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We undertake a complete and covariant treatment for the quadratic Lagrangian of all of the
degrees of freedom of massive gravity with a fixed flat fiducial metric for arbitrary massive gravity

parameters around any isotropic self-accelerating background solution.

Generically, 3 out of 4

Stiickelberg degrees of freedom propagate in addition to the usual 2 tensor degrees of freedom of
general relativity. The complete kinetic structure typically is only revealed at an order in the graviton
mass that is equivalently to retaining curvature terms in a locally flat expansion. These results
resolve several apparent discrepancies in the literature where zero degrees of freedom propagate in
either special cases or approximate treatments as well as decoupling limit analyses which attempt

to count longitudinal degrees of freedom.

I. INTRODUCTION

The theory of massive gravity with a second static flat
fiducial metric [1-4] possesses solutions that accelerate
the cosmological expansion in the absence of a true cos-
mological constant [5-15]. Because the second metric
is non-dynamical, this theory of massive gravity breaks
diffeomorphism invariance. While covariance can be re-
stored with the Stiickelberg trick, for a homogeneous and
isotropic spacetime background, the Stiickelberg fields
must be inhomogeneous to accommodate the two met-
rics. Moreover, except for a special class of open universe
solutions [11], there is no coordinate system where both
the spacetime and fiducial metrics can be made simul-
taneously diagonal, homogeneous and isotropic [10] even
though the spacetime metric itself can accommodate self-
accelerating solutions with Friedman-Robertson-Walker
backgrounds for any desired matter content or curvature
[12].

Inhomogeneity in the Stiickelberg fields or equivalently
the relationship between the spacetime and Minkowski
metrics causes both technical and theoretical challenges
for understanding the self-accelerating solutions. In the
special open universe case where the metrics themselves
are simultaneously homogeneous and isotropic in the
same coordinates, standard analyses apply. There the
massive gravity sector is strongly coupled and propagates
no degrees of freedom in the quadratic Lagrangian and
possesses an instability at higher order [16]. Furthermore
the solutions can evolve to a coordinate singularity which
cannot be resolved by charts with overlapping domains
of validity [17].

For the more generic case, technical difficulties of incor-
porating an inhomogeneous fiducial metric background,
which breaks translation invariance, has hitherto pre-
vented a full analysis. Results for the longitudinal or
isotropic modes with the exact background obtained in
Ref. [18] showed one propagating degree of freedom in
the quadratic Lagrangian, as might be expected from
the 4 Stiickelberg fields, the Boulware-Deser ghost free

construction and isotropy indicating that the behavior of
the open universe solution is not generic. However this
degree of freedom obeys unusual but stable first order
dynamics with no quadratic coupling to other fields [18]
and an unbounded Hamiltonian [19]. Furthermore these
results seem to contradict analyses that used the decou-
pling limit [20] or locally flat approximations [21] which
found that generically two and zero isotropic modes prop-
agate respectively in the quadratic Lagrangian. Indeed
in the locally flat approximation, no anisotropic modes
propagated either.

It is the aim of this paper to resolve these issues and
present a complete covariant treatment of the quadratic
Lagrangian for the massive gravity degrees of freedom
around any isotropic self-accelerating background. We
begin in §II with a brief review of the massive gravity
theory to establish notation. In §III we reanalyze the
isotropic modes for the class of solutions considered in
the existing literature and show that inconsistencies in
the counting of degrees of freedom are resolved by a com-
plete analysis at the level of first order curvature correc-
tions to the locally flat approximation and a consistent
treatment of gauge degrees of freedom. Since the full
dynamics of the modes involves spacetime curvature, in
8IV we provide a general, covariant treatment of all mas-
sive gravity degrees of freedom for any isotropic back-
ground solution on the self-accelerating branch for the
entire class of massive gravity parameters. We discuss
these results in §V.

II. MASSIVE GRAVITY

The Boulware-Deser ghost free theory of massive grav-
ity adds a mass term to the Einstein-Hilbert Lagrangian
density [4]
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where My = (87G)~! is the reduced Planck mass and
the F}, terms are functions of the matrix ~

Fo(y) =1,

Fi(v) =[],

B(y) =M -R, (2)
F(y) = [ = 3101 + 27,

Fu(y) = ' = 6(v*[v?] + 3[v?)% + 811’ — 6[7*,

where [] denotes the trace of the enclosed matrix. The
parameters of the theory are m, the graviton mass, and
0. Not all of the latter parameters are independent since

ﬁo = —12(1 + 2(13 + 2044),
b1 = 6(1 + 3as3 + 40&4),

ﬂg = —2(1 + 60[3 + 120[4), (3)
B3 = 6(0&3 + 4044),
ﬁ4 = _24a47

leaving two remaining independent parameters {as, cy }.
The presence of the matrix « breaks diffeomorphism
invariance since it is constructed from the square root of
the product of the inverse spacetime metric g and a
flat fiducial metric X,
/yua/yay = guazalﬁ (4-)
singling out a specific coordinate choice, called unitary
gauge where X, = 7,,,,, the Minkowski metric. Nonethe-
less, diffeomorphism invariance can be restored by the
Stiickelberg trick of using the coordinates of unitary
gauge as auxiliary fields ¢® to express the fiducial metric
in an arbitrary coordinate system

EHV = u¢aau¢b77ab' (5)

It is important to note that the Stiickelberg fields ¢*
transform as spacetime scalars and form a Lorentz vec-
tor only in the internal Minkowski space. Beyond the
leading order, locally flat approximation to the space-
time metric, Stiickelberg indices should not be conflated
with spacetime indices [22]. We shall see in §IV how to
construct spacetime vectors out of Stiickelberg compo-
nents. Throughout, Greek indices denote the spacetime
and are lowered and raised with g,,,, and its inverse; Latin
indices likewise by the Minkowski metric 7,p.

IIT. ISOTROPIC MODES

In this section, we resolve discrepancies in the
literature for the dynamics of spherically symmet-
ric Stiickelberg perturbations around certain self-
accelerating vacuum solutions [7], first analyzed in the
decoupling limit [20], then in a locally flat limit [21], and
finally in the exact background [18, 19] with contradic-
tory results. In §III A we treat the quadratic Lagrangian

consistently to leading order in curvature corrections,
O(m?), and show that kinetic terms for a single longi-
tudinal or isotropic mode only arise at this order, which
is then consistent with exact results. In §III B we discuss
the problem of equating a locally flat expansion with the
decoupling limit around a Minkowski background. In
SIII C, we show that miscounting of degrees of freedom
can also arise from gauge fixing in the Lagrangian.

A. Kinetic Terms and Curvature

We focus here only on the specific case of certain so-
lutions for the ag = a4 = 0 model [7] as these suffice to
show our main points and have been the most analyzed
in the literature. We consider the general case in §IV A.
With this choice, the unitary gauge solution is described
by the metric

gudatds” = —C(R)AT? + 2D(R)dTdR + A(R)dR?

+B(R) (d6? + sin6>d¢?) , (6)
where
4C? 5  m*R?
4
B(R) = §R2,
4C? m2R?
= — 1 _
em =2 (1- ).
4C?* mR m2R2
- 2
D(R) = —g=—5\/v 5 (7)
with [23]
= S (8)
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Here 0 < C' < 1 is an integration constant in the solu-
tions. From this exact expression we would like to focus
on a locally flat patch where mR — 0. There is a sub-

tlety in taking this limit associated with the parameter
v. The metric component

m2R2 m*R*
[H—W +o( = )] (9)

_ 4 R

D(R) 5 3"

Hence the validity of the expansion is confined to a radius
where mR < v rather than mR < 1. For the special case
of v =0 (C = 1), this domain of validity shrinks to R =0
and instead

D(R) = % (mTR)Q, (v =0). (10)

The result is an apparent discontinuity in the limit v — 0
of the expansion. We shall see that this limit is the case
where the background solution has no Stiickelberg vector
component.



Next when considering fluctuations around this back-
ground solution it is more convenient to choose a different
gauge where the background metric is described near the
origin r = t = 0 to order O(m?) by the conformal form
[20]

m2(r2 — 12)
g, = |1 m =)
9u |: 3

where 7, is the Minkowski metric in spherical coordi-
nates

Mw+wm% (1)

Nudatdz” = —dt* + dr® + 1 (d6” + sin 6°d¢*) . (12)

The unitary gauge coordinates (7', R) can be expressed
in conformal coordinates (¢,7) as

3t m?2(t? + 3r?) mr? K
+O(m?),
3r m2(r? —t2) 3

Here, the Kronecker delta

K 1 UZO
6w—{OU#O (14)

accounts for the discontinuity at v = 0 in the expansion
of D(R) above. Note that the discontinuity appears only
at O(m?) and hence was omitted in Ref. [20]. For v # 0,
unitary time 7' contains terms that are O(m).

The background Stiickelberg fields are then the unitary
gauge coordinates (7', R) of the solution [7] expressed in
conformal coordinates (¢,7)

¢ =T,

i x
¢ = R—. (15)

Note that in the special case that v = 0, the difference
in the unitary and conformal coordinates can be derived
from a Lorentz scalar quantity ignoring curvature correc-
tions

B = = 70,7~ )+ O, (16)
This v = 0 case is said to have no vector Stiickelberg
field in the background. Note that the Stiickelberg in-
dex, which is always raised an lowered by the Minkowski
metric, cannot be treated as a spacetime index at O(m?).
In Ref. [20], the background Stiickelberg were truncated
already before O(m?). However we shall see that since
the dynamics of perturbations enter at O(m?), this is not
sufficient.

To see this consider spherically symmetric fluctuations
in the Stiickelberg fields

5¢°
5" = a, (t,r) x

>
r

_at(t7 T)a
A

(17)

where we keep the definition that Stiickelberg indices are
raised and lowered by the Minkowski metric at the ex-
pense of a, not forming a spacetime vector at O(m?).
We correct this notational abuse in §IV. Expanding the
Lagrangian (1) to quadratic order in the Stiickelberg fluc-
tuations, we obtain

o o(mr)?*sind4Cw K , 9
Ly = Mgm 101 0) [( p— + 25U0)rarat + 3Ca,
F2raza, + O(m)} . (18)

Here and in the following, we equate Lagrangians which
are equal up to total derivative terms. The primes denote
derivatives with respect to the radial coordinate r, dots
with respect to t.

Note that we do not consider mixing with metric per-
turbations here. Unlike in the Minkowski background,
the longitudinal or isotopic mode gains a kinetic term
from curvature corrections rather than demixing with the
metric fluctuations [24] as can explicitly be shown given
that the self-accelerating solution is exact for isotropic
metrics, perturbed or not [18]. We shall return to this
topic in §IV where anisotropic modes and their mixing
are considered.

Aside from the overall factor of M2m? from Eq. (1),

the leading order terms in Eq. (18) come in at O(m?)
if there is no vector background and O(m) with a vec-
tor background. Furthermore even in the latter case the
O(m) terms carry no time derivatives and thus propa-
gate no degrees of freedom. This explains the result of
Ref. [21], where all terms of order O(m?) were omitted.
The dynamical term from @, only enters in at O(m?)
whereas a; is non-dynamical. The first order structure of
this Lagrangian implies that a, obeys a first order equa-
tion of motion that is independent of a; whereas a; obeys
a first order equation that depends on a,. This result is
in accordance with the exact background [18].

This set of equations of motion do not combine into the
usual wave equation for one degree of freedom. Nonethe-
less a Hamiltonian analysis shows that (a,, a;) form a sin-
gle degree of freedom due to the presence of constraints.
In particular the field momenta

Lo
Pa, = (9—('1,5 =0,
M2m*r3 sin 0
Pa, = —8‘62 = L — ag, (19)
Oay 2(1+0)

cannot be inverted to express velocities ay, G, in terms of
momenta, which indicates the presence of two primary
constraints

¢1 = Pay>
M§1m4r3 sin 6

21+ 0) (20)

¢2 = Pa, —

To determine whether (¢1,¢2) exhausts all of the con-



straints we define the total Hamiltonian

Hr = —

M21m r2sinf r ,4Cv
41+ C) [( mr
+uq (t, 7)p1 + ua(t, )2, (21)

where u; are (at the moment) auxiliary variables. Using
Poisson brackets and the Hamilton equation, we see that

bi = {di, Hr} =0 (22)

uniquely determine u; and we thus conclude there are no
additional constraints in the system.

Because {¢1, @2} is nonzero, both primary constraints
are second class and together remove one of the two de-
grees of freedom from the problem. This leaves us with
a single propagating degree of freedom.

This result is in full agreement with that of the exact
theory [18, 19], which also found one propagating degree
of freedom for all values of C'. On the constrained surface
¢; = 0 we can utilize the constraint (20) and rewrite the
Hamiltonian entirely in terms of a,, pq,.:

2C 3
U(FQT +a )paT—i- 650(;% + aL)paT

+ 251}}%)1"@% + 30&2}

mr
3CM21m4’I“QSiH 0

S A — (23)

41+ C) "

The Hamiltonian is linear in the now unbounded p,,.,
which means the Hamiltonian is unbounded from below.
This is also in agreement with the results of the full the-
ory. We concluded that an expansion to the level of cur-
vature corrections in the locally flat limit is sufficient to
recover the Stiickelberg dynamics.

B. Scaling vs. Decoupling

The analysis in Ref. [20] is based on a scaling limit
with m motivated by the decoupling of scalars, vectors
and tensors or helicity states of the graviton around a
Minkowski background. We show here why this limit is
misleading for the self-accelerating background given a
lack of decoupling. Naive use of this scaling limit would
erroneously imply zero degrees of freedom rather than
one.

Around a Minkowski background,
Stiickelberg fluctuations according to

scaling the

mA, + 0um

a, = Mg (24)
leads to the so-called decoupling limit where m — 0 at
fixed Mpym?. In this limit A, is a free vector field with
a canonical Maxwell Lagrangian and 7 is a scalar which
gets a canonical kinetic term once demixed from the ten-
sor metric fluctuation [25]. In the spherically symmet-
ric configuration studied in this section, this would lead
to one scalar or helicity-0 mode since the Maxwell La-
grangian propagates only transverse degrees of freedom.

In this sense 7 is an additional Stiickelberg field that re-
stores U(1) symmetry to the vector by separating out its
longitudinal component. We shall return to this point in
the next section.

Rewriting the Stiickelberg fluctuations in the form
Eq. (24) of course cannot change the dynamics or the
number of propagating degrees of freedom. The problem
is that the motivation for this scaling disappears around
the self-accelerating background where kinetic terms only
come in at O(m?). We shall therefore refer to the decom-
position of Eq. (24) as the Minkowski scaling limit rather
than the decoupling limit.

With this scaling we can write the v # 0 Lagrangian
of Eq. (18) as an O(m") term

o) r2 sin 0
2 1+C

. 3
|:O’U7T/(A2 —A)+ Z(C’W'2 - #2)] (25)
plus terms that appear to be higher order

2 & X
Lo=r0 4+ L Sme) {m [27~Am +ACwA, A

4(1+C
+6C A7 + 2r Ay’ + 2057 (A} AT)}

+m2(3CA2 + 2r A A, + 25§OTATA;)}. (26)

Note that unlike the decoupling limit, A, does not pos-
sess a Maxwell term nor does it decouple from 7. Ref. [20]
kept only the Ego) term [see their Egs. (5.8), (5.9) and
(5.26)] based on the assumption that taking the m — 0
with the Minkowski scaling was self-consistent. However,
we know that (A, A,., ) together form a single degree of
freedom. Dropping any interaction between these fields
by simply assuming that A, should scale differently with
m is thus dangerous.

Indeed the Hamiltonian analysis shows Ego) propagates
no degrees of freedom for v # 0. The primary constraints
are

(bl = PA;»
Cur?sinf

1+c 27)

¢2 =pa, +

while we are able to express the velocity 7 in terms of
the momentum p;.

Time evolution of these two constraints by calculating
their Poisson brackets with the total Hamiltonian pro-
vides two secondary constraints

g5 ~ (r* /)I7
by ~ 12 (fg) . (28)

Their time evolution does not provide any more con-

straints on the dynamics of Ego)' Overall, there are four
constraints and the structure of the Poisson brackets be-



tween them reads

0 0 0 0
oo =o o o el
0

—d(r,r") d(r,r") 0

(29)
where d is a nonzero distribution. Constraint ¢, is clearly
a first-class constraint, while the matrix shows that a lin-
ear combination ¢o + ¢3 is also a first-class constraint.
The remaining two independent constraints ¢s, ¢4 are
then second-class, which means the constraints in total
remove three physical degrees of freedom. There were
only three degrees of freedom in our problem described

by Eéo), which means none of them is a physical degree

of freedom. This can also be seen directly from the ﬁéo)
Lagrangian itself. Variation with respect to A, and A
produce constraints on 7 rather than an equation of mo-
tion, in particular 7 = 0 or ¢4 = 0.

In the special case of no vector background v = 0, the
decomposition of Eq. (24) in fact leads to the same Eéo)
as Eq. (25) since the additional term from §%, enters as
a total time derivative to O(m?). Thus, since C = 1

L8 = 27’2 sinf (12 — 7%, (30)

which appears to be a normal kinetic term for 7 that is a
ghost in this ag = a4 = 0 theory and potentially healthy
in other cases studied by Ref. [7]. The vector component
from (A¢, A,.) appears to be a strongly coupled degree of
freedom with no kinetic term or coupling to the scalar
at quadratic level. Although we are left with the cor-
rect answer of one degree of freedom, it does not have
the same dynamics as the correct expansion in m since
the equation of motion for 7 admits wavelike solutions.
Furthermore, the number of degrees of freedom would ap-
pear to be discontinuous as v — 0, unlike in the correct
analysis.

Thus for no v does the Minkowski scaling limit pro-
vide the correct answer. The scaling with m implied by
canonical normalization of the degrees of freedom there
does not carry over to the self-accelerating solution where
the kinetic structure begins at first order in the curvature
correction to the Minkowski limit.

C. Gauge Fixing

Ref. [20] in fact came to the conclusion that in the
Minkowski scaling limit, the v # 0 case with a vector
background propagates two degrees of freedom rather
than the (also erroneous) zero degrees of freedom shown
in the previous section. We shall now show that that con-
clusion arises from fixing a gauge condition directly in the
Lagrangian rather than at the level of the equations of
motion.

In the Minkowski scaling limit the introduction of
the additional Stiickelberg field 7 in Eq. (24) restores

U(1) gauge symmetry to the vector A,. In this limit,
we can take advantage of the gauge freedom to elimi-
nate the non-dynamical field A;. In particular Ref. [20]
chose a Lorenz gauge condition to demand that A, be
divergence-free

L1
Ay = (PA;) = 0. (31)

(We again stress that Ay, A, as defined are not compo-
nents of a spacetime vector beyond the Minkowski limit.)
This condition can always be satisfied, because the La-
grangian (25) is invariant under a U(1) symmetry

Ay — Ay + 0, (32)

where ¢ is an arbitrary scalar function.
If we use the divergence-free condition at the La-
grangian level, we can rewrite one of the terms as

/ dtdrr’*n’' A, — / dt dr r*w Ay, (33)

where we omitted unimportant numerical factors. To-
gether with the term ~ 72 we then have two kinetic
terms, which can be diagonalized to give two propagat-
ing degrees of freedom. This is in contradiction with the
result of the previous section.

The operation which upset the counting of degrees of
freedom is the use of the divergence-free condition (33)
at the Lagrangian level. This is not allowed, because the
condition (31) is a mere fixing of the gauge redundancy
brought about by the introduction of 7 in Eq. (24).

Given the U(1) gauge symmetry, it is perhaps useful
to illustrate the problem in the more familiar setting of
classical electromagnetism. The Maxwell Lagrangian

1
LEM) Z\/__ngjl:vw (34)

with F),, = 0,4, — 0, A, propagates two degrees of free-
dom due to presence of two first-class constraints. Since
it possesses the same U(1) symmetry of Eq. (32), we can
choose

Ay =0, (35)

which defines the so-called temporal gauge. If we impose
this condition on the Lagrangian level and drop all terms
with A; in the Minkowski limit of Eq. (34), we lose the
constraint that it imposes. The result is a Lagrangian
with three degrees of freedom rather than the correct
two. This is the same problem that occurs by gauge fixing
the Minkowski scaling limit Lagrangian (25) except that
the spherical symmetry assumption eliminates the two
correct degrees of freedom.

IV. COVARIANT PERTURBATIONS

In §IVA, we construct a manifestly covariant form
for the quadratic Lagrangian for all Stiickelberg and



metric perturbations and all parameters of the mas-
sive gravity model extending the techniques of Ref. [24].
This form involves tensors constructed from the self-
accelerating background solution, obtained in exact form
for any isotropic solution, including inhomogeneous ones
in §IVB. We use these relations to study the kinetic
structure of the quadratic Lagrangian in the exact back-
ground and the locally flat expansion in §IV C. Finally in
IV D we apply these general results to the specific case
studied in §III.

A. Covariant Quadratic Lagrangian

Given that the kinetic terms of the Stiickelberg fields
only appear at O(m?) or equivalently as a curvature cor-
rection to the Minkowski limit, ¢® cannot be viewed as
a spacetime vector even for fluctuations around a locally
flat patch. Instead they transform as a vector in the fidu-
cial or internal space and as 4 scalars in the spacetime.
Nonetheless by aligning the tetrad of the spacetime met-
ric with the internal space by a choice of vierbein, we
can construct objects from the Stiickelberg scalars that
transform as vectors in the background spacetime [24].
From these objects we can construct a manifestly covari-
ant quadratic Lagrangian for the Stiickelberg and metric
perturbations.

In our case where we know the solution to the
Stiickelberg fields in the background, this construction
is particularly simple [17, 26, 27]. Given that

/S/Haﬁ/ay = guazalﬁ (36)
and that 9,0 is an inverse vierbein of the fiducial metric
Y, it is easy to show that the quantity e”, constructed
as the matrix manipulation of

A, = et 0,9 (37)
is a vierbein of the background spacetime metric
Guvet, €y = Nab. (38)
Thus
B, = g4 (€%4000")(e%0,0")Jpo (39)

is constructed out of an object that now transforms as a
tensor in the background spacetime

gMUeUaaU¢a = gMUeaaaV (éa + 5¢a)
= Vv + Guo€a0u(50%). (40)
Note that we raise and lower spacetime indices with the
background metric to leading order. Although this quan-

tity transforms as a spacetime tensor, its relation to the
spacetime vector built out of the Stiickelberg fields

VH = et 5 (41)

requires the introduction of connection coefficients [24]
Gvo€%q0u(00") = 0,V — CFL Vs
= VV?H - [CZI/ - ]‘—‘ZV]V(77 (42)

Here I is the usual Christoffel symbol formed from g,,,,
and defines covariant derivatives or parallel transport of
vectors in the spacetime. C'is the connection coefficient
associated with the space-time dependence of the align-
ment of the internal space and tetrad encapsulated by
the change in the vierbein

Cp, = 0u(Guae’,)g” e, (43)
Note that
Cl'g, = CZU - I‘ZV (44)

is the difference of two connections and thus transforms
as a tensor even though connection coefficients do not.
We can now characterize the quadratic Lagrangian of
the gravitational sector in terms of these variables. For
notational simplicity we divide the Lagrangian into terms
involving the Stiickelberg fields, metric perturbations

Juv = Guv + h;,uju (45)

and cross terms. For convenience we factor out com-
mon terms following the spherically symmetric results of
Ref. [18] and break the terms into component pieces

Ly = P{(xo)mQMﬁw —9(Lss + Lsn + Lnn)
L5+ L (46)
where P/(x) is a model parameter dependent constant
whose definition we will give in Eq. (60).
The quadratic Lagrangian for the pure Stiickelberg
terms should then take the form

Lgss = Buyaﬁ [Vv;u - O;/fuvp] [Vﬁ;a - C:JZ@VU]’ (47)

where B is a tensor formed from background quantities
Guvs Vv~ Unlike Ref. [24] we factor out \/—g so that B
transforms as a tensor.

We can similarly determine the functional form of the
coupling of the Stiickelberg fields to the metric perturba-
tion

Lsn = D" *Phyy, (Vo — C'opVe) (48)

where D is a tensor constructed out of the background
quantities.

Finally, the Lagrangian quadratic in the metric pertur-
bations can be split into a part coming from the Einstein-
Hilbert action and a part coming from massive gravity.
The Einstein-Hilbert piece takes the same form as in gen-
eral relativity (e.g. [28, 29])

=0 1 1 _
—h— = ( Sh"*h, — <hh" | Ry, 49
V—gM? (2 4 ) g (49)
1 1 S 1
—h® — <h B ) R — —h* Ry
* (16 S ) =3 "
1 1 1
L O S N Y L I
+4 Y + 8 5 4 N84



where h = h®,. For the massive gravity metric-metric
terms, first we have the term that depends on the effec-
tive cosmological constant of the self-accelerating back-
ground which represents a non-dynamical change in the
measure. To see this note that a true cosmological con-
stant has a contribution to the action of

LW = — M3 /=gA, (50)

and its non-dynamical quadratic metric terms are given
by the expansion

1. 1/1 1
V=g~ \V=§ [1 +oht g (ZhQ — ih“”hw)] (51)

as
£ 1 1
bk (R, b — B2 ) A 52
V=gM3 (4 " 8 > (52

This piece will cancel terms in the Einstein-Hilbert La-
grangian by virtue of the Einstein equations in the back-
ground. We shall see this feature explicitly in the con-
struction of the perturbed stress energy tensor below.
The remaining massive gravity terms can be parameter-
ized as

Ln = E"°Ph,hags, (53)

where E#*# is a tensor that depends on the background
quantities.

This completes the general description of the structural
form for the covariant quadratic Lagrangian derived of
the gravitational sector. We now turn to the construction
of the background tensors B, D, E.

B. Fluctuations around Isotropic Backgrounds

For all isotropic background solutions on the self-
accelerating branch [12], there is a single universal form
for the relationship between B, D, E and the back-
ground tensors gy, Yuv. This includes the vacuum self-
accelerating solutions of Ref. [7] as well as its approxima-
tion in conformal coordinates, Eq. (11) that was consid-
ered in §III. It also includes the special cases of the open
self-accelerating solution [11] which is known to propa-
gate no extra degrees of freedom from the mass term at
quadratic level.

We therefore utilize the general construction of
Ref. [12]. As some aspects of this construction will be
useful for extracting the background tensors, we review
its salient features here. Any spherically symmetric met-
ric can be written in isotropic coordinates as

gupdat'dz” = —b2(t,r)dt* + a®(t,7)(dr? +r2de?
+r?sin® 0d¢?), (54)

whereas the background Stiickelberg fields can again be
given by the isotropic form of Eq. (15). The spacetime

7

metric is diagonal in these coordinates and gr®%,, =
1 4% has off diagonal entries only in the (¢,7) cases.
It is convenient to use matrix notation here and so we

define the (¢,7) block as
St At
Y2 = (” ”>- (55)

i A

Note that although v, is symmetric 7, is not. Its square
is related to the background Stiickelberg fields as
17°-R* TT' - RR
b2 b2
RR/ _ TTI R2 T2
2 2

Y2Y2 = (56)

a a

The general solution to the matrix square root is given
by the Cayley-Hamilton theorem
(Y22 = F27¥2 + (detyy)Iz, (57)

where I is the 2 x 2 identity matrix. The determinant
can be written in terms of the determinant of the square
of the matrix and hence in terms of the Stiickelberg back-
ground

TR — RT'

det‘?Q = ab ’

(58)

and the trace similarly by taking the trace of Eq. (57).
Using this solution in the Lagrangian, we obtain the
equations of motion for the background Stiickelberg fields
and find that on the self-accelerating branch

R(t,r) = xora(t,r),
1
[Y2] = —dety, + o, (59)
Zo
where z¢ is a constant that solves P;(xo) = 0 with
Py(x) = 2(3—22)+6(x—1)(z—3)az+24(x—1)%ay. (60)

The second equation may be rewritten as an equation of
motion for T'(¢,r)

V21" + 2ar(a’T? — aTT') + r2(a'T — aT")?
= 25 (a””b*r* 4 2d'ab’r — a*a®r?) . (61)
These solutions then require
’700 = '7¢¢ = Zo- (62)

Note that in terms of the massive gravity parameter de-
pendence T, R, « xq.

These solutions imply an effective cosmological con-
stant in the background stress energy tensor

_ 1
T = =AMgigu = =5 Po(wo)m* Myjgu,  (63)

where

Py(z) = =12 = 2z(x — 6) — 12(x — 1)(z — 2) a3
—24(x — 1)%ay. (64)



Knowing 4 and the background Stiickelberg fields, we
can construct the vierbein e, by solving Eq. (37).

One useful consequence of Egs. (57) and (59) is that a
certain combination of g,, and 7,

XHV = iﬁuu - guu (65)
To

obeys special properties. First note that it is indepen-
dent of the model parameter choices for m, as, ay. It is
only non-zero for X, Xt and X.,-. Defining again this
2 x 2 block with upper and lower indices as x, these
components satisfy

[Xa2]X2 = X2X2; (66)

or equivalently det(x5) = 0. More explicitly, after lower-
ing indices

XttXrr = )_(t2r (67)
Likewise we can write Eq. (66) in 4 x 4 index notation as
XuvG"*Xap = [XIXup- (68)

We can now construct the tensors B, E and D from
these background tensors, specifically g,, and X,.,. Be-
ginning with B, we need to determine the perturbation
to the v#, solution given a Stiickelberg perturbation in its
square ¥* . To determine values of components B***7 it
is sufficient to keep track of the coefficient of V,,.,V3. in
the expansion of the Lagrangian Eq. (1) to second order
in the perturbations V. This in turns means we need
expansion of v#, to second order in V.

We start with the defining relation

2, =% (69)
and expand the tensor ¥ order by order in V,

DIPEES S THNED 5 IS NED 5 C LR (70)
and similarly for v. The various E(iwy can be directly
obtained in terms of background quantities 7,g and V
from Egs. (39), (40) and (42).

Using the zeroth order solution

B =A% (71)
we match orders as
E(U‘uy = '7”0(’7(1)0;, 4 7(1)“0(,704”, (72)
2@, =31y O%, 44 WF 7, 442 59,
Each order represents 16 linear equations for components
of 7 and can be readily solved iteratively.
With the explicit form for « up to second order
in Stiickelberg perturbations, we can perturb the La-
grangian density LM and read off Lgs. The coeffi-

cients of the various terms form the B-tensor. For a
general spherically symmetric background solution, it is

possible to express these components in terms of the
background tensors Y,, and g,,. Because of the rela-
tion (68) and definition (65), all tensor structures involv-
ing more than two gamma matrices contracted with an
inverse metric such as

Y089 " Vo5 (73)

can be written as a linear combination of X.g, Jas With
coefficients which are spacetime scalars built out of traces
[x]. This relation greatly reduces the number of terms we
have to take into account as only 12 of them are in princi-
ple independent, such as g, gas and X,5gvq. Coeflicients
in front of these terms must be spacetime scalars, which
must be functions of the trace [x]. In principle these
scalars would depend also on ﬁo‘ﬂﬁﬁaﬂaﬂﬁﬁpﬁpa, ... but
in the present case these can be expressed as functions of
[x] by a (repeated) use of Eq. (68). Taking into account
the relation (67) for the off-diagonal elements Xy, it is
possible to reduce the coefficients in front of the tensorial
structures into simple forms.

The Stiickelberg-Stiickelberg Lagrangian obtained in
this manner can be written as

Lss = (B = AB" N[V, = AVl [Vaia — Cis).
(74)

Here we have separated out a term that is a total deriva-
tive and hence may be dropped from the Lagrangian

.I()Pz/(xo) _

ABHWaP — 1 ny o opBoov 75

3P (o) (I +[x)(g" g™ = g""g™) (75)
+(XH g+ X g = XM g = X g )

with

Py(z) = =2+ 12a3(z — 1) — 24ay(z — 1)? (76)

from the dynamical piece which itself can be broken up
into terms that are symmetric and antisymmetric in per-
mutation of indices

Brves — B es) | pluvlles] (77)
where
Bl (B) _ _é (g#”go‘ﬁ - %gﬂagvﬁ - %g”%“”‘) ;
Bl _ 1i6 (x"g”? + x"Pghe — x"Pg e — x e g%
_1_;—6[5(] (guagVB —g"Pgre). (78)

We can form an alternate representation of the tensor
B by removing any combination of the total derivative
term. In particular the form

P (z0)

BHvaB — puvaB +
I()PQ/({E())

ABHoB (79)



or explicitly

L s gra _

rvo X — UV =
B* 5:U(gu 5_29 g

X 1
ZahazvfB
3 g 29 g )

1

4+ T (g#axl’ﬁ + gVﬁxﬂa + gﬂﬁx’/a + gl’ﬂf;(#ﬁ)
1

-3 (@x*7 +57x"), (80)

is useful as we shall see below. To keep these represen-
tations distinct we reserve the B tensor symbol for this
form. Note that it is symmetric under the exchange of
the first or last two indices.

Similarly we can determine expressions for D**8 for
the Stiickelberg-metric terms of Eq. (48) and E*8 for
the metric-metric terms of Eq. (53)

prvaB — _woBuuaﬂ7

EHveB — I_gB,u.vaﬁ (81)
= .

Note that these expressions contain contributions from
varying both /—g and ¥ with respect to the metric.

Thus the whole quadratic Lagrangian can be written
very compactly as

Lo = L5 + L) + P{(wo)ym? M2 V=GB"™ P W, Wag,
(82)

where

xohwj

Wi = Vo — 2

C;LPVVP - (83)
This result represents the full quadratic Lagrangian of
the gravitational sector in any isotropic self-accelerating
branch solution of the theory. It trivially allows the addi-
tion of minimally coupled matter but does not necessar-
ily hold beyond the isotropic assumption. Interestingly
this includes the case where the background spacetime
metric is exactly Minkowski due to the canceling im-
pact of a bare cosmological constant. This case is still
not the same as the Minkowski decoupling limit, since
self-accelerating branch solutions always have non-trivial
Stiickelberg backgrounds given by Eq. (59). As we shall
see, this generalizes the result of the previous section,
that the locally flat expansion of a self-accelerating solu-
tion is not the same as the Minkowski decoupling limit.

With the explicit formulae for D and E and expansions
(48), (53) we can also construct the linear fluctuations in
the stress energy tensor away from the self-accelerating
background of Eq. (63),

2 5,61\/[(} —
TV — _ va _TvV 4
o 133 \/__gg 69“0‘ 12 (8 )

~ —2P{(z0)m2M§1x0B;aﬁWaﬁ.

It is now clear why we grouped terms in Eq. (53). Since
the stress energy fluctuation is the source of h,, through
the Einstein equations, these are the only terms with

dynamical impact on the metric. The stress tensor con-
structed in this way through D and E agrees with the
expansion of the exact result [12] and serves as a check
on their derivation. Note that the equations of motion
derived from the quadratic Lagrangian satisfy covariant
conservation of the massive gravity stress-energy tensor
VH#T,, = 0 regardless of the matter content.

C. Kinetic Structure

Although the quadratic Lagrangian of Eq. (82) with
the explicit form for the background B tensor of Eq. (80)
is complete, its implication for the dynamics of the
Stiickelberg fields V# is not yet explicit. Is is there-
fore useful to further isolate the pieces associated with
Maxwell type terms involving the antisymmetric field
strength tensor

Juw = Vo = Vi

i

(85)

and reorganize the terms in Lgg by the number of ap-
pearances of the field strength tensor

Lss = Lﬁ' + LfV + Lyvy. (86)

_ Reducing the Lagrangian to this form is simpler in the
B representation of Eq. (78). First note that we can add
total derivatives to rewrite

- 1 1
B(MU)(aﬂ)Vu;MVﬂ;a + 5 (VHVI;/I/)-H < (V“V” )
:iV.V“ ——V JVVH — V“(V’.’ -V )
16 " 16 8 my wH
1 _
E— [ 7l Ve 1A Ve
32fwf 8V V7Rop. (87)

Rgu denotes the usual Ricci tensor built out of the back-
ground metric g.

After similar integrations by parts, we arrive at the
result

1 1 -
Ly = —=—[x|fu "+ —=X 1P
i =~ 3300w I+ X I,
Ly = C’zV(QB(W)(pU)ng o= Bluvlleo] Vafpcr)7

Lyy = [23(#1')(040)0251; — Bw)(po) C;ﬁ‘j N
DUV o 1= o
+BreCH, Ol — SR }V,,Vp. (88)

In simplifying the expressions we have integrated by
parts and used the fact that B(“V)(O‘B)

structed from products of the metric in Eq. (78).

The only place that time derivatives appear in the S.S
terms are in the ff and fV pieces. Given the antisym-
metry of f,, it is clear that the field V; is nondynam-
ical reflecting the absence of the Boulware-Deser ghost.
This structure of the Stiickelberg Lagrangian is expected
based on general theoretical arguments [24].

p—o 88 it is con-



Now consider the ff terms that would usually provide
quadratic kinetic terms and hence second order equa-
tions of motion. Inspection of Eq. (88) shows that the
f2. term always vanishes identically. This in turn means
that around spherically symmetric solutions, there is no
Maxwell term for spherically symmetric perturbations,
which is in full agreement with the investigations of pre-
vious sections and with the full theory [18, 19].

The terms f2, ft%;5 have coefficients that are propor-
tional to

/2 12
Xrr X # —a?, (89)
Lo

and give Maxwell-like kinetic terms to the transverse
modes when non-vanishing. Note that for the special
open universe solution of Ref. [11], the fiducial metric is
diagonal in isotropic coordinates and this quantity van-
ishes. Thus the strongly-coupled anisotropic modes of
that model is an artifact of this special symmetry that is
imposed.

The remaining kinetic terms are first order. From the
ff term, we have the mixed terms fiofro, fi¢fro which
appear with coefficients proportional to

>_Ctr =V er)_(tt- (90)

Compared with Eq. (89), this means that the mixed
terms will scale differently from the pure kinetic Maxwell

terms due by a factor of \/Xu/Xrr-
The fV terms have a general structure

Lyy = K1 (Vo frosin® 0 + Vi frg)
+K> (Vo frosin® 0 + Vi frs)
+K3V;€ftr + K4‘/7‘ftr' (91)

The last two coefficients can be rewritten in a succinct
form

bR'dety, — z2aT

K3 = ~ 1023 R
220[Yo)a?bP R

22bT" — aRdet,

220[75]a’b?R

Ky = (92)
while the expressions for K;, K5 are more involved and
will not be given here. Note that the K; term is nondy-
namical as is Ky and Ky since, e.g.

10V?

Vo fto = 53—5) —VoVio (93)

so that the time derivative can be moved onto the back-
ground by integration by parts. For the special case of
the open universe solution [11], K3 = 0 and combined
with the angular terms this means that all 3 Stiickelberg
fields are non-dynamical.

In the general case Stiickelberg dynamics are supplied
by the terms f2, ft2¢, fwofro, [iofre and Vify. It is
interesting to generalize the considerations of §IIT A for
fluctuations around a locally flat patch to see at what
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order in curvature corrections that each contributes. Any
isotropic metric can be considered locally as Minkowski
plus curvature corrections and hence

a,b =1+ O(m?). (94)

For notational simplicity we have here assumed vacuum
self-acceleration cases here; more generally we would re-
place O(m?) with O(R). Thus given Eq. (59) for the

exact solution, we may approximate
R = zor + O(m?). (95)

The other Stiickelberg equation of motion (61) then im-
plies

T2 = O(m?) (96)

which means the unitary gauge time T does not de-
pend on the spatial coordinate in the leading order,
T =T(t)+ O(m). With this solution, we can write down
the components of the background tensor y

1-T/xo+O(m) ifa=tpF=t
O(m) ifa=tpg=r
af — . 97
Xap O(m?) fa=r,8=r (97)
0 otherwise

From Eq. (89) it follows that the kinetic Maxwell terms
f2 and ft2¢ are at most O(m?). The leading order kinetic
ff terms are figfro, fiofre which appear already at or-
der O(m) due to the square root in Eq. (90) and O(m?)
suppression of x,..

From Eq. (58)

dety, = 20T 4+ O(m?), (98)

and so K3V, f;, also starts at most at O(m?).

On the other hand, the spatial derivative terms in the
Lagrangian do not necessarily begin at suppressed orders.
We find that the space-space Maxwell terms can have
contributions at O(m?)

= 1_16 (1 - z) (Frof™ + frof™ + foo %)
Zo

+0(m). (99)

Lg

For the case with T' = xo + O(m), the terms 2ara’T2,
2z2a’ab?r in the equation of motion cancel in the leading
order and we are left with

T = O(m*). (100)
This means that in fact T = zot + O(m?) and
Xag = O(m?). (101)

In this case, which corresponds to v = 0 in the example
of §III, all ff terms in the Lagrangian are suppressed and
start at linear order in curvature O(m?). This result is



consistent with the vanishing of the Maxwell term for
v = 0 in the decoupling limit uncovered in Ref. [5].

The fV terms follow a similar pattern. For T' # o +
O(m), the coefficients Ko, K, start in the linear order in
m, while the other two coefficients K, K3 are suppressed
by an additional power of m and start at O(m?). If T' =
xo + O(m) then all these coefficients start at the order
O(m?) and this is thus also order at which we recover
the dynamics of the Stiickelberg perturbations.

There are also time derivative terms from the
Stiickelberg-metric contributions. In fact there are two
terms with time derivatives on Vi, hegVi and heeVi
which might seem problematic for the non-dynamical na-
ture of V;. However, as argued in Ref. [24], these do
not change the dynamics and hence the reappearance of
the Boulware-Deser ghost because the derivatives can be
moved to hgg, hge by integration by parts. This integra-
tion by parts leaves V; manifestly nondynamical, while
not disturbing the non-dynamical nature of hg, for im-
posing constraints.

It turns out that in the flat patch approximation
Vh coupling gives kinetic mixing terms to the spatial
Stiickelberg V., Vp, V4 at O(m) for the case T # xo +
O(m), while in the case without the vector in the back-
ground T = zy 4+ O(m?) these kinetic terms start at
O(m?). The metric-metric Lagrangian has kinetic terms
from only the usual Einstein-Hilbert Lagrangian. We
thus conclude that as expected the full Lagrangian gen-
erally has kinetic terms for the 3 spatial Stiickelberg fields
and the usual 2 tensor modes for a total of 5 modes. In no
case are there Stiickelberg kinetic terms at O(m°) consis-
tent with §IIT and Ref. [21]. For special cases they may
begin at O(m?) or be absent entirely.

D. Example

To make these considerations concrete, we return here
to the specific solutions considered in §III. Recall that
these solutions are for the a3 = a4 = 0 case where
P (z0) = —4.

For these background solutions we have

_ 1 m? (r’(1 + C?) + t2v%C?)

X = (1 - 6) N 8C(1+0) ’

_ mro m2r(tv2C + 2rk,)

Xr =90+ o) T s1+0)
m2r2

% = T (102)
plus terms which are higher order in graviton mass. The
remaining components are given by the general formulae
as described in the previous section. Note that this ex-
plicit form is consistent with the general considerations
of Eq. (97) and (101) for the v # 0 and v = 0 cases
respectively.

Using the results of the previous section, we can then
write down the Stiickelberg-Stiickelberg quadratic La-
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grangian as

V=9 _ (WPCP+mPr?) 2 2
sing 55 T T T 6aC(1 1 0) (Frig csc” 0 + fr)
v2Ccsc? 0 P m2r
16(1+C)r27%  64C(1 + O)

4v + m(tCv? + 2réK)) )
64(1 4+ C) (fr@fte + frofre csc 9)

2

(fio + ft2¢ csc® 0)

+mr

m2r(2+C
_ﬁ (Vo fro + Vi frecsc® 0)
400 + 30mrs’
WTC)O (Vo for + Vi [ csc®0)
— 2 mrV;y — (2C’U + Cmréil)(o)v;_
" 8(1+C) fer
m2T2
(1 +2 2 _ 2
To(1+ oyl T 200V = 3CV]
2(1+42C
_% (VGQ + V¢2 csc? 9) . (103)

Even if we ignore kinetic mixing with the metric, a Hamil-
tonian analysis shows that the Stiickelberg-Stiickelberg
Lagrangian itself propagates both transverse modes
Vo,V and the longitudinal mode V., giving three dynam-
ical degrees of freedom. This Hamiltonian is unbounded
with respect to the spherically symmetric perturbations
Vo = Vi = 0. This is related to the unboundedness of a,,
at from §III since

_ vC 2
‘/t - at(tvr) + m7’2(1 ¥ C) ar(tvr) + O(m )7

Vi = a.(t,r) + mrﬂfifc)at(t,r) + O(m?). (104)

Note that the v = 0 case is also special in that terms
from the tetrad alignment do not appear until O(m?).

The Stiickelberg-Stiickelberg Maxwell terms follow the
general behavior pointed out in the previous section. For
the case of no vector in the background v = 0 and C' = 1,
all terms start at most at O(m?), while in the other cases
spatial derivative terms f2, f2, and fg, start at O(m°)
and f,g fro, fr¢ft¢7 Vi firs Vo for, V¢f¢t start at O(m)

Focusing on the terms which appear before O(m?),
only frofte, frefte can provide any dynamics in Lgg as
the remaining time derivatives can be integrated out.
However, as the Hamiltonian analysis shows, the O(m)
Stiickelberg-Stiickelberg Lagrangian does not propagate
all three modes and we have to go to O(m?) if we want
to capture the correct dynamics with Lgg only. This
once more stresses the importance of retaining all O(m?)
terms in the Lagrangian to correctly describe the dynam-
ics of the system.

V. DISCUSSION

We have provided a complete and covariant treatment
for the quadratic Lagrangian of all of the degrees of free-



dom of massive gravity with a fixed flat fiducial met-
ric around any isotropic self-accelerating background for
any set of massive gravity parameters. We find that for
generic cases 3 out of 4 Stiickelberg degrees of freedom
propagate in addition to the usual 2 tensor degrees of
freedom of general relativity. The complete kinetic struc-
ture typically is only revealed at O(m?) or equivalently
curvature terms in a locally flat expansion.

These results resolve a number of apparent discrep-
ancies in the literature. The kinetic terms for all ad-
ditional degrees of freedom vanish in the leading order,
Minkowski term in the locally flat approximation and are
only fully established at the order of curvature correc-
tions, omitted in the analysis of Ref. [21]. This result dif-
fers from the usual Minkowski decoupling limit because
on the self-accelerating branch of solutions there is al-
ways a non-trivial background Stiickelberg field. Because
the Minkowski scaling limit is not justified around self-
accelerated solutions, analyses that are based on it can
be misinterpreted. It is important to distinguish between
an imposed scaling of parameters with the graviton mass
and a true decoupling limit where degrees of freedom
are both preserved and decoupled. It is also important
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to note that Stiickelberg fields restore gauge invariance
and the redundancy that exists because of their intro-
duction should be fixed as a gauge freedom. Together
they explain the results of Ref. [20]. Finally the case of
open universe solutions where the spacetime and fiducial
metrics are simultaneously diagonal, homogeneous and
isotropic is extremely special and propagate no degrees
of freedom about the exact solution [11].

The covariant quadratic Lagrangian exhibits several
notable and potentially problematic features. Spatial
derivatives of the degrees of freedom can appear at a
lower order than temporal derivatives. Relatedly, as
shown in Ref. [18], anisotropic stresses can dominate the
stress energy tensor of fluctuations. We leave a full stabil-
ity analysis of the joint Stiickelberg, metric, and matter
system for a future work.
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