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Recently, several works have investigated the coupling to matter in ghost-free massive
(bi- & multi-)gravity and a new effective coupling to matter has been proposed. In this note we
clarify some confusion on the existence and the implications of a ghost above the strong coupling
scale. We confirm that the standard constraint which is otherwise typically present in this type of
theories disappears on generic backgrounds as soon as this new coupling is considered. This implies
the re-emergence of the Boulware-Deser ghost. Nevertheless the absence of ghost in the decoupling
limit implies that the cut-off scale (if identified with the scale at which the ghost enters) is higher
than the strong coupling scale. Therefore there is a valid interesting region of applicability for these

couplings at scales below the cut-off.

Introduction.— Massive gravity [1, 2|, bi-gravity [3]
and multi-gravity [4] (see Ref. [5] for a recent review)
share in common the fact that their very formulation in-
volves several metrics. While it is natural to couple these
theories to matter in the same way as in General Rela-
tivity (GR), there are a number of possible couplings to
matter which have been explored in the literature, and
can lead to interesting new phenomenology [6-10].

In all generality, considering N—interacting metrics
g;%), and working in the Einstein frame (where the kinetic
term for each of these metrics is the Einstein-Hilbert
one), one can consider the following possibilities:

1. Each metric can couple to its own separate matter
sector,

N
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where the ¥(!) symbolize all the matter fields in a given
sector!. In Ref. [3] such couplings to matter were shown
to be free of the Boulware-Deser (BD) ghost [12] at all
scales. The cosmology with this type of coupling to mat-
ter was studied for instance in [6-8, 13-18] (a complete
list of references is beyond the scope of this note and we
refer the reader to [5] for a review of many more efforts
in this direction).

2. The same matter sector (symbolized by x) can cou-
ple to two or more separate metrics simultaneously as
follows

Lonatter O L1 (9,397 ox, x) +Ly (gf;i), o x) , (2

with I # J and where the kinetic term of the fields ap-
pears in both Lagrangians. The phenomenology of such

In all generality, the matter Lagrangian could also include
Galileon-type of interactions [11] for the matter field which would
involve 92¢(1).

couplings was considered in [6-9]. However such a cou-
pling leads to a BD ghost at an unacceptably low scale
[19, 20]. While the arguments in [19, 20] were made
for massive (bi-)gravity, the appearance of the ghost for
multi-gravity is implicit from these analyses.

3. An alternative to the previous coupling (2) where
the same matter sector can couple to two or multiple
metrics simultaneously was proposed in [19], where the
kinetic term of the field only couples to one metric while
the potential may couple to several metrics, for instance

Lunatter O L1 (gﬁf) L0 x) +L; (gf;l), X) (3

Such couplings were shown to be free of the BD ghost
classically in [19] but the ghost always reappears at an
unacceptable low scale at the quantum level [20].

4. Another alternative driven by the deconstruction
framework was proposed in [21], where different matter
field sectors could interact through their potential, for
instance as follows

N
- () g1, (D)
Lo ;[51 (90,000, p0)

—pV —g(’w(”w(””} : (4)

However applying the same arguments as in [20] one can
easily see that such couplings would also introduce a BD
ghost at an unacceptable low scale at the quantum level
unless the scales p; are well-below the lightest graviton
mass scale, and thus unimportant.

5. Finally the coupling to matter via an effective ‘com-
posite’ metric geg was considered in [20],

958 = g+ 208950 (VITT) 4B fus )

where g,,, and f,,, are two metrics (in bi-gravity they are
the two dynamical metrics, while in massive gravity g,.
can represent the dynamical metric and f,,, can be the
reference metric, for which Minkowski would then be a



natural Lorentz-invariant choice). The two parameters
a and B are dimensionless and at this stage it is more
convenient to keep them arbitrary so as to be able to
dial either one of them to zero.

In terms of the effective metric (5), the coupling to
matter then takes the standard form,

Emassive(bi—)gravity
matter
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where in the case of massive (bi-)gravity there can be
three matter sectors, the first one, (symbolized by the
fields 14) only couples to the metric g,,. The second
sector (symbolized by the fields 1) only couples to the
metric f,,, while the third sector (fields x) couples to
both metric directly via the effective composite metric
get (5). Of course quantum corrections will force every
sector to couple to every metric, but such couplings will
be highly suppressed and are thus unimportant for the
rest of this discussion.

Effective metric.— In what follows we will focus on the
last possibility, where a ghost is not generated from the
integration of the matter fields alone. Instead integrating
loops of matter fields simply generates one of the massive
gravity ‘allowed’ potentials derived in [1, 2]. This means
however that the graviton mass ceases to be technically
natural in this model unless only massless fields couple to
get (or unless gogr couples to a supersymmetric sector or
a sector endowed with a special symmetry or structure)
[22, 23].

The generalization of the coupling to the effective met-
ric (5) was also considered for multi-gravity in [24]. In
the vielbein formalism the effective vielbein takes the re-
markable simple form

N
Coff = Z 0416(1) 5 (7)
I=1

where eI is the vielbein for the metric gff,,), and the aj

are arbitrary dimensionless coefficients.

The coupling of matter to the effective metric (5) was
considered in the mini-superspace approximation in [20]
where it was shown to be free of the BD ghost in that
approximation. This new coupling also allows for ex-
act FLRW solutions which would otherwise be absent in
massive gravity? [25]. The absence of BD ghost was also
proven around these exact FLRW solutions. We there-
fore emphasize that the existence of exact FLRW solu-
tions cannot be due to ghostly operators since there are

2 We emphasize however that the absence of exact FLRW solutions
for massive gravity does not prevent the existence of solutions
which are arbitrarily close to FLRW within our horizon. On
distance scales beyond our horizon, the Universe may well look
inhomogeneous or anisotropic.

no such operators in the FLRW case. Finally a decou-
pling limit analysis showed the absence of ghost at the
strong coupling scale A = (Mpym?)'/? where Mp) is the
Planck scale and m the graviton mass. That very fact
alone shows that one can consider massive (bi-)gravity
with that coupling to matter as an EFT (effective field
theory) at the very least till the strong coupling scale A,
this is already sufficient to deduce certain phenomeno-
logical aspects from these couplings as was pointed out
in [20]. A more thorough discussion on the implications
of a ghost above the strong coupling scale will follow at
the end of the paper.

Very recently, a more complete set of cosmological so-
lutions were derived in Ref. [26]. In particular J. Enander
et.al. showed that for certain choices of parameters the
background evolution is very similar (or even identical)
to ACDM at early and late times. For other choices of
parameters the equation of state parameter could dif-
fer from —1 and could have interesting signatures while
still being in agreement with observations. Perturbations
about these solutions are yet to be performed to deter-
mine their stability and their phenomenological viability,
however the analysis performed in [20] already shows the
absence of BD ghost about these solutions.

Ghost-freedom ? — Recently it was claimed in [27] that
for a coupling to matter of the form Leg (gosr, DX, X), the
Hamiltonian is linear in the lapse (after integrating out
the shift), and so the standard primary second-class con-
straint which is present in massive (bi-)gravity is also
present when this coupling is included and projects out
the BD ghost at all energy scales below the Planck scale.

If correct this result would be of great interest. It
would imply the total absence of BD ghost (i.e. all the
way till the Planck scale) and extend the region of in-
terest of this new coupling to any scale well beyond the
strong coupling scale® (so long as one does not treat the
strong coupling scale as the cut-off — see [28] for a related
discussion on that point).

While remarkable, this result raises however several
physical questions. First the perturbative analysis per-
formed in [20] showed the coupling to the effective metric
introduces some non-linearities in the lapse in the Hamil-
tonian (after integrating out the shift) which contradicts
the claims of [27]. Second the new couplings to matter
can be written in Jordan frame at the price of changing
the kinetic structure of the metric(s). This should then
be put in light of the results presented in [29], for which
no new kinetic terms were found in massive gravity with-
out a BD ghost at some scale. (In that analysis it was
implicitly assumed that matter coupled in the standard
way and the Stiickelberg fields were introduced accord-

ingly).

3 We emphasize that in these theories the strong coupling scale is
separate from the cut-off scale. See Refs. [5, 28] for a discussion
of this point.



In what follows we present a loophole behind the argu-
ments of [27] which unfortunately invalidates the proof
for the total absence of BD ghost at all scales. We also
present the details behind the analysis presented in [20]
which are sufficient to prove the existence of a ghost at
a scale between the strong coupling scale and the Planck
scale. We end this note with a discussion on the relevance
of ghosts above the cut-off in EFTs.

(1 4+ 1)—massive gravity.— The analysis performed in
[27] applies to any number of dimensions and as much
for bi-gravity than for massive gravity. In order to fo-
cus on the essential points of the analysis and not get
distracted with unnecessary formalism, we shall focus in
what follows to the (1 + 1)-dimensional case of massive
gravity with flat Minkowski reference metric where all
the features of the arguments are already present. Any
bi-gravity theory in any number of dimensions (greater
or equal to two) can reduce to that simple (14 1)-massive
gravity case in some limit. This means that if this (1+1)
case diagnoses the existence of operators that are non-
linear in the lapse, such operators must also be present
in four-dimensional massive (bi-)gravity. If a BD ghost
is present in the (1 + 1)-massive gravity case, then a
BD ghost is also present in four-dimensional massive
(bi-)gravity.

ADM decomposition.— With these considerations in
mind, we thus focus on the (1 + 1)-massive gravity case
where the very same formalism as that derived in [2] ap-
plies. Writing the dynamical metric in the ADM form
[30] as

ds? = g datda” = —N2de* + (dz + N'dt)*,  (8)

where for simplicity we have set the spatial metric to
~v11 = 1 (this is merely a matter of simplifying the deriva-
tion as much as possible and focusing on the essential
points). Following the same trick as that introduced in
[2] and redefining the shift as follows

N'=(1+N)n', 9)

the contributions to the Hamiltonian from both the ki-
netic and mass term of the graviton are then linear in NV
and take the very specific form [2],

HGR + 7_[mass = AN +B+ (1 =+ N)f(nl) ) (10)

where A and B are independent of the lapse and the shift,
and f(n') is a function of the redefined shift only. (In the
general case, A and B are functions of the spatial met-
ric uniquely and f(n') is a function of the spatial metric
and the redefined shifts). If these were the only contribu-
tions to the Hamiltonian, we could immediately infer that
the Hamiltonian remains linear in the lapse N after in-
tegration of the shift and the lapse therefore propagates
a primary second class constraint which is sufficient to
remove (at least half of) the BD ghost (since the the-
ory is parity-invariant, a secondary constraint must then

project out the rest of the ghost). This is the essence
of the argument behind the absence of ghost in massive
(bi-)gravity.

Matter Hamiltonian.— We now include the contribu-
tions from the matter field coupled to the effective metric
(5). For sake of simplicity it is sufficient to consider a
massless scalar field x

1 —
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This matter Lagrangian is of course not linear in the
lapse (and neither should it be), however its contribution
to the Hamiltonian is

1 Ncﬁ"
2 \ Veft
where p, = OyLmatter 1S the conjugate momentum as-

sociated with x and Neg, Nclﬁ-, Yot are the respective
effective lapse, shift and spatial metric of geg

7_[mattcr = (pi + (81)()2) + NclfpralX7 (12)

Yot = a? +2aB¢ + 2 (13)
V3eriNet = af(1+N)EH 4 (N +52%)  (14)
Voff Nelﬂ = anl(a(l + N)+2p¢), (15)

with £ = (1— n%)fl/Q. All these quantities are linear
in the lapse N, in complete agreement with [27]. This
means that (12) and thus the whole Hamiltonian H =
Her + Himass + Hmatter 1S also linear in the lapse, and
so far this is also in complete agreement with [27] (of
course when applied to the Hamiltonian as opposed to
the Lagrangian or action). Notice however that unlike
in (10), the new contribution (12) to the Hamiltonian
depends on the shift in a way which is not factorizable,
rather the dependence in the shift is of the following form

Hmatter = a1 (nl)(l + N) + 92(n1) P (16)

with 8} (g1(n')/g2(n')) # 0. This means that the equa-
tion of motion for the shift now does involve the lapse

S~ (14 N) (P00 g nh) + gh(n) = 0. (1)
Since the quantities g1 involve the scalar field x
while f does not, setting gj(n') = 0 does not imply
(f'(n') +gi(n1)) = 0 and vise-versa. Instead the so-
lution for n! does involve the lapse in a very non-trivial
way and so when plugged back into the Hamiltonian, the
latter will no longer be linear in the lapse. Since we
will integrate out the shift, the exact field definition we
choose for it (be it N*, n! or anything else related locally
to N1) is irrelevant. The change of variable (9) is merely
a matter of convenience and there is no notion of correct
or incorrect field to work with.

Shift equation.— In [27] it was also found that the
Hamiltonian was linear in the lapse prior integrating over



the shift. From that fact it was deduce that the Hamil-
tonian ought to remain linear in the lapse also after in-
tegration over the shift. The argument went as follows
(see Eq. (4.15) of Ref. [27] and arguments thereafter):
The equation of motion with respect to the shift can be
written as follows:

0= %:(1+N) (f'(n") + g1 (n) + gh(n')
§H SN'  oH

SNT onl — sNT.

1+ N). (18)

Since the RHS term on first line is linear in the lapse and
since the Jacobian factor N1 /dn' = (1+N) is also linear
in the lapse, Ref. [27] concluded that the contribution
§H/SN' (when expressed in terms of n') also ought to
be independent of the lapse “otherwise there would be
nonlinear terms” (in the lapse on the RHS of the second
line).

If this argument was correct, it would imply the ab-
sence of ghost for any theory whose Hamiltonian is lin-
ear in the lapse after a redefinition of the shift which
is also linear in the lapse. Consider for instance the
redefinition of the shift introduced in (9) and let £,
be a Lagrangian whose Hamiltonian H; is linear in the
lapse when expressed in terms of n!. Then according
to the previous argument of Ref. [27], this Lagrangian
L1 is free of the BD ghost at all scales. Now consider a
second Lagrangian Lo = £ — m?Mg2,(N*)?/(1 + N)2.
The associated Hamiltonian for this second theory is
then Ho = H1 + m?M3,(n')? and is also linear in the
lapse (when expressed in terms of the redefined shift
n'). So according to the previous argument we would

0H

infer that both theories £; and Lo are free of the BD
ghost. However this cannot be so. The new operator
Lyew = —m>M3 (N")?/(1 4 N)? in L5 can be expressed
in terms of the Stiickelberg fields and includes a contri-
bution of the form Liew D 37 }m4 (017)2%7, where 7 is
the helicity-0 mode of the graviton. Such an interaction
would carry a ghost at the scale A5 = (Mpym*)1/> < A
unless it was canceled by other terms in £1. In conclusion

not both £7 and L5 can be ghost-free.

The resolution behind this apparent discrepancy lies
in the fact 0H/ON' (when expressed in terms of n')
can actually depend on the lapse in the following way
(k1 (nY)N +ka(n'))/(1+ N). An explicit computation of
§H /SN shows that this is indeed what happens in the
case of the coupling to the effective metric and ki # ko
as soon as a3 # 0. This implies that the equation of mo-
tion for the shift does depend non-trivially on the lapse
as found in [20].

Integrating out the shift.— We now proceed with de-
riving the equation for the shift. For that we consider
the following Hamiltonian (see [2] where for simplicity
we may ignore the contributions in the mass term which
do not involve the shift)

H=NR"+(1+N)(n'R'+2m? 1—n§>

where R? and R' do not depend on the lapse nor shift.
Technically R = R' = 0 in this case but we keep them
so as to show that our results is not an artefact of this
two-dimensional case. The equation of motion for the
shift is then given by (writing x’ = d1x)

2%21?57 = {(2R1 — Am2En" )72 + 202X Dy (et — 2086%13) — aBény (Yerr + 20 (al + B)) (p2 + x'?) }(1 + N)

+ 2086 {en' (0% = B7) (12 +x'2) +2 (208 + (o + F)¢) pyx' } =0, (20)

where we bear in mind that both e given in (13) and
¢ are functions of n'. We see immediately that when
af = 0, the second line of the previous equation vanishes
and the dependence on the lapse completely factorizes
out which means that this equation can then be solved
without involving the lapse. As soon as af # 0 this
remarkable feature disappears. We emphasize that so far
the equation (20) is exact and no perturbative expansion
has been performed.

At this level the most straightforward way to proceed
would be simply to solve the shift equation of motion (20)
for the lapse in terms of the shift, the spatial metric and
the scalar field (since this is now possible if a5 # 0) and
plug that expression back in the Hamiltonian. It is then
clear that the shift would not propagate a constraint for

the spatial metric. In this 2d case, we would then be
left with one physical degree of freedom in the spatial
metric (had we tracked 711) and one physical degree of
freedom in the scalar field, which is one too many degrees
of freedom. In four dimensions, the same counting would
go through and we would obtain six physical degrees of
freedom for the massive graviton which corresponds to
the five standard ones and the BD ghost as the sixth
one.

However in order to avoid any confusion, let us solve
(20) as an equation for the shift itself. Independently of
whether or not a8 = 0 that equation is highly non-linear
in the shift and many different branches of solutions ex-
ist. However none of them are independent of the lapse.
Moreover one should really consider the branch of solu-

+ Hmattcr(vlg)



tion which is continuous with the flat case limit, i.e. the
one for which n' = 0 when Ry = 0 = p, = x/. Per-
forming a perturbation analysis as was done in [20] is a
perfectly safe and well-defined procedure that will suc-
cessfully identify a ghost about backgrounds which are
connected to Minkowski (i.e. for which Minkowski would
be a solution in the absence of any source). Certainly this
is a desirable feature of the theory. Nevertheless, a cer-
tain level of confusion as to the validity of perturbation
theory exists in the literature and to avoid any possible
source of concern, we take here a different approach.

Instead we solve the equation for the shift as an expan-
sion in the lapse and work with the branch of solution
which admits a smooth limit when § = 0. When plugged
back into the Hamiltonian, the latter takes a relatively
simple form,

H = Ho+ HiN + HaN? + O(N?), (21)

with Hp,1 # 0 and to second order in the parameter g
while keeping o = 1, one finds?

2
2
He = 32ﬂm8 X (P2 + X)) (pxx' + R1) + 2p X' X]
+ 0(8%), (22)
with
P \/4m4 + (P’ + R1)2. (23)

When expanding the Hamiltonian H>N? to sixth order in
perturbations, (i.e. to sixth order in € with p,, x’, R1 ~
O(e) and N ~ 14 O(e)) we find precisely the same
operator as pointed out in [20].

Implications for the BD ghost.— We have shown
that when coupling to matter with the effective metric
(5), the Hamiltonian becomes non-linear in the lapse af-
ter integrating out the shift. Next we can integrate out
the lapse in the Hamiltonian. In the standard case, the
lapse propagates a constraint, however as soon as the cou-
pling is present (here since we set a = 1 this means as
soon as 8 # 0, but in general it is as soon as af # 0) the
equation of motion for the lapse should instead be solved
for the lapse itself and imposes no constraint for the spa-
tial metric nor for the field x. As a result in d spacetime
dimensions, there will be d(d — 1)/2 physical degrees of
freedom propagating in the metric and one in the scalar
field. In four dimensions, this would correspond to 7 de-
grees of freedom which is one too many. Therefore we
can conclude that the new coupling to matter does in-
deed generate a BD ghost on generic backgrounds as was
found in [20]. With this in mind the physically inter-
esting question one has to address is the scale at which

4 One could equivalently set instead f = 1 and expand in the
coefficient o without affecting the essence of the result.

BD enters. It will be important to establish whether that
scale is infinitely close to A or whether it is well separated
from the strong coupling A.

While the analysis presented here applied for a mass-
less scalar field coupled to the effective metric, a more
general analysis along the lines of [27] can be performed
for an arbitrary matter sector. The crucial point of the
previous analysis is the coupling to Neg and Nlg. Any
matter field, in any number of dimensions, that has a
kinetic term will involve a contribution proportional to
Negr/v/det Yo in the Hamiltonian. While Neg/+/det Yo
is linear in the lapse, its dependence on the shift is not
factorizable, so the conclusions of the previous section
are not an artefact of the choice of a massless scalar field.
The same results will hold for generic matter fields cou-
pled to the effective metric (5).

As emphasized earlier, even though this analysis was
performed for massive gravity in (1 + 1)-dimensions, it
will apply for any multi-gravity theory in any number of
dimensions since these theories will always admit a limit
where the previous derivations are applicable.

EFTs with a ghost above their cut-off — If a theory
has a ghost within its very regime of interest, that theory
is ill-defined (and sick) and no physics can be deduced
from it. This means that if a theory has a ghost at a scale
M, that theory can only be used as an EFT with cut-off
A. < M. However there appear to exist misconceptions
in the literature that ghosts above the cut-off of an EFT
could also have (disastrous) effects on the EFT at scales
below that cut-off. This is, however, impossible since by
the very definition of an EFT, at energy scales below the
cut-off, operators that enter above the cut-off (including
ghostly operators) are small and thus unimportant. This
is well understood already in the context of QED (see for
instance Eq. (63) of Ref. [31]), in gravity (see for instance
Ref. [32] where operators with higher orders in derivatives
are considered at a scale above the cutoff) or for instance
in the context of inflation. See for instance Ref. [33] for a
nice discussion and for examples of EFTs which include
operators of the form (9%7)3 /A%, where A, is the cut-off
of that EFT.

In fact most EFTs generate by quantum corrections
operators which are ghostly but lie at or above the cut-off.
This is the case for QED, QCD, GR, many models of in-
flation, Galileons, and of course for massive (bi-)gravity.
So all these theories do really include ghosts above their
cut-off even if these may not be explicitly seen at the
classical level. However, so long as we restrict ourselves
to scales below the cut-off, operators that enter at or
above the cut-off can certainly not render the low-energy
EFT unstable. In what follows we consider a few (four-
dimensional) EFT examples to illustrate the fact that
ghosts above the cut-off of EFTs are harmless.

o A simple scalar field EFT: As a first example consider
the following EFT with cut-off A,

1

£ =500+ 55 (00)". (24)



This EFT has a ghost at the scale A., but as long as one
works at energy scales below A., meaning as long as the
derivatives and the classical value of the field are small
0 < A, ¢ < A, we will always have (0¢)? /A2 < (0¢)?
and so that ghostly operator can be treated perturba-
tively compared to the normal kinetic term (9¢)? and
one would not excite the associated Ostrogradsky ghost.
See [34] for a review.

o Multiple scales: We now consider a case where mu-
tiple scales are involved. Consider the following EFT,

B (99)"

— Yoz L 99)
£==300"F G ogmm,

(25)

with the scale A <« Mp) and where the parameter [
is dimensionless (which could of course be set to one).
The second term in L is a ‘package’ that involves an
infinite number of operators at different scales spanning
from A to Mp;. Some of these operators are ghostly but it
certainly does not mean that this EFT only makes sense
when 8 = 0 or that physical predictions cannot be made
and trusted with g # 0.

To be more precise this theory is strongly coupled at
the scale A. It also has a Galileon-like operator at the
higher scale A = (A*M3)Y7 > A. At the scale M =
(A2ME)YS > A, this theory has a ghost and therefore
the cut-off A, of this EFT should be A, < M. We can
work with this theory all the way up to the cut-off scale
and excite not only the operators arising at the strong
coupling scale A but also those arising at a higher scale
A and derive any relevant physical implications from this
‘package’ of terms without ever needing to worry about
the ghost.

When deriving classical solutions, or other physical im-
plications from this EF'T, one does not need to surgically
remove the ghost terms from the package first. Work-
ing at energy scales below the cut-off will automatically
ensure that the ghost is not excited since it cannot be
excited at a scale below M, just like in the previous ex-
ample.

e Massive (bi-)gravity: Massive (bi-)gravity is a (more
complicated) version of the previous example. The de-
coupling limit analysis performed in [1] ensures that this
theory has no ghost at its strong coupling scale A. This
fact alone was sufficient to ensure that one could take the
cut-off of that theory to be above A and have an interest-
ing regime of validity for the theory where the Vainshtein
mechanism could be active. It was further proven that
at the classical level that theory had no BD ghost all the
way up to the Planck scale in [35], which means that the
cut-off of the theory could actually be quite larger than
A (although it is still likely that the cut-off of the massive
(bi-)gravity EFT will be below the Planck scale).

e Massive (bi-)gravity with new couplings to matter:
When the new couplings to matter are considered, we
are again in a situation comparable to the second scalar
field example. This new coupling to matter can be seen as
a package which includes an infinite number of operators

entering at all scales between A and Mpj, with a ghost
above A.

The existence of a ghost in the theory is certainly a
source of concern and one should ensure that this EFT
is not used beyond its regime of validity. This means
that this EFT can only be trusted at energy scales below
the mass of the ghost. In [20] and [26, 36] exact solutions
were found in the presence of this new coupling to matter.
These can be trusted only at energy scales below the
mass of the ghost as emphasized in [20], but at these
scales the solutions can indeed be trusted even if one has
not surgically removed the pathological interactions that
arise at and above the cut-off of this theory. The exact
value of the cut-off has not yet been fully determined
and it should be established with care so as to evaluate
whether or not this can have a full impact for cosmology.

The existence of exact FLRW solutions found in
[20, 26] relies on the fact the scalar field x equation
of motion is now different and combined with the Ray-
chaudhuri equation, no longer leads to a constraint for
the scale factor. In parallel, the decoupling limit anal-
ysis performed at the scale A shows that the equation
of motion for the scalar field y is affected by this new
coupling already at that scale (i.e. differs from the equa-
tion one would infer if af = 0 in a way which involves
the Stiickelberg fields). Since the ghost is not present at
these scales, the modification in the scalar field equation
cannot be caused (solely) by the BD ghost, and must in-
clude operators which do not involve the ghost. This re-
alization plus the fact that both the FLRW background
and its first order perturbations do not excite the BD
ghost implies that the existence of exact FLRW in the
presence of this new coupling to matter is not due to
the existence of a ghost but rather due to new opera-
tors which are healthy (and arise already at the scale A).
We emphasize once again that when imposing the FLRW
symmetry, all the ghostly-like operators disappear, lead-
ing to a healthy theory on that background (and at first
order in perturbations around it).

When ghosts do matter.— While ghosts above the
cut-off are irrelevant for physics at energies below that
cut-off, it is worth stressing at this point that ghosts
really do matter and have catastrophic effects when
they enter within the regime of validity of the EFT.
Fortunately there are many well-established methods to
diagnose their existence, which we review here. In what
follows we illustrate these methods with a few examples.
The configurations (26) and (29) (with A 2 M) represent
examples of what we are not doing when considering
the coupling to matter with (5) in massive (bi-)gravity
and exploring FLRW solutions at energies below the
cut-off.

e First let us go back to our first scalar field example
(24). As already mentioned, the EFT of (24) is only
valid at energy scales below A.. When considering time-
dependent classical solutions for (24), we may naively
find two different branches of solutions. The first one



being the trivial one ¢1(t) ~ Cy + Cit, and the second
one being a ‘self-sourced’ or ‘self-accelerated’ one

(bn (f) ~ eiAct . (26)

This second branch of solution relies on the existence
of the ghostly operator (0¢)2/A2 to exist and is not
well-defined in the limit where that operator disappears.
This second type of solution is not to be trusted.
Fortunately one can directly see that this second class of
solution necessarily involves derivative scales which are
at or beyond the cut-off scale. Indeed 0 ~ 9¢/¢p ~ A,
for this second type of solutions. So one can look at all
the solutions of the Lagrangian (24), keeping the ghostly
operator and we are still able to diagnose that the second
type should be discarded straight away since it lies at
an energy scale which is not below the cut-off. This
is why it is so important to make sure that the theory is
not taken beyond its regime of validity. So long as we
only consider solutions for which all the field and all its
derivatives are smaller than the cut-off, we are ensured
that the ghost plays no relevant role in these solutions.

e Next, consider the following gravitational theory,

Mg, — « Lo 4
EZT —g |:R+ ER (FR +WRW/ ; (27)

where R is the standard scalar curvature and R, the
Ricci tensor. In this case the contribution from R* leads
to extra degrees of freedom (namely a scalar field when
this action is written in Einstein frame). The operator
RR?W is ghostly. The existence of these extra degrees
of freedom can already be established by performing an
ADM analysis on FLRW (i.e. in the mini-superspace
approximation). This means that one can derive classical
solutions for this full theory (keeping the term RR?,),
but in order to trust these solutions one needs to ensure
that all the curvature scales involved are smaller than M.

Focusing on exact FLRW solutions, we can find several
branches of them. The first one is the trivial one H? =
0 in the absence of matter field (H being the Hubble
parameter). The Lagrangian (27) also admits a second
type of ‘self-accelerated’ solutions:

Branch: H =0 (28)
1 M*A*
Branch II: H*=——— . 29
ranc PRTEE (29)
Clearly this second type of solution does not exist in the
limit where o — 0. However it does not mean that this
solution is pathological. As seen earlier, and emphasized
throughout this manuscript and in [20], as long as the
scales involved are smaller than M, one can trust this
solution.

11, : In the case where A < M, one has H ~ A < M
and this solution is within the regime of validity of
the EFT. One can check explicitly that we would

have obtained the same solution as if we had re-
moved the ghostly operator RRfW from the La-
grangian (27) prior to derive the classical solutions.

II, : In the case where A 2 M, one has H ~ A 2 M,
and clearly the classical solution (29) ought to be
ignored in that case. However even without apply-
ing this criterion, one could consider the solution
(29) and simply perform perturbations about it.
Then a first order linear analysis will directly diag-
nose a ghost and other instabilities when A = M
which are sufficient to signal that that solution is
not to be trusted.

In the case of the exact FLRW solutions found in
[20] the situation is actually even better than the case
II,. First there are no ghostly operators in the mini-
superspace approximation. This means that no FLRW
solution can ever excite the ghost in the first place. Sec-
ond, unlike for f(R)-gravity there are not even new de-
grees of freedom on FLRW when the new couplings to
matter are considered. Finally let us stress that even
if any doubts still existed on the validity of the exact
FLRW solutions found in [20], a perturbed analysis has
been performed about the solutions and it was found that
no ghosts were present, unlike what one would find in case
II, of the previous example.

Discussion.— When considering gravitational theories
with many metrics, one is inclined to treat every metric
on an equal footing. This is achieved at the level of bi-
gravity when no coupling to matter is considered. As
soon as these theories couple to matter it has to be done
in a way which would break the equivalence between both
metrics or a ghost will appear below the Planck scale (i.e.
the same matter sector cannot couple to both metrics in
a symmetric way without introducing a BD ghost at a
scale below the Planck scale).

The existence of such a ghost may or may not be
disastrous depending on the setup. For instance if the
same sector couples to two metrics as in (2) then a ghost
appears already at the strong coupling scale A or even
below and the regime of validity of the theory is rather
limited [19, 20]. If the same sector couples to both
metrics via an effective ‘composite’ metric, as proposed
in Ref. [20] a ghost is also present in the spectrum but
above the strong coupling scale A. Since the ghost enters
below the Planck scale, the cut-off of this theory is also
decidedly below the Planck scale, although the precise
cut-off and mass of the ghost should be understood in
more depth. However, this theory still provides useful
physical predictions at energies below that cut-off, like
any other EFT.

To summarise, in massive gravity theories with ‘stan-
dard’ coupling to matter as in Eq. (1), the cut-off of the
theory could be anywhere between the strong coupling
scale and the Planck scale. On the other hand, as soon
as a coupling via the effective metric given in Eq. (5) is



included, the presence of a ghost degree of freedom be-
low the Planck scale shows that the cut-off of such the-
ories is then necessarily below the Planck scale, though
unknown. To determine the precise cut-off of these theo-
ries would require knowledge of when full unitarity would
break down, or equivalently, when new physics would
arise. Nevertheless, since the mass of the ghost is above
the strong coupling scale, there is still a healthy range
of energy scales for which the phenomenology of these
theories can be investigated.
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