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Abstract

The baryon vector current is computed at one-loop order in large-NN,. baryon chiral perturbation
theory, where N, is the number of colors. Loop graphs with octet and decuplet intermediate
states are systematically incorporated into the analysis and the effects of the decuplet-octet mass
difference and SU(3) flavor symmetry breaking are accounted for, giving the full result to order
@) (pz) in the chiral expansion. There are large-N. cancellations between different one-loop graphs
as a consequence of the large- N, spin-flavor symmetry of QCD baryons. The results are compared
against the available experimental data through several fits in order to extract information about
the unknown parameters. The large- NN, baryon chiral perturbation theory predictions are in very
good agreement both with the expectations from the 1/N, expansion and with the experimental
data. The effect of SU(3) flavor symmetry breaking for the |AS| = 1 vector current form factors
f1(0) results in a reduction by a few percent with respect to the corresponding SU(3) symmetric

values.
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I. INTRODUCTION

Baryon semileptonic decays (BSD) have served as key source of information and tests of
the weak interactions, and through the strictures of SU(3) and chiral symmetries also of the
strong interactions. Super-allowed nuclear $ decay provides the most accurate determination
of the Cabibbo angle, and hyperon semileptonic decays (HSD) provide key information on
chiral SU(3) x SU(3) symmetry and its breaking by the quark masses, and also give access
to independent determinations of the CKM matrix element |V,

BSD, denoted here by By(p1) — Ba(ps) + €~ (pe) + Ve(p,), are described by the effective
Hamiltonian

_ Gr

H —L*J,+ H.c., 1

where L, and J, are the leptonic and hadronic weak currents, respectively, which possess
the V — A structure of the weak interactions, and G is the Fermi constant. The leptonic

current is given by
LY = (1 = 5)tbw, + 0,7 (1 = 75)t,, (2)
and the hadronic current is J, =V, — A,, where
Vo = Via Uyad + Vs Wyas, (3)

and
Aa — Vaud u7a75d + vus u7a755 (4)

V., and A, are the weak vector and axial-vector currents, respectively, and V,4 and V4 are
elements of the CKM matrix. The matrix elements of .J, between spin-1/2 baryon states

have the most general forms:

L@ s )

(BalVal 1) = Veroan o) | £ + 2 000 4 5T

T G

and

MU qﬁ 4 Mqa} Ysup, (p1), (6)

(Ba|Aa|B1) = Vexrm U, (p2) {91(612)%14‘ My, B My,

where ¢ = p; — po is the four-momentum transfer, ug, and up, are the Dirac spinors of the
decaying and emitted baryons, respectively, and Vekw stands for V4 or V4, as the case may

be. Here the metric and y-matrix conventions of Ref. [1] are used.
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The matrix elements (5) and (6) are characterized by three form factors each, f;(¢?) and
gi(¢*), respectively, where the weak decays probe their charged components. Additional
information is of course obtained from the EM current, which is not discussed here. As
a shorthand notation, f; = f;(0) and g; = ¢;(0) will be used hereafter. For the leading
form factors, f1(0) = gy and ¢;(0) = ga are also used. The latter couplings are related by
Cabibbo’s theory, with the further generalization to six quarks by Kobayashi and Maskawa.

At the present level of experimental accuracy on BSD, only the form factors fi(¢?) and
f2(q?) of the vector current and g;(¢®) and go(¢?) of the axial vector current are involved in
electron modes, whereas the f3(¢?) and g3(¢?) contributions can be neglected because of the
small factor m? that comes along with them. At a more detailed level, the ¢*—dependence
of the leading form factors can be parametrized in a dipole form whereas the ¢?>—dependence
of fo and go can be neglected due to the ¢ factor already present in the matrix elements (5)
and (6).

In the limit of exact flavor SU(3) symmetry f; and fy are predicted in terms of the
EM form factors of p and n via SU(3) transformations. The go form factor for diagonal
matrix elements of hermitian currents vanishes by hermiticity and time-reversal invariance.
Therefore, SU(3) symmetry yields g = 0 in the symmetry limit. Finally, g; is given in
terms of the familiar couplings F' and D.

The decay widths driven by vector and axial vector currents do not interfere, thus, I' =
'y + T'4. The determination of |V, and the mentioned form factors can be extracted
from the total decay rate R, and, to a high degree of precision, R must include radiative

corrections. The actual expression for R reads,
R:RO(H%), (7)
T

where R is the uncorrected decay rate and model-independent radiative corrections are
encoded in the term (a/m)® [1]. R° is a quadratic function of the form factors and can be

written in the most general form as'

6

6
R’ = [Vekul|? ( Z afl fif;+ Z b (fixs, + ij-)) : (8)

i<j=1 i<j=1

L Strictly speaking, the model-dependence of radiative corrections can be absorbed into the leading form
factors f1 and g; [1] so Eq. (7) should be written in terms of f; and g¢j. Actually, these primed form

factors are the ones accessible to experiment.



where the dipole parametrizations assumed for all form factors introduce six slope parameters
Ap. For the sake of shortening Eq. (8), g1 = f1, 92 = f5, 95 = f6, Agy = Afuy Ay = Afs,s
and \,, = \;, have been momentarily redefined. The analytic expressions for R in HSD
can be found in Ref. [2]. The short distance contributions of radiative corrections, given by
the factor S.,, can be accounted for in the usual way by defining an effective weak coupling
constant.

The |AS| = 1 form factors f; satisfy the Ademollo-Gatto (AG) theorem, which states that
the SU(3) symmetry breaking (SB) corrections to their SU(3) limit values are proportional
to (mg—mm)% One must note that this does not mean the corrections are O (p*) in the chiral
expansion. As it happens with K3 decays [3, 4], the dominant such corrections are non-
analytic in quark masses and stem from the chiral loop contributions. Those corrections, if
expanded in (ms—m) will behave as the AG theorem requires but with small denominators
proportional to quark masses, and therefore the non-analytic corrections are O (p?). The
analytic contributions are of course O (p*) and beyond the accuracy of the calculation in this
work. Therefore, the dominant SU(3) SB corrections to f; calculated here are ultraviolet
finite and well defined.

In this work, the formalism of the 1/N,. expansion combined with HBChPT is used to
calculate the one-loop corrections to the baryon vector currents. The approach has been
successfully applied to compute flavor-27 baryon mass splittings [5], baryon axial-vector
couplings [6, 7] and baryon magnetic moments [8, 9], as well as to the study of Lattice QCD
results for baryon masses and axial couplings [10, 11]. Here its applicability is extended to
the analysis of one-loop corrections to the baryon vector current operator.

Consistency with the 1/N, expansion requires that the baryon decuplet be also included
with specific couplings. Here it is shown how to carry out the calculation following the
strictures of the 1/N, expansion, which imposes relations between the various couplings
involved. The present work will give the SU(3) SB corrections to the vector current at
the leading order of the breaking, i.e. O (p?), and represents an important step towards a
more accurate calculation where the first sub-leading SU(3) SB effects are also included.
Thus the approximations involved, which will be discussed in more detail later, are the
following: (i) The SU(3) breaking mass splittings in the baryon propagators involved in
the loop are disregarded; it will be shown that such effects are of sub-leading order in

the chiral expansion. (ii) The calculation involves the mass splittings between octet and



decuplet baryons; in the present work the SU(3) SB in those splittings are ignored as per
(i). The SU(3) SB corrections to (i) and (ii) will be studied in detail in future work as they
will contribute to sub-leading SU(3) SB effects. (iii) The one-loop correction, as discussed
below, is proportional to A ® A% where A is the axial vector current operator. The 1/N,
expansion of A% is truncated at the physical value N, = 3, so in the correction there appear
up to six-body operators, which are suppressed by 1/N? factors. Working out to this order
is two-fold. First, the operator reductions are doable; secondly, the complete expressions
will allow a rigorous comparison with chiral perturbation theory results order by order.
Knowing that the chiral and 1/N, expansions do not commute, an expansion scheme can be
implemented, such as the low scale or £ expansion discussed recently in [10]. This will be
presented in the mentioned future work. The present work will serve as a reference mark
for the effects of those improvements.

The earliest computations in baryon chiral perturbation theory (BChPT) of the vector
form factors for HSD were performed in the works by Krause [12] and by Anderson and Luty
[13]. In both works the baryonic degrees of freedom involve only the spin 1/2 octet. Reference
[12] presents the calculation in relativistic BChPT to O(p?), while [13] works in HBChPT
and performs a (partially complete) O(p?) computation?. An analysis which is closest to
the one in the present work is the one by Villadoro [14], where HBChPT including both
octet and decuplet baryon degrees of freedom is used. That analysis includes (partially)
up to O(p?) corrections corresponding to subleading in 1/Mp terms. Other works using
covariant BChPT with the IR regularization are by Lacour, Kubis and Meissner [15], where
a calculation to O(p?) is performed with only the octet baryons as active degrees of freedom,
and by Geng, Martin-Camalich and Vicente-Vacas [16], where in the same framework also
the decuplet baryons are included. Finally, a calculation using the 1/N, expansion was
performed in Ref. [2], which however does not include chiral loop contributions. Since the
one-loop contributions are of upmost importance for the SU(3) breaking corrections to the
f1, the present work will provide those contributions. Indeed, due to the AG theorem, the
tree level contributions to those corrections must be O (p?), while at one-loop there are non-
analytic contributions, consistent with AG, which are O (p?), and thus dominant over the

ones in Ref. [2].

2 This reference has a sign mistake in the tadpole contributions, as pointed out in [14].



A comparison of the works mentioned above reveal open issues in the different approaches
vis-a-vis the SU(3) breaking effects in the form factor fi, which can be summarized as
follows: i) the leading corrections O (p?) calculated with the inclusion of the decuplet in
[14] and [16] are in agreement concerning the sign, and also with the results in the present
work. However, the numerical values have significant discrepancies between the calculation
in HBChPT and the one in covariant BChPT. The calculations without the decuplet [13, 15]
give O (p?) results which are very different with each other and the ones with the decuplet
included. In particular some of the signs of the corrections are different. These disagreements
at O (p?) are partly related to the approach being used, and are a strong motivation for
further investigation on establishing which is the most realistic one. ii) the second big
problem is with the O (p?) corrections, which in all works where they have been evaluated
turn out to be inordinately large and positive in general, leading in most cases to a sign
reversal of the full correction. Since the calculations to that order are basically well defined,
because no counterterms are required, at face value this would represent a breakdown of the
low energy expansion. Except for the references where the decuplet is explicitly included,
the issue of inconsistency with the 1/N, expansion could play a role in that power counting
problem. However, the works including the decuplet also report large O (p®) corrections,
which may indicate that the issue is even more profound. Since the O (p?) corrections will
not be evaluated in the present work, this problem will be further investigated in future
work.

The impact of SU(3) breaking effects in form factors for the extraction of |V,,| from
hyperon decays has been studied in Refs. [17, 18]. Of particular interest in that regard
is the best possible determination of the form factors f; for extracting |V,,| through the
product | f1Vys|, which can be determined rather precisely from observables (see for example
Ref. [18]).

Important inroads are being made by Lattice QCD calculations of form factors [19-
22]. These and future results are very significant, as one will be able to test explicitly the
behavior of the vector form factor with the quark masses, and in particular understand more
accurately the SU(3) SB effects on fi, helping clarify the issues mentioned above. In the
most recent calculation of f; in the transitions Z° — %7 and X~ — n Ref. [21], the SU(3)
breaking tends to produce a reduction in f; which is very similar to what is found in the

O (p?) calculations in the present work (see Sec. V for details), and contradict the O (p?)



calculations mentioned earlier.

The main motivation of the present work is to provide a computation of the SU(3)
breaking corrections to the form factor f; in a framework of the chiral expansion which
is consistent with the 1/N, expansion of QCD. As it is well known from the consistency
constraints imposed by the large- N, limit of QCD for baryons [23], it is necessary to include
on an equal footing in the effective theory the octet and the decuplet baryons, as demanded
by the emergent spin-flavor symmetry (SU(6)) in the large- NV, limit which is a consequence
of that consistency. The interplay of these multiplets in chiral loops is often necessary
to restore the correct N. power counting, by producing exact cancellations of otherwise
power counting violating contributions. As discussed later, this is indeed the case for some
of the one loop contributions to SU(3) breaking in f;. The present work provides the
complete O(p?) corrections to fi, leaving to a next stage the full calculation at O(p?). The
constraints of the 1/N, expansion manifest themselves in the effective Lagrangian through
the SU(6) relations between the pseudoscalar octet and the octet and decuplet baryons, and
through the O(1/N,) hyperfine mass splitting between octet and decuplet. Since the known
phenomenological couplings satisfy approximately those constraints, the numerical results
obtained in the work by Villadoro [14] should be expected to be approximately matched by
the results obtained here.

This article is organized as follows. In Sec. II some general aspects of baryon chiral per-
turbation theory in the 1/N, expansion are provided. In Sec. III the tree-level contribution
of the baryon vector current is dealt with as a prelude to discuss in Sec. IV the one-loop
correction, where each Feynman diagram is individually discussed in detail. In Sec. V a
numerical analysis is performed to compare the resultant theoretical expressions against the
experimental information through several different least-squared fits. In Sec. VI the sum-
mary and concluding remarks are given. This work is complemented by three appendices.
In Appendix A all the analytical results of the loop integrals that appear in the calculation
are provided. In Appendix B the baryon operator reductions performed are listed; this way

in Appendix C some useful formulas are given in a compact form.



II. BARYON CHIRAL PERTURBATION THEORY IN THE 1/N. EXPANSION

The 1/N, expansion for baryons has been discussed in detail in Refs. [5, 24, 25|, thus
this section only provides a brief summary, introducing notations and conventions. In the
large- N, limit, the lowest-lying baryons are given by the completely symmetric spin-flavor
representation of N, quarks SU(2Ny) [24, 26]. Under SU(2) x SU(Ny), this representation
decomposes into a tower of baryon flavor representations with spins J =1/2,3/2,..., N./2,
where the states with vanishing strangeness satisfy I = J. This tower is degenerate in the
large- N, limit, and the hyperfine mass splittings A between states with spin J of O (N?) are
O (1/N,). In general, corrections to the large- N, limit of observables are expressed in terms
of 1/N, suppressed operators [24], which leads to the 1/N, expansion of QCD. Note however
that there are also non-analytic dependencies on the ratios m,/A which are not captured
by the expansion in operators, but which emerge from the finite pieces of loop corrections
in the chiral expansion, as discussed below.

When a QCD operator is considered, for the purpose of its matrix elements between
the ground state spin-flavor multiplet of baryon states, it can be represented by a series
of effective operators organized in a power series in 1/N.. The 1/N, expansion of a QCD
m-body quark operator acting can then be expressed as follows [25]

Nc in

gc]%)dy Z Z C” Nn m (9)

n=m i=1

where the O! constitute a complete set of linearly independent effective n-body operators.
These operators are represented by products of n spin-flavor generators J¢, 7% and G, and
the ¢’ (1/N.) are unknown coefficients which have an expansion, possibly non-analytic due
to loop effects, in 1/N, beginning at order unity. These effective coefficients are determined
by the QCD dynamics, and are obtainable through phenomenological analysis or in certain
cases also Lattice QCD.

Among the most relevant QCD operators studied in the 1/N, expansion are the Hamilto-
nian (baryon masses) [25, 27|, axial [6, 7, 10, 23, 28] and vector [29] currents and magnetic
moments [8, 9, 28|.

The expansion for the baryon mass operator is given by [25]

Ne—1 01

M = m81N11+Z

—J 2 4 SU(3) breaking operators, (10)



where the coefficients m%! are O(Agep). The first term in Eq. (10) represents the overall
spin-independent mass of the baryon spin-flavor multiplet and the remaining spin-dependent
terms constitute Mpyp, where HF stands for hyperfine. The SU(3) breaking pieces are
omitted here as they are not needed in the present work; they have been given in Ref. [27].

In the limit of exact SU(3) flavor symmetry, the 1/N, expansion of the baryon axial

vector current, can be written as [25]

n—1
Nc

Nc
2 a3, .
n=2 ¢

N¢ 1
D+ ey O, (11)
n=3

where the coefficients a1, b, and ¢, are of order unity and the leading operators that come

along with them read?

Dic = JiT°, (12)
D = (I (.G, (13)
O = (2,6} — AT 17,67} (14)

Higher order operators are constructed from the previous ones by anticommuting them with
J?. The operators D:* and O have non-vanishing matrix elements only between states of
equal and different spin, respectively, so they are referred to as diagonal and off-diagonal
operators. The axial currents enter in the present calculation via the pseudoscalar-baryon
couplings in the one-loop diagrams, and up to the considered chiral order of the calculation
there is no need to include the SU(3) SB corrections to them. For details on those effects,
see [7] and references therein.

An interesting feature of the large-N, counting scheme is the determination of the N,
dependence of the matrix elements of the generators J¢, T and G*. The baryon matrix
elements of J* for the low-lying baryons in the SU(6) representation are of order unity. The
N, dependence of the matrix elements of T and G is by far more subtle because it depends
on the component a and on the initial and final baryon states. Specifically, for baryons with
strangeness O (N?) the matrix elements of 7% (a = 1,2, 3) and G are O (N?); the matrix
clements of 7% and G (a = 4,5,6,7) are O (v/N.); and the matrix elements of T® and G

(a =1,2,3) are O (N,) [25]. For concreteness, the naive estimate that matrix elements of 7

3 The 2-body operator O = €/¥{JJ G**} and the higher order operators O3 ., = {J? O } (m =

1,2,...) are even under time reversal so they do not contribute to A%.



and G are both O (N.), which is the largest they can be, will be implemented here. This
estimate is legitimate provided the analysis is restricted to the lowest-lying baryon states,
namely, those states that make up the 56 dimensional representation of SU(6).

The scaling of the baryon masses proportional to N, implies that an expansion in 1/N,
naturally leads to a formulation of the effective theory in the framework of heavy baryon chi-
ral perturbation theory (HBChPT) [30]. In addition, and as mentioned earlier, the SU(2Ny)
dynamical spin-flavor symmetry in large-N. requires that the ground state baryons appear
in a multiplet of such symmetry, namely the totally symmetric one with N, boxes in the
Young tableaux. The chiral Lagrangian can be then constructed to satisfy the strictures of
chiral symmetry and spin-flavor symmetry, with the breaking of these symmetries expanded
in a Taylor series in quark masses and 1/, respectively [5].

In the baryon rest frame, the combined HBChPT and 1/N. expansion effective Lagrangian
at lowest order is given by [5, 10, 31]:

0,1
. o ia yia my’ c ¢
E(I)IBT (ZD0+gAu G —N—ZC—NLCFJ2_§1 cX+) B7 (15)

where B is the symmetric spin-flavor baryon multiplet with states J = 1/2,---  N./2, and
G" are the spin-flavor generators of SU(6) with matrix elements are O (N,), where i are

spatial indices and a are SU(3) flavor indices. The Goldstone boson pseudoscalar octet 7

y G/)\a
u = exp (ngO ) , (16)

where Fj is the pion decay constant in the chiral limit, which for the purpose of the present

resides in the unitary matrix

work can be taken to be Fy = F; = 93 MeV. The chiral operators in the Lagrangian are
1 .
w' = i(ul (0" —i(v" + a))u — u(0" —i(v" — a*))ul)) = —Fﬁlﬂaka +- (17)
0
which gives u™ = (1/2) Tr (A\*u’), and the covariant derivative D, = 9, —iI', with
i

Dy = £ (ul(0, — e + ao))u + u(By — i(u, — ). (18)

v, are the sources coupling to the vector currents, namely v, = v;T* /2, and similarly a,, are
sources coupling to the axial vector currents, and the quark masses reside in x,. The low
energy constants mg’l, Ga, Cur, and ¢; are O (N?). As defined here, and at lowest order,
the leading order axial coupling g4 (to be later denotation by a;) is related to the one of the

nucleon at N, = 3 by g4 = g ga, where g4 = 1.27 is the well known nucleon axial coupling.
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At the lowest order the meson-baryon couplings are all fixed by g4, being entirely determined
by the corresponding axial couplings through the underlying Goldberger-Treiman relation.
The commonly used axial vector couplings are then given by F' = §g4/3, D = ga/2,C = —ga
and H = —3g4/2. Deviations from these values are due to effects O (1/N,).

The vector current is affected by the SU(3) SB effects at higher orders in the chiral
expansion. The effects stemming from tree contributions appear in the chiral Lagrangian
at O (p®) for the magnetic components and for the corresponding charges, which are of the
main interest in this work, at O (p°), which is beyond the order needed in this work. Thus,
for the present calculations only the above displayed Lagrangian is needed, to which the
terms that correspond to 1/N, corrections will be added. In particular higher order in 1/N,
corrections to the pseudoscalar-baryon couplings, i.e. the F', D, C and H couplings, through
the corresponding corrections to the axial currents will be included. This will serve the
purpose of determining how important such corrections are for the weak decays as well as

their impact on the strong decays, which are also included in the fits.

III. THE BARYON VECTOR CURRENT AT TREE LEVEL

In order to set the stage, at this point it is convenient to outline the expansions involved
in the relevant form factors in Egs. (5) and (6). In the rest frame of the decaying baryon,
the dominant contribution to the matrix elements of the vector current is the corresponding
charge term given by fi, which is O (p® x N?). The sub-leading terms involve (i) the recoil
piece of the convection current, which is O (q/Mp), where ¢ is the momentum transfer
through the current which is ¢ ~ Mp, — Mp, ~ m, = O(p?), thus the recoil term is
O (p*/N,), (ii) the weak magnetism terms from the term proportional to f, and from the
spin component proportional to fi, are respectively O (¢N./Agep) and O (¢/Mp), and thus
O (p>N,) and O (p*/N.) respectively, (iii) the term proportional to f3 vanishes in the SU(3)
symmetry limit, and is therefore proportional to (ms —m)g, = O (p*). A similar discussion
can be done for the axial vector current, where (i) the term proportional to ¢g; gives matrix
elements O (p°N,) for the spatial components of the current and O (q/Mp) = O (p*/N,) for
the time component, (ii) the term proportional to g3 is highly suppressed as O (¢*/Mp) =
O (p*/N,), and (iii) g, vanishes in the limit of SU(3) symmetry.

At ¢*> = 0 the baryon matrix elements for the vector current in the limit of exact SU(3)

11



symmetry are simply given by the matrix elements of the associated charge or SU(3) gen-

erator. Therefore, to all orders in the 1/, expansion [29]:
Vo =T, (19)

Due to the AG theorem, tree-level corrections to the |[AS| = 1 matrix elements, first appear
to O (p?), which is beyond the order considered in this work.

The matrix elements of V% between SU(6) baryon states in the limit of exact SU(3)
symmetry are listed in the first row of Table I for the |AS| = 1 processes of interest. These
particular form factors will be referred to as fls Y®) When SU (3) breaking is taken into
account, the matrix elements of V% will be again given by the matrix elements of 7 but
now multiplied by a factor which is given by the corresponding ratio f;/ fls U(g), as worked

out in what follows.

IV. ONE-LOOP CORRECTIONS TO THE BARYON VECTOR CURRENT

SU(3) flavor SB will be considered in the exact isospin limit. As mentioned earlier, the
leading SU(3) flavor SB corrections to the vector currents occur at one-loop order in the
chiral expansion. Previous works focused on computing one-loop corrections to other baryon
static properties [6-9] will provide some feedback, so a close parallelism with them will be
kept. Also, results of those works are used in the global analysis involving both weak and
strong decays in Sec. V.

The one-loop corrections to the baryon vector current operator are displayed in Fig. 1. All
these graphs can be written as the product of a baryon operator times a flavor tensor which
results from the loop integral. Let us recall that the pion-baryon vertex is proportional to
ga/Fy; in the large-N, limit, g4 o N, and F, V/N., so the pion-baryon vertex scales as
v/N.. Although the N, dependence of each diagram can be deduced straightforwardly from
the naive N, counting rule, the group theoretical structure for N, = 3 will be rigorously
computed here. As for the loop integrals, they have a non-analytic dependence on m,,.
The appropriate combination of diagrams, however, yields corrections that respect the AG
theorem. The overall one-loop correction is thus O ((m, — 7)?) when expanded in a Taylor
series in the mass difference, as mentioned in the introduction.

At this point it is convenient to spell out the general chiral and 1/N,. power countings.

12



Since the transitions involved are only those with initial and final baryons in the octet, the
energy transfer through the current ¢° ~ Mg — My which, as mentioned earlier, is a quantity
of O (p?) in the chiral expansion. On the other hand the decuplet—octet HF mass splittings
A have a piece O (1/N.) plus an SU(3) SB contribution oc (ms — 1) = O (p?). If one works
in the linked power counting where 1/N. = O (p) [10] or £ expansion, one concludes that
the heavy baryon propagator can be Taylor expanded in the SU(3) breaking mass shifts.
Also the loop contributions can be expanded in powers of ¢°. Thus, the dominant SU(3)
SB effects on the one-loop corrections stem from the mass differences of the w, K and n
mesons involved, with the SU(3) SB effects in the baryon masses playing a sub-leading role,
appearing with an additional suppression factor O ((ms; —m)/A,).

The N, power counting of the contributions to f;/ fls UG due to the one-loop diagrams
in Fig. 1 are summarized as follows: (i) diagram (a) gives naively an O (N,.) contribution
due to the O (\/FC) of the meson-baryon vertices, but the algebra boils down to giving a
commutator of those vertices, which is actually suppressed by a factor 1/N? with respect to
the naive expectation. This would mean that (a) is 1/N,; it is however a bit more subtle
than that: the hyperfine mass splitting between octet and decuplet gives rise to additional
terms beyond the mentioned commutator, which become the actual dominant contribution
O (N?) (see Section 1 for the details). Diagram (a) is therefore consistent with N. power
counting. It should also be emphasized that removing the decuplet in the loop leads to a
contribution which violates the power counting, and thus the result is incompatible with the
1/N, expansion. Diagram (b) is actually O (V,), and the N, power counting is recovered
once the wave function renormalization factor is included, leading to a contribution O (N?).
This is the same cancellation that takes place in general for any one-loop contribution to an
operator which attaches to the baryon propagator. In this case also, removing the decuplet
leads to the wrong power counting. Finally, diagrams (c) and (d) are both O (1/N,) as they
are just proportional to 1/F? = O (1/N.). In the chiral power counting, all diagrams are
O (p*).

The starting point in the analysis of the SU(3) flavor SB is that it transforms as a
flavor octet. The SU(3) SB correction to the baryon vector current is then obtained from
the tensor product of the vector current itself and the perturbation, which both transform
as (0,8). Let us also keep in mind that the tensor product of two octet representations

can be separated into an antisymmetric and a symmetric product, (8 x 8)4 and (8 x 8)g,
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FIG. 1: Feynman diagrams which yield one-loop corrections to the baryon vector current. Dashed
lines and solid lines denote mesons and baryons, respectively. The inner solid lines in (a) and
(b) can also denote decuplet baryons. Although the wavefunction renormalization graphs are not

displayed, they nevertheless have been included in the analysis.

respectively, which can be written as [25]

(8 x 8)4 =8+ 10+ 10, (20a)
(8 x 8)g=1+8+27. (20b)

The one-loop SB corrections to the baryon vector current will therefore fall in the SU(2) x
SU(3) representations (0,1), (0,8), (0,8), (0,10 + 10), and (0,27). Let us proceed to

analyze each one of them separately.

A. Figure 1(a)

The one-loop contribution to the baryon vector current arising from the Feynman diagram

of Fig. 1(a) can be written as

VG =Y APATPY(A). (21)

J
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Here A and A’* are used at the meson-baryon vertices; P is the baryon projector for spin

J=j5) i
L]

WA (22)

which satisfies by definition
P’ =P, (23a)
PPy =0, j#], (23D)

and A; stands for the difference of the hyperfine mass splittings between the intermediate

baryon with spin J = j and the external baryon, namely,

Aj = MHF|J2:j(j+1) - MHF|J2:jcxt(jcxt+1)' (24)

Notice that as only octet to octet weak transitions are of interest, the external baryons have
J = 1/2. In Eq. (30) the sum over spin j has been explicitly indicated whereas the sums
over repeated spin and flavor indices are understood. In this work j = 1/2

The general expressions for P; and A; have been introduced in Ref. [5]. For the lowest-

lying baryons,

1/, 15
73% = -3 (J — Z)’ (25a)
1/, 3
P =3(r-2), (25D)
along with
07 joxt - %7
A% = (26&)
Aa .jext - %7
A7 jOXt - %7
As = _ (26b)
? 07 Jext - %7
and
3 o1
= ﬁm2 ; (27)

where my" is the leading coefficient of the 1/N, expansion of the baryon mass operator (10).
It is important to remark that expressions (25)—(27) have been truncated at the physical

value N, = 3.
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On the other hand, P®¢(A;) is an antisymmetric tensor which can be expressed as
Pabc(Aj) — ( ) facb + A10+10( ) (faecdbeS fbecda68 . fabedecéi)’ (28)

where fo and feecdb®® — fhecdacs — fabeqed hreak SU(3)as 8 and 10 + 10, respectively. The
integral over the loop, I,(mi, ma, A, i;0), is contained in the tensor P®¢(A;) through

[[a(mmmKaAjhu; 0) ‘I'Ia(mK’mmAb:u?O)]’ (29&)

N | =
w%
o

Aros10(48) = ——[La(ma, mic, Ay, 150) — Lo(mg, my, A, 15 0)]. (29b)

The explicit expression for I,(m,, mg, A, p; 0) is given in Eq. (A3)
Thus, the full contribution to the baryon vector current operator from Fig. 1(a) can be

cast into the form
V) = PLAPLAPPLP™(0) + PL APy APPLP™(A). (30)

Naively, it could be expected 5V( to be O (N.): two factors of the pion-baryon vertex
ga/F, would yield a factor N,. However, the operator A“P;A/* can be decomposed as
aAA® 4 BA“ J2A® where o and 3 are some coefficients. Next, f*®A“A® can be rewrit-
ten as (1/2)feP{Al A} + (1/2)feb[A%, A®]; the anticommutator vanishes whereas the
commutator of an n-body operator with and m-body operator is an (n + m — 1)-operator.
Therefore, f2AA® is O (N,). For fo® A% J2A® the relation
1
+l
+ Z{Am’ [J?, A"}, (31)

Az’aJ2Aib o —{J2 AzaAzb} 4= [[Aza J2] Azb] Aia, [JZ,A“’]] + i{[Aia’ JQ],A“’}

can be used to verify that fa®A“ J2A% is also O (N.). In consequence, oV is O N?), or
equivalently, 1/N, times the tree level value, which is O (N.). In actual calculations, there
will appear up to eight-body operators in the operator products on the right-hand side of
Eq. (30) if the 1/N. expansion of A is truncated at the physical value N, = 3. Because the
operator basis is complete [25], the reduction, although long and tedious, is doable.

The way these operator reductions are performed can be better seen through a sample
calculation. For the ifo® A" A® piece, using the form of A of (11) truncated at N, = 3,

one finds,

L , ) 1 ) )
ifachmAzb — a%if“CmeGlb + ﬁalbzifachmrDEb Zfacb(z)m(/) (32>

N4
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where only some contributions are displayed for simplicity. Computing the leading order

piece is straightforward by using the SU(6) commutation relations [25], namely,

- rac (yal z.ac ia 7 7;ac z.iiaee 3 c
if G szif "G ,Gb]:§f b<15 be)zéNfT. (33)

The computation of all subleading pieces (at the order worked here) is possible by system-
atically using the SU(6) commutation relations along with some operator identities. The
full reductions are listed in Appendix B for the sake of completeness. The N, dependence
is explicitly kept.

Gathering together partial results, the various contributions from Fig. 1(a) can be orga-

nized as
if*PACA® = Z ay Sy, (34)
and
ZfachzaJ2Azb Z 2570” (35)
for the octet contribution, and
13
z'(faecdbES o fbecdaES o fabedeCS)AiaAib — Z biO—i—lOOrcw (36)
n=1
and
; ; & 710+10
i(faecdbe8 _ fbecdae8 _ fabedec8>AmJ2Azb _ Z bn Of“ (37>
n=1
for the 10 + T0 contribution. The coefficients a®, @, b10+1° and 5i0+ﬁ are listed in full in

Appendix C. The corresponding operator bases are:

S¢ =T, Ss={Jr,G7}y,  S5={JTY,
SZ = {J2> {Jra Gm}}> Sg = {J2> {J2>TC}}’ Sg = {J2> {J2> {JraGrc}}}a (38)
St ={7 A AT T} )
and
Of — d686T6, Og — dCSG{JT, Gm},
Og = d086{J2>T6}> Ozcl = {TC> {Jra GT8}}a
Og — {TS, {JT, Gm}}, Og — che{J27 {JT, Gre}}7
07 = d{.J?, {.J?, T} }, Of = {72 AT, {J", G}, (39)
Og = {J27 {T87 {Jrv Grc}}}v Ofo = dcse{J27 {J27 {Jrv GT@}}}v

Ofy = d*{J2 {2 {2 T} ), Of = {2 {2 AT {J". G""}}}},
Ofy = {2 {2 AT {J7, G"}}}}.
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TABLE I: Matrix elements of baryon operators: singlet case.

Ap Y n =TA =—x0 =0x+
(ST) —\/§ -1 \/g . )
5 3 Wi %
) 32 -4 N 7
(55) 13 : 33 e 12
59 i -4 Wi v %
) 3 3 & g

The matrix elements of the operators S, and O,, between baryon octet states are listed in
tables I and II for completeness.

All the pieces of the one-loop contribution (30) for the process A — p can be put together
to illustrate how the approach works for concreteness. In terms of the operator coefficients

introduced in Eq. (11), at N. = 3 one gets

F 17, 3 17 1, 1 17 , _
[T"ISU(?’) . = 1—6a1 + galbg + ﬂalbi’» + 1—662 + gbgbg + mbg Ia(mw,mK, O,,u7 O)
P
9 3 3 1 1 1
+ |:1—6&% + galbg + galbg + Eb% + gbgbg + Ebg] Ia(mn, Mg, 0, Jo 0)
1, 1 1,
+ —501 ~ 50163 = §c3 I(mg,mg, A, 1;0). (40)

Similar expressions can be found for the rest of the processes of interest. In order to display
the relative N, dependence of the different terms, in this expression and similar ones that

will follow, one simply replaces b, — (3/N,)"'b, and similarly for c,.

B. Figure 1(b)

The correction to the baryon vector current arising from Fig. 1(b), along with the cor-

responding wave function renormalization graphs not displayed but nevertheless accounted

18



TABLE II: Matrix elements of baryon operators: octet case.

Ap Xn =-A =—0 =052+
(OF) ﬁ ﬁ ﬁ _ﬁ _ﬁ
0y e 1 v ~75 %
o % g i -4/3 -
(09) 0 —3y3 s W 3
o T @ i -4/3 -
o e - “w -t -3
o W 4 = 43 -
(O8) g — 93 s E=NE BENG:
Ol o2 - o3 £ i
(Of) o e - _%\/g N
(Of3) —%\1/5 % _%\7/5 _%\/g _%

for in the analysis, can be written as [cf. Eq. (14) of Ref. [7]]

Wiy = Sl A" VIQR = LA, [V, M, A7

—

! (wa, M, M, 47, V] —

: M AL [, AL V) @ o

(41)

l\DI»—t

where A7 and A7 represent the meson-baryon vertices, V¢ denotes the insertion of the
baryon vector current operator and M is the baryon mass operator. Q‘(lg) is a symmetric
tensor which encodes the loop integral; it decomposes into flavor singlet, flavor 8 and flavor

27 representations as [5]

n 1
Q b15ab 4 I( dab8 + I 27 5(1851)8 é5ab o gdab8d888 7 (42>
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where

n 1 n n n
1Y = 5 |30 (ma,0,0) + 41 (mic, 0, ) + 17 (. 0,11)] (432)
w  2V3[3 n 1
IEE,S) = T |:§IEE )(mWanU“) - IEE )(mK70a,u) - §Il§ )(mn>0au):| ’ (43b)
15,2)7 = g lg )(m7r>0a:u) - glzg )(mKanU“) +Il§ )(mmoa:u)‘ (430)

Here Ib(")(m,(),u) represents the degeneracy limit A — 0 of the general function
I (m, A, 1), defined as [31]

8"Ib(m, A, ,u)

LM (m, A, ) AT

(44)

where the function I,(m, A, ) is given in Eq. (A6).

The expansion contained in Eq. (41) was derived for the baryon axial vector current in
Ref. [31]; here that result is extended to the baryon vector current taking advantage of the
fact that both currents transform as flavor octets so one can reach the very same conclusions
in the discussion presented in Ref. [31]. Naively, one would expect the double commutator
alone in (41) to be O (N2): one factor of N, from each baryon current. However, there are
large- N, cancellations between the Feynman diagrams of Fig. 1(b) provided that all baryon
states in a complete multiplet of the large-N. SU(6) spin-flavor symmetry are included in
the sum over intermediate states and that the axial coupling ratios predicted by this spin-
flavor symmetry are used. Thus it can be proved that the double commutator in (41) is at
most O (N,.). The same behavior is observed in the second contribution in (41), so it can be
concluded that 6V, is O (N?) and is of the same order as OViy-

The final form of 5V(Cb) can be organized as

]~

13
Wiy = 2 (enSeliy + diSeT st + enseli) + 3 (RO + dSOL IR + R0
n=1 n=1
9
+3 <c37T,§J§}2>7 +d2TTEL ), + 637T51§?2)7) Yo (45)
n=1

where the coefficients ¢}, d}, and e}, and given in Appendix C. While the singlet and octet
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TABLE III: Matrix elements of baryon operators: 27 case.

Ap Y n =E7A =—x0 =0yt

c 3 3 3 3 3 3 3

(17) —1 \/; —7 1 \@ NG 1

(TS) _9 /3 3 3 /3 15 15

2 8 2 8 8 2 82 8

c 9 3 9 9 3 9 9

(T3) —38 \/; —3 8 \@ 53 8
c 3 3 3 3

(TY) 0 —3 3 \@ ~7s -3

(7€) _2t /3 9 9 /3 45 15

5 6V 2 16 161 2 16v2 16

(T§) _27 /3 7 27 /3 _27_ 27

6 6\ 2 16 6\ 2 1612 16

9 9 3 9 9

(T%) 0 —1 1 \@ N —2

(7€) _s1 /3 _s1 81 /3 81 81

8 32 2 32 32\ 2 32v2 32

27 27 3 27 27

(1) 0 -5 3 \@ VG -7

operator bases are listed in Eqgs. (38) and (39), respectively, the 27 operator basis is

Te = fase 8Ty,
T = fose frea{ 2,77},

Te = fase fSeaf J2 {7 Gr9}},

Te = ¢isk fase( j2 fGhke {Ji GISIY,

Te = ek pasef j2 L2 LGke {Ji GI8}}}).

(¢}

Tzc — fasefseg{JT, Grg},

Tf — Eijkfa&{er, {sz st}},

Tﬁc — faSefSeg{J2’ {JQ,TQ}}, (46)
Tg = fesefread g {72, {J2, T},

The corresponding matrix elements are given in Table III. The singlet and octet pieces

should be subtracted off the 27 piece to have a truly 27 contribution.

The contribution of (5‘/(%)) to fi can be readily computed. Keeping the A — p process
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as an example, the contribution reads

SU(3)
fl Ap
17 17

9 3 1 1 .
_ [ﬁa% + 1gaiby g — qoes + 0B + b263 + 5egls — 1—6%] I (my, 0, 1)
(9 3 13 1 13 1

+ 16a1+ 8a162+ 24&1[)3—1&1034— 16b2+ Sbgbg—l- 144b —1—663] b (mK,O,u)

9 3 3 1 1 1 1)
+ _3—2a1 + 1—6a1b2 + Ealbg + 32b2 16b2b3 + 32b3:| ]( (mn,O /J,)

[ 3 3 3 A 3 3 3 A
+ _Za% T Mo T E ] 31(2 (M, 0, ) + {_Za% Tyt —Cg] 51152)(7”&0,/1)
9 9

T

A? 9 9
} 5 =1 (my, 0, 1) + [—gaf — 3G ~ 3563

Equations (40) and (47) are now added together to get

a b
Y+ A

[, 3 17 17
fSU(3)
1

a2+ 2 aiby 4+ —ayb B2+ —bob 2| H(m.
0t 16a12+48a13+32 623+288} (M, i)

Ap
9 3 3 1 1 1
+ |:—CL% + Eale + 1—66L1b3 + 32b2 16b2b3 + 32b3:| H(mK,mn)

1 1 1
o[ hat = Loy ] Ko ), 9

where

H(my,my) = 21,(my, my, 0, 11;0) + IV (my, 0, ) + I (ma, 0, p), (49)

and

K(mlam2aA) 21(1 7/'7'177/’7'27A :u7 )_I_I(l)(mlao ,U) +Il§1)(m27071u)

2

A
13 ml?ou +[()(m2aou)] +.

(

+ [12 (mq,0, p) +[()(m2,0 ,u)]A
+ 1 2
( )+

= 21 a m17m27A 2 )+Ib (mlvAnu (m27A7/J’)' (5())

The final form of K(mq, mg, A) recovers the full form of the function Ilfl)(ml, A, ), which
was originally expanded in a power series in A in Eq. (41). This is a remarkable result.

On the other hand, the explicit form of the function H (my, ms) becomes

1 1 m2m?> m?
L2 2 1772 i 51
H(my,ms) = 167r2F2 2(m1 +m3) + w2 — 2 n ma | (51)
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which is ultraviolet finite. The function K(mq,ms, A) can be easily constructed from
I,(my,mo, A, 11;0) and Iél)(m,A,,u) given in Eqgs. (A3) and (A6), respectively; the explicit
expression will not be provided here. However, some important properties of this function

are
1. lim K(mqy,mg, A) = H(my, ma),
A—0
2. lim K(my,ms, A) =0.
A—00

Property (2) above has some interesting physical implications. The present calculation
exploits the near degeneracy between octet and decuplet baryons. For instance, in the
loop integral I(m, A, u), Eq. (A6), the full functional dependence on the ratio m,/A has
been retained. This ratio does not have to be small necessarily because the conditions for
HBChPT to be valid are m, < A, and A < A,. In the chiral limit A > m, so the
decuplet cannot contribute to the non-analytical corrections for octet processes since these
corrections come from infrared divergences. The decuplet thus decouples in the large-N,
limit and property (2) holds.

A further aim of the approach can be achieved by rewriting the results in terms of the
SU(3) invariant couplings D, F' and C introduced in HBChPT [30, 32]. These couplings are

related to the 1/N, expansion coefficients aq, bo, b3, and c3 at N, = 3 as follows:

1 1
D= 5(1,1 + 663, (52&)
1 1 1
F = gal + ébg + §b3, (52b)
1
C=—a — 563 (52¢)
3 3 D
H = —§a1 — 5[)2 — 5[)3 (52d)

In the large-N, limit the standard SU(6) ratios D : F': C: H=1:%2:—-2: =3 result. In

2
3
the canonical example worked out so far, substituting Eqgs. (52) into Eq. (48) yields

a b
A7+ 1

1
T — §(9D2 +6DF + 9F*) H(my, mg)
1

Ap

1 1
+ é(D2 +6DF + 9F*) H (mg,m,) — ZCQK(mﬂ, mg, A), (53)

which exactly matches the ones obtained within (H)BChPT: When the decuplet fields are

not explicitly retained in the effective theory but integrated out, this result agrees with
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those presented in Refs. [12, 13, 15]. When the decuplet fields are retained, there is a full
agreement with the ones presented in Ref. [14] (in that reference F, = 131 MeV is used).

Moreover, it can be shown that

K(my,mg, A) =

QW W~

(G 2. (54

where the functions H,, and G,, are given in Eqs. (22) and (31) of that reference, respectively.
Note that the coupling H does not appear in the corrections to the vector currents, but it
does in the corrections to the axial currents. Its determination is addressed in the analysis

below.

C. Figure 1(c)

The tadpole diagrams of Figs. 1(c) and 1(d) can be easily computed within the combined
approach. These diagrams do not depend on the coefficients of the 1/N, expansion of A™.

The loop graph 1(c) can be written as
5‘/*(§) — _fcaefbengRab’ (55>

where

R = [Le(mar, mic, 1450) + Le(mg, my, 13 0)] 5. (56)

N —

where the loop integral I.(my, ma, pi; ¢*) in the ¢> — 0 limit is given in Eq. (A20) of Appendix
A. This contribution breaks SU(3) as a flavor singlet.

D. Figure 1(d)

The Feynman diagram of Fig. 1(d) is given by

1
Wiy =—5 [T [T°,Ve]] 5, (57)

where S% has the very same structure as P(‘;f’) of Eq. (42), namely,

1
_5ab _ §dab8d888 7 (58)

Sab — Id715ab + [d,8dab8 4 Id,27 50,85178 _ 2 .
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where

1

Id,l = g [3Id(m7ra ,U) + 4Id(mKa ,u) + [d(mm :u)] 9 (59&)
2v3 [3 1

Id,8 = T ild(mmﬂ’) - Id(mK7 M) - ild(mm M) ) (59b>
1 4

lyo7r = gId(mm/J/) - gId(mKaﬂ) + Ly(my, p). (59¢)

The integral over the loop is given in Appendix A, (A22). The different flavor contribu-
tions in Eq. (57) read

(1) Flavor singlet contribution

7, [T, V)] = N;V<. (60)
(2) Flavor octet contribution
4T, [T, V]| = %dc8eve' (61)
(3) Flavor 27 contribution
(18, [T8, V<] = fese feayo, (62)

The straightforward combination of loop corrections 1(c¢) and 1(d), for the A — p process,

yields

c d
O 19

3
UG =3 [H(mg, mg) + H(mg,my)] . (63)

Ap

Equation (63) agrees with the results derived in Refs. [12, 14, 15] but differs in a global sign
with respect to the expression presented in Ref. [13].
It is also interesting to remark that Eq. (63) contributes at the same order in N, as

Eq. (48). This assertion can be proved numerically.

E. Total one-loop correction to the baryon vector current

The baryon vector current operator V¢ including one-loop corrections can be organized

in a single expression as
Ve Ve =Ve+ 4V + Vg, + Vi + Vg, (64)
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where 0V(5), 0V(5), 0V(G), and 0VG are given by Eqgs. (30), (41), (55), and (57). In the
large- N, counting, each correction is suppressed at least by a factor 1/N, with respect to
the tree-level operator V¢. The loop contributions expanded in (m; — m) satisfy the AG
theorem.

The matrix elements of the operator V¢ + oV ¢ give the actual values of the vector form
factors f; as defined in HSD. The full expressions for the processes observed are

fi
SU(3)

1

Ap

3 17 3 17 17
=1+ |:§ + ﬁaf + 1—6a1b2 + @albg + —b + —bgbg + @62} (mw, mK)

1 1 1
+ [——af — M~ 1_60?” K(my,mg,A), (65)

3 7, 1 7 1 7
— 1—6a1b2 486L1b3—|— 32b 48b2b3 288b :| H(mﬂ,mK)

3 1, 1 1 1 1
@ —ab by + 12 — by + ——B2| H 66
* [8 TRt T M T M T R T g T o™ } (1, my) (66)

1 1 1 1 1 1
+ ba% + —ayc3 + gcg} K(my,mg,A) + {—a% + —ayc3 + —cg} K(mg,m,, A) |

2 4 4 16

16 16

3 1 3 1
=1+ {g + -5 + —albg + —a1b3 + —b2 —bgbg + —bg] H(mﬂ,m[()
3 1 1 1 1

g + —CL% + —&162 + a1b3 + —b2 bgbg + —b :| H(mK,mn)

16 48 3277 48 288 %

1
100 s + e | Klmi,my, A), o)

|
{1 1
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S
SU(3)

1 =-30
3 17 5 17 1 5 17
=1 —+ |:§ —+ ﬁa% + 1—6a1b2 + 4—8albg + @bg + Ebgbg + @bg} H(mw, mK)
3 25, 5 25 1, 5 2%
— 4+ — —a1by + —aibs + —b5 + —bybs + —bsz | H 68
* {8 Tag T gt g™l gt gbabs  ogg 3} (g, ) (68)
1 1 1 1 1 1
+ [—Zaf — Zalcg, - 1_663’] K(my,mg, A) + {—?ﬁ — §a103 - gcg] K(mg,m,, A),
and
s]lcfl(g) - s]lcfl(g) , S];1 3 - S{Jl 3 g (69)
¥ ) ¥ ¥ (3) _ (3) _
1 X n 1 20p 1 =08+ 1 =-%0

where the latter are isospin relations.

A full crosscheck of the above expressions has been performed with their counterparts ob-
tained within (heavy) baryon chiral perturbation theory [12-15], according to the guidelines
described above. The results agree order by order.

It is interesting to notice that the contribution of diagrams (c) and (d) to the ratios

fi/ fls U®) is the same for all ratios.

V. NUMERICAL ANALYSIS

An analysis of the available experimental data [33] can be performed by using the results
obtained here. In previous works [6, 7] a number of fits have been carried out to determine
the baryon axial couplings, which are given by the matrix elements of the baryon axial
current operator A+ §AF. For octet baryons, the axial vector couplings are g; normalized
in such a way that g; ~ 1.27 for neutron 3 decay. For decuplet baryons, the axial vector
couplings are denoted by g, which are extracted via Goldberger-Treiman relations from the
widths of the strong decays of decuplet to octet baryons and pions [28].

The effects related to SU(3) SB are contained in § A* in two ways: On the one hand, at
tree level, all relevant operators which explicitly break SU(3) at leading order are included;
this contribution is loosely referred to as perturbative SB. On the other hand, in the one-loop
corrections, SU(3) SB is accounted for implicitly, since the loop integrals depend on the T,

K and n masses.
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The operator § A¥¢ has been built up in a systematic way. In Ref. [6], 0 A*¢ was constituted
only by one-loop corrections within the combined approach, while in Ref. [7], a more refined
calculation was performed to include the effects of perturbative SU(3) SB corrections and
the effects of the baryon decuplet—octet mass splitting. The corrected axial vector current
operator actually used in the numerical analysis reads

1
Ne

1
N2

[

1

Akc + (51415163 + 5Alf£ = alec + bg N

c c 1 c c8e ke c8eyke
Dg —|—b3 Dlg +03m(’)'§ + d1d8Gk —|—d2 d8D§

+d3Ni ({GkC,TS} _ {Gk8,TC}) +d4Ni ({GkC,TS} + {Gk8,TC})

Cc Cc

+ 5 AR (70)

where § AL is the correction that arises from perturbative SB and 6 A} is the one-loop cor-
rection. Note that the loop corrections are renormalized by the counter terms corresponding
to the coefficients a;, b;, and ¢;. Minimal subtraction is used with renormalization scale pu.
Equation (70) was parametrized in Ref. [7] in such a way that flavor SB took place entirely in
the non-zero strangeness sector only. This involves however a bias, namely that gy = F'+ D
for neutron 3 decay even in the presence of SU(3) SB, which corresponds to a constraint
on the counter term coefficients. That bias is avoided here by instead taking into account
SU(3) SB in the axial couplings throughout.

The scope of the numerical analyses performed in Refs. [6, 7] within these two scenarios
was limited to determining only g; and g, because the f;’s were given at their SU(3) sym-
metric values, fls U(g), in view of the AG theorem. The present analysis, however, is uniquely
positioned in the sense that, on the same footing as ¢;, the one-loop corrections to f; within
large- N, chiral perturbation theory have been computed, including the effects of a non-zero
baryon decuplet—octet mass splitting. Thus, the pattern of SU(3) SB for f;, which will be
referred to as fi/ fls U6) hereafter, can be evaluated.

The available experimental information for octet baryons is given in terms of the decay
rates R, the ratios g;/fi, the angular correlation coefficients a,, and the spin-asymmetry
coefficients ae, «,, ap, A, and B. All eight decay rates and all six possible g;/f; ratios
have been measured (the ratios g;/f; for ¥* — A semileptonic decays are undefined). A
summary of this experimental information can be found in Table II of Ref. [7], along with
a detailed discussion about how this information can be matched with the one listed in

Ref. [33]. That discussion is not repeated here. For decuplet baryons, the axial couplings
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g for the processes A — Nm, ¥* — An, ¥* — Ym, and = — Zx are given in Table IX of
that reference as well. For the purposes of the present work, the experimental information
is arranged into three sets: R and g¢;/f; constitute set 1; R, g1/f1 and g constitute set 2;
and ¢g1/f; and ¢ constitute set 3. The latter can be enriched by adding two more pieces
of information: the g; couplings for the ¥* — A semileptonic processes, which can be
obtained from their respective decay rates through a standard procedure.* The values found
are g; = 0.6194+0.077 and g; = 0.597+0.014 for Xt — AeTv and ¥~ — Ae 7, respectively.
In passing, it is worth mentioning that set 3 is also particularly interesting because g; and
g are related in the large- N, limit; in actual numerical analyses, the fits that include g yield
more stable solutions [7].

There are eight parameters to be determined in the analysis, all of them affecting directly
the g1’s. Four of them, ay, bs, bs, and c3 arise from the 1/N, expansion of A*¢ alone, Eq. (11),
and the remaining four, dy, ..., d4, come from perturbative SB, according to the discussion
provided in Sec. V.B. of Ref. [7]. For definiteness, the physical masses of the mesons and
baryons listed in Ref. [33] are used, along with A = 0.231 GeV, F, = 93 MeV, and p =1
GeV. Also, the suggested values of the CKM matrix elements V4 and V,, are used as inputs.

Without further ado, a fit where SU(3) SB corrections to both f; and ¢; (to the respec-
tive orders considered here) enter into play can be performed using data set 3, which is
equivalent to using the data about ¢;/f; and g. An analysis under this circumstance has
some implications. First, it has been pointed out that both ¢g; and ¢ are related in the
large- N, limit, so for a consistent analysis they should be present simultaneously. Also, the
new output can be contrasted with the equivalent one obtained in Ref. [7]. But most impor-
tantly, the use of the axial couplings only will allow one to check whether the predicted decay
rates and asymmetry and spin-angular correlation coefficients agree with the experimental
ones. This may be a crucial test of this approach. The eight-parameter fit for 12 pieces
of information yields the results labeled as Fit 1 in Table IV. First the limit f; = IS ve
is used (case a) to subsequently add SB effects in f; (case b). Some interesting features
emerge from this analysis. First, the aq,...,c3 parameters are order one, which completely

agrees with expectations. Besides, the SB parameters dy, ..., d, are roughly suppressed by

4 Radiative corrections and a dipole parametrization of the axial vector form factors are two key consider-

ations [1].
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TABLE IV: Best-fit parameters for the fit presented in this work. The pertinent values of the
equivalent SU(3) couplings D, F', C, and H are also listed. The quoted errors come from the fit

only and do not include any theoretical uncertainty.

Fit la Fit 1b
Data set 3 3
SB in f1 X v
SB in g1 v v
ay 0.89(0.15)  0.95(0.14)
ba —1.03(0.19) —1.10(0.19)
b3 1.18(0.15)  1.10(0.09)
c3 1.18(0.17)  1.07(0.15)
di 0.52(0.12)  0.62(0.13)
da —0.56(0.25) —0.57(0.24)
ds 0.38(0.05)  0.39(0.05)
dy —0.05(0.08) —0.06(0.08)
D 0.64(0.05)  0.66(0.05)
F 0.26(0.01) 0.25(0.01)
C —1.48(0.07) —1.48(0.07)
H —2.74(0.27) —2.50(0.17)
F/D 0.40(0.03)  0.39(0.02)
3F—D 0.13(0.04) 0.10(0.04)
x?2/dof 5.6/4 5.5/4

a factor of € ~ 0.3 with respect to the leading ones, which is consistent with first-order
SB. However, what is also worth mentioning is that the SU(3) invariant couplings D, F,
C, and H reach values which are in good agreement with expectations (the coupling H still
remains a little high, but possesses the correct sign). On the other hand, Fit 1b deserves
special attention because it is where the effects of SB in f; are evaluated. With the best-fit
parameters, the corresponding SU(3) SB pattern of f; is displayed in Table V. This SB
pattern suggest a systematic decrease between 3.4 and 4.8% in the f; values with respect to
their SU(3)-symmetric values in all the channels considered, which is in perfect agreement
with the expectation from second-order SB dictated by the AG theorem.

Armed with the vector and axial couplings from Fit 1b, the integrated observables for
BSD can be estimated. The overall behavior of Fit 1b is excellent in the sense that the
predicted observables are in very good agreement with their experimental counterparts.

There is no need to present new tables to display such small discrepancies.
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TABLE V: Relative contributions to the leading form factor f; for non-vanishing A obtained in
the present work. The Z°%+ and Z~X° values are related by isospin symmetry. The correction

8@ computed in other works is also listed.

FO PO g A

Process flsU(?’) flsU(?’) f1SU(3) 1sU(3) -1 52

Ref. [14] Ref. [15] Ref. [16]
Ap —0.026 —0.022 0.952 —0.048 —0.080 —0.097 —0.031
Xn —0.013 —0.022 0.966 —0.034 —0.024  0.008 —0.022
=E7A —0.025 —0.022 0.953 —0.047 —0.063 —0.063 —0.029
=2-x0 —0.016 —0.022 0.962 —0.038 —0.076  —0.094 —0.030

A variant of Fit 1b consists in removing all subleading corrections from f; and keeping
the a; contribution only. There are no significant changes in the best-fit parameters. The
pattern of SB in f; varies between +1% but the total x? remains practically unaltered.
One however notices that there is significant sensitivity to contributions which depend on
by, by and c3, for instance up to 2% for the case of bs. Since these are 1/N, suppressed
contributions, this may indicate a slow convergence. This is also indicative of the sensitivity
of the corrections to the values used for the couplings F'; D and H, which is a source of the
disagreements mentioned earlier between different calculations.

Following the lines of Refs. [14-16], the chiral corrections to the vector form factor can

be parametrized as

A= 46®40), (71)

where §?) is the leading SU(3)-breaking loop correction O (p?) and the dots stand for higher
chiral corrections computed in Refs. [14-16]. References [14] and [16] include dynamical octet
and decuplet contributions. A numerical comparison of 6 is displayed in Table V for the
sake of completeness. The comparison is acceptable for Refs. [14, 16]. In order to compare
with Ref. [15] on an equal footing, a fit using data set 1 should be done, dropping all the
decuplet effects. This falls in the context of BChPT without decuplet dynamical degrees
of freedom. In this case, the parameters that enter are a; and b,, along with the four d;’s.

The analysis yields a; = 0.93 £ 0.01, by = —0.01 £0.07, d; = 0.14 £ 0.05, d2 = 1.01 £ 0.31,
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ds = 0.314:0.06, and dy = —0.15+0.07, with x> = 16/8 dof. The leading vector form factors
reduce their SU(3) symmetric values by 5% for A — p, 2= — X% and Z° — X processes,
and by 1.1% and 3.6% for ¥~ — n and Z~ — A processes, respectively. In other words, in
this very last case also an overall decrease in the symmetry pattern is also observed.

On the other hand, Lattice QCD results constitute another source to compare with.
Certainly, a direct comparison is meaningful only when relevant issues such as chiral extrap-
olation [34] are addressed. In this regard, a comparison with the most recent unquenched
Lattice QCD results in Ref. [21], where a chiral extrapolation of f,/f°"® for 20 — o+
and X~ — n gives 0.974(5) and 0.982(8) respectively, which is in qualitative agreement
with the results in Table V. In the earlier quenched calculations [19, 20] the errors are too
large to definitely conclude about the signs of those corrections. Since quenching should
give subleading in 1/N, effects, it would be important as a test to have those calculations
revisited.

To close this section, it should be pointed out that the SB pattern of f; observed here
opposes the one observed in Refs. [2, 29|, obtained within the 1/N. expansion alone. The
analysis presented there can be repeated by using the updated experimental information
about HSD (the data on the Z° — Xt semileptonic decay was not available by that time)
and the current determination of |V,|. The analysis yields a systematic reduction of the SB
pattern with respect to the one obtained on that reference. For instance, f;/ fls UG for A — P
semileptonic decay is now slightly lower than one. This last remark leads to a final comment.
One cannot yet consider the theoretical issues as closed. It is most important that within
the same combined approach used to calculate the fi’s to O (p?), higher O (p?) corrections
be also computed. Naively those corrections are expect to be 30% of the corrections O (p?).
As discussed earlier, it is particularly important to investigate them because of the large

O (p®) corrections found in the previous works.

VI. SUMMARY AND CONCLUSIONS

The objective of the present work was to perform a calculation of the SU(3) breaking
corrections for the f; form factor for different channels to O (p?) in the chiral expansion and
consistent with the strictures imposed by the 1/N, expansion. The results are predictions,

as they are not affected by unknown parameters: they are entirely given in terms of known
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low energy constants. It should be emphasized that having a prediction of this kind based
on a framework that respects QCD throughout is very important.

With the purpose of checking with known results in which decuplet baryons were included
with phenomenological couplings [14], higher order terms in 1/N, were included to reproduce
those (axial vector) couplings and determine the agreement of the results with those obtained
in that reference. The results were also confronted with the experimental observables for
BSD and the strong decays of the decuplet baryons. Two different fits were carried out
in order to elucidate the relative importance of the various effects, where the summary is
presented in Table IV. The following conclusions can be derived from those results:

a) The 1/N, corrections to the axial vector currents are very important. These are
reflected in the deviation of the relations between the couplings F', D, C and H which hold
in the SU(6) limit. Both, the strong decuplet to octet strong transitions as well as the weak
decays are sensitive to those sub-leading corrections.

b) The effects of SU(3) SB in f; are calculable at the order considered here and turn out
to be about —5%. The hyperon weak decay observables at the current degree of accuracy
are not sensitive to those effects, endorsing the same claim made by Cabibbo, Swallow and
Winston [17]. It is noted that the 1/N, corrections to the axial currents which determine
the vertices in the loop-diagrams do not affect significantly the correction to fi.

c¢) The effects of SU(3) SB on the axial vector couplings ¢g; are on the other hand very
important, as shown in Table V. The octet pieces of the SB are the dominant ones with
magnitudes up to 0.3, while the 27-plet pieces are much smaller, at most 20% of the octet
ones and in most cases much smaller than that. Because of the small tree level value of
the axial coupling of the transition =~ A, the subleading corrections, which include the SB
effects, turn out to be larger than the leading term. For the other cases the subleading
corrections do not exceed the expected 30% of the leading order value.

d) In the calculation of the SU(3) SB corrections to f; it is noted that the inclusion of
the subleading in 1/N, corrections to the meson-baryon couplings produce small deviations,
and to the current level of accuracies they are unnoticeable. Similarly, any SU(3) breaking
effects on those couplings turn out to be insignificant: they are of higher order in the chiral
expansion, but they were evaluated in order to check their insignificance.

e) Perhaps the most important reason for accurate calculations of HSD is to provide an

additional accurate extraction of |V,|. At present the ratio of Ky to mpm decay together
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with the ratio Fx/F, from Lattice QCD and |V,4| from super-allowed 5 decay, and the K3
decays give the most accurate determinations. The smallness of |V,;,| means that |V, is
very close to the unitarity limit. A test of unitarity the CKM matrix requires as accurate as
possible results for |V,,|, for which the increase in precision from HSD would be welcome.
This however will require further experimental progress in the determination of the various
HSD parameters.

The natural next step in the study of the BSD in the present framework is the calculation
in the combined framework of the ¢ expansion to O (£2). This is the next order beyond the
one presented here. While such a complete calculation for the axial currents is already
available for two flavors, it needs to be implemented for three flavors and also for the vector
currents. This will be the objective of future work.

To close this article, it is worth quoting a sentence found in Ref. [35]: “It will take
a lot more work to see whether the 1/N. expansion can be combined with baryon chiral
perturbation theory to analyze baryon properties in a systematic and controlled expansion.”

Two decades later, one can claim that this task is indeed possible.
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Appendix A: Loop integrals

The integrals over the loops displayed in Fig. 1 are fully discussed in this section and the
most general results needed in the present analysis are provided for the sake of completeness.

First, for the Feynman diagram displayed in Fig. 1(a), the loop integral can be written
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in the most general way as

JZ (m1> ma, A? 5 q2)

iy dk (2k + @) ki(k + q);
Nz (1) / (2m)% (k2 — m2 + ie)[(k + q)2 — m2 + ig](p° — kO — A + i)’ (A1)

where m; and k and ms and k + ¢ denote respectively the masses and four-momenta of the

mesons in the loop, ¢ is the four-momentum transfer, A is the baryon decuplet-octet mass
difference, and d = 4 — € to use dimensional regularization with scale p. Due to the Lorentz
structure of Jfj(my, ma, A, p; ¢%), it can be separated into temporal J;(m1, ma, A, p; ¢*) and
spatial ij(ml, ma, A, p; ¢%) components. The former, which is the one needed here, can be

decomposed as J4(mi, ma, A, 1; ¢%)d;; + Jp(my, ma, A, 15 ¢*)giq;. In the ¢? — 0 limit,
Ia(mlam%Amu; 0) = 121m0 JA(mlam2aAau;q2)a (AQ)
q“—
where [, is the integral associated to the one-loop correction to the baryon vector current

of Fig. 1(a) at zero recoil. Without further ado, the resultant expression reads,

322 F2 1, (my, ma, A, 1;0)
2
= —(m} +m3 — 4A*)\ — g(mf +m3) + §A2

1 m2 m2
+— | Bm* = 12m2A% + SAH In —L — (3m2 — 12m2A% + 8AY In —2]
3(m% _ m%) ( 1 1 ) ,u2 ( 2 2 ) ,LL2
(

A
A

—(A? —m?2)*21n A-var-mi
A+ /A2 —m?

.8 y (A3)

T A
e i i By e
-

—(A? —m?2)*21n A-vAr-mi
A+ /A2 —m7 |

o R
+(A? —mg)?’/2 In A-VA m; ,
L _A‘l‘ \/A2 _m2_

2(m? — A?)3/2 5~ tan™"

—2(m2 — A%)3/? [g — tan™! ;A <my < mg

-1

tan , my < |A] < mg

mp < meo < |A|

where

Ae = % — v+ In(47), (A4)



with v ~ 0.577216 the Euler constant. Without loss of generality, the condition m; < mao

has been assumed in order to get the above result.

Now, the correction arising from the Feynman diagram displayed in Fig. 1(b) is given in
terms of the derivatives of the basic loop integral [31]

. 7 4—d ddk —k'k
T A — (2T ’ A
) b(m, ,,u) 2 (,U ) / (27T)d (ko — A+ Z’g)(]g2 —m2+ ia) ( 5)

™

An explicit calculation yields®.

3 3 m? 8 7
2 2 _ 2 9 9 2 9 9 O3 A2
247 F2L(m, A ) = —A {A 5 ] Ae + A {A 5™ } In e 3A + 2Am

T _ A
2(m2 — A2)3/2 [5 — tan 1 [ﬁ]] 5 |A| <m (A )
6
(A2 =2y A VA Al >m
A++VAZ—m2Z]’ .

_l_

From this function it follows that

2
1652211 m Au) = (o = 20%) [+ 1 - | - 20
i
AAVME = AZ | T tan? a8 Al <m
2 vmZ —AZ]|’

- A7
IAVAT Pl |2 VA A (>

—m?2In AT VA |A| > m.

m2
AP P21 (m, A ) = —A {)\E +1-In ?]

_m2—2A2 {W—tan_1 [ a H Al <m
Vm? — A2 |2 vm? — A?] ]’ (A9
N A8
m? — 2A2 1 A — A2 —m?2 A
el PR e R e R
A? m?
ELP A ) = - - s
A(Bm?* —2A?) [« . A
(m2 — A2)3/2 [5 —tan [ T A2 _A2H , Al <m
+ (A9)
A(3m? — 2A?) 1 A — A2 —m?2 A
W& —mrpn M| A vAr ) AlEm

5 Here the sign in front of the term %AmQ in the function Ip(m, A, ) has been fixed. The opposite sign,
which is incorrect, was used in Refs. [6-9, 31].
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Therefore, the function I,(m, A, p) and its derivatives in the A — 0 limit follow accord-

ingly; they read ,

Iy(m,0,n) = 24m2F2’ (A10)
IIS (m,0,p) = m” [)xe +1—1In 22} , (A11)
1672 F2 12
L7 (m, 0, 1) = _87TLF7?’ (A12)
and )
1 (m, 0, p) = ﬁﬂ? [—AE +1In %} : (A13)

Next, for the Feynman diagrams displayed in Figs. 1(c) and 1(d), it is useful to introduce

the scalar function

dt g
Ly = ip*™* / Al4
m = b 2m)d (2 = 3 + i)™’ (A1)

where r and m are integers and (3 is an independent function of 2. An explicit calculation
yields

(1) (r+2-5)C(=r+m—-2+5)
1672 L(m)I'(2 - %)

Ly = 2o (Amp?) s o, (A15)

Now, the loop integral of Fig. 1(c) is given in chiral perturbation theory by

i o4 'k (2F — d)g”
17(ma, ma 1:.4°) = / G A [ R e e s S )

1% will have a piece proportional to v and another one proportional to ¢¢. The former is
the one related to the vector form factor f(g?).
By using the conventional Feynman method to combine denominators, it is easy to see

that the contribution of I proportional to y* can be written as

1 2
L(my,my, 1 ¢°) = F2/ dl" Ll,z, (A17)

where L 5 can be obtained from Eq. (A15) with

B=—¢2(1 —x)+miz +mi(l —x). (A18)
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A standard calculation yields

2 2 TN 7 NPT SN \ONRS SR ST S mj mj
167 F21.(my,ma, pu;q°) = 6(q 3mi — 3m3) A, 12(q 3mi{ —3mj) |In— +1In
i

2 ,u2
Lo T ey, (mE—mdP mi—my, s
Zq? - = — In —2
_I_ 9q 6(m1 +m2) + 6q2 4q2 m%
o (m = m3)° o+ [P(6 = 2mi = 2md) + (md = mdP[ |k
12(g?)° m

3/2
[(¢% — 2m? — 2m2) + (m3 — m3)*)”

- 6(q?)?

i | =L mE 4 V(e — 2mE — 2md) + (mf — m)?
¢* —mi +m3 + /¢3¢ — 2m7 —2m3) + (m} — m3)?
(A19)
In the ¢* — 0 limit, I.(mq, ma, u; ¢*) reduces to
2 122 ) 2 2 3. 2 4y M3 4p. M
27 F 1.(my, ma, 11;0) = —(m7 + m3) A — §(m1 +m3) + p—— my In — —m; 2
(A20)

Finally, for the Feynman diagram displayed in Fig. 1(d), the integral over the loop is

i dk 1
I - 4—d/
alm, p) Fﬁu (2m)¢ k2 — m? +ie

1
- F—ELOJ, (A21)

where 38 = m? in this case. A straightforward calculation yields

m? m?

Appendix B: Reduction of baryon operators

The full list of operator reductions performed in the current analysis is presented in
this appendix. For N, = 3, there appeared operator products containing up to eight-body
operators for which the reductions turned out to be quite involved. Due to the fact that for
any SU(6) representation polynomials in the spin-flavor generators J?, T% and G form a
complete set of operators, the reductions were always possible. Apart from using well-known

decompositions among operators, a particularly useful identity was also used, namely,
[Ta’ Xb] — ifachc ’
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where X°? stands for any spin-0 or spin-1 flavor octet. For instance,
T2, A®] =  fabe gic
where A is the axial-vector current operator (11), or
(79, [J2, A"]] = i fobe[ 2, Ai€] |
or
e Te {2, (T, TN = ifeesdode J2, (T T}

to name but a few.
For computational ease, the second and third summands of Eq. (41) can be respectively

rewritten as

{Aja’ [TC, [J2’ Agb“} — ,éfcbe{Aja’ [J2’ Aje]}
and
[A]av HJ27 [J27 Ajb]]v TC]] o 5[[“727 A]a]v HJ27 A]b]v TC]]
— ;ifbce[[J2, Aje]’ [J2’ Aja]] o ifbce[J2, [[J2, Aje]’ Aja]] ’
where
'éfbce[J2, HJ2> Aje]’ Aja]]Fab =0 ’

for Fab = g9 do%8 or §984%,
The operator reductions performed, for arbitrary N, and Ny, are listed below. These

expressions are to be evaluated at the physical values Ny = N, = 3.

1. ,L'fachiaAib

Z-fachiaGib — g ch, (Bl)
o o 1
ifaCb(GmD;b + D;anb) — 5]\/'f{JT” Grc}’ (BQ)
if*(GDY + DYG) = (N + N, G} + 5 (Ny = 2){J%, T, (B3)
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NGO + OFGP) = INT = SN+ NO{T, G} + S (N; + 312,77, (BA)

2 2
if*"DyDy = iNf{J2,TC}, (B5)
if**(Dy'Dy + DyDy) = Np{J*, {J",G"}}, (B6)
if (D05 + 0y'Dy) = 0, (B7)
if*PDEDY = (N, + Np){J? {J", G} + = (Nf —{J% {J% T}, (BS)
if P (DLOY + OPDY) =0, (B9)
ifrtOLOP = ngTc — g(Nc + N){J", G} + 1(4Nf + 3){J?, T}
_ Z(N NP AT G+ E (Nf+5){J2 (2.7}, (B10)
2. jfachAia 2 Aib
i aebin J2Gib — iz\r e — —(N NG + 6(3Nf+8){J2 7). (B11)
if* (G DY + Dt J2GP) = Nf{J2 {J",G™}}, (B12)

NG T DY+ DY) = L(Nek NP, A7, G)) (N ~2) {7, (% 1), (B13)
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, , : , 1
if* NGO + OF P GY) = 3NGT = 3(Ne+ Np){J", &'} + (13N +12){7, T}

— T NYLPT GPY o+ (N4 D T

4
(B14)

i ftDie J2 Db = %Nf{ﬂ, {J2, T}, (B15)

ifo (D J*DY + D JPDY) = %Nf{ﬂ, {J2{J",G™}} ), (B16)
ife (D J2OY + Ol D) = 0, (B17)

VDYDY = LNk NP A2 (7, G 4 5 (N = 2077 {2, (2, TR, (B19)

'éfGCb(Dgajzogb + Oéaj2péb) — 0’ (Blg)

. . 1
ifr Ol J2 0 = 3N;T® — 3(N, + Np){J",G™} + 1(25Nf +12){J%, T°}

—%(Nc + Np){J?{J", G} + i(an + 19){J, {J*, T°}}
_g(NC + Nf){J2> {J2> {Jra Grc}}} + %(Nf + 9){J2a {J2a {J2a TC}}}
(B20)

3. Z'(faecdbe8 _ fbecdae8 _ fabedeCS)AiaAib

7;(faecdbeS . fbecda68 _ fabedeCS)GiaGib — O’ (B21)
7;(faecdbeS o fbecda68 o fabed608)(GiaD;b + D;aGib) — 0’ (B22)
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Z»(faecdbeS_fbecdae8 _fabedec8)(GiarDéb_'_rDéaGib) — {TC, {Jr’ GTS}} - {T8, {Jr7 Grc}}’ (B23)

Z»(faecdbGS _ fbecdaGS _ fabedeCS)(Giaoéb 4 OéaGib) — _g{Tc’ {Jr’ GTS}} 4 g{TE;a {Jr7 Grc}}7

(B24)

i(focedbes — phecqacs _ pabegectypiapib _ (B25)
i(freeqbes — fhecqees _ pabe gecs) (piaib 4 piapiby — (B26)
i(focebes — phecqacs _ gabegecsy(piayib 4 piapiby — () (B27)

i(faecdbeS_fbecdaeS_fabedeCS)Déapgb — {J2’ {TC, {Jr’ Gr8}}}_{J2’ {T8, {Jr’ Grc}}}’ (B28)

z'(faecdbeéi o fbecdaES o fabedECS)(DéaOgb + Oéapgb) — 0’ (B29)

- raec jbe ec jae abe jec 1a )l 3 c T T 3 T rc
i(foecd = frede® — fdR) 0505 = —o{T AT, G+ AT AT, G
5) )
_Z{sz {ch {Jrv GT8}}} + Z{sz {T87 {Jrv Gm}}}
(B30)

4. ,L-(faecdbeS _ fbecdaeS _ fabedeCS)AiaJ2Aib
o 1 1
Z»(faecdbES . fbecdaES . fabedECS)GzaJQsz — _i{ch {JT” GT’S}} + 5{’]”87 {J’“7 GTC}}’ (Bgl)

i(faecdbGS _ fbecdae8 _ fabedeCS)(GiaJZDéb 4 rDéaJ2Gib> — O, (B32)
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i(faecdbe8 _ fbecdae8 _ fabedec8>(GiaJ2rDéb 4 rDé'aJQGib)
1

= SUPATS TGP = (P AT A G, (833)

7;(faecdbeS o fbecda68 o fabedeCS)(GiaJ20§b + OgaJ2Gib)
= _3{ch {Jrv GTS}} + 3{T87 {Jrv Gm}} - Z{sz {ch {Jrv GT8}}}

+ Z{ﬁ, {T%,{J7,G"}}}, (B34)
Z-(faecdbes - fbecdae8 - fabed608>D;'aJ2Déb =0, (335)
z-(faecdbes _ fbecdaes _ fabedec8)(DéaJ2Déb + DéaJ2Déb) —0, (B36)
Z-(faecdbes . fbecdaes . fabedECS)(DéaJ2Ogb + OéaJ2D;b) —0, (B37)

Z»(faecdbeS . fbecdaES . fabedec8>D§aJ2D§b

1 1
= AP ASAT AT GO = AP AP AT AT G (B3Y)
7;(faecdbeS o fbecdaES o fabedec8)(D§aJ2Ogb + O§GJ2D§I)) — 0’ (B39)

i(faecdbeéi . fbecda68 . fabedeCS)OéaJ2Ogb
= _B{Tca {JT> GTS}} + 3{T8> {Jra Gm}} - 14_9{J2> {TC> {Jra GT8}}}
19 r e 9 c T
+ Z{J27 {T87 {'] 7G }}} - g{‘]27 {']27 {T 7{J 7G 8}}}}

+ g{JQ,{JZ,{TS,{JT,GTC}}}}. (B40)
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5. [Aia7 [Aia7 Tc]]

[Gia’ [Gia’ TC]] — ZNfTCa

[Gm’ [D;a’ TCH + [D;a’ [Gia’ TCH = Nf{JT> Grc}a

(G, [D, T + [P, (G, T¥]) = 2N, + N){J7, G} + (N — 2){J%, T},

(G*, |03, T + [O5, [G*, T]) = 3N;T¢ = 3(No.+ Np){J", G} + (Ny + 3){J*, T},

ia ia c 1 c
[D2 7[D2 7T ]] = iNf{J27T }7

Dy, [Py, T + Dy, [y, T°]) = 2N {J* {J", G"}},

[D;a’ [O§a> TCH + [O§a> [D§a> TCH =0,

Dy, [Dy", T = 2(N.

+ Nf>{J27 {Jrv Gm}} + (Nf - 2){J27 {J27 TC}}v

[,Dga’ [Oga> TCH + [Oga> [D§a> TCH =0,

(O [0%, T)] = 3N;T¢ — 3(N, + Np){J",G™} + (4N; + 3){J?, T}

2
2

(Net N (TGP + 5Ny + 5)(7%, {77, T},
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(B41)

(B42)

(B43)

(B44)

(B45)

(B46)

(B47)

(B48)

(B49)

(B50)



6. dUS[A [A® T
o i 3
(G (G, T = S Npd™ T, (B51)

dabS([Gia’ [D;b, TCH + [D;a’ [Gib, TCH) — %NdeSE{JT” Gre}’ (B52)

(G DY T + D [G*, ) = (Ne+ Np)d™ {7, G™} = {T°{J",G"*}}
{18 {J",G"}} + %(Nf —2)d®{J? T},

(B53)
a iaQ % c ia % c 3 c8erpe 3 c T T 3 T rc
d b8([G 7[O3b7T ]] + [03 7[Gb7T ]]) = §Nfd8 T+ §{T 7{'] 7G 8}} - §{T87{J 7G }}

‘l‘%(Nf + 3)dC8E{J2’T6} _ g(Nc + Nf)dCSE{JT” Gre} ’
(B54)

d"®[Dy, [Dy, T = iNfdc&{J?,Te}, (B55)

A ([Dy, [DY, T + [Dy', [Dy, T°)) = Npd™*{J*, {J".G"}}, (B56)

d*([Dy', [0, T°)] + (03, [Dy, T)) = 0, (B57)

PRDL DD = (Ne+ NJA {2 (7. GV} — (AT (7. 7))
P ATS TGN + 5Ny = 2d% (7 {2, T}, (BaY)

d"*([Dy', [0y, T°)] + (05", [D5', T]) = 0, (B59)
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dab8 [Oéa7 [Ogb’ Tc]] — ngdCSeTe _ g(Nc 4 Nf)dCSG{JT7 Gre} 4 g{Tc’ {JT7 Gr8}}

3 r e 1 c8e e o c r r
AT AT GV 4 S ANy + 3)d™ {2, T} + {72 AT {7, G 1

(P AT AT G + (N 5)A P T

—Z(Nc + NS, LT, GV (B60)

7. [AiS, [Ai8, TcH
(€%, (6%, T = S o, (B61)
(G (DR 7] + [DF. (6%, 7] = [ (7, ™), (B62)

(G, (D, T+ [Di, [P, T7]) = 355 [0 4 o5 fe0{ J2, T} — 26 fo5e{ G, (', G*}},
(B63)

(G, [OF, THOR, [G7, T = 5 ™ f¥0T0 4 f5 02, T} 436 5 G, (', 6%},

(B64)

(D, [DF, 77 = 3§ 0 2,7}, (B65)

(DR, (D, ) + [D, (D, T71) = 2 P22, {7, G}, (5566)
(D5, (03,71 + OF, [P, T = 0, (B67)

[,Dés, [D§8’Tc]] — 3f686f8eg{J2’Tg}+f086f869{J27 {J27Tg}}—2€ijkf68e{,]2’ {er’ {Ji’Gj8}}}7
(B63)
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Dy, (05", 7] + (05, [DF, T = 0, (B69)

) ) 1 . ) )
[058’ [O§8’ TCH _ _ngSEfSeng + chSEfSeg{J2’ Tg} + 362]kf086{er’ {JZ’ G]S}}

4 %']cc8el]c8eg{J27 {J27Tg}} 4 g€ijkf68e{J2, {er’ {JZ, GjS}}} (B?O)

8. ,L'fcae{Aia’ [J27 Az’e]}

. . 3
if G [T G} = =G NG T + (Nt NO){JT, G} = {7, 774, (B71)
ifcae{péa’ [J2’ Gie]} _ 0’ (B72)
ifee{D¥, [J* G*]} =0, (B73)

if e ({o5 [J7, Gy + {6, [J?, OF})
= —6N;T° +6(N,.+ Np){J", G} — (5N + 6){J*, T} + 2(N. + Np){J*, {J", G} }

—2{J* {J?,T°}}, (B74)
Z-fcae{péa’ [J2, O;Zﬂ} _ O, (B75)
ifcae{pga’ [J2’ Oge]} _ O, (B76)

{0, 12, OF]} = —6N;T + 6(N, + Np){J", G} — (LN, + 6){J%, T}
F8(N A NP AT, G} = TNy + 16){7%, {2, T}
(Ne+ NI T2 A7, GPNY — L2, {03 {2, T (BTT)
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9. idabecbe{Aia7 [J27 Aie]}

: : 1 1
idab8fcbe{Gm7 [{]27 Gze]} — _ZNfdc8eTe + §(Nc + Nf)dCSG{JT7 Gre} o §{TC, {Jr’ GTS}}
1 1
+ §{T87 {JT” Grc}} o idcge{']27 Te}, (B78)
Z»dabSJc-cbe{ngl7 [J2’ Gie]} =0, (B79)
idabeCbe{Déa, [J2, Gie]} — 0’ (B80)

'édabngbe({Oéa, [J2’ Gie]} + {Gia’ [J2’ Oge]})
— _BNdeSeTe + 3(Nc + Nf)dCSG{JT‘7 Gre} o 3{TC, {JT7 Gr8}} + 3{T8, {JT"GTC}}

— %(5Nf +6)d{J* T} + (N, + Np)d®{J* {J", G}y — {J* T, {J", G} }}
+ { T2 {18, {J", G} — dSe{ T2, {J?, T°) ), (B81)

Z-dabecbe{D;a’ [J2, Oge]} — 0’ (B82)
Z-dabsfcbe{nga’ [J27 Oée]} =0, (B83)

,L>d¢7,l)8fcbe{(/)éa7 [J2’ Oée]}
= —3Nd™®T° + 3(N, + Np)d®{J", G} — 3{T°, {J",G"*}} + 3{T® {J",G"}}

1
— 5(11Nf — 6)d®{J? T} + 4(N, + Np)d®{J* {J", G} — 4{ 2 {T, {J",G"®}}}

AL (T (T G — i(?Nf F16)dBe {2, {2, TV}
5 Net NI L2, (% (77, G N1 = S (AT 07 6P 1
ST (TGN = a0 (% A TR, (B34
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10. if68e{Ai8, [(]27 Aie]}

iche{GiS’ [J2’ Gie]} — _EijkaSE{er’ {JZ’ ng}}, (B85)
if 4Dy 17, Gy =0, (B86)
if 4D, 7%, G} = 0, (B87)

if ({05, [J%, G} + {G", [J*, OF]})
— BfCSefSeng _ 2f086f86g{J2, Tg} o 6€ijkf086{er’ {JZ’ GjS}}

o 26ijkche{J2’ {er’ {JZ, ng}}}, (BSS)
if Dy, [J7, 05} = 0, (B89)
if*{Dy’, [J*, O]} = 0, (B90)

if {05, [, 05T}
_ BfCSefSeng + fCSEf‘SEg{J2’Tg} o 6€ijkf686{er, {JZ’ GjS}} o 2f08€f8eg{J2’ {J2, Tg}}
- 8€z'jkche{J27 {Gk67 {JZ, G;S}}} . Eijkche{J27 {J27 {Gk67 {JZ’G]8}}}} (B91>

11. Z'face[[!]2’ Aie], [J2, Aia]]

if*e[[J?, G, [J?, G = BN4T® = 3(Ne + Np){J",G"} + (Ny + 3){J*, T},  (B92)

T, G 2, 0] = 6NST = 6(N, + Np)/{J7,G™) + (8N + 6){J%, T}
- 5(NC + Nf){‘]2a {Jra Grc}} + (Nf + 5){J2a {J2a TC}} )
(B93)
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T2, O], [J2, G)) = 6NST = 6(N, + Np)/{J7,G™) + (8N + 6){J%, T}
- 5(NC + Nf){‘]2a {Jra Grc}} + (Nf + 5){J2a {J2a TC}} )
(B94)

if*e[[J?, 051, [ 7%, O]
= 12N;T° — 12(N. + Np){J",G™} + 4(TNy + 3){J?, T°} — 22(N. + N){J*, {J",G"}}
+ (15N 4+ 22){J%, {J*, T} } — T(N. + N){J* { T2, {J", G} }}
+ (Ny + T){J? {2 {3, T}, (B95)

12. idab8fbce[[J2, AieL [(]27 Aia“

idab8fbce[[J2, Gz’e]7 [{]27 Gia]] — ngdCSeTe _ g(Nc 4 Nf)dCSG{JT7 Gre} 4 g{Tcu {JT, Gr8}}
TS TG (N B T, (B96)

,édabebceHJ2’ Gie]’ [J2’ Oga]]
= 3Nd®T® — 3(N, + Np)d®{J", G} + 3{T, {J",G"®}} — 3{T% {J",G"}}
(NS 4 8)A% (2, T 4 S AT (T, G = P AT A7, 0

+ LN 4 B) L2, P TV — g(Nc + NS, LT, GV, (BY7)

1
2

,édabebceHJ2’ Oge]’ [J2’ Gia]]
= 3Npd®T¢ — 3(N, + Np)d®{J", G} + 3{T, {J",G"®}} — 3{T®% {J",G"}}
+ (4Nf + B)dCSG{J2’T6} + g{J2> {Tc, {Jr’ GTS}}} _ g{J2’ {T8’ {JT,GTC}}}
b}

- %( F+5)de T { T2 T} — 5(Nc + Np)d®{J* {J7, G}, (B98)
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S < 2, O 2, O
= 6 FITY B UL T} 4 126G (6
I PILT TN 4 2260 5L (G (T, G
PSP P (T 4 T L PG (TGP, (B9Y)

13, if8ee[[J2, Ai], [J2, A®]]

ifSceHJ2’ Gie]’ [J2, GZS]] — _ngSefSeng + fC86f86g{J2’ Tg} + 3€ijka8E{Gk‘€’ {JZ’ st}},
(B100)

,L>.]c'8ce[[J27 Gie]’ [,]2, (’);)8]] — _3fc8ef86ng + %chefSeg{JQ7 Tg} + Jcc8ef8eg{J27 {J27 Tg}}
+ 6€ijk‘f08€{Gk‘€7 {Ji’GjS}} + 5€ijkfc86{J2’ {er7 {JZ’GJS}}} ’
(B101)

,L>.]c'8ce[[J27 OéeL [{]27 Gz8]] — _3fc8ef86ng + %chefSeg{JQ7 Tg} + Jcc8ef8eg{J27 {J27 Tg}}
+ 6€ijk‘f08€{Gk‘€7 {Ji’GjS}} + 5€ijkfc86{J2’ {er7 {JZ’GJS}}} ’
(B102)

if*[[J%, 03], [, O5]
— G feSe fieaT 5fc8ef8eg{J2’Tg} 4 126ijkche{Gk67 {Ji7 st}}
+ gfcsefseg{Jz’ {J2’Tg}} + 22€ijkf086{J2’ {er’ (J st}}}
4 chefSeg{JQ’ {J2’ {J2’Tg}}} 4 76ijkche{J27 {Jz7 {Gk67 {Ji’Gj8}}}}.(B103>

Appendix C: Operator coefficients

The several operator products involved in the analysis can be cast into rather compact

forms. They can be written as summations involving an operator coefficient times a cor-

o1



responding operator belonging to the SU(3) flavor representations 1, 8 and 27, listed in
Egs. (38), (39) and (46) respectively.

The compact expressions are listed as follows.

fachzaAzb Z agsz’ (Cl)
where
3N 3N 3N
ad = 8f f—l——2N];alcg—|—2N£c§,
Ny N.+ N 3(N.+ Ny) 3(N. + Ny)
“ 79N, N? b 2N? ey - 2N? i
Ny—2 Ny +3 Ny 2 ANy +3 4
as = 2NC2 albg—l— 2Nc2 aics + 4N2b 2N§ —=~a C3,
Ny N. + N¢ 5(N. + Ny)
ai’ = N3b2b3+Tb§—WC§,
Ny —2 Ny+5
8 _ VS 2 f 2
G5 = HNT T TNt G
ag = 0,
ad =0.
7
ifer AT AT = A s, (C2)
n=1
where
_ 3N 3N 3N
CL? = 4f % N2fa, C: N4fC§,
_ N.+ N 3(N. + Ny) 3(Ne + Ny)
a5 = _Tfa% - Tfalcs_ chg,
a8 = 3Nf+8a2—|— 13Nf—|—12ac —|—25Nf+12c
5T 16 ! anNz ANE 8
_ Ny N.+ N 7T(N. + Ny) 19(N. + Ny)
=N RE Farb = ANZ Farcy - ANT -t
Ny —2 Ny 417 N 11N+ 19
-8 _ *Vf f 24 f 2
a. = IN? abs + IN? a103+8N2b INT s,
s Ny b N0+Nfb2 9(N. + Ny) ,
6 T oN3 T NG 8T T gNt 8
Ny —2 Ny +9
—8 f 2 f 2
a, e bs SV s .
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where

i(faecdbES .

10+10
bl
blO +10
b10+10
3

610+E
4
10+10
bs
610+T0
6
blo+ﬁ
7
610+E
8
blO—l—l_O
9
10+10
blO
10+10
b11
10+10
b12

10+10
bl3

fbecdaES fabedeCS AzaAzb Z blO—i—lOO

Lo, 3 3,
Fga”’ 2N2alc3 2N§03
Loy 3 3 2
_Fc?al 3+ 2N2a103—|- 2N4
0,
0,
1, 5
1, 2 5
Nt e
0,
0,
0,
0.

13 .
7;(faecdbe8 . fbecdae8 o fabedec8)AiaJ2Aib _ ZE:L(H_lOOfL,

n=1

23

(C3)



where

1 = 07
Rt — o,
_;04—10 _ 0’
10+10 1 3 3,
10+10 1 3 3
b5 = 5@%4— N2CL103+ NC ?),,
E;OHO _ 0.
_;0—1—10 _ 0’
B10+E_ 1ab 7ac 19C2
S T aNzTIE Nzt et
~10+10 1 7 19 ,
by = —2—Nc2a1b3—|—4N2a103+4N4c3
—10+10
10 =0,
—10+10
11 =0,
-10+10 1, 9
bia = 2N4b3_—8N4C?’
-10+10 1 9 ,
1 ’l(l ’l(l C
SlA (A" T ch °
where
3N 3N 3N
@ = ?f L
Ny N+N 3(N. + Ny) 3(N. + Ny)
1 _ c / c f c fl 2
2 7 9N, Tz wh T TR me T TN G
Nf—2 Nf—|—3 Nf 2 4Nf+32
c3 = 2N02 albg—l— 2N2 alcg 4N2b QNél C3 ,
N N.+ N 5(N. + Ny)
1 _ / f 2 c )
C5 = 2N4 b3 4N4 C3>
0(15 =0,
c% =0

o4



_ %{Aﬂ'a, Ve, (M, A = 3 dlss (C6)

— n~n
where
3N 3N 3N A
1 _ f 2 f f 2
dl_(Ta1+Tg N € )ﬁ;
1 3(N. + Ny) 3(N.+ Ny) ,\ A
d% = <—§(NC + Nf)a% — Tfalcg — ch ﬁ
1 5N;+6 11N;+6 A
1 _ 2 f f 2
s (5“1* oNz M T TN ) N,
N.+ N 4(N.+ Ny) 5\ A
dj = (‘Tf - ) N
1 TNy + 16 A
1 f 2
d5 = (chalcg—l—ill]vé Cg)ﬁc,
I — (_N +Nf 2) é
6 4 3 NC7
po(la)d
’ 2N§ N.
1 . . 1 ,
5 (4 I I 4, V) G, 4], (1,4, ) Ze;sz, )
where
oo (BNrp  3Np L8Ny ) A
1 — 4 1 Nc2 a1C N4 NCQ )
3 3(N. + Ny) 3(N. + Ny) 5\ A2
6% = (_E(NC + Nf)a% — Tfalcg — chg N2 s
1 N¢+3 TNy +3
631) = (Z(Nf—l—B)a%jL ]];72 aics + ]<f4 02) 3
1 5(N. + Ny) 11(N. + Ny) 5\ A?
@ \TTanE T T N %) e
. (Ny+5 15N; +22 ,\ A?
% = \Tonz BT TN N2
1 _ 7(Nc+Nf) 2 A?
% = \77 ant )Nz
el — Nf+702 A?
’ AN4 ) N2°
d“bg[AJ“ A V] chog, (C8)
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where

3N 3Ny 3Ny
C? — 16f %+—4N2 IC3+4N§C§7
S = Nf N0+Nf b_?’(NC‘I'Nf) 0_3(N6+Nf)2
2 7 4N, oN2 P ANz 0
Ny —2 N;+3 N 4N+ 3
8 __ f f f 2 f
G = TNz bt R e gyt T N G
1 3 3
Ci = 2N2a1b3+4N2(L103+4N4 2
1 3 3
cg = 2N2albg 4N2a103 4N4C§
N N.+ N 5(N.+ Ny)
8 __ / f12 c fl 2
¢% = galels TN U SNI 37
Ny —2 Ni+5
8 _ f 2 f 2
T TyNa b SNT B
1 5
g = 2N4b3+8N4C§’
1 5
¢ = 2N 15— g
C?l = 07
0?2 =0,
0?3 =0.

dabS{A]a [Vc M Ajb ZdBOc

n-n’

o6



where

dy = <_i(Nc+Nf)a% - 3(N§;3Nf)“103 - 3(N;;§Nf)cg) % |
8 = (gt + o HEER)
# = (5ot~ e g
i = (S =)
% = (211\73“103+W§71\j:4160‘3’) W
dg = <2LN626L103+]\%C§> %’
% = <_2J1vgalc3 %C?”) W
= () w
4N} Ne
dy, = (4]{]64612”) ]ﬁc ’
di = (4]1\73103’) Jﬁc’
diy = <_411\I§C§) %

n n’

L s ([Aj“, (M, [M, A7), V)] — %HM, A, [IM, A7), VC]]) =Y €0, (C10)
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where

3Ny 3Nf 3Ny 2 A2
v = T Ut e T oG ) 3
3 3(N. + Ny) 3(N.+ Ny) A?
8 __ 2 c f c )
€y = <—§(Nc —+ Nf)al — Walcg — Wc Fg s
1 4Nf—|—3 7Nf—|—3 A2
§ = <§(Nf+3)a1+ 2N aics o 02) Nz
s (3 3 3 A?
€y, = gal + —2N02a103 + — 2N4 N2 ,
8 3, 3 3 A?
% =\ 78" T an2zMe T o % N2
. _5(NC+Nf)a . 11(V, +Nf)C A?
6 AN2 TN N2’
g  (Ny+5H 15Ny +22 , A?
e, = IN? a103+78N4 C3 Fg,
8 — (-2 g + = &
&7 \an2 4N4 N2
5 11 A?
= \TaNz1e T N & N2
8 _7(N0+Nf)c2 A?
10 8N§ 3 NCQ )
s (Np+7 5\ A2
611 - 8Nél C3 Nc2 )
7 A?
b = (i) e
7 A?
6?3 = <_8N4C§) N2

9

SIAT [ V) = 3T,

(C11)

n=1
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where

where

3 3 3 3
" = ga% + 2—]\73@153 - 4—NCQCL103 - 4—N§C§ ;
1
057 = Wa1b27
1 1 1 3
27 2
= gzl g nts T vt T ot T
1 3
27 2
c = N2(L1b3 + 2N2CL103 + — 2N4
g = N3 bs
1
27 2
% = 2N4 TN
5
27 2 2
“r N4b AN
2" =0,
037 =0
{AJS [Ve, [M, A%} Zd” i
3 3 A
27 2
A= <_2N2 168 2N§C3)NC’
d3" =0
1 1 A
27 2
as" = (chalcg— 2NC403) N
1 3 3 A
3" = (§af + Nfalcg + Fscg) N
2" =0,
1 A
27 2
@ = (3d) 3
1 4 A
27 2
d7 = (Ngalcg + @03> Fc s
3T =0,
1 A
27 2\ =2
= (2N§Cg) N,
1/ . 1
5 (1A% M I A,V = S04, [, 49,7 ) = ZeZ’TC

29

2

Cg,

(C12)

(C13)



where
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