum goes on-shell, p?> — p? — 0. It is clear from above discussion

1) to remove its mass singularity when p? — 0, and to leave the sum of these two terms in Eq. (7)

p—~ P~

FIG. 3: Leading order Feynman diagrams for q§ — gg subprocess at O(a?).

The cancelation of the divergence between the first and the second terms in Eq. (7) is exact at the phase space
point where the gluon with a short bar in Figs. 2e and f is on the mass-shell, with a physical polarization. It was
shown in Ref. [22], as part of the calculation of the evolution kernels for a single parton to evolve into a heavy quark
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FIG. 4: Lowest order Feynman diagram («s) for a gluon to fragment into a heavy quark pair.

pair, that the net effect of the second term in Eq. (7) is to replace each gluon propagators with the short bar in Fig. 2
by a contact term, found by rewriting the propagator as
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and keeping only the final, unphysical term,
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where (11) shows the result of subtracting the contribution of these diagrams to gluon fragmentation, which is already
included in the LP term.

As in Eq. (9), the first term in the right-hand side of Eq. (10) vanishes when it is contracted by either p, or 7,
defining the contribution from the gluon’s two transverse polarization states. These are precisely the terms cancelled
by the subtraction, which takes the physical polarizations into account. In Eq. (10), the second term in the RHS,
is the contact term, which is finite when the gluon line goes on-shell, p> — 0. With this term included, the NLP
contribution to the scattering amplitude in Fig. 2 is color gauge invariant [30]. Then, the effect of the subtraction is

to specify a prespcription for calculating the hard parts at this order following Eq. (7), which can be represented as
[22]
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where the subscript “c” indicates that the gluon propagators with a short bar in Fig. 2 are replaced by corresponding
contact terms. These diagrams, in Figs. 2(c), (d) and (e), with their perturbatively divergent leading power contri-
butions removed, are necessary for the gauge invariance of the NLP contribution. In addition to quark-antiquark
scattering, the expression in Eq. (12) is also valid for scattering of two partons of any flavors a and b at this order.

In general, the removal of the LP contributions to the partonic scattering cross sections, or more specifically, the
cancelation of divergences when p? — 0 between the first and the second terms in Eq. (5), or the terms in Eq. (6),
can be handled by introducing a regulator for the divergence of each term first, calculating all terms individually, and
then removing the regulator after all terms are combined and divergent terms are cancelled. Such a general approach
for calculating partonic hard parts beyond the LO contribution derived here could be made algorithmic.

Having identified the contact-term prescription, Eq. (12), it is now straightforward to calculate NLP partonic hard
parts for all partonic scattering channels at O(a?), once we specify the projection operators for the spin-color states
of the produced heavy quark pair, [QQ(k)]. The perturbatively produced collinear heavy quark pair should have four
spin states, s = v, a,t for vector, axial vector, and two tensor states, respectively, and nine color states, I = 1,8 for
singlet and octet color states, respectively. The corresponding projection operators have been defined in Ref. [22],
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for spin states of the produced heavy quark pair, and
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for the color states of the same pair. In Eq. (13), the spin projection operators are independent of the momentum
fractions of the produced heavy quark and antiquark, and the subscripts, ji and kl represent the spinor indices of
the heavy quark pair in the scattering amplitude and its complex conjugate, respectively. In Eq. (14), the ta, with
A=1,2,..., N?>—1 are the generators in the fundamental representation of the group SU(N,) color, and the subscripts,
ba and dc, represent the color indices of the heavy quark pair in the amplitude and those of its complex conjugate,
respectively, but with a,b,c,d =1,2,..., N,.

(3) B
7+3—[QQ(K)](p)’
with the divergent gluon propagator of momentum p replaced by its

From Eq. (12), calculating the short-distance hard part, dé
- : (3)

the partionic cross section, do’q+zj~>[QQ(n)](p)’
contact contribution. From the normalization defined by the factorization formalism in Egs. (1) and (2), we obtain

the expression for the NLP short-distance hard part as

is effectively the same as calculating

;@
5 Yarasieemie _ 1
P d3p 23

2 1 P
Maz-i@amil, gz 063 +i+a), (15)

where 1/2§ is the partonic flux factor, |ﬂqq S[Q4(R)] |i is the partonic scattering amplitude squared with the initial-
state spin and color averaged and the spin-color state of the final-state heavy quark pair defined by the projection
operators in Egs. (13) and (14), and where subscript “c” again indicates the use of the contact term of the divergent
gluon propagator of momentum p. Once more, this is equivalent to the removal of the gluonic pole contribution from
the gluon with a short bar in Fig. 2, replacing the full propagator by the contact term, G2%(p), Eq. (11). In Eq. (15),
the last factor including the §-function is from the two-particle phase space, with the differential element dp/E,
moved to the left of the equation. The parton-level Mandelstam variables in Eq. (15) are defined as

§=(p1+p2)?, t=(@1—p? and a=(p2—p)>, (16)

with § + ¢ + 4 = 0 imposed by the d-function. From Eq. (15), calculating the NLP partonic hard parts at O(a?)
is equivalent to calculating the spin-color averaged partonic scattering matrix element square with the fragmenting
gluonic pole contribution removed.

For convenience, we introduce a slightly simplified partonic hard part, H, to isolate the common factors for all
scattering channels,

~(3)

de = 4 3 1
a+3—=[QQ(R)](p) _ | 2T _ N
Ep &p = [ 3 } e Hag 1000 (3, 4,4) 6(3 + 1 + @) (17)
where the functions H are defined by by
FN —-— 2 | uuvv
Hygoiam) (3,1, 1) = qua[cm(»m\c[ . } : (18)

with coupling constant g,. The factors u, @, v and © are light-cone momentum fractions of heavy quark momenta Pg
and Py of the scattering amplitude and P, and Pé in its complex conjugate, respectively, [22],

P o 1+G P o 1-G
Po=5+ta=up=—=p, Pe=5-a=up=—5"p,

r _ D _ _1+C2 , _ D = _1_C2
PQ_§+QZ—UP_ 5 P> PQ*—i—CD—Up—T (19)

Here, alternate variables (; and (5 represent the light-cone momentum fraction flow between the heavy quark pair in
the scattering amplitude and its complex conjugate, respectively. Although the total momentum of the heavy quark
pair in the amplitude and its complex conjugate is the same, Py + Py = Pé + Pé = p, the relative momenta between
the pair, ¢; in the amplitude and ¢» in the complex conjugate amplitude, need not be the same. That is, ¢; (or u)
does not have to equal (3 (or v), whileu + @ =1 and v + 0 = 1.

The expression in Eq. (18) is actually valid for calculating the hard parts of all partonic scattering channels,
including quark-gluon and gluon-gluon scattering channels at O(a?).



B. Short-distance coefficient for a heavy quark pair in an axial-vector spin state

For calculating the short-distance coefficients, or hard parts of the partonic process, q(p1) +q(p2) — [QQ(k)](p) + ¢
with n = al and a8, we only need to consider two diagrams, (a) and (b) in Fig. 2. The other three diagrams in the
figure vanish because of the 5 in the axial-vector spin projection operators in Eq. (13).

FIG. 5: Square of the diagram (a) in Fig. 2.

The only difference between producing a color singlet and a color octet heavy quark pair in an axial-vector spin
state, [QQ(al)] vs [QQ(a8)], is the color factor. For producing a color singlet pair, we find that the four terms from
the square of two diagrams (a) and (b) in Fig. 2 have the same color factor, which can be derived from the square of
diagram (a), as shown in Fig. 5,

1\? 1 1
ctll = (—) Tr [t448] ——Tr [t24P] ——Tr [tBtP
W) X T ] e
N2 -1
= TSN (20)

where (1/N.)? is from the average of initial-state quark and antiquark color, the 1/1/N.. factor is from the definition
of the color projection operator in Eq. (14), and all color indices are from the labels in Fig. 5. Unlike the color singlet
case, the color factor for producing a color octet heavy quark pair in an axial-vector spin state is not the same for all

four terms from the square of the two diagrams. From Fig. 5, we find for color factors Cgﬂ, with ¢ and j labelling
diagrams in the figure, ‘

2
cl = (Ni> ST T [P VR T (1€ AP] V2 T [1C4P1P]
¢/ A,B,D
N2 -1
[ E ] (N2 =2), (21)

where the v/2 factor is from the definition of the color projection operator in Eq. (14), and generator t“ projects the
octet state of the produced heavy quark pair, and is summed over. Similarly, we find the color factor for other three
terms from the squares of the diagrams (a) and (b) in Fig. 2,

2
b=
oft = - Y] =i
ol = [Nt -2 =l (22)
If we introduce two separate color factors,
e — {N(S?]\;cl]’ and Cy = [NLLN”] (23)

we have

Bl =cl =ci+ ¢, ana OF =0l =c,. (24)

a
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For producing a color singlet axial-vector heavy quark pair, [QQ(al)], the amplitude squared of diagram (a) in
Fig. 2, as shown in Fig. 5, is given by

? (=9a8)  (=gop)

—llll 1 2
M _0[116(—>T P17 - pay®
‘ 93—[QQ(al)] 9s 2 ey P (p1 +p2)? (p1 +p2)?
. u —_ —_
xTr [7']975757 up — o1 ps) #]
(up — p1 — p2)
L7 - (vp —p1 — p2) }
XTr |- P1 (=g
[v LR i P— (=9uv)
_ o] A+ (25)
av) § | § |

where the Feynman gauge was used for this gauge-invariant quantity. Similarly, we find the other three terms from
the squares of the diagrams (a) and (b) in Fig. 2

2 r .67 r£2 1 5#27

—abf nlgel 415+

Magsigaan| = CM = S l=—5— 1 (26)
2 67 M2 4 2

—baf 1 gs 4 |t + u

Mygsigaem| = CU 22l - |l——] (27)
2 r .67 r72 4 52

——bbt nlge| 4(t°+a

Mygsiqaan| = CM 2] 21— (28)

Combining the four terms in Egs. (25), (26), (27), and (28), and using an identity satisfied by the momentum fractions
defined in Eq. (19),

1 1 1 1 1

— = (29)

v uv  uv o uv  uuov

we derive the spin-color averaged matrix element squared for the partonic channel, ¢(p1) + G(p2) — [QQ(al)](p) + g,
as

6 2 A2
i 2| 9 n | ta
[Maz-tagn)l” = [W}J ¢ [ = | (30)
where we have suppressed the subscript “c” for the squared matrix element, because no LP subtraction is necessary

for these diagrams. From the definition of the modified hard part in Eq. (18), we have

P N2 —17 [#? + a2
qu%[QQ(al)](S’t’u):él[ 8N3 ] [ 53 } : (31)

Since the spinor trace and the contraction of Lorentz indices are independent of the color, we derive the partonic
scattering matrix element square for producing a [QQ(a8)] pair as,

Mo aates) - Co Z—Z é[t?%?ﬂ ) (32)
Mig-si0a) - Cant zz % tzjiziﬂ : (33)
Mop aates) " - Char ,g; % ﬁ%ﬂ : (34)
Mir-si0ae) " - Cint [Z—Z % 52‘_:72112 (35)
Combining all four terms together, recognizing
%c}j; + ﬂ—lvcﬁl + %qﬁk %q@ﬂ _ Mlm _%(1+<1<2)cl +Co, (36)
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and using C; and Cy from Eq. (23), we obtain

>

. N2 -1 47 [#+a?
Hy7.100(a8)) (8: 1, )—2[ A } {14'(1(2— m} { = ] : (37)

where (; and (3 are heavy quark momentum fractions defined in Eq. (19).

C. Short-distance coefficient for a heavy quark pair production with vector spin

For producing a color singlet heavy quark pair from quark-antiquark scattering at O(a?2), only diagrams (a) and
(b) in Fig. 2 contribute since the other three diagrams can only produce the pair in a color octet state. Since the
color is independent of the spin state of the pair, the color factor for producing a color singlet pair in a vector spin
state is the same as C[! in Eq. (20).

Similar to Eq. (25), we have from the diagram in Fig. 5,

2

qu—> [QR(v1)]

2
’—aa — ol gG (1) Tr [’Y p1y7 Ay .p27a] (_gaﬁ) (_gdp)
*\2 (p1 4+ p2)? (p1 + p2)?
Ty [7 SV k (up — p1 _pi)v“]
(up — p1 — p2)
v (vp —p1 — p2)
T -pyY Pl (=g,
X I'|:")/ by ('Up_pl_p2)2’y:|( g#)
81 4 [ +a?
— ol 9| 2 a8
uv & 32 ’ ( )

S S

i 2

which is the same as }WZ;Z[QQ(M)] In the same way, we find for the other three terms contributing to the

production of a [QQ(v1)] pair,

—abf 1 gg 4

Magsieouny| = —CU [a} 3 (39)
2 6

——bal 1 9s 4

Magieen)| = ~ct [a} 3 { } ; (40)
2 6 24

——bbt 9| 4

Mygsieuy| = €M {@] 5 { = ] : (41)

where the interference terms have the opposite sign compared to the corresponding terms for producing a [QQ(al)]
pair, Egs. (26) and (27). Combining Eqgs. (38), (39), (40), and (41), we obtain

o N2 17 [ +a2
que[@@(vl)}(s’tv@—‘*[ VE ] { ] (16, (42)

which differs from H ; —>[QQ(a1)](§a t,1) only by an overall factor of ¢(;(s, and vanishes if the produced heavy quark
and antiquark have the same momentum.

For the production of a color octet heavy quark pair in a vector spin state from quark and antiquark scattering
at O(a?), all five diagrams in Fig. 2 can contribute. With three more diagrams for producing a [QQ(v8)] pair, each
combination of the diagrams in the scattering amplitude and its complex conjugate has its unique color factor, labeled
“y” multiplied by the complex conjugate diagram “j” with 4,5 =(a), (b), (c), (d), and (e) in Fig. 2
We find, however, that all of these twenty-five color factors can be expressed in terms of the two color factors, C; and
Ca, as deﬁned in Eq. (23), and we present all of them in Table I. To normalize the color factor involving the three-gluon
vertex, we take the following convention for the Feynman rule of the three-gluon vertex. For the three-gluon vertex
of diagram (c) in Fig. 2, we let —g, fFAP = (—ig,)(—ifF4P), and include the “(—ifP4P)” into the calculation of the
color factor, while keeping “(—ig)” with the calculation of the rest of diagram. We follow the same convention for the
three-gluon vertices in the complex conjugate of the scattering amplitude.

From our discussion leading to Eq. (18), we need to calculate the initial-state spin-color averaged scattering ampli-

C[ ! for diagram “g

tude square, }ﬂqq%[QQ(vg)] |i, for a quark and an antiquark to produce a heavy [QQ(v8)] pair with the LP gluonic
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TABLE I: Color factors for all combinations of diagrams in the scattering amplitude and its complex conjugate for the partonic
process, ¢ + ¢ — [QQ(v8)] + g, expressed in terms of C1 and C2 defined in Eq. (23).

Sl @ [ o o] @ (0

(a) | C1+Co Ca —Ci| Ci+Co Ca
(b) Co Ci+Ca | C1 Co Ci1+Co
(C) —C1 C1 2C1 —Cl C1
(d) C1+Co Co —C1| C1 + C2/2 Cz/2
(e)

Co Ci+Ca | C1 Ca/2 Ci1+Ca/2

pole contribution removed. That is, we need to use the contact term of the gluon propagator for the gluon with a
short bar and momentum p in Fig. 2. Although three particles are produced in the final state, the scattering process,
q(p1)+q(p2) — [QQ(v8)](p)+g(k), has effectively a “2 — 27 kinematics, and has three independent external momenta
due to momentum conservation, p; +pz = p+ k. With the use of the contact term for the gluon propagator, Eq. (11),
intaY /(p - n)?, the calculated partionic hard parts for this production channel, q(p1) + @(p2) — [QQ(v8)](p) + g(k),
can depend on the ratios, p1 - 7/p - 7t and po - /p - 1, if we choose p1, ps2, and p as the three independent momentum
vectors for this partonic subprocess.

In Eq. (11), the auxiliary vector n* is defined to be conjugate to the heavy quark pair momentum p*, in the sense

defined after Eq. (9). Since the squares of the diagrams in Fig. 2, |ﬂqq_>[QQ(U8)] ‘2, are Lorentz invariant, and the
subtraction term that removes the LP contribution in Eq. (7) is Lorentz invariant, the NLP hard part defined in
Eq. (18) is Lorentz invariant as well. That is, with the “2 — 2” kinematics, the NLP hard parts can be expressed in
terms of the Mandelstam variables defined in Eq. (16), as can the ratios, p; - 7n/p -7 and ps - 71/p - f. Since the inner
products, p1 -1, p2 -1, and p- N, are Lorentz scalars, we can evaluate them in any Lorentz frame. The most convenient
choice of 7* makes the gluon polarization in Eq. (9) transverse in the center of mass frame of the parton-parton
scattering, in which the heavy quark pair moves along the z-axis, and the unobserved final-state parton of momentum
k* = p{ + ph — p* with k? = 0 moves along the —z-axis, back-to-back to the p#. In this frame, the unobserved
final-state parton momentum k* should be exactly proportional to the auxiliary vector n#. Since the contact term of
gluon propagator is invariant when the vector n* is rescaled, we can write the contact term of gluon propagator of
momentum p in this frame as

zn”An :zk”k . (43)

(p-n)?  (p-k)?
Thus, we can replace n* by k* for our calculation of the NLP hard parts in this frame. The Lorentz invariant ratios
involving the n* vector can be then expressed in terms of the Mandelstam variables as

pl"fli—ﬂ pg'ﬁi—f (44)
p-n 8 p-a 0§

The Lorentz invariance of these ratios and of the scattering amplitude ensures that the NLP hard parts evaluated in
this frame are valid in all other Lorentz frames, including the center of mass frame of the colliding hadrons or the
lab frame. This simplification is specific to the 2 — 2 subprocess that characterizes this calculation of the NLP cross
section at LO.

With the Feynman diagrams in Fig. 2, spin projection operators in Eq. (13), the contact gluon propagator in
Eq. (43), and the calculated color factors in Table I, it is straightforward to derive the hard parts for partonic
production channel, ¢(p1) + @(p2) — [QQ(v8)](p) + g(k). Since all color factors from combinations of the diagrams in
Fig. 2 and its complex conjugate can be expressed in terms of two color factors, C; and Cs, as shown in Table I, we
express our calculated short-distance hard part of this channel as

N2 -1 N2 -1
qu‘)[QQ(vg)](S,t,u) = 2 |: 8NC :| Hl(s,t,u)—i-él |:— 4N§ :| Hg(s,t,u), (45)



13

where we find that

52 + 02 9 5 £2 —q2
Hio= —— [(1+GG)GG+A01 =) - G)] + —7— (1 - Ge) (G + &)
S -+ ga-a
2 + a2 2 — 42 ) ) 1 ) )
Ho = —5— (GGl +—3 (G =)+ e -¢)] + 3 (1-¢Ha-a)] - (46)

This result for the (v8) heavy pair color-spin configuration, together with Eqs. (31), (37) and (42) for the (al), (a8)
and (v1) configurations, respectively, gives the full O(a?) contribution to heavy pair production in the light pair
channel. The partonic short-distance hard part for producing a heavy quark pair in a tensor spin state from the
scattering of a light quark pair vanishes at the order of . This is simply because the tensor spin projection operator
in Eq. (13) has an even number of Dirac 7 matrices, and the trace of odd number of y-matrices vanishes.

Using essentially the same methods described in this section, we have calculated the NLP short-distance hard
parts for other partonic scattering channels at O(a?), including ¢ + g — [QQ(k)] + ¢, 9 + ¢ — [QQ(x)] + ¢, and
g+ 9 — [QQ(K)] + g, with the produced heavy quark pair in all possible spin-color states. The complete results of
perturbatively calculated hard parts for all partonic scattering channels are presented in Appendix A.
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IIT. PREDICTIVE POWER AND CONNECTION TO NRQCD

Even with the first non-trivial order of partonic hard parts calculated in this paper, and additional future im-
provement of the hard parts with higher order perturbative corrections, the predictive power of the QCD collinear
factorization formalism in Eq. (1) for heavy quarkonium production still relies on knowledge of the nonperturbative,
but universal, heavy quarkonium fragmentation functions: Df_>H(z,u2F;mQ) and ’D[QQ(,{)]HH(Z,U,U,M%;mQ). As
derived in Ref. [22], these universal heavy quarkonium FFs satisfy a closed set of evolution equations that determines
their dependence on the factorization scale, pp. The first non-trivial order of all evolution kernels is also available
in Ref. [22]. Higher order corrections to these evolution kernels could be systematically calculated in perturbation
theory. That is, we are able, in principle, to derive all heavy quarkonium FFs at any factorization scale pp with a
set of input distributions at an initial factorization scale, po 2, 2mg, at which the power suppressed contribution in
1/p2 is compatible with the leading logarithmic contribution in In u%. Like all other QCD factorization formalisms,
the predictive power of the factorization formula for heavy quarkonium production in Eq. (1) thus depends on a set of
nonperturbative input FFs (as well as the input PDFs for hadronic collisions). Since both the short-distance partonic
hard parts and the evolution kernels of these FFs are perturbatively calculated, it is the FFs at input scale o that
are the most sensitive to the detailed properties of the heavy quarkonia produced, including their spin and angular
momenta. If we were to follow the procedure familiar for light parton PDFs and FFs, we would need to extract heavy
quarkonium non-perturbative input FFs from experimental data or possible lattice QCD calculations, similar to the
extraction of light hadron, such as pion or proton, FFs.

However, unlike the light hadron FFs, heavy quarkonium FFs at the input scale py 2 2mg depend on a large
perturbative scale - the heavy quark mass, mg ~ O(uo) > Aqcep. Even more importantly, this perturbative scale is
substantially separated from the momentum scale needed for the binding of heavy quarkonium, mgv and any other
non-perturbative scales of the bound state. With such a clear separation of momentum scales, NRQCD is a natural
effective theory of QCD to separate the dynamics of the fragmentation process at the perturbative scale po ~ O(mg)
from the physics at the scale mgv and below. Appealing to NRQCD factorization for this production process as a
very plausible conjecture, we can, at least as a reasonable model, express all heavy quarkonium FFs in terms of the
universal NRQCD long-distance matrix elements (LDMEs) with perturbatively calculated functional dependence on
the momentum fractions, z, (1, and (2. In this approach, all input heavy quarkonium FF's are expanded in terms of
the LDMEs, according to their effective powers in heavy quark’s velocity v in the heavy quark pair’s rest frame. These
LDMESs are the same as those used in light parton FFs to heavy quarkonia, so that this approach has the attractive
feature of introdcing no new nonperturbative parameters relative to those that are already in the LP expansion [31].
The perturbatively calculated coefficient for each LDME is further expanded in terms of the power of strong coupling
constant o (o). With the small value of the velocity, v, the perturbative expansion of all heavy quarkonium FFs can
be expressed in terms of a very small number of universal LDMEs for each physical quarkonium state to enhance the
predictive power of the QCD factorization formalism in Eq. (1) tremendously.

A. NRQCD factorization and input fragmentation functions

The NRQCD factorization approach to heavy quarkonium production was proposed to express the inclusive cross
section for the direct production of a quarkonium state H as a sum of “short-distance” coefficients times NRQCD
LDMEs [2],

o™ (pr.mo) = Y G10am) (Prma, 1a) (0|0 g, (1a)[0) (47)
[QQ(n)]

where pr is the transverse momentum of produced heavy quarkonium, and pa ~ O(mg) is the ultraviolet cut-off
of the NRQCD effective theory, or effectively, is the factorization scale of the factorization formalism. When the
physical scale pr > mg, it was demonstrated in Ref. [22] that the perturbative expansion of the short-distance
coefficient functions, &g (ny (PT, MQ, 11a) in Eq. (47), in powers of o is not always stable since high orders in a; can
be enhanced by the powers of pr/mg, as well as powers of large logarithms in In(pr/mg). The QCD factorization
formalism in Eq. (1) was in fact proposed to reorganize both of these large power and logarithmic enhancements.

With the input factorization scale, po ~ O(mg), and the large momentum scale separation between po and all
other nonperturbative scales of the heavy quarkonium, we propose as above and as a conjecture, to use NRQCD
factorization for calculating the heavy quarkonium FF's at the input scale g as,

Df%H(Z;,U(QﬁmQ): Z CZ,fa[QQ(n)](Z,H(Q);mQ,HAXO{ZgQ(n)](HA»7 (48)
[QQR((n)]
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for the heavy quarkonium FFs from a single parton of flavor f = ¢, ¢, g, and

Diga»m (20, 15:me) = D digaum)—»1Qam) (21 v 15 mas i) (Ol gy (1) (49)
[QA(n)]

for the heavy quarkonium FFs from a perturbatively produced heavy quark pair of the spin-color state x defined in
Sec. II. In Eq. (48), cif_)[QQ(n)] (2, 13;mq, pa) is the perturbatively calculable short-distance coefficient function for an
off-shell parton of flavor f to evolve into a non-relativistic heavy quark pair represented by [QQ(n)] with n expressed
in terms of the standard spectroscopic notation, 2S+1L9 ’8], according to the spin S, orbital angular momentum L,
and total angular momentum J, as well as the color state ([1] for singlet and [8] for octet) of the pair. Similarly,
J[QQ(H)]_)[QQ(,Z)] (z,u,v, ué; mq, pa) is the short-distance coefficient functions for an off-shell perturbatively produced

eavy quark pair with the spin-color quantum number k£ to evolve into the same non-relativistic heavy quark pair

state [QQ(n)].
Since  the short-distance  coefficient  functions,  d;_,1oqm) (z,p3;mg,pa)  in Eq.  (48), and

CZ[QQ(K)H[QQ(n)] (z,u,v, ud;mq, ua) in Eq. (49), are not sensitive to the details of the produced heavy quarko-
nium H, they can be calculated systematically by projecting the factorization formalisms in Egs. (48) and (49)
on a pair of non-relativistic heavy quarks of mass mqg. Note that the heavy quarkonium fragmentation functions
defined in both Egs. (48) and (49) are boost invariant along the direction of heavy quarkonium momentum of p*.
Let [QQ(c)] be such a state with ¢ expressed in terms of the standard spectroscopic notation. The corresponding
projection operators for such a non-relativistic heavy quark pair are given in the Appendix A of Ref. [26], or in the
references therein. By expanding both sides of the factorization formulas in Eqs. (48) and (49) order-by-order in
powers of «as, the short-distance coefficient functions can be perturbatively extracted by calculating both sides in
perturbation theory.

For example, by expanding the factorization formula in Eq. (49) for producing a non-relativistic heavy quark pair,

[QQGS’([JS])], to zeroth order in power of as, we have [26],

DO

_ 500
[QQ(x)]—~[QQ(SI)] =d (z,u,v) (50)

(2,,0) = i 5 1100019

7

where the superscript “(0)

5(1q8]
factorization scales are suppressed, and the normalization of NRQCD LDMESs, <O{gg§5‘]’ ) (0)® =1 with n = 1558],
is used. The perturbatively produced heavy quark pair states, [QQ(x)], are defined in terms of relativistic heavy
quark field operators in QCD with the vector, axial-vector, and tensor spin states and singlet and octet color states,
along with the projection operators defined in Ref. [22]. On the other hand, the NRQCD states of a heavy quark pair
are defined in terms of non-relativistic heavy quark fields of NRQCD. As a result, there can be non-trivial matching
coeflicients even at zeroth order in ag. With our definition of heavy quarkonium FFs and the normalization of NRQCD
LDMEs, we have, for example,

indicates the zeroth order in power of ay, the dependence on the heavy quark mass and

() 1 1

] ] 51— 2)6(2u—1)6(2v 1 1
Qa-aausih)F V) = FE 1 amg 01 T2 02u—1)o@v —1), (51)

where u = (1 —(1)/2 and v = (1 — (2)/2. A complete list of the zeroth order short-distance coefficient functions can
be found in Ref. [26].

Beyond the LO in ay, the partonic FFs to a non-relativistic heavy quark pair on the left-hand side of the factorization
formulas in both Eqs. (48) and (49) have several types of perturbative divergences, as do the NRQCD LDME:s to a
non-relativistic heavy quark pair on the right-hand side of these equations. With the finite heavy quark mass, mg,
the partonic FFs on the left-hand side of Egs. (48) and (49) have no collinear (CO) divergence. The ultraviolet (UV)
divergence associated with the composite operators defining the FFs are systematically removed by the UV counter-
terms (UVCT), required as a necessary part of the definition of these FFs, while the UV divergences associated
with the virtual loop diagrams are taken care of by the standard renormalization of QCD perturbation theory. The
factorization scheme, associated with the cancelation of the UV divergence between the partonic FFs and the UVCT
should be chosen to be the same as the factorization scheme used to calculate the short-distance partonic hard parts
of the QCD collinear factorization formalism in Eq. (1). For calculating the partonic FFs for producing a heavy quark
pair in a non-relativistic S-wave state, the infrared (IR) divergence associated with contributions from individual
Feynman diagrams completely cancels at any given order of ay after we sum up all contributions at this order.
However, for calculating the partonic FFs of producing a heavy quark pair in a non-relativistic P-wave or higher
orbital angular momentum state, IR divergences (as well as what is often referred to as the rapidity divergence [32—
36] in the context of transverse momentum dependent factorization formalism [37]) cannot be completely canceled by
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summing over contributions from all diagrams [27]. Instead, IR divergences (and the rapidity divergences) should be
cancelled by corresponding divergences in the NRQCD LDMEs on the RHS of the factorization formalism, as required
by factorization. In addition to the UV and IR divergences, the partonic FFs for producing a pair of heavy quarks has
Coulomb divergences from the exchange of soft gluons between the pair. The Coulomb divergence of the partonic FF's
on the LHS of Egs. (48) and (49) should be exactly cancelled by the Coulomb divergence of the NRQCD LDMEs on
the RHS to ensure the validity of the factorization. Although there is no formal proof for the NRQCD factorization
formalisms in Eqs. (48) and (49), the NLO calculation of the short-distance hard parts for both the single parton and
heavy quark pair FFs in Refs. [26, 27] confirms that all UV, IR (as well as rapidity), and Coulomb divergences are
completely cancelled to leave all hard parts at this order infrared safe (IRS). NRQCD factorization effectively predicts
the functional dependence of the heavy quarkonium FF's in terms of momentum fractions: z, u, and v (or equivalently
z, ¢1 and (2), and NRQCD LDMEs up to the approximation to truncate the perturbative expansion in powers of
and v in Egs. (48) and (49) [28].

It is the input FF's that are the most sensitive to the characteristics of individual heavy quarkonium produced in high
energy scattering, since both the short-distance partonic hard parts in the QCD collinear factorization formalism in
Eq. (1) and the evolution kernels of the FFs are perturbatively calculated and completely universal for the production
of any heavy quarkonium states. The input FFs determine the difference in the production various states, including
their spin and polarization dependencee, as well as the normalization of their production rates. The QCD factorization
in Eq. (1) assures that these input FFs are universal regardless of whether the heavy quarkonium state is produced
in a hadron-hadron, lepton-hadron or lepton-lepton collisions. In summary, input FFs are essential for understanding
the characteristic differences between all heavy quarkonium states produced.

B. Relation between QCD factorization and NRQCD factorization

The NRQCD factorization for the input FFs in Egs. (48) and (49) is independent of the QCD collinear factorization
in Eq. (1). The two factorizations have their own power counting and perturbative expansions. The QCD factorization
is valid up to the first power corrections in the 1/p2 expansion of the cross section, while the short-distance hard
parts and evolution kernels of FFs can be systematically improved by calculating higher order corrections in powers
of as. As noted above, although the NRQCD factorization has not been fully proved perturbatively for high orders
in powers a, and v, explicit NLO calculation up to v* in LDMEs verifies the factorization. In order to best compare
with experimental data, it is important to get the most accurate calculations from each factorization series, and in
particular, the NRQCD factorization for the input FF's to test the universality of these functions.

If the NRQCD factorization for the input FFs in Eqgs. (48) and (49) is valid to all orders in a and the relative heavy
quark velocity v, the validity of the QCD collinear factorization formalism for heavy quarkonium production in Eq. (1)
effectively ensures that the NRQCD factorization for the production cross section in Eq. (47) is valid at least for the
LP and NLP terms in the 1/pp expansion. In addition, the QCD factorization formalism reorganizes the perturbative
expansion of NRQCD factorization by resumming all powers of In(pr/mq). However, this equivalence between QCD
factorization and NRQCD factorization does not say anything about the validity of the NRQCD factorized cross
section in Eq. (47) beyond the NLP terms.

In terms of QCD collinear factorization in Eq. (1), all partonic hard parts for production cross sections and evolution
kernels of the FFs are calculated with the heavy quark mass neglected. The heavy quark mass dependence of the
NRQCD factorization for the production cross section can be systematically included by the following perturbative
matching formalism,

doAyBHX dggig—)Hﬁ-X
Br—"pp  (Pma) = Br— gt (P mg =0) )
NRQCD CD—Asym
dUAJr%ﬂHJrX Uz%JrBﬂHYFX .
—+ EPT(P,’ITLQ §£ 0) - EPT(P;mQ - O)a

where 02¢P is given in Eq. (1) with the input FFs calculated in NRQCD factorization, oVRRCP is given by Eq. (47)
with only the LP and NLP terms in the 1/pr expansion, and the “asymptotic” oQCP~AsYm ig defined to be the same
as 09CP with the FFs expanded to a fixed order in both s and v to match the order used to calculate ¢NRQCDP,
If the NRQCD factorization formalism in Eq. (47) is valid beyond the NLP, the oNRQCP in Eq. (52) should include
terms beyond the NLP. In Eq. (52), the first term on the RHS is more reliable for large pr, while the second term is
more suited for the low pr region, and the third term effectively removes the double counting at any given fixed order
in power of as. Consequently, the combined formula in Eq. (52) could be consistent with experimental measurement
of heavy quarkonium cross sections for a wider range of pr(> mg).
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C. An example

In this subsection, we provide an explicit example to demonstrate how the very large and complex NLO contribution
to the heavy quarkonium production calculated in the color singlet model (also in NRQCD) can be reproduced by
a much simpler and fully analytic LO calculation in terms of QCD factorization, Eq. (1) with the FFs calculated in
NRQCD. The same comparison for other partonic production channels can be found in Ref. [28].

From the QCD factorization formalism in Eq. (1) and the NRQCD factorization formalisms in Eqs. (48) and (49),

we found that the LO contribution to the production of a color singlet spin-1 heavy quark pair, [QQ(gSP)], which

matches to a physical heavy quarkonium H by a NRQCD LDME, (O[Ié o (35[1])]>, is given by the combination of
1

producing a color-octet heavy quark pair, which fragments into a color singlet and spin-1 NRQCD state, [QQ(%S{”)].
At order of o, only the pair in a vector [QQ(v8)] or an axial-vector [QQ(a8)] spin state can fragment into the spin-1
NRQCD state . The LO partonic hard parts at O(a2) for producing a heavy quark pair in both [QQ(v8)] and
[QQ(a8)] perturbative states are given in the Appendix A found from the detailed of derivation given in Sec. II. The

O(as) heavy quarkonium FFs, D[(;)Q(R)H[QQ(?’SP])HH with k = a8, v8, can be calculated by using Eq. (49).

P2 P2 P/2
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FIG. 6: Leading order Feynman diagrams representing the fragmentation of a heavy quark pair to another heavy quark pair.

1)
[QQR)]~1QQEsI))—H
with kK = a8, v8, in NRQCD are given in Fig. 6, where the amplitude and its complex conjugate are combined together
in the cut diagram notation. As in the standard NRQCD calculation, the momenta of the heavy quark and antiquark
(upper lines of the diagrams) are fixed at p/2 and Dirac indices of these lines are contracted with an NRQCD singlet
spin-1 projection operator [26]. The only difference for the fragmentation between a vector [QQ(v8)] and an axial-
vector [QQ(a8)] state is that the lower fragmenting heavy quark and antiquark lines in Fig. 6 are contracted with
different projection operators, as defined in Eq. (13). We obtain,

At order of ag, the relevant Feynman diagrams for calculating the heavy quarkonium FFs, D

OH _

CR (z,u, v, u%;mg) = 1 Oloqesiy!
[QQS) QA )i\ > T T RS T 9N T R,

o 1

—A_ — 1 1—42+22%) (1 - ——— 53

m (u,v)l_z[n(r(z)—i- )+ ( z+ z)( 1+r(z))]’ (53)
H

CR 1 <O[Q@<SS£”>J>

2. _
Dioasi-eausihy-a 3 4V 13 Me) = gy ——o

X A () 2(1 - 2) {m (r(z) + 1) + <1 - %T(Z)ﬂ , (54)

for the fragmentation of a [QQ(v8)] state and of a [QQ(a8)] state, respectively. In Egs. (53) and (54), the superscript

“CR” indicates the use of a cutoff regularization scheme for the logarithmic UV divergence, the function r(z) =
Z2M2/(4m2Q(1 —2)?), and A4 (u,v) are defined as

setun) = 3o+ (5 3]s+ (- 3)]
st = oo -3 5)] [ (-3) - 0-3)] g

I The contribution from the vector spin state, [QQ(v8)], was not included in our previous short paper Ref. [21].
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As explained in Sec. (III A), UV counter-terms are needed to calculate the FFs perturbatively in order to renormalize
the composite operators that define these heavy quarkonium FFs. In deriving Egs. (53) and (54), we renormalized
the UV divergence by a cutoff y? on the transverse momentum integration, dk%, which is directly connected to the
virtuality of the fragmenting heavy quark pair. The heavy quark mass, mg, effectively removes the potential CO
divergence.

The perturbatively calculated FFs in Egs. (53) and (54) are not unique due to the renormalization of the pertur-
bative UV divergence. Just like the light-hadron FFs, the exact expression of heavy quarkonium FFs depend on the
factorization scheme, which is a direct consequence of the renormalization ambiguity for removing the perturbative
UV divergence. For a comparison, we also list here the same FFs calculated with dimensional regularization and the
MS renormalization scheme [26, 27],

H
DR 2, 1 <O[QQ(35§1])]>
QU QEsI]-a (7 U VI MQ) = gam o

Qg z M2 2
XEA_(U,’U): ln m +(1_4Z+2Z) N (56)
OH
1 Oroaesivy
DR 2. _ 1
Digausi-ieasiiyu# 1 V 15 MQ) = 53 3mg

% ;_;A+(U,U)Z(1 - z) [ln (m) B 1] , -

for the fragmentation of a [QQ(v8)] state and a [QQ(a8)] state, respectively. In Egs. (56) and (57) the superscript
“DR” indicates the use of dimensional regularization. The difference between the FFs in Eqgs. (53) and (54) and those
in Egs. (56) and (57) reflects the factorization scheme dependence of the perturbatively calculated FFs, which should

lead to differences in fitted values of the NRQCD LDMEs, for example, the value of <(9[IZ2 Q(3S[1])]> in these equations.
1
From Eq. (55), it is clear that A (u,v) and A_ (u, v) have different symmetry properties under the transformation of
u+ru=1—-uorv+ v=1-—v,orequivalently, (; <>+ —(; or (2 > —(a2: A4 (u,v) is symmetric, while A_(u, v) is anti-
symmetric. That is, when the relative momentum fraction of the heavy quark pair in the amplitude or in its complex
1)
[QQ(a8)|~[QQCS!)—H
(2, u,v, u?; mgq) is anti-symmetric. This symmetry property

conjugate, reverses its direction, the calculated FF, D (z,u,v,,uz;mQ), which is proportional

1)

[QQ8)~[QQEsT ) —H
effectively requires that under the same transformation, only the symmetric part of partonic hard parts for producing a
[QQ(a8)] pair, or the antisymmetric part of partonic hard parts for producing a [QQ(v8)] pair, can give a nonvanishing
contribution to the production cross section at this order. For example, the LO QCD factorization contribution from

to Ay (u,v) is symmetric, while D

Eq. (1) to hadronic J/1 production via a color singlet [QQ(?’SP])] channel can be symbolically given by,

_ A A (1)
Warboipy = ) Pama® dno [da"“[QQ“S” O P 6w 100¢s) 1w
ab

~ S ~ (1)

T 100w © Plggsoeacshisas| (58)
where ), sums over all possible initial-state parton flavors, and the superscripts, “A” and “S”, represent the
“antisymmetric” and “symmetric” property of the partonic hard parts under the transformation (; <> —(; or (2 <
—Ca-

The relation between the partonic cross sections do and the short-distance hard parts, H, is given in Eq. (17).
The complete results for short-distance hard parts at O(a?) are listed in the Appendix A, and their derivation was
given in Sec. II. The symmetric part for producing a color-octet axial-vector pair, [QQ(a8)], was derived in one of
our previous papers on the subject [21], and is summarized here

s _(NZ-H(NZ - 1) [ +a?)

Hy7-10Qs)s = ING = | (59)
s _ (NE—4) [(8°+a?)

Hygi@aw@le = 4wz 5| (60)
s (N2 —4) [(—5st —ta—as)®

Hy9-10a0(a8)g = N2 -1 (st0)3 ’ (61)
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where the superscript “S” indicates keeping only the symmetric terms of the hard parts under the transformation of
Cl 4 _Cl or <2 4 —CQ. B

For the production of a color-octet vector pair, [QQ(v8)], we need only the hard parts that are antisymmetric under
the transformation of (; <> —(1 or (o <> —(2. That is, only the terms that are of odd powers in both (; and (; are
relevant. From Egs. (45) and (46), we obtain,

A W2 H(VZ 1) [(# +a?)
Hogiams)y = I | GG (62)

_ S
= G GHG 1008 (63)

where the superscript “A” indicates keeping the antisymmetric terms when ¢; <> —(; or (3 +> —(3. From Appendix A,
we find that the relation in Eq. (63) is actually true for all partonic scattering channels at O(a?),

A = =\ 7S
Hapsi00qsye = (= W) = D Ha100(@s)e (64)

where the identities, u — 4 = (; and v — v = (5 are used, and a, b and ¢, run over all possible parton flavors: quark,
antiquark and gluon.
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FIG. 7: Upper panel: comparison of LO QCD factorization results with FFs calculated in the “CR” - the cutoff regularization
and renormalization scheme (solid line) with the LO (dot-dashed line) and NLO (dashed line) results calculated in CSM. Middle
panel: ratio of LO QCD factorization results over NLO CSM results. Lower panel: polarization parameter evaluated with the
LO QCD factorization formalism and FFs given in Egs. (68) and (69).

In Fig. 7, we compare the NLO results of J/v production (solid line), calculated in terms of the color singlet
model (a special case of NRQCD), with the LO results of QCD factorization (dashed line). Both results are for J/1)
production multiplied by the branching ratio to a utu~ pair and evaluated at the Tevatron energy at v/.S = 1.96 TeV
and in the central rapidity region with |y| < 0.6. The NLO results of the CSM calculation are from Ref. [38]. The
LO QCD factorization results were generated by using Eq. (1), or more precisely, Eq. (58), for proton-antiproton
collisions with the LO partonic hard parts and the perturbative FFs calculated in this section without the evolution
(or resummation). We set the factorization scale up equal to the renormalization scale u, and pp = p = pp. To be



20

consistent with our factorized LO calculations, we used CTEQG6L1 parton distribution functions (PDFs) [39], and the

one-loop expression for o, with ny = 5 active flavors and AS&D = 165 MeV. In addition, we set the charm quark
mass mg = 1.5 GeV, and NRQCD LDME, <O[J<§g(?’s[”)]> = 1.32 GeV?3. From the upper and central panels of Fig. 7,
we find that our LO contribution to the productionlcross section, which is effectively a NLP contribution from the
QCD factorization formalism in Eq. (1), gives a nice description of the very complicated NLO CSM results when the
J/9’s pr is sufficiently large. In addition, as shown in Ref. [28], the QCD factorization formalism in Eq. (1) with fully
analytical LO short-distance hard parts and fully analytical NLO FFs calculated in NRQCD, without higher order
resummation or evolution, can reproduce the state of the art, numerical NLO NRQCD results, channel by channel
for pr 2 10 GeV.

In Fig. 7, we have also plotted the LO results of the CSM (dot-dashed line), which is much more than an order of
magnitude smaller than the NLO results of the CSM calculation. This is exactly caused by the order p%/ m2Q power
enhancement that the NLO has over the LO in the CSM calculation (the same issue appears in NRQCD calculations
as well) [22]. That is, the expansion of CSM in powers of ay is not perturbatively reliable because some of the
higher order terms are enhanced by large powers and/or logarithms of such large powers [22]. Although the LO QCD
factorization results (solid line) are from the NLP terms (~ O(1/p%)) of the QCD factorization formalism, they are
still power enhanced in comparison to the LO CSM results, which are actually of the O(1/p%) [22]. The key difference
between the QCD factorization formalism in Eq. (1) and the NRQCD factorization formalism in Eq. (47) is that
all perturbatively calculated short-distance hard parts and evolution kernels of the QCD factorization formalism are
evaluated at a single hard scale so that they are free of any large higher order enhancement from the power of large
momentum ratios or the logarithms of such large ratios.
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IV. HEAVY QUARKONIUM POLARIZATION

Understanding the polarization of produced heavy quarkonia is critically important for determining the true QCD
dynamics, as well as the mechanism of production. In terms of the QCD factorization formalism in Eq. (1), as pointed
out earlier in this paper, all hadronic properties of the heavy quarkonia, including their spin and polarizations, are
only sensitive to the FFs at the input scale ug 2 2mg, since all perturbatively calculated partonic hard parts and
evolution kernels of FFs are insensitive to the details of the produced states. In this section, we adapt the same
NRQCD factorization conjecture to evaluate the input FFs to a polarized heavy quarkonium state. We introduce the
basic method for calculating these input FF's, and present a complete example for the calculation of the input FFs

to a polarized J/v¢ via a polarized color singlet and spin-1 nonrelativistic heavy quark pair (3S£1]). A complete set
of polarized heavy quarkonium FFs, and their derivation in detail, calculated to NLO in the NRQCD factorization
approach including all possible partonic scattering channels at this order, can be found in Refs. [26, 27, 29].

If we keep only the LP term in QCD collinear factorization, Eq. (1), for the production of a heavy quarkonium
at pr > mg, the hard partonic collision produces a single, energetic virtual parton state at the short-distance scale
~ O(1/pr), followed by a fragmentation process to generate a physical J/1, represented by the FFs of the produced
single parton. Although the single parton FFs to a heavy quarkonium are non-perturbative, their factorization scale
dependence is given by the DGLAP evolution equations with perturbatively calculated evolution kernels (expanded
in powers of ). The DGLAP equations evolve the fragmentation process, initiated by the energetic parton, pertur-
batively, to the input scale, uy 2 2mg or a distance scale ~ O(1/2myg), where a heavy quark pair emerges from the
fragmenting parton, and the pair eventually fragments into a heavy quarkonium nonperturbatively. The polarization
of the produced heavy quarkonium from this LP production chain is determined by the polarization of the fragment-
ing parton at the input scale, and the dynamics behind the emergence of the heavy quark pair from the fragmenting
parton, as well as the emergence of the heavy quarkonium from the heavy quark pair.

In this whole LP production chain of a heavy quarkonium at high pr, no heavy quark pair was produced in the
fragmentation process all the way down to the input scale ug 2 2mg, at which the logarithmic contribution in
terms of In(uo/(2mg)) is comparable with the corrections in powers of 2mg/po. More precisely, the heavy quark
pair, necessary for the production of the heavy quarkonium, is only produced as a part of the input FFs. When
the available phase space for radiation is much smaller than the mass of heavy quarks, the polarization of the J/
should be very much the same as the polarization of the heavy quark pair, which is more or less the same as the
polarization of the “final” parton, most often a gluon that splits into the pair. Since a virtual gluon of invariant
mass much less than its momentum is likely to be transversely polarized, the LP QCD factorization formalism for the
production naturally predicts that J/¢ produced at a high pr is transversely polarized, which is also consistent with
the prediction of the NRQCD factorization formalism [1]. However, almost all data on the polarization of high pr
J/¢ as well as T, produced at Tevatron and the LHC energies, do not favor the dominance of transverse polarization
at the current values of pr, instead, they are consistent with no strong polarization. This is in fact an outstanding
puzzle whose solution must be crucial for understanding the true mechanism of heavy quarkonium production in high
energy collisions.

If the NLP term in the QCD factorization formalism in Eq. (1) is important, which seems to be the case [9, 28, 31, 40],
heavy quark pairs produced at all distance scales from O(1/pr) to O(1/2mg) could contribute to the production of
heavy quarkonia significantly, and the knowledge of heavy quarkonium FFs from a heavy quark pair at the input
scale pg is then crucial for understanding the polarization of produced heavy quarkonia. In the following, we use an
example to describe the calculations of these input FFs to a polarized J/v. More details for fragmentation via other
NRQCD states can be found in Ref. [29].

Like the perturbative NRQCD calculation for the unpolarized heavy quarkonium FFs, as discussed in the previous
section, we use the same Feynman diagrams in Fig. 6 for calculating the FFs to a polarized heavy quarkonium, but
with different spin projection operators to identify the polarization states of the produced heavy quark pair (the upper
lines in Fig. 6). For a heavy quark pair moving in the +z-direction, we can write p* = p - A n* + p?/(2p - 7) A*, with
two auxiliary vectors, n# = (r*,n~,n,) = (1,0,0,) and 2* = (0,1,0_ ), and we define the polarization vector for a
longitudinally polarized spin-1 heavy quark pair,

1 p2
X

Ak (65)

with p-eg =0 and €2 = —1. From e\_y, we can derive the following spin polarization tensors in this frame, which is
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effectively the S-helicity frame [41],

PIp) = P el = = [poanr— P o [poniw — 2w
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Pr’(p) = 3 EAHG,\=§[—9“ + atn +n“n]=§[7w (p) =PL"(p).] (66)
A==%1

for producing a longitudinally and transversely polarized spin-1 heavy quark pair of momentum p, respectively. The
tensor P*¥(p) in Eq. (66) is defined as

v * v v pHpV
P(p) = Y el =—g"+ —, (67)
A=0,+1 p

which is the polarization tensor for an unpolarized spin-1 heavy quark pair of total momentum p, which was used for
calculating the unpolarized input FFs in the last section.

Similar to those unpolarized input FFs, presented in Egs. (53), (54), (56) and (57), we derive the input FFs to a
polarized heavy quarkonium H via a color singlet spin-1 NRQCD heavy quark pair, by using the polarization tensors
in Eq. (66),

L,CR

2,
028> [@aEsM) s 2 W ¥ HMQ)

1 Orgauspry) (w0) x 222 () + 1)~ (1-
= —_\u,v _— niriz — _
2N2  3mg ’ 21l —2 1+r(z) /]|’
T,CR
[QQ(v8)]=[QRES!)—H

(Zu ’U/,’U,/Lz; mQ)

! <O[ZQ(BSP]”>A O 1z 1 — 68
— o L A () ¢ 21 =2) 1= s (63)

for the fragmentation of a [QQ(v8)] state, and [21]
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for the fragmentation of a [QQ(a8)] state. Comparing with those unpolarized input FFs derived in the last section,
it is clear that the relation, D(p) = 2 DT (p) + DL (p), is satisfied. Similarly, in a dimensional regularization and MS
renormalization scheme, we have
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for the fragmentation of a [QQ(v8)] state, and
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for the fragmentation of a [QQ(a8)] state. In Egs. (68), (69), (70), and (71) above, we have assumed that the NRQCD
LDME for an unpolarized spin-1 heavy quark pair to an unpolarized heavy quarkonium H, <(’)[’Z) p (35[1])]>, is the same
as that for a polarized spin-1 heavy quark pair to a polarized heavy quarkonium H in the same polatrization state.

In the polarized input FFs in Egs. (68), (69), (70), and (71), it is interesting to note the following feature: the FFs
to a longitudinally polarized heavy quark pair are enhanced by a logarithmic term, In(r(z) +1) ~ In(1/(1 — 2)?) + ...,
as z — 1, while those to a transversely polarized pair are not. This is a natural result of the UV power counting
because only the p- 7 n# term of the longitudinal polarization vector, €} in Eq. (65), which leads to an equivalent spin
contraction - p for the produced heavy quark pair, picks up the leading logarithmic UV divergence of the diagrams in
Fig. 6 when the fragmenting heavy quark pair is in a vector or axial vector spin state (contracted by 7 - or v - fiys).
While the UV divergence, when the transverse momentum of the radiated gluon k2 — oo, is renormalized leading to
the logarithmic factorization scale p?-dependence of the FFs, the opposite limit when k2 — 0 corresponding to z — 1
gives the logarithmic enhancement of the FFs to a longitudinally polarized heavy quark pair. That is, a perturbatively
produced color octet heavy quark pair, in either a vector or an axial vector spin state, is more likely to fragment into
a longitudinally polarized color singlet spin-1 NRQCD heavy quark pair when the momentum fraction z, carried by
the NRQCD heavy quark pair, is large.

From the QCD factorization formalism in Eq. (1), the hadronic cross section for heavy quarkonium production at
large pr is proportional to a convolution of two PDFs and one FF for each partonic scattering channel. With two
steeply falling PDF's as a function of parton momentum fraction z, the hadronic production cross section is dominated
by the phase space where the momentum fractions = of colliding partons are small while the produced outgoing hadron
momentum fraction z is large [42]. That is, the heavy quarkonium produced by the fragmentation of a perturbatively
produced heavy quark pair via a color singlet and spin-1 NRQCD heavy quark pair is likely to be longitudinally
polarized. To demonstrate this feature quantitatively, we define the polarization parameter,

T L
TA+B—J/¢(p) ~ TA+B—I/4(p)

a(p) = : (72)

T L
Ta+B—d/w(p) T TA+ BT /(D)

where a£ B /() and fo BT/ (p) DL€ the cross sections for producing a transversely and a longitudinally polarized

J/¢ of momentum p, respectively, and are given by the same factorized expressions in Eq. (58) with the FFs replaced
by corresponding FFs to a transversely (or longitudinally) polarized J/4 in Eq. (68) (or in Eq. (69)). In the bottom
panel of Fig. 7, we have plotted the polarization parameter a(p) for J/v¢ production as a function of its py. It is
clear from Fig. 7 that most J/¢’s produced through spin-1 and color singlet heavy quark pairs are longitudinally
polarized [21]. Like the cross section shown in Fig. 7, the polarization parameter «, calculated by using the QCD
factorization formalism at the LO and with the calculated FFs, completely reproduces the NLO CSM calculation
in Ref. [43]. Having the complete set of input FFs to a polarized heavy quarkonium [29], which are universal, it
should be straightforward in terms of QCD factorization formalism in Eq. (1) to evaluate the production rate for both
transversely and longitudinally polarized heavy quarkonia in high energy hadron-hadron, hadron-lepton, and lepton-
lepton scatterings, and to test the QCD factorization formalism and our understanding of the mechanism responsible
for the heavy quarkonium production, which we leave for future work.

There have been many proposals to resolve the polarization puzzle of heavy quarkonum polarization [1], and many of
them are within the NRQCD factorization approach [9, 31, 40]. By adjusting the value of NRQCD LDMEs so that the

two leading power production channels, via [QQ(%’F])] and [QQ(3P£8])] states, which likely produce the transversely
polarized J/1, are canceled between them, it is possible to leave the production dominated by the channel with
an unpolarized [QQ(lS,gg])] state. As demonstrated in Ref. [31], the contribution from this channel for the relevant
pr region cannot be reproduced by the QCD factorized fragmentation restricted to LP. Instead, as demonstrated
in Ref. [28], the contribution from the [QQ(ls([Jg])] channel from the state of the art NLO NRQCD calculation is
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completely reproduced by the LO contribution from QCD factorization in Eq. (1), evaluated with heavy quarkonium
FFs calculated in NRQCD, and is found to be dominated by the NLP contribution for the most relevant pr range
of the existing data. It seems likely, then, that the NLP contribution to heavy quarkonium production is crucial for
resolving the outstanding puzzles of heavy quarkonium polarization at the current collision energies.

In terms of the QCD factorization formalism in Eq. (1), there are two major sources of NLP contributions that
could generate heavy quarkonium polarization different from that at the LP. One is directly from the NLP term of the
factorization formalism, or more specifically, from the heavy quark pair FFs to a heavy quarkonium, and the other
is indirectly from the LP term due to the NLP corrections to the evolution equations of the single parton FFs to a
heavy quarkonium [22].

The direct contribution to heavy quarkonium polarization should come from the knowledge of input FFs to a
polarized heavy quarkonium since the partonic hard parts are insensitive to the details of the hadronic states produced.
Like the color singlet contribution discussed in this section, longitudinally polarized heavy quarkonia at large pr can
be naturally estimated using the model FFs of [26, 27, 29|, in this direct NLP contribution.

As required by the consistency of QCD factorization at NLP accuracy, which was pointed out in Ref. [22], the
DGLAP evolution equation for the factorization scale dependence of the single-parton FFs to a heavy quarkonium
needs to be modified to include an NLP correction. This modification effectively takes into account the power
suppressed contribution to the evolution of single parton FFs, in which a single parton evolves into a heavy quark
pair, in addition to its evolution to other single partons at LP. The pair subsequently evolves into a heavy quarkonium
via the heavy quark pair FFs. While the LP evolution of the single parton FFs leads to a dominance of transverse
polarization, the NLP correction to the evolution of single parton FFs could lead to more longitudinally polarized
heavy quarkonia. It is clear that both the direct and the indirect NLP contributions to heavy quarkonium production
from the QCD factorization formalism in Eq. (1) reduce the dominance of transversely polarized heavy quarkonia,
as predicted by the purely LP fragmentation contribution to heavy quarkonium production. It is therefore critically
important to evaluate the production rate of polarized heavy quarkonia in high energy scattering in terms of the QCD
factorization formalism in Eq. (1) using the heavy quarkonium FFs calculated in the NRQCD factorization approach
[26, 27, 29].
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V. SUMMARY AND CONCLUSIONS

We have calculated, in terms of the QCD collinear factorization formalism in Eq. (1), a complete set of short-
distance partonic hard parts at O(a?) for the NLP contribution to hadronic heavy quarkonium production at large
transverse momentum pr at collider energies. This new factorization formalism organizes the production cross section
of heavy quarkonia at large pr in terms of a power expansion of 1/pr, with both the LP and NLP contributions
factorized into convolutions of perturbatively calculable short-distance partonic hard parts and the universal, but
nonperturbative heavy quarkonium FFs [22]. Like all QCD factorization formalisms, the short-distance partonic hard
parts are insensitive to the details of the hadrons produced. The short-distance hard parts at LP are effectively the
same as the hard parts for LP hadronic production of light hadrons, and are available in the literature for both LO
and NLO at O(a?) and O(a?), respectively [25]. Our calculated LO partonic hard parts to the NLP contribution at
O(a?), in principle, depend on the separation of LP from the NLP contribution to the cross section from the same
partonic scattering diagrams. In practice, as discussed in Sec. II, we introduce a gluon contact term to remove the
LP contribution analytically in our calculation at O(a?).

With the short-distance partonic hard parts calculated in this paper and the evolution kernels for the scale depen-
dence of FFs calculated in Ref. [22], the predictive power of the QCD factorization formalism for heavy quarkonium
production still depends on our knowledge of heavy quarkonium FFs at an input scale pg. Because of the large heavy
quark mass, m¢g > Aqcp, and the clear separation of momentum scales between the perturbative scales, uo 2 mq,
and the nonperturbative scales of the input FFs, such as heavy quark momentum ~ mquv, and energy ~ mqv?, we
have proposed, as a conjecture or model, to use NRQCD factorization to evaluate the heavy quarkonium FFs at the
input scale. Then, the large number of unknown heavy quarkonium FFs from either a single parton or a heavy quark
pair can be factorized into perturbatively calculable functional dependence on momentum fractions, z, (; and (o, at
the NRQCD factorization scale pux ~ mg ~ O(po), which can be combined with a few universal NRQCD LDMEs
organized in terms of their effective powers in heavy quark velocity v. This increases the predictive power of the QCD
factorization formalism, as well as its testability. Since the QCD factorization of the production cross section and
the NRQCD factorization of the universal FFs at the input scale are two independent factorizations, using different
expansion parameters and power counting, we can improve overall predictive power or accuracy on the production
cross section by increasing the perturbative accuracy of each perturbative expansion.

If the NRQCD factorization for the universal input FFs is proved to be valid, the QCD factorization approach with
calculated FFs in NRQCD is effectively equal to the NRQCD factorization for the first two powers of 1/pp expansion
of the production cross section, although the QCD factorization and NRQCD factorization organize their perturbative
expansions of the cross section differently. The QCD factorization includes all order resummation of In(p3./ mé)—type
large logarithmic contribution at high pr, and is more suited for heavy quarkonium production in the high py region,
while the NRQCD factorization, including the explicit heavy quark mass dependence, is better for the production at
pr 2 mg. We proposed a matching equation in Eq. (52) to expand the coverage of the factorization formalism for
heavy quarkonium production at collider energies.

Understanding the polarization of produced heavy quarkonia in high energy scattering is a major challenge for
the NRQCD factorization formalism. We demonstrated that the QCD collinear factorization including the NLP
contribution associated with short-distance heavy pair production has potentially both direct and indirect ways to
suppress the dominance of transverse polarization predicted by the LP fragmentation contribution. Since short-
distance coefficients are insensitive to hadron properties, the universal FFs at the input scale are largely responsible
for the polarization of produced heavy quarkonia, while the NLP corrections to the evolution equations of single parton
FFs may also be very important to reduce the dominance of transverse polarization. The input FFs to a polarized
heavy quarkonium state, both longitudinal and transverse, are now calculated in the NRQCD factorization approach
[26, 27, 29]. With the partonic short-distance hard parts calculated in this paper, the evolution kernels of heavy
quarkonium FFs calculated in Ref. [22], and input FFs to a polarized heavy quarkonium, we are now in a position to
evaluate, consistently, QCD predictions for the polarization of heavy quarkonia produced in high energy scatterings.
By calculating partonic hard parts for heavy quarkonium production in eTe™ and lepton-hadron collisions, and using
the existing universal evolution kernels and input FFs, it is completely possible to perform a QCD global analysis
of all data on heavy quarkonium production to test our understanding on how heavy quarkonia are really produced,
forty years since the first heavy quarkonium, J/4, was discovered [44, 45].
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Appendix A: Partonic hard parts

In this appendix, we summarize the partonic hard parts for the NLP contribution to heavy quarkonium production
from all partonic scattering channels, i(p1) + j(p2) — [QQ(k)](p) + k(p3), for hadronic collisions. We define the hard
part, H;;_,10G(x)], In terms of the invariant partonic cross section,

6. oo dmad 1
ii5[Qaw)] _ 4ma’ o
E = —— Hij a0 (3 +1+1) (AD)

P d3p $  uudv

with Mandelstam variables defined as

= (p1+p2)* = (p+p3)°,
= (p2 —p3)2 =(p —p1)27
il = (p1 —p3)2 = (p —p2)2-

~> >

As discussed in Sec. II, the partonic hard parts at NLP depend on the subtraction of the LP contribution from the
partonic scattering, and the corresponding choice of the regularization. The following results are calculated by using
the gluon contact term to remove the LP contribution at this order analytically. The dependence on the auxiliary
vector f#, which defines the gluon contact term, is kept explicit, in the form of p- 7 = p* for any momentum vector
p. More discussion on the definition and the choice of n* can be found in Sec. II.

1) quark-antiquark scattering:

NZ—18+4a°
Hogsfeown)s =Ng — @ (A2)
N2 - 142 + a2
qu%[QQ(vl)] - ZNE — G, (A3)
N2 -1 f2 + @°
Hqt?ﬂ[QQ(aS)]g TN, 33 ( N2 + C1C2> (A4)
N2 18+ 42
Hqéﬁ[@@(vg)]g = AN, 3 ( N2 + <1<2> <1<2
NZ-1 1p] 1 p2 1 ) )
4N, {2 (5p+ ipt N2 (1-¢)(1-¢)
L[l Lpy B2 1
2 tpt  apt 52 f ﬁ
f— Uu N2
* { (@ -2 + =5 - g@)} } . (A5)

In Eq. (A5), the term proportional to ;{2 comes from the contribution of (a)+(b) in Fig. 2, and the term proportional
to (¢1 + ¢2) (1 — ¢1¢2) comes from the contribution of interference between (a)+(b) and (¢)+(d)+(e) in Fig. 2. It is
straightforward to check charge conjugation symmetry

qu_)[QQ(H)]q(pl » P2, P3, Cl 9 C?) = quﬁ[QQ(n)]g(p2u P1,D3, _Cl 9 _C2) (AG)

Results for gq initial states can be obtained from results of ¢q initial states by exchanging p; and po,

Hay10a(m)g(P1:P2:P3: €1, C2) = Hog 100 (P2 P15 D3, C1: C2)
= Hyq . 100(m)]s (P1: P2 P3, —C1, —C2)- (A7)

2) quark-gluon and gluon-quark scattering: Similarly, results for qg, gg, gg and gq initial states are given by the
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following crossing relationships,

Hyy 10aem)a(P1:P2:P3: €1, G2) = —%qu_,[m(n)]g(pl, —P3, —p2, (1, (2), (A8)
Hyy L l0q(]a(P1s P2, P3: Gy G2) = —%quﬁ[(g@(,{)]g(pl, —p3, —p2, —C1, —C2), (A9)
Hyy 10q(r]q(P1oP2:P3: C1s G2) = —%Hﬂﬁ[(g@(,{)]g(pm —p3, —p1,C1, G2), (A10)
Hy; ,10q(]a(P1oP2: P3: C1s G2) = —%Hﬂﬁ[(g@(,{)]g(pm —p3, —p1, —C1, —C2), (Al1)

where the color factor accounts for differences of averaging over initial color states. We give the results for gq initial
states explicitly,
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3) gluon-gluon scattering:
2 s
Hggﬁ[@@(al)]g :]\]02 _ 15_5” (A16)
2 s
Hggﬁ[QQ(vl)]g :]\]02 _ IS_§’<1<2’ (A17)
N2 S4[N2—4 2
Hgg—)[QQ(aS)]g :N02 — 1S_§, |: ch + (1 - 55_%) <1<2:| ) (A18)
N2 S4[N2—4 s2
Hgg—)[QQ('U8)]g :Ncg —153 [ NZ + (1 - 55_§> ClCQ] G162
N S 5 P1 3P3 3P3
-t (PR PR S (1-G)(1- G
Nf—lsg{ ( p++up+ Sp+>( ) (1-6)
L 3P, 3Py 3P 283 (oPi | oP3  oP3
S P R S E R o T I (2 R M e - 1
—|—2{3( er—|—upJr ser —|—S3 er—l—upJr Sp+ Ss
< (G +E-2a) | (a19)

where we have used the method described in Ref. [46] to write these expressions in symmetric form, with symmetric
variables defined as

Sy = —5t — ti — 03,

S5 = &t (A20)
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