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k-inflation represents the most general single-field inflation, in which the perturbations usually
obey an equation of motion with a time-dependent sound speed. In this paper, we study the ob-
servational predictions of the k-inflation by using the high-order uniform asymptotic approximation
method. We calculate explicitly the slow-roll expressions of the power spectra, spectral indices, and
running of the spectral indices for both the scalar and tensor perturbations. These expressions are
all written in terms of the Hubble and sound speed flow parameters. It is shown that the previous
results obtained by using the first-order uniform asymptotic approximation have been significantly
improved by the high-order corrections of the uniform asymptotic approximations. Furthermore, we
also check our results by comparing them with the ones obtained by other approximation methods,
including the Green’s function method, WKB approximation, and improved WKB approximation,
and find the relative errors.

I. INTRODUCTION

Inflationary cosmology has become the dominant
paradigm for describing the evolution of the very early
universe. It not only solves several fundamental and con-
ceptual problems of the conventional big bang cosmol-
ogy, but also provides an elegant mechanism for generat-
ing the primordial density perturbations and primordial
gravitational waves (PGWs) [1, 2]. Both the density per-
turbations and PGWs create the cosmic microwave back-
ground temperature anisotropies, which have already
been detected by various CMB observations, such as
WMAP [3], Planck [4], and BICEP2 [5]. The observa-
tional results from WMAP, Planck, BICEP2, and also
forthcoming CMB experiments provide measurements of
the primordial power spectra and spectral indices more
accurate than ever before. For this, the comparison of
inflationary models with accurate observations requires
precise theoretical predictions.

However, in general it is impossible to obtain exact
spectra and spectral indices analytically, and thus one
has to use some approximate methods. In particular,
using the slow-roll approximation, the spectra of both
scalar and tensor perturbations were first calculated to
the first-order in the slow-roll approximations in [6], in
which the slow-roll parameters were assumed to be small
and constant. Beyond the first order slow-roll approx-
imation, one expects the time-dependence of the slow-
roll parameters could contribute to the spectra at the
second-order in the slow-roll approximation. This has
been achieved by calculating the power spectra up to
the second-order in the slow-roll approximation by the
Green’s function method [7, 8]. Then, the spectra at the
second-order in the slow-roll approximation have been

re-derived by using the WKB approximation [9, 10],
improved-WKB approximation [11], and also the first-
order uniform asymptotic approximation [12, 13]. Except
the above mentioned approximations, other methods are
also available for obtaining the power spectra and spec-
tral indices, such as the Bessel function approximation
[14], and the phase integral method [15].

The uniform asymptotic approximation method men-
tioned above was first applied to inflationary cosmology
in the framework of general relativity in Refs. [16, 17],
and then was extended by us [18] to the more general
case where the dispersion relation is not necessarily lin-
ear, and in general has multi- and/or high-order turning
points. Furthermore, by considering the more accurate
high-order uniform asymptotic approximations, we have
obtained the general expressions of the power spectra
and spectral indices up to the third-order in the uniform
asymptotic approximation, at which the error bounds are
. 0.15% [19]. With these results we have also calculated
explicitly the power spectra and spectral indices of scalar
and tensor perturbations with a modified dispersion re-
lation up to the second-order in the slow-roll approxima-
tion. These results have been checked by comparing them
with those obtained by the Green’s function method, and
are shown to be accurate enough to match the require-
ments of current and forthcoming observations.

The success of the high-order uniform asymptotic ap-
proximations motivates us to apply this powerful tech-
nique to other inflationary scenarios. In particular, in
this paper we shall apply it to the most general single
field inflation, the k-inflation. The most distinguishable
feature of the k-inflation is that the scalar perturbations
obey an equation of motion with a time-dependent sound
speed. This makes it very difficult to calculate the cor-
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responding power spectra and spectral indices, although
with some additional assumptions, the power spectra of
the k-inflation can be obtained by using the Green’s func-
tion method [20]. For a general sound speed, after in-
troducing a simple hierarchy of parameters, related to
the sound speed of the scalar perturbations and its suc-
cessive derivatives, the authors in Refs. [12, 21] have
worked out explicitly the power spectra and spectral in-
dices by using the first-order uniform asymptotic approx-
imation, at which the error bounds in general are . 15%,
although further improvement can be achieved, similar to
that done in the relativistic case [17].
However, to match with the accuracy of the current

and forthcoming observations, as pointed out in [19], con-
sideration of the high-order corrections in the uniform
asymptotic approximation is highly demanded. In this
paper, with the general expressions of power spectra and
spectral indices we obtained in [19], we calculate explic-
itly the power spectra and spectral indices of scalar and
tensor perturbations of the k-inflation up to the third-
order in the uniform asymptotic approximation. These
expressions represent a significant improvement of the
previous results obtained by other methods. Further-
more, by comparing our expressions with the ones ob-
tained by other methods, such as the first-order uniform
asymptotic approximation, the Green’s function method,
WKB approximation, and improved WKB approxima-
tion, we show explicitly the relative errors among the
results obtained by these different methods.
The paper is organized as follows. In Sec. II, we

present a brief review of the k-inflation, and in Sec.
III, we give the most general formulas of the high-order
uniform asymptotic approximations. Then in Sec. IV,
with these general expressions we calculate explicitly the
power spectra, spectral indices, and running of the spec-
tral indices of both scalar and tensor perturbations in
the slow-roll k-inflation. In Sec. V, we present a detailed
comparison of the results with the ones obtained by other
methods. Our main conclusions are summarized in Sec.
VI.
Before proceeding further, we note that it must not be

confused with the order of the uniform asymptotic ap-

proximations and the order of the slow-roll parameters.
The former is defined by the parameter λ, appearing in
Eq.(3.1), while the latter is characterized by the param-
eters ǫn and qn, defined, respectively, in Eqs.(2.5) and
(2.8). These represent two independent sets of parame-
ters. As a result, their expansions are also independent
one from the other. In addition, in this paper we do not
consider the pivot expansion.

II. SCALAR AND TENSOR PERTURBATIONS

OF THE k-INFLATION

In this section, we present a brief introduction of the
scalar and tensor perturbations of the k-inflation. In gen-
eral, the action of the k-inflation can be written in the

form,

S =
1

2

∫

d4x
√−g [R + 2P (X,φ)] , (2.1)

where g is the determinant of the metric, R is the 4D
Ricci scalar, φ denotes a scalar field and

X =
1

2
gµν∂µφ∂νφ, (2.2)

is the kinetic term. To be stable, the k-inflation must
satisfy the following two conditions [21],

∂P

∂X
> 0, 2X

∂2P

∂X2
+
∂P

∂X
> 0. (2.3)

Let us consider a flat universe for simplicity, for which
the background metric is

ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2)

= a2(η)(−dη2 + dx2 + dy2 + dz2), (2.4)

where a is the scale factor of the universe, and η is the
conformal time defined as dη = dt/a. For the background
evolution during the inflation, it is convenient to define
a hierarchy of Hubble flow parameters,

ǫn+1 ≡ d ln ǫn
d ln a

, ǫ0 ≡ Hini

H
, (2.5)

where H = ȧ/a is the Hubble parameter, and a dot de-
notes derivative with respect to the cosmic time t.
In general, the perturbations produced during the in-

flationary epoch are governed by the master equation

µ′′

k(η) +

(

c2s(η)k
2 − z′′

z

)

µk(η) = 0, (2.6)

where µk(η) denotes the inflationary mode function, a
prime denotes differentiation with respect to the confor-
mal time η, k is the co-moving wavenumber, cs(η) and
z(η) depend on the background and the types of the per-
turbations (scalar and tensor).
For scalar perturbations, we have

c2s(η) ≡
P,X

P,X + 2XP,XX
, (2.7)

where a subscript “, X” represents differentiation with
respect to X . Similar to the definitions of the hierarchy
of Hubble parameters, the authors in Refs.[12, 21] intro-
duced a hierarchy of the sound speed, which are given
by

qn+1 ≡ d ln qn
d ln a

, q0 ≡ cini
cs
. (2.8)

In general the parameters are assumed to be small, i.e.,
qn ≪ 1. With the above definitions we have

z′′(η)

z(η)
= a2H2

(

2− ǫ1 +
3

2
ǫ2 + 3q1 +

1

4
ǫ22 −

1

2
ǫ1ǫ2

+
1

2
ǫ2ǫ3 − ǫ1q1 + ǫ2q1 + q21 + q1q2

)

,

(2.9)
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in which z(η) =
√
2ǫ1a(η)/cs(η). For tensor perturba-

tions, the corresponding expressions become simpler. In
particular, we have cs(η) = 1 and

z′′(η)

z(η)
= a2H2(2− ǫ1), (2.10)

where z(η) = a(η).

III. POWER SPECTRA AND SPECTRAL

INDICES IN THE UNIFORM ASYMPTOTIC

APPROXIMATION

A. Brief introduction of the uniform asymptotic

approximation

In this section, we first present a brief introduction to
the uniform asymptotic approximation method with high-
order corrections. Most of the expressions and results
presented here can be found in Refs. [17–19].
Following Refs. [19, 23], by introducing a dimensionless

variable y = −kη, let us first write the equation of the
mode function in the form,

d2µk(y)

dy2
=
[

λ2ĝ(y) + q(y)
]

µk(y). (3.1)

In the above the parameter λ is used to trace the order of
the uniform approximations, and λ2ĝ(y) = g(y). Usually
λ is supposed to be large, and can be absorbed into g(y).
Thus, when we turn to the final results, we can set λ = 1
for the sake of simplification. Then, it is easy to show
that

λ2ĝ(y) + q(y) ≡ − 1

k2

(

c2s(η)k
2 − z′′(η)

z(η)

)

. (3.2)

In general, ĝ(y) and q(y) have two poles (singularities):
one is at y = 0+ and the other is at y = +∞. As we
discussed in [18] (see also [16, 23]), if these two poles are
both second-order or higher, one must choose

q(y) = − 1

4y2
, (3.3)

for the convergence of the error control functions. In ad-
dition, the function ĝ(y) can vanish at various points,
which are called turning points or zeros, and the approx-
imate solution of the mode function µk(y) depends on
the behavior of ĝ(y) and q(y) near these turning points.
To proceed further, let us first introduce the Liouville

transformations with two new variables U(ξ) and ξ via
the relations

U(ξ) = χ1/4µk(y), ξ′2 =
|g(y)|
f (1)(ξ)2

, (3.4)

where χ ≡ ξ′2, ξ′ = dξ/dy, and

f(ξ) =

∫ y
√

|g(y)|dy, f (1)(ξ) =
df(ξ)

dξ
. (3.5)

Note that χ must be regular and not vanish in the in-
tervals of interest. Consequently, f(ξ) must be chosen so
that f (1)(ξ) has zeros and singularities of the same type
as that of g(y). As shown in [18, 19], such a requirement
plays an essential role in determining the approximate
solutions. In terms of U and ξ, Eq. (3.1) takes the form

d2U

dξ2
=
[

±f (1)(ξ)2 + ψ(ξ)
]

U, (3.6)

where

ψ(ξ) =
q(y)

χ
− χ−3/4 d

2(χ−1/4)

dy2
, (3.7)

and the signs “±” correspond to g(y) > 0 and g(y) < 0,
respectively. Considering ψ(ξ) = 0 as the first-order ap-
proximation, one can choose f (1)(ξ) so that the first-order
approximation can be as close to the exact solution as
possible with the guidelines of minimizing the error func-
tions constructed below, and solving it in terms of known
functions. Clearly, such a choice sensitively depends on
the behavior of the functions g(y) and q(y) near the poles
and turning points.
For the case in which g(y) has only one single turning

point, we can choose

f (1)(ξ) = ±ξ, (3.8)

here ξ = ξ(y) is a monotone decreasing function, and
± correspond to ĝ(y) ≥ 0 and ĝ(y) ≤ 0, respectively.
Following Olver [23], the general solution of Eq. (3.6)
can be written as

U(ξ) = α0

[

Ai(λ2/3ξ)
n
∑

s=0

As(ξ)

λ2s

+
Ai′(λ2/3ξ)

λ4/3

n−1
∑

s=0

Bs(ξ)

λ2s
+ ǫ

(2n+1)
3

]

+β0

[

Bi(λ2/3ξ)

n
∑

s=0

As(ξ)

λ2s

+
Bi′(λ2/3ξ)

λ4/3

n−1
∑

s=0

Bs(ξ)

λ2s
+ ǫ

(2n+1)
4

]

,

(3.9)

where Ai(x) and Bi(x) represent the Airy functions,

ǫ
(2n+1)
3 and ǫ

(2n+1)
4 are errors of the approximate solu-

tion, and

A0(ξ) = 1,

Bs =
±1

2(±ξ)1/2
∫ ξ

0

{ψ(v)As(v)−A′′

s (v)}
dv

(±v)1/2 ,

As+1(ξ) = −1

2
B′

s(ξ) +
1

2

∫

ψ(v)Bs(v)dv,

(3.10)
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where ± correspond to ξ ≥ 0 and ξ ≤ 0, respectively.

The up bounds of ǫ
(2n+1)
3 and ǫ

(2n+1)
4 can be expressed

as

ǫ
(2n+1)
3

M(λ2/3ξ)
,

∂ǫ
(2n+1)
3 /∂ξ

λ2/3N(λ2/3ξ)

≤ 2E−1(λ2/3ξ) exp

[

2κ0Vα,ξ(|ξ1/2|B0)

λ

]

× Vα,ξ(|ξ1/2|Bn)

λ2n+1
,

ǫ
(2n+1)
4

M(λ2/3ξ)
,

∂ǫ
(2n+1)
4 /∂ξ

λ2/3N(λ2/3ξ)

≤ 2E(λ2/3ξ) exp

[

2κ0Vξ,β(|ξ1/2|B0)

λ

]

× Vξ,β(|ξ1/2|Bn)

λ2n+1
, (3.11)

where the definitions ofM(x), N(x), κ0, and Va,b(x) can
be found in [18].

B. Power spectra and spectral indices up to the

third-order in the uniform asymptotic

approximation

With the approximate solution given above, now let us
calculate the power spectra and spectral indices from the
approximate solution. We assume that the universe was
initially at the adiabatic vacuum,

lim
y→+∞

1
√

2ωk(η)
e−i

∫
ωk(η)dη. (3.12)

Then, we need to match this initial state with the approx-
imate solution (3.9). However, the approximate solution
involves many high-order terms, which are complicated
and not easy to handle. In order to simplify the calcula-
tions, we first study their behavior in the limit y → +∞.
Let us start with the B0(ξ) term in Eq.(3.10), which sat-
isfies

B0(ξ) = − 1

2
√
−ξ

∫ ξ

0

ψ(v)√
−v dv = −H (ξ)

2
√
−ξ , (3.13)

where H (ξ) ≡
∫ ξ

0 dvψ(v)/|v|1/2 is the associated error
control function of the approximate solution (3.9), and
in the above we had used A0(ξ) = 1. The error control
function H (ξ) is well behaved around the turning point
ȳ0 and converges when y → +∞. As a result, we have

lim
y→+∞

B0(ξ) = −H (−∞)

2
√−ξ . (3.14)

Then, let us turn to A1, which is

A1(ξ) = −1

2
B′

0(ξ) +
1

2

∫ ξ

0

ψ(v)B0(v)dv. (3.15)

In the limit y → +∞, B′

0(ξ) vanishes, and we find

lim
y→+∞

A1(ξ) = −1

2

∫ ξ

0

ψ(v)√
−v

[

1

2

∫ v

0

ψ(u)√
−udu

]

dv

= −1

2

[

H (−∞)

2

]2

. (3.16)

Note that in the above we had used the formula

n!

∫ ξ

ξ0

f(ξn)

∫ ξn

ξ0

f(ξn−1) · · ·
∫ ξ2

ξ0

f(ξ1)dξ1dξ2 · · · dξn

=

[

∫ ξ

ξ0

f(v)dv

]n

. (3.17)

Thus, up to the third-order in the uniform asymptotic
approximation, we obtain

A0(ξ) +
A1(ξ)

λ2
= 1− 1

2λ2

[

H (−∞)

2

]2

+O
(

1

λ3

)

,

B0(ξ)

λ
= − 1√

−ξ
H (−∞)

2λ
+O

(

1

λ3

)

. (3.18)

Then, using the asymptotic form of Airy functions in the
limit ξ → −∞, and comparing the solution µk(y) with
the initial state, we obtain

α0 =

√

π

2k

1

(A0 +A1/λ2)− i
√−ξB0/λ

,

β0 = i

√

π

2k

1

(A0 +A1/λ2)− i
√
−ξB0/λ

, (3.19)

where we have

(A0 +A1/λ
2)− i

√

−ξB0/λ = (1 +O(1/λ3))eiθ. (3.20)

Here θ is an irrelevant phase factor, and without loss of
the generality, we can set θ = 0. Thus, we finally get

α0 ≃
√

π

2k

(

1 +O(1/λ3)
)

,

β0 ≃ i

√

π

2k

(

1 +O(1/λ3)
)

. (3.21)

After determining the coefficients α0 and β0, we can
calculate the power spectra of the perturbations. As y →
0, only the growing mode is relevant, thus we have

µk(y) ≃ β0

(

ξ

ĝ(y)

)1/4
[

Bi(λ2/3ξ)

+∞
∑

s=0

Bs(ξ)

λ2s

+
λ2/3Bi′(λ2/3ξ)

λ2

+∞
∑

s=0

Bs(ξ)

λ2s

]

. (3.22)

In order to calculate the power spectra to high-order in
terms of the uniform asymptotic approximation parame-
ter λ, let us first consider the B0(ξ) term, which satisfies

lim
y→0

B0(ξ) =
1

2ξ1/2

∫ ξ

0

ψ(v)

v1/2
dv =

H (+∞)

2ξ1/2
. (3.23)
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In the above we had used the relation ξ1/2dξ = −
√
ĝdy.

Based upon the B0 term, we can get the A1 term, which
is

lim
y→0

A1(ξ) =
1

4

∫ ξ

0

ψ(v)

v1/2

∫ v

0

ψ(u)

u1/2
dudv

=
1

2

[

H (+∞)

2

]2

. (3.24)

Then, up to the third order in the uniform asymptotic
approximation, and considering the asymptotic forms of
the Airy functions in the limit ξ → +∞, we find

lim
y→0

µk(y) =
β0e

2
3
λξ2/3

λ1/6ĝ1/4π1/2

[

1 +
H (+∞)

2λ
+

H (+∞)2

8λ2

+O(1/λ3)

]

. (3.25)

Hence, the power spectra are given by

∆2(k) ≡ k3

2π2

∣

∣

∣

∣

µk(y)

z

∣

∣

∣

∣

2

y→0+

≃ k2

4π2

−kη
z2(η)ν(η)

exp

(

2

∫ ȳ0

y

√

ĝ(ŷ)dŷ

)

×
[

1 +
H (+∞)

λ
+

H 2(+∞)

2λ2
+O(1/λ3)

]

.

(3.26)

From the power spectra presented above, one can ob-
tain the general expression of the spectral indices, which
now is given by

n− 1 ≡ d ln∆2(k)

d ln k

≃ 3 + 2
d

d lnk

∫ ȳ0

y

√

ĝ(ŷ)dŷ +
1

λ

dH (+∞)

d ln k

+O
(

1

λ3

)

. (3.27)

Note that the third term in the above expression con-
tains contributions of both the second- and third-order
corrections in the uniform asymptotic approximations.

IV. APPLICATIONS TO THE k-INFLATION

Now we arrive at the position to calculate the power
spectra and spectral indices of the k-inflation from the
general formulas (3.26) and (3.27). In order to do so, we

need to perform the integral of
√

g(y) in Eq.(3.26) and
calculate the error control function H (+∞). However,
this becomes very complicated, if the explicit form of
ν(η) and cs(η) is not specified. In this paper, we shall fo-
cus on the slow-roll k-inflation and consider the slow-roll

expansions of the power spectra at second-order and cor-
responding spectral indices at the third-order in terms
of the slow-roll parameters, for both scalar and tensor
perturbations. As we discussed in [19], in the slow-roll
inflation, it is convenient to consider the following expan-
sions,

ν(η) ≃ ν̄0 + ν̄1 ln
y

ȳ0
+

1

2
ν̄2 ln

2 y

ȳ0
, (4.1)

with

ν̄1 ≡ dν(η)

d ln(−η)

∣

∣

∣

∣

∣

η0

, ν̄2 ≡ d2ν(η)

d ln2(−η)

∣

∣

∣

∣

∣

η0

, (4.2)

and

cs(η) ≃ c̄0 + c̄1 ln
y

ȳ0
+

1

2
c̄2 ln

2 y

ȳ0
, (4.3)

with

c̄1 ≡ dcs(η)

d ln(−η)

∣

∣

∣

∣

∣

η0

, c̄2 ≡ d2cs(η)

d ln2(−η)

∣

∣

∣

∣

∣

η0

. (4.4)

In the slow-roll k-inflation, we have ν(η) ≃ 3
2 + O(ǫ),

ν̄1 ≃ O(ǫ2), ν̄2 ≃ O(ǫ3), and c̄0 ≃ O(1), c̄2 ≃ O(ǫ), c̄2 ≃
O(ǫ2), where ǫ represents the slow-roll parameters and
O(ǫn) denotes the n-th order in the slow-roll approxima-
tions. The slow-roll expansions of all the above quantities
can be found in Appendix A.
With the above expansions, we notice that

√

g(y) ≃
√

ν̄20 − c̄20y
2

y
+
ν̄0ν̄1 − c̄0c̄1y

2

y
√

ν̄20 − c̄20y
2
ln

y

ȳ0

+

(

ν̄0ν̄2

2y
√

ν̄20 − c̄20y
2
− c̄0c̄2y

2
√

ν̄20 − c̄20y
2

− (c̄0ν̄1 + ν̄0c̄1)
2y

2(ν̄20 − c̄20y
2)3/2

)

ln2
y

ȳ0
. (4.5)

Therefore, the integral
∫ √

ĝdy can be divided into three
parts,

∫ ȳ0

y

√

ĝ(ŷ)dy = I1 + I2 + I3, (4.6)

where

lim
y→0

I1 = −ν̄0
(

1 + ln
y

2ȳ0

)

,

lim
y→0

I2 =
(1 − ln 2)c̄1ν̄0

c̄0
−
(

π2

24
− ln2 2

2
+

1

2
ln2

y

ȳ0

)

ν̄1,

lim
y→0

I3 = −ν̄0
(

π2 − 12 ln2 2

24

)

c̄21
c̄20

−ν̄0
(

1− π2

24
− ln 2 +

ln2 2

2

)

c̄2
c̄0

+

(

ζ(3)

4
− π2 ln 2

24
+

ln3 2

6
− 1

6
ln3

y

ȳ0

)

ν̄2.

(4.7)
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Note that in the above we keep the ν̄2 ∼ O(ǫ3) term in
the expression of I3, this is because when we calculate the
spectral indices from Eq. (3.27), the k-derivative of this
term provides cancellation of the ln2(y/ȳ0) divergence of
the k-derivative of ν̄1 term in I2.
Now, we turn to consider the error control function H .

After some lengthy calculations we arrive at

H (ξ) =
5

36

{

∫ ỹ

ȳ0

√

ĝ(ỹ)dỹ

}

−1 ∣
∣

∣

∣

∣

y

ȳ0

−
∫ y

ȳ0

{

q

ĝ
− 5ĝ′2

16ĝ3
+

ĝ′′

4ĝ2

}

√

ĝdy. (4.8)

In the limit y → 0, the above expression can be casted
in the form

H (+∞) ≃ 1

6ν̄0

(

1 +
c̄1
c̄0

)

− ν̄1(23 + 12 ln 2)

72ν̄20

+
37c̄21
36c̄20ν̄0

− 5c̄2
36c̄0ν̄0

− 17c̄21 ln 2

70c̄20ν̄0
+
c̄2 ln 2

6c̄0ν̄0
.

(4.9)

Once we get the integral of
√

g(y) in Eq. (4.6) and error
control function in Eq. (4.9), from Eq. (3.26) one can
easily calculate the power spectra.

Now we turn to consider the corresponding spectral
indices. In order to do this, we first specify the k-
dependence of ν̄0(η0), ν̄1(η0) through η0 = η0(k). From
the relation −kη0 = ν̄0(η0)/c̄0(η0), after lengthy techni-
cal calculations, we find

d ln(−η0)
d ln k

≃ −1 +
c̄1
c̄0

− ν̄1
ν̄0

−
(

c̄1
c̄0

− ν̄1
ν̄0

)2

+

(

c̄1
c̄0

− ν̄1
ν̄0

)3

. (4.10)

Then, the spectral indices are given by

n− 1 ≃ (3− 2ν̄0) +
2c̄1ν̄0
c̄0

+

(

1

6ν̄20
− 2 ln 2

)

ν̄1 +

(

2ν̄0 ln 2

c̄0
− 2ν̄0

c̄0
− 1

6c̄0ν̄0

)

c̄2 +

(

23 + 12 ln 2

72ν̄20
+
π2

12
− ln2 2

)

ν̄2

+

(

1− 12ν̄20 ln 2

6c̄20ν̄0

)

c̄21 +
4ν̄1c̄1 ln 2

c̄0
+

5− 6 ln 2

36c̄0ν̄0
c̄3 +

(

2− π2

12
+ ln2 2− ln 4

)

ν̄0c̄3
c̄0

+

(

1

9
− ln 2

35

)

17c̄31
c̄30ν̄0

+

(

2 ln 2 + 2 ln2 2− π2

6

)

ν̄0c̄
3
1

c̄30
+

(

π2ν̄0
4c̄20

− 73

36c̄20ν̄0
− 3ν̄0 ln

2 2

c̄20
+

137 ln2

210c̄20ν̄0

)

c̄1c̄2. (4.11)

Similarly, after some tedious calculations, we find that the running of the spectral index αs ≡ dns/d ln k is given by

α(k) ≃
(

6ν̄0 ln
2 2

c̄40
− 51 ln2

35c̄40ν̄0
+

5ν̄0 ln 4

c̄40
+

2ν̄0
c̄40

− π2ν̄0
2c̄40

+
16

3c̄40ν̄0

)

c̄41 +

(

1

3c̄30ν̄0
− 2ν̄0 ln 4

c̄30
− 2ν̄0

c̄30

)

c̄31

+

(

58 ln 2

21c̄30ν̄0
+
π2ν̄0
c̄30

− 83

9c̄30ν̄0
− 12ν̄0 ln

2 2

c̄30
− 12ν̄0 ln 2

c̄30

)

c̄2c̄
2
1 +

2ν̄0c̄
2
1

c̄20
+

(

6 ln 2

c̄20
+

6

c̄20
+

1

6c̄20ν̄
2
0

)

ν̄1c̄
2
1

+

(

6ν̄0 ln 2

c̄20
− 1

2c̄20ν̄0

)

c̄2c̄1 +

(

4ν̄0 ln
2 2

c̄20
− 86 ln 2

105c̄20ν̄0
− π2ν̄0

3c̄20
+

2

c̄20ν̄0

)

c̄3c̄1 +

(

1

6c̄0ν̄20
− 6 ln 2

c̄0

)

ν̄2c̄1

−4ν̄1c̄1
c̄0

+

(

3ν̄0 ln
2 2

c̄20
− 137 ln 2

210c̄20ν̄0
− π2ν̄0

4c̄20
+

73

36c̄20ν̄0

)

c̄22 +

(

1

3ν̄30
+

2

ν̄0

)

ν̄21 +

(

2ν̄0
c̄0

+
1

6c̄0ν̄0
− 2ν̄0 ln 2

c̄0

)

c̄3

+
π2c̄4ν̄0
12c̄0

+

(

−6 ln 2

c̄0
− 1

6c̄0ν̄20

)

c̄2ν̄1 + 2ν̄1 +

(

ln 4− 1

6ν̄20

)

ν̄2 +

(

ln2 2− π2

12
− ln 2

6ν̄20
− 23

72ν̄20

)

ν̄3

+
c̄4ν̄0 ln 4

c̄0
− 2c̄2ν̄0

c̄0
− ν̄0c̄4 ln

2 2

c̄0
− 2c̄4ν̄0

c̄0
− 5c̄4

36c̄0ν̄0
+

ln 2c̄4
6c̄0ν̄0

. (4.12)

A. Scalar Perturbations

With the above expressions and the slow-roll expansions of c1, c2, c3, ν0, ν1, ν2, and ν3, which are presented in
Appendix B, we find that, up to second-order in the slow-roll approximation, the scalar spectrum can be cast in the
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form,

∆2
s(k) ≃ 181H̄2

72e3π2ǭ1c̄0

{

1 +

(

429

181
− ln 2

)

q̄1 +

(

ln 4− 496

181

)

ǭ1 +

(

ln 2− 67

181

)

ǭ2 +

(

2095

1086
+

ln2 2

2
− 600 ln 8

1267

)

q̄21

+

(

4865

1629
− π2

24
+

ln2 2

2
− 429 ln 2

181

)

q̄1q̄2 +

(

811 ln 2

181
− 541

181
− 2 ln2 2

)

q̄1ǭ1 +

(

293

181
+ 2 ln2 2− 315 ln 4

181

)

ǭ21

+

(

− 56

181
− ln2 2 +

315 ln2

181

)

q̄1ǭ2 +

(

π2

12
− 4231

1629
+ ln2 2 +

47 ln 2

181

)

ǭ1ǭ2 +

(

− 11

362
+

ln2 2

2
− 67 ln 2

181

)

ǭ22

+

(

π2

24
− 86

1629
− ln2 2

2
+

67 ln 2

181

)

ǭ2ǭ3 +O(ǫ3)

}

. (4.13)

Let us now compare the above expression with the one obtained by using the first-order uniform asymptotic
approximation in Ref. [12, 13], which reads

∆2
s(k) ≃ 18H̄2

8π2e3M2
plǭ1c̄0

{

1 +

(

7

3
− ln 2

)

q̄1 +

(

ln 4− 8

3

)

ǭ1 +

(

ln 2− 1

3

)

ǭ2 +

(

23

18
− 4 ln 2

3
+

ln2 2

2

)

q̄21

+

(

25

9
− π2

24
− 7 ln 2

3
+

ln2 2

2

)

q̄1q̄2 +

(

13 ln2

3
− 2 ln2 2− 25

9

)

q̄1ǭ1 +

(

13

9
− 10 ln 2

3
+ 2 ln2 2

)

ǭ21

+

(

5 ln 2

3
− ln2 2− 2

9

)

ǭ2q̄1 +

(

π2

12
− 25

9
+

ln 2

3
+ ln2 2

)

ǭ1ǭ2

+

(

ln2 2

2
− ln 2

3
− 1

18

)

ǭ22 +

(

π2

24
− 1

9
+

ln 2

3
− ln2 2

2

)

ǭ2ǭ3 +O(ǫ3)

}

. (4.14)

In the overall amplitude, we notice that the two results have about 10% relative errors. The comparison of the
numerical coefficients in the front of the Hubble flow parameters is presented in Table I, from which one can see
clearly that the results of the first-order uniform asymptotic approximation have been significantly improved by our
expression with high-order corrections from the high-order asymptotic approximations.

TABLE I: Comparison of the results obtained by using the first-order uniform asymptotic approximation [12, 13] with those
obtained in this paper by using the third-order uniform asymptotic approximation.

Methods q̄1 ǭ1 ǭ2 q̄21 q̄1q̄2 q̄1ǭ1 ǭ21 q̄1ǭ2 ǭ1ǭ2 ǭ22 ǭ2ǭ3

1st-order 1.64019 -1.28037 0.359814 0.59381 1.17261 -0.844097 0.094860 0.45257 -1.24381 -0.0463781 0.290945

3rd-order 1.67702 -1.32089 0.322981 1.18458 0.989427 -0.735046 0.167079 0.416461 -1.11439 -0.0467396 0.374793

Relative difference 5.7% 3.1% 10% 50% 16% 13% 43% 8.7% 12% 0.8% 22%

Now we turn to the scalar spectral index ns. As the scalar spectrum is calculated up to the second-order in the
uniform asymptotic approximation, the corresponding scalar spectral index can be calculated up to the third-order
in the slow-roll approximation, which can be rewritten in the form,

ns − 1 ≃ q̄1 − 2ǭ1 − ǭ2 − q̄21 +

(

64

27
− ln 2

)

q̄1q̄2 + 3q̄1ǭ1 − 2ǭ21 + q̄1ǭ2 +

(

ln 4− 101

27

)

ǭ1ǭ2 +

(

ln 2− 10

27

)

ǭ2ǭ3

+q̄31 +

(

913 ln2

315
− 388

81
+ ln 8

)

q̄21 q̄2 +

(

260

81
− π2

24
+

ln2 2

2
− 64 ln 2

27

)

q̄1q̄
2
2 − 4q̄21 ǭ1 + 5q̄1ǭ

2
1 − 2ǭ31 − q̄21 ǭ2

+

(

260

81
− π2

24
+

ln2 2

2
− 64 ln 2

27

)

q̄1q̄2q̄3 +

(

584

81
− 4 ln 2

)

q̄1q̄2ǭ1 +
11

81
ǭ22ǭ3 +

(

100

81
− ln 2

)

q̄1q̄2ǭ2

+

(

695

81
− 5 ln 2

)

q̄1ǭ1ǭ2 +

(

6 ln 2− 703

81

)

ǭ21ǭ2 +

(

49

81
− ln 4

)

q̄1ǭ2ǭ3 +

(

π2

12
− 167

54
− ln2 2 +

128 ln2

27

)

ǭ1ǭ2ǭ3

+

(

π2

24
+

19

324
− ln2 2

2
+

5 ln 4)

27

)

ǭ2ǭ
2
3 +

(

π2

24
+

19

324
− ln2 2

2
+

10 ln2

27

)

ǭ2ǭ3ǭ4 +O(ǫ4). (4.15)
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Similarly, the running of the scalar spectral index up to the fourth-order in the slow-roll approximation, is given by

αs ≃ q̄1q̄2 − 2ǭ1ǭ2 − ǭ2ǭ3 + 4q̄2ǭ1q̄1 + q̄2ǭ2q̄1 − 3q̄2q̄
2
1 − 6ǭ21ǭ2 + 2ǭ2ǭ3q̄1 + 5ǭ1ǭ2q̄1 +

(

64

27
− ln 2

)

q̄2q̄3q̄1

+

(

ln 4− 101

27

)

ǭ1ǭ
2
2 +

(

64

27
− ln 2

)

q̄1q̄
2
2 +

(

ln 2− 10

27

)

ǭ2ǭ
2
3 +

(

ln 4− 128

27

)

ǭ1ǭ2ǭ3 +

(

ln 2− 10

27

)

ǭ2ǭ3ǭ4

+6q̄2q̄
3
1 − 3q̄2ǭ2q̄

2
1 − 9ǭ1ǭ2q̄

2
1 +

(

2141 ln2

315
− 1022

81

)

q̄22 q̄
2
1 +

(

1228 ln2

315
− 580

81

)

q̄2q̄3q̄
2
1 − 15q̄2ǭ1q̄

2
1 − 3ǭ2ǭ3q̄

2
1

+

(

ln2 2

2
− 64 ln 8

81
− π2

24
+

260

81

)

q̄32 q̄1 +

(

ln2 2

2
− 64 ln8

81
− π2

24
+

260

81

)

q̄2q̄
2
3 q̄1 +

(

998

81
− 7 ln 2

)

ǭ1ǭ
2
2q̄1

+9q̄2ǭ
2
1q̄1 +

(

3 ln2 2

2
− 64 ln 2

9
− π2

8
+

260

27

)

q̄22 q̄3q̄1 +

(

776

81
− 5 ln 2

)

q̄2q̄3ǭ1q̄1 +

(

1495

81
− 9 ln 2

)

q̄2ǭ1ǭ2q̄1

+

(

ln2 2

2
− 64 ln 8

81
− π2

24
+

260

81

)

q̄2q̄3q̄4q̄1 +

(

776

81
− 5 ln 2

)

ǭ1q̄1q̄
2
2 +

(

100

81
− ln 2

)

q̄22 ǭ2q̄1 + 21ǭ21ǭ2q̄1

+

(

100

81
− ln 2

)

q̄2q̄3ǭ2q̄1 +

(

176

81
− ln 8

)

q̄2ǭ2ǭ3q̄1 +

(

1241

81
− 7 ln 2

)

ǭ1ǭ2ǭ3q̄1 +

(

14 ln 2− 1763

81

)

ǭ21ǭ
2
2

+

(

79

81
− ln 8

)

ǭ2ǭ3ǭ4q̄1 +

(

101 ln2

27
− ln2 2 +

π2

12
− 67

18

)

ǭ1ǭ
3
2 +

(

10 ln 2

27
− ln2 2

2
+
π2

24
+

19

324

)

ǭ2ǭ
3
3

+

(

155 ln2

27
− ln2 2 +

π2

12
− 187

54

)

ǭ1ǭ2ǭ
2
3 +

49

81
ǭ22ǭ

2
3 +

(

10 ln2

27
− ln2 2

2
+
π2

24
+

19

324

)

ǭ2ǭ3ǭ
2
4 − 12ǭ31ǭ2

+

(

110 ln2

9
− 3 ln2 2 +

π2

4
− 551

54

)

ǭ1ǭ
2
2ǭ3 +

11

81
ǭ22ǭ3ǭ4 +

(

8 ln 2− 1087

81

)

ǭ21ǭ2ǭ3 +

(

79

81
− ln 8

)

ǭ2ǭ
2
3q̄1

+

(

10 ln 2

9
− 3 ln2 2

2
+
π2

8
+

19

108

)

ǭ2ǭ
2
3ǭ4 +

(

155 ln2

27
− ln2 2 +

π2

12
− 187

54

)

ǭ1ǭ2ǭ3ǭ4

+

(

10 ln 2

27
− ln2 2

2
+
π2

24
+

19

324

)

ǭ2ǭ3ǭ4ǭ5 +O(ǫ5). (4.16)

B. Tensor Perturbations

For the tensor perturbations, we can simply repeat the above analysis to calculate its spectrum, spectral index, and
running of the spectral index. However, this has actually been already done in [19], because the equation of motion
for the tensor perturbations in the k-inflation is the same as that in general relativity calculated explicitly in [19].
However, those expressions were written only in terms of the the slow-roll parameters (ǫ, δ1, δ2, · · · ). Therefore, in
the following, we only need to write those expressions in terms of the slow-roll parameters (ǫ1, ǫ2, · · · ). In particular,
we find that the tensor spectrum take the form,

∆2
t (k) ≃ 181H̄2

36e3π2

{

1 +

(

ln 4− 496

181

)

ǭ1 +

(

293

181
+ 2 ln2 2− 630 ln2

181

)

ǭ21

+

(

π2

12
− 4636

1629
− ln2 2 +

496 ln2

181

)

ǭ1ǭ2 +O(ǫ3)

}

. (4.17)

Similar to the case for the scalar spectrum, here we compare our results with those obtained by using the first-order
uniform approximation [12, 13],

Ph,1st-uniform(k) ≃ 36H̄2

e3π2M2
pl

{

1 +

(

2 ln 2− 8

3

)

ǭ1 +

(

13

9
− 10 ln 2

3
+ 2 ln2 2

)

ǭ21

+

(

π2

12
− 26

9
+

8 ln 2

3
− ln2 2

)

ǭ1ǭ2

}

. (4.18)

By identifying Ph,1st-uniform ∼ 8∆2
t (k) and comparing the amplitudes of the spectra, we find that the results by

the first-order uniform asymptotic approximation have about 10% relative errors. The comparison of the numerical
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coefficients in the front of the Hubble flow parameters are listed in Table II. Similar to the case for the scalar spectrum,
the high-order corrections of the third-order uniform asymptotic approximation make significant improvement over
the results obtained from the first-order uniform asymptotic approximation.

TABLE II: Comparing the results obtained by using the first-order uniform approximation [12] with those obtained in this
paper by using the third-order uniform asymptotic approximation

Methods ǭ1 ǭ21 ǭ1ǭ2

1st-order -1.28037 0.094860 -1.24381

3rd-order -1.32089 0.167079 -0.604451

Relative difference 3.1% 43% 13%

The tensor spectral index, on the other hand, is given by

nt ≃ −2ǭ1 − 2ǭ21 +

(

2 ln 2− 74

27

)

ǭ1ǫ2 − 2ǭ31 +

(

π2

12
− 425

162
− ln2 2 +

74 ln 2

27

)

ǭ1ǭ
2
2

+

(

π2

12
− 425

162
− ln2 2 +

74 ln2

27

)

ǭ1ǭ2ǭ3 +

(

6 ln 2− 622

81

)

ǭ21ǭ2 +O(ǫ4). (4.19)

The running of the spectral index reads

αt ≃ −2ǭ1ǭ2 − 6ǭ21ǭ2 +

(

2 ln 2− 74

27

)

ǭ1ǭ
2
2 +

(

2 ln 2− 74

27

)

ǭ1ǭ2ǭ3 − 12ǭ31ǭ2 +

(

14 ln 2− 1520

81

)

ǭ21ǭ
2
2

+

(

π2

12
− 425

162
− ln2 2 +

74 ln 2

27

)

ǭ1ǭ
3
2 +

(

8 ln 2− 844

81

)

ǭ21ǭ2ǭ3 +

(

π2

4
− 425

54
− 3 ln2 2 +

74 ln 2

9

)

ǭ1ǭ
2
2ǭ3

+

(

π2

12
− 425

162
− ln2 2 +

74 ln 2

27

)

ǭ1ǭ2ǭ
2
3 +

(

π2

12
− 425

162
− ln2 2 +

74 ln 2

27

)

ǭ1ǭ2ǭ3ǭ4 +O(ǫ5). (4.20)

C. Expressions in terms of quantities calculated at horizon crossing

So far, we have obtained all the expressions of the power spectra, spectral indices, and running of spectral indices
for both the scalar and tensor perturbations in the k-inflation, evaluated only at the turning point. However, usually
those expressions were expressed in terms of the slow-roll parameters which are evaluated at the time η⋆ when scalar
or tensor modes cross the horizon, i.e., a(η⋆)H(η⋆) = cs(η⋆)k for scalar perturbations and c2s(η⋆) = 1 for tensor
perturbations. Consider modes with the same wavenumber k, it is easy to see that the scalar mode and tensor
mode left horizon at different times if c2s(η⋆) 6= 1. When c2s(η⋆) > 1, the scalar mode leaves horizon later than the
tensor mode, and for c2s(η⋆) < 1, the scalar mode leaves horizon before the tensor one does. In this case, caution
must be taken for the evaluation time for all the inflationary observables. As we have two different horizon crossing
times, it is reasonable to re-write all our results in terms of quantities evaluated at the later time, i.e., we should
evaluate all expressions at scalar horizon crossing a(η⋆)H(η⋆) = cs(η⋆)k for c2s(η⋆) > 1 and at tensor horizon crossing
a(η⋆)H(η⋆) = k for c2s(η⋆) < 1. In the following, we present all the expressions for both cases, respectively.

1. c2s(η⋆) > 1

For c2s(η⋆) > 1, as the scalar mode leaves horizon later than the tensor mode, we shall re-write all the expressions
in terms of quantities evaluated at the time when scalar leaves the Hubble horizon a(η⋆)H(η⋆) = cs(η⋆)k. Skipping
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all the tedious calculations, we find that the scalar spectrum can be written in the form

∆2
s(k) ≃ 181H2

⋆

72e3π2ǫ⋆1c⋆0

{

1 +

(

429

181
− ln 3

)

q⋆1 +

(

ln 9− 496

181

)

ǫ⋆1 +

(

ln 3− 67

181

)

ǫ⋆2

+

(

457

362
+

ln2 3

2
− 248 ln 3

181
− 64 ln 2

1267

)

q2⋆1 +

(

517

543
+ 2 ln2 3− 630 ln 3

181

)

ǫ2⋆1

+

(

π2

12
− 3688

1629
+ ln2 3 +

47 ln 3

181

)

ǫ⋆1ǫ⋆2 +

(

329

1086
+

ln2 3

2
− 67 ln 3

181

)

ǫ2⋆2

+

(

−π
2

24
+

4865

1629
+

ln2 3

2
− 429 ln 3

181

)

q⋆1q⋆2 +

(

−718

543
− 2 ln2 3 +

811 ln3

181

)

q⋆1ǫ⋆1

+

(

13

543
− ln2 3 +

315 ln 3

181

)

q⋆1ǫ⋆2 +

(

π2

24
− 86

1629
− ln2 3

2
+

67 ln 3

181

)

ǫ⋆2ǫ⋆3 +O(ǫ3)

}

.

(4.21)

Note that in the above the subscript ⋆ represents the quantities evaluated at η⋆. Now we turn to the scalar spectral
index, which can be written as

ns − 1 ≃ q⋆1 − 2ǫ⋆1 − ǫ⋆2 + 3q⋆1ǫ⋆1 + q⋆1ǫ⋆2 − q2⋆1 − 2ǫ2⋆1 +

(

64

27
− ln 3

)

q⋆1q⋆2 +

(

ln 9− 101

27

)

ǫ⋆1ǫ⋆2

+

(

ln 3− 10

27

)

ǫ⋆2ǫ⋆3 − 4q2⋆1ǫ⋆1 − q2⋆1ǫ⋆2 + 5q⋆1ǫ
2
⋆1 +

(

611

81
− 4 ln 3

)

q⋆1q⋆2ǫ⋆1 +

(

73

81
− ln 3

)

q⋆1q⋆2ǫ⋆2

+

(

803

81
− 5 ln 3

)

q⋆1ǫ⋆1ǫ⋆2 +

(

103

81
− 2 ln 3

)

q⋆1ǫ⋆2ǫ⋆3 + q3⋆1 +

(

260

81
− π2

24
+

ln2 3

2
− 64 ln 3

27

)

q⋆1q
2
⋆2

+

(

−π
2

24
+

260

81
+

ln2 3

2
− 64 ln 3

27

)

q⋆1q⋆2q⋆3 +

(

3 ln 3− 442

81
− 32 ln2

315

)

q2⋆1q⋆2 − 2ǫ3⋆1 +
38

81
ǫ2⋆2ǫ⋆3

+

(

π2

12
− 55

18
− ln2 3 +

101 ln 3

27

)

ǫ⋆1ǫ
2
⋆2 +

(

π2

24
+

19

324
− ln2 3

2
+

10 ln 3

27

)

ǫ⋆2ǫ
2
⋆3 +

(

6 ln 3− 757

81

)

ǫ2⋆1ǫ⋆2

+

(

π2

12
− 185

54
− ln2 3 +

128 ln3

27

)

ǫ⋆1ǫ⋆2ǫ⋆3 +

(

π2

24
+

19

324
− ln2 3

2
+

10 ln 3

27

)

ǫ⋆2ǫ⋆3ǫ⋆4 +O(ǫ4). (4.22)

Finally, the running of the scalar spectral index can be determined up to the fourth-order in terms of the slow-roll
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parameters, and is given by

αs ≃ q⋆2q⋆1 − ǫ⋆2ǫ⋆3 − 2ǫ⋆1ǫ⋆2 + 4q⋆2ǫ⋆1q⋆1 + 5ǫ⋆1ǫ⋆2q⋆1 + q⋆2ǫ⋆2q⋆1 + 2ǫ⋆2ǫ⋆3q⋆1 − 6ǫ2⋆1ǫ⋆2 − 3q⋆2q
2
⋆1

+

(

64

27
− ln 3

)

q2⋆2q⋆1 +

(

64

27
− ln 3

)

q⋆2q⋆3q⋆1 +

(

ln 9− 101

27

)

ǫ⋆1ǫ
2
⋆2 +

(

ln 3− 10

27

)

ǫ⋆2ǫ
2
⋆3

+

(

ln 9− 128

27

)

ǫ⋆1ǫ⋆2ǫ⋆3 +

(

ln 3− 10

27

)

ǫ⋆2ǫ⋆3ǫ⋆4 + 6q⋆2q
3
⋆1 +

(

7 ln 3− 64 ln 2

315
− 1076

81

)

q2⋆2q
2
⋆1

+

(

2 ln 9− 634

81
− 32 ln 2

315

)

q⋆2q⋆3q
2
⋆1 − 15q⋆2ǫ⋆1q

2
⋆1 − 3q⋆2ǫ⋆2q

2
⋆1 − 9ǫ⋆1ǫ⋆2q

2
⋆1 − 3ǫ⋆2ǫ⋆3q

2
⋆1

+

(

ln2 3

2
− 64 ln 3

27
− π2

24
+

260

81

)

q3⋆2q⋆1 +

(

ln2 3

2
− 64 ln 3

27
− π2

24
+

260

81

)

q⋆2q
2
⋆3q⋆1 + 9q⋆2ǫ

2
⋆1q⋆1

+

(

1106

81
− 7 ln 3

)

ǫ⋆1ǫ
2
⋆2q⋆1 +

(

3 ln2 3

2
− 64 ln 3

9
− π2

8
+

260

27

)

q2⋆2q⋆3q⋆1 +

(

133

81
− 3 ln 3

)

ǫ⋆2ǫ
2
⋆3q⋆1

+

(

1

2
ln2 3

2
+

ln2 2

2
− π2

24
− 64 ln8

81
+

260

81

)

q⋆2q⋆3q⋆4q⋆1 +

(

803

81
− 5 ln 3

)

q2⋆2ǫ⋆1q⋆1 + 21ǫ2⋆1ǫ⋆2q⋆1

+

(

73

81
− ln 3

)

q2⋆2ǫ⋆2q⋆1 +

(

803

81
− 5 ln 3

)

q⋆2q⋆3ǫ⋆1q⋆1 +

(

73

81
− ln 3

)

q⋆2q⋆3ǫ⋆2q⋆1 − 12ǫ3⋆1ǫ⋆2

+

(

176

81
− 3 ln 3

)

q⋆2ǫ⋆2ǫ⋆3q⋆1 +

(

1349

81
− 7 ln 3

)

ǫ⋆1ǫ⋆2ǫ⋆3q⋆1 +

(

101 ln3

27
− ln2 3 +

π2

12
− 55

18

)

ǫ⋆1ǫ
3
⋆2

+

(

133

81
− 3 ln 3

)

ǫ⋆2ǫ⋆3ǫ⋆4q⋆1 +

(

10 ln3

27
− ln2 3

2
+
π2

24
+

19

324

)

ǫ⋆2ǫ
3
⋆3 +

(

14 ln 3− 1817

81

)

ǫ2⋆1ǫ
2
⋆2

+
76

81
ǫ2⋆2ǫ

2
⋆3 +

(

1495

81
− 9 ln 3

)

q⋆2ǫ⋆1ǫ⋆2q⋆1 +

(

155 ln3

27
− ln2 3 +

π2

12
− 205

54

)

ǫ⋆1ǫ⋆2ǫ
2
⋆3

+

(

110 ln3

9
− 3 ln2 3 + +

π2

4
− 515

54

)

ǫ⋆1ǫ
2
⋆2ǫ⋆3 +

(

8 ln 3− 1141

81

)

ǫ2⋆1ǫ⋆2ǫ⋆3 +
38

81
ǫ2⋆2ǫ⋆3ǫ⋆4

+

(

10 ln 3

9
− 3 ln2 3

2
+
π2

8
+

19

108

)

ǫ⋆2ǫ
2
⋆3ǫ⋆4 +

(

155 ln 3

27
− ln2 3 +

π2

12
− 205

54

)

ǫ⋆1ǫ⋆2ǫ⋆3ǫ⋆4

+

(

10 ln 3

27
− ln2 3

2
+
π2

24
+

19

324

)

ǫ⋆2ǫ⋆3ǫ⋆4ǫ⋆5 +

(

10 ln 3

27
− ln2 3

2
+
π2

24
+

19

324

)

ǫ⋆2ǫ⋆3ǫ
2
⋆4 +O(ǫ5).

(4.23)

Now let us turn to consider the tensor perturbations. For the tensor spectrum, we get

∆2
t (k) ≃ 181H2

⋆

36e3π2

{

1 +

(

ln(9c⋆0)−
496

181

)

ǫ⋆1 +

(

517

543
+ 2 ln2(3c⋆0)−

630 ln(3c⋆0)

181

)

ǫ2⋆1

+

(

π2

12
− 4636

1629
− ln2(3c⋆0) +

496 ln(3c⋆0)

181

)

ǫ⋆2ǫ⋆1 +O(ǫ3)

}

.

(4.24)

The tensor spectral index nt, on the other hand, can be expressed as

nt ≃ −2ǫ⋆1 − 2ǫ2⋆1 +

(

2 ln(3c⋆0)−
74

27

)

ǫ⋆1ǫ⋆2 − 2ǫ3⋆1 +

(

π2

12
− 425

162
− ln2(3c⋆0) +

74 ln(3c⋆0)

27

)

ǫ⋆1ǫ
2
⋆2

+

(

6 ln(3c⋆0)−
676

81

)

ǫ2⋆1ǫ⋆2 +

(

π2

12
− 425

162
− ln2(3c⋆0) +

74 ln(3c⋆0)

27

)

ǫ⋆1ǫ⋆2ǫ⋆3 +O(ǫ4), (4.25)
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while the running of the tensor spectral index is given by

αt ≃ −2ǫ⋆1ǫ⋆2 − 6ǫ⋆2ǫ
2
⋆1 +

(

2 ln(3c⋆0)−
74

27

)

ǫ⋆1ǫ
2
⋆2 +

(

2 ln(3c⋆0)−
74

27

)

ǫ⋆1ǫ⋆2ǫ⋆3 − 12ǫ⋆2ǫ
3
⋆1

+

(

π2

12
− 425

162
− ln2(3c⋆0) +

74 ln(3c⋆0)

27

)

ǫ3⋆2ǫ⋆1 +

(

8 ln(3c⋆0)−
898

81

)

ǫ⋆2ǫ⋆3ǫ
2
⋆1 +

(

14 ln(3c⋆0)−
1574

81

)

ǫ2⋆2ǫ
2
⋆1

+

(

π2

12
− 425

162
− ln2(3c⋆0) +

74 ln(3c⋆0)

27

)

ǫ⋆2ǫ
2
⋆3ǫ⋆1 +

(

π2

4
− 425

54
− 3 ln2(3c⋆0) +

74 ln(3c⋆0)

9

)

ǫ2⋆2ǫ⋆3ǫ⋆1

+

(

π2

12
− 425

162
− ln2 3 +

74 ln(3c⋆0)

27

)

ǫ⋆2ǫ⋆3ǫ⋆4ǫ⋆1 +O(ǫ5). (4.26)

Finally, with both the scalar and tensor spectra given above, we can evaluate the tensor-to-scalar ratio at the time
when the scalar mode leaves horizon, i.e., a(η⋆)H⋆ = cs(η⋆)k, and find that

r ≃ 16c⋆0ǫ⋆1

{

1 +

(

ln 3− 429

181

)

q⋆1 + 2ǫ⋆1 ln c⋆0 +

(

67

181
− ln 3

)

ǫ⋆2 +
(

2 ln2 c⋆0 + 2 ln c⋆0
)

ǫ2⋆1

+

(

ln 9 ln c⋆0 −
858 ln c⋆0

181
− 508394

98283
+ 3 ln 3

)

q⋆1ǫ⋆1 +

(

π2

24
− 4865

1629
− ln2 3

2
+

429 ln 3

181

)

q⋆1q⋆2

+

(

677 ln 3

181
− 174811

98283
− ln2 3

)

q⋆1ǫ⋆2 +

(

630 ln c⋆0
181

+
42500

98283
− ln 3− ln2 c⋆0 − 4 ln 3 ln c⋆0

)

ǫ⋆1ǫ⋆2

+

(

285365

65522
+

ln2 3

2
− 610 ln 3

181
+

64 ln 2

1267

)

q2⋆1 +

(

ln2 3

2
− 67 ln 3

181
− 32615

196566

)

ǫ2⋆2

+

(

−π
2

24
+

86

1629
+

ln2 3

2
− 67 ln 3

181

)

ǫ⋆2ǫ⋆3 +O(ǫ3)

}

. (4.27)

2. c2s(η⋆) < 1

For c2s(η⋆) < 1, as the scalar mode leaves horizon before the tensor mode does, we shall re-write all the expressions in
terms of quantities evaluated at the time when the tensor mode leaves the Hubble horizon a(η⋆)H(η⋆) = k. Skipping
all the tedious calculations, we find that the scalar spectrum can be written in the form

∆2
s(k) ≃ 181H2

⋆

72e3π2c⋆0ǫ⋆1

{

1 +

(

429

181
− ln

3

c⋆0

)

q⋆1 +

(

−496

181
+ 2 ln

3

c⋆0

)

ǫ⋆1 +

(

− 67

181
+ ln

3

c⋆0

)

ǫ⋆2

+

(

457

362
− 64 ln 2

1267
− 248

181
ln

3

c⋆0
+

1

2
ln2 3

c⋆0

)

q2⋆1 +

(

4865

1629
− π2

24
− 429

181
ln

3

c⋆0
+

1

2
ln2

3

c⋆0

)

q⋆1q⋆2

+

(

−718

543
+

811

181
ln

3

c⋆0
− 2 ln2

3

c⋆0

)

q⋆1ǫ⋆1 +

(

517

543
− 630

181
ln

3

c⋆0
+ 2 ln2

3

c⋆0

)

ǫ2⋆1

+

(

13

543
+

315

181
ln

3

c⋆0
− ln2

3

c⋆0

)

q⋆1ǫ⋆2 +

(

−3688

1629
+
π2

12
+

47

181
ln

3

c⋆0
+ ln2 3

c⋆0

)

ǫ⋆1ǫ⋆2

+

(

329

1086
− 67

181
ln

3

c⋆0
+

1

2
ln2

3

c⋆0

)

ǫ2⋆2 +

(

− 86

1629
+
π2

24
+

67

181
ln

3

c⋆0
− 1

2
ln2

3

c⋆0

)

ǫ⋆2ǫ⋆3 +O(ǫ3)

}

.

(4.28)
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Now we turn to the scalar spectral index, which can be written as

ns − 1 ≃ q⋆1 − 2ǫ⋆1 − ǫ⋆2 − q2⋆1 +

(

64

27
− ln

3

c⋆0

)

q⋆1q⋆2 + 3q⋆1ǫ⋆1 − 2ǫ2⋆1 + q⋆1ǫ⋆2 +

(

−101

27
+ 2 ln

3

c⋆0

)

ǫ⋆1ǫ⋆2

+

(

−10

27
+ ln

3

c⋆0

)

ǫ⋆2ǫ⋆3 + q3⋆1 − 4q2⋆1ǫ⋆1 + 5q⋆1ǫ
2
⋆1 − 2ǫ3⋆1 − q2⋆1ǫ⋆2 +

38

81
ǫ2⋆2ǫ⋆3 +

(

73

81
− ln

3

c⋆0

)

q⋆1q⋆2ǫ⋆2

+

(

−442

81
− 2867 ln2

315
+

9 ln 4

2
+ 3 ln

3

c⋆0

)

q2⋆1q⋆2 +

(

19

324
+
π2

24
+

10

27
ln

3

c⋆0
− 1

2
ln2

3

c⋆0

)

ǫ⋆2ǫ
2
⋆3

+

(

260

81
− π2

24
− 64

27
ln

3

c⋆0
+

1

2
ln2

3

c⋆0

)

q⋆1q
2
⋆2 +

(

260

81
− π2

24
− 64

27
ln

3

c⋆0
+

1

2
ln2

3

c⋆0

)

q⋆1q⋆2q⋆3

+

(

611

81
− 4 ln

3

c⋆0

)

q⋆1q⋆2ǫ⋆1 +

(

19

324
+
π2

24
+

10

27
ln

3

c⋆0
− 1

2
ln2

3

c⋆0

)

ǫ⋆2ǫ⋆3ǫ⋆4 +

(

803

81
− 5 ln

3

c⋆0

)

q⋆1ǫ⋆1ǫ⋆2

+

(

−757

81
+ 6 ln

3

c⋆0

)

ǫ2⋆1ǫ⋆2 +

(

−55

18
+
π2

12
+

101

27
ln

3

c⋆0
− ln2

3

c⋆0

)

ǫ⋆1ǫ
2
⋆2 +

(

103

81
− 2 ln

3

c⋆0

)

q⋆1ǫ⋆2ǫ⋆3

+

(

−185

54
+
π2

12
+

128

27
ln

3

c⋆0
− ln2 3

c⋆0

)

ǫ⋆1ǫ⋆2ǫ⋆3 +O(ǫ4). (4.29)

Finally, the running of the scalar spectral index can be determined up to the fourth-order in terms of the slow-roll
parameters, and is given by

αs ≃ q⋆1q⋆2 − 2ǫ⋆1ǫ⋆2 − ǫ⋆2ǫ⋆3 − 3q2⋆1q⋆2 +

(

64

27
− ln

3

c⋆0

)

q⋆1q
2
⋆2 + 4q⋆1q⋆2ǫ⋆1 + 5q⋆1ǫ⋆1ǫ⋆2 − 6ǫ2⋆1ǫ⋆2 + 2q⋆1ǫ⋆2ǫ⋆3

+

(

2 ln
3

c⋆0
− 101

27

)

ǫ⋆1ǫ
2
⋆2 +

(

64

27
− ln

3

c⋆0

)

q⋆1q⋆2q⋆3 + q⋆1q⋆2ǫ⋆2 + 6q3⋆1q⋆2 +

(

2 ln
3

c⋆0
− 128

27

)

ǫ⋆1ǫ⋆2ǫ⋆3

+

(

ln
3

c⋆0
− 10

27

)

ǫ⋆2ǫ
2
⋆3 +

(

ln
3

c⋆0
− 10

27

)

ǫ⋆2ǫ⋆3ǫ⋆4 +

(

7 ln
3

c⋆0
− 1076

81
− 64 ln 2

315

)

q2⋆1q
2
⋆2 − 15q2⋆1q⋆2ǫ⋆1

+

(

260

81
− π2

24
− 64

27
ln

3

c⋆0
+

1

2
ln2 3

c⋆0

)

q⋆1q
3
⋆2 +

(

4 ln
3

c⋆0
− 634

81
− 32 ln 2

315

)

q2⋆1q⋆2q⋆3 − 3q2⋆1q⋆2ǫ⋆2

+

(

260

27
− π2

8
− 64

9
ln

3

c⋆0
+

3

2
ln2 3

c⋆0

)

q⋆1q
2
⋆2q⋆3 +

(

260

81
− π2

24
− 64

27
ln

3

c⋆0
+

1

2
ln2

3

c⋆0

)

q⋆1q⋆2q
2
⋆3

+

(

260

81
− π2

24
− 64 ln 2

27
+ ln2 2− ln 2 ln

3

c⋆0
+

1

2
ln2

3

c⋆0

)

q⋆1q⋆2q⋆3q⋆4 +

(

803

81
− 5 ln

3

c⋆0

)

q⋆1q
2
⋆2ǫ⋆1

+

(

803

81
− 5 ln

3

c⋆0

)

q⋆1q⋆2q⋆3ǫ⋆1 + 9q⋆1q⋆2ǫ
2
⋆1 +

(

19

324
+
π2

24
+

10

27
ln

3

c⋆0
− 1

2
ln2

3

c⋆0

)

ǫ⋆2ǫ⋆3ǫ⋆4ǫ⋆5

+

(

73

81
− ln

3

c⋆0

)

q⋆1q
2
⋆2ǫ⋆2 +

(

73

81
− ln

3

c⋆0

)

q⋆1q⋆2q⋆3ǫ⋆2 − 9q2⋆1ǫ⋆1ǫ⋆2 +

(

1495

81
− 9 ln

3

c⋆0

)

q⋆1q⋆2ǫ⋆1ǫ⋆2

+21q⋆1ǫ
2
⋆1ǫ⋆2 − 12ǫ3⋆1ǫ⋆2 +

(

1106

81
− 7 ln

3

c⋆0

)

q⋆1ǫ⋆1ǫ
2
⋆2 +

(

−1817

81
+ 14 ln

3

c⋆0

)

ǫ2⋆1ǫ
2
⋆2

+

(

−55

18
+
π2

12
+

101

27
ln

3

c⋆0
− ln2

3

c⋆

)

ǫ⋆1ǫ
3
⋆2 − 3q2⋆1ǫ⋆2ǫ⋆3 +

(

176

81
− 3 ln

3

c⋆0

)

q⋆1q⋆2ǫ⋆2ǫ⋆3

+

(

1349

81
− 7 ln

3

c⋆0

)

q⋆1ǫ⋆1ǫ⋆2ǫ⋆3 +

(

−1141

81
+ 8 ln

3

c⋆0

)

ǫ2⋆1ǫ⋆2ǫ⋆3 +

(

133

81
− 3 ln

3

c⋆0

)

q⋆1ǫ⋆2ǫ
2
⋆3

+

(

−515

54
+
π2

4
+

110

9
ln

3

c⋆0
− 3 ln2

3

c⋆0

)

ǫ⋆1ǫ
2
⋆2ǫ⋆3 +

(

19

108
+
π2

8
+

10

9
ln

3

c⋆0
− 3

2
ln2

3

c⋆0

)

ǫ⋆2ǫ
2
⋆3ǫ⋆4

+

(

−205

54
+
π2

12
+

155

27
ln(

3

c⋆0
− ln2

3

c⋆0

)

ǫ⋆1ǫ⋆2ǫ
2
⋆3 +

76

81
ǫ2⋆2ǫ

2
⋆3 +

(

19

324
+
π2

24
+

10

27
ln

3

c⋆0
− 1

2
ln2 3

c⋆0

)

ǫ⋆2ǫ
3
⋆3

+

(

133

81
− 3 ln

3

c⋆0

)

q⋆1ǫ⋆2ǫ⋆3ǫ⋆4 +

(

−205

54
+
π2

12
+

155

27
ln

3

c⋆0
− ln2 3

c⋆0

)

ǫ⋆1ǫ⋆2ǫ⋆3ǫ⋆4 +
38

81
ǫ2⋆2ǫ⋆3ǫ⋆4

+

(

19

324
+
π2

24
+

10

27
ln

3

c⋆0
− 1

2
ln2 3

c⋆0

)

ǫ⋆2ǫ⋆3ǫ
2
⋆4 +O(ǫ5). (4.30)
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Now let us turn to consider the tensor perturbations. For the tensor spectrum, we get

∆2
t (k) ≃ 181H2

⋆

36e3π2

{

1 +

(

−496

181
+ ln 9

)

ǫ⋆1 +

(

517

543
− 630 ln 3

181
+ 2 ln2 3

)

ǫ2⋆1

+

(

−4636

1629
+
π2

12
+

496 ln3

181
− ln2 3

)

ǫ⋆1ǫ⋆2 +O(ǫ3)

}

. (4.31)

The tensor spectral index nt, on the other hand, can be expressed as

nt ≃ −2ǫ⋆1 − 2ǫ2⋆1 +

(

2 ln 3− 74

27

)

ǫ⋆1ǫ⋆2 − 2ǫ3⋆1 +

(

−676

81
+ 6 ln 3

)

ǫ2⋆1ǫ⋆2

+

(

−425

162
+
π2

12
+

74 ln 3

27
− ln2 3

)

ǫ⋆1ǫ
2
⋆2 +

(

−425

162
+
π2

12
+

74 ln 3

27
− ln2 3

)

ǫ⋆1ǫ⋆2ǫ⋆3 +O(ǫ4), (4.32)

while the running of the tensor spectral index is given by

αt ≃ −2ǫ⋆1ǫ⋆2 − 6ǫ2⋆1ǫ⋆2 +

(

2 ln 3− 74

27

)

ǫ⋆1ǫ
2
⋆2 +

(

2 ln 3− 74

27

)

ǫ⋆1ǫ⋆2ǫ⋆3 − 12ǫ3⋆1ǫ⋆2 +

(

14 ln 3− 1574

81

)

ǫ2⋆1ǫ
2
⋆2

+

(

π2

12
+

74 ln 3

27
− ln2 3− 425

162

)

ǫ⋆1ǫ
3
⋆2 +

(

8 ln 3− 898

81

)

ǫ2⋆1ǫ⋆2ǫ⋆3 +

(

π2

4
+

74 ln 3

9
− 3 ln2 3− 425

54

)

ǫ⋆1ǫ
2
⋆2ǫ⋆3

+

(

−425

162
+
π2

12
+

74 ln 3

27
− ln2 3

)

ǫ⋆1ǫ⋆2ǫ
2
⋆3 +

(

−425

162
+
π2

12
+

74 ln 3

27
− ln2 3

)

ǫ⋆1ǫ⋆2ǫ⋆3ǫ⋆4 +O(ǫ5). (4.33)

Finally, with both the scalar and tensor spectra given above, we can evaluate the tensor-to-scalar ratio at the time
when tensor leaves horizon, i.e., a(η⋆)H⋆ = k, and find that

r ≃ 16c⋆0ǫ⋆1

{

1 +

(

−429

181
+ ln

3

c⋆0

)

q⋆1 + 2ǫ⋆1 ln c⋆0 +

(

67

181
− ln

3

c⋆0

)

ǫ⋆2

+

(

285365

65522
+

64 ln 2

1267
− 610

181
ln

3

c⋆0
+

1

2
ln2 3

c⋆0

)

q2⋆1 +

(

−4865

1629
+
π2

24
+

429

181
ln

3

c⋆0
− 1

2
ln2

3

c⋆0

)

q⋆1q⋆2

+

(

4 ln 3 +

(

1401

181
+ ln 9

)

ln
3

c⋆0
− 2 ln2

3

c⋆0
− 508394

98283
− 1401 ln3

181

)

q⋆1ǫ⋆1 + 2
(

ln c⋆0 + ln2 c⋆0
)

ǫ2⋆1

+

(

42500

98283
+

630 ln3

181
− ln2 3−

(

811

181
+ ln 9

)

ln
3

c⋆0
+ 3 ln2

3

c⋆0

)

ǫ⋆1ǫ⋆2 +

(

1

2
ln2

3

c⋆0
− 32615

196566
− 67

181
ln

3

c⋆0

)

ǫ2⋆2

+

(

−174811

98283
+

677

181
ln

3

c⋆0
− ln2

3

c⋆0

)

ǫ⋆2q⋆1 +

(

86

1629
− π2

24
− 67

181
ln

3

c⋆0
+

1

2
ln2

3

c⋆0

)

ǫ⋆2ǫ⋆3 +O(ǫ3)

}

. (4.34)

V. COMPARISON WITH RESULTS OBTAINED FROM OTHER APPROXIMATIONS

In this section, we compare the expressions we obtained in the above section with the ones obtained by other
approximations, including the first-order uniform asymptotic approximation, the Green’s function method, WKB
approximation, and improved WKB approximation. To do so, we need to restrict ourselves to the special case
cs(η) = 1.
Let us first consider the scalar spectrum. The scalar spectrum by the first-order uniform asymptotic approximation

is given by

Pζ,1st-uniform ≃ 18H2
⋆

8e3π2ǫ⋆1

{

1 +

(

−8

3
+ 2 ln 3

)

ǫ⋆1 +

(

−1

3
+ ln 3

)

ǫ⋆2 +

(

7

9
− 10 ln 3

3
+ 2 ln2 3

)

ǫ2⋆1

+

(

−22

9
+
π2

12
+ ln2 3 +

ln 3

3

)

ǫ⋆1ǫ⋆2 +

(

5

18
− ln 3

3
+

ln2 3

2

)

ǫ2⋆2

+

(

−1

9
+
π2

24
+

ln 3

3
− ln2 3

2

)

ǫ⋆2ǫ⋆3

}

. (5.1)
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In Refs. [7, 22], the authors have found the scalar spectrum by using the Green function method, which is given by

Pζ,Green ≃ H2
⋆

8π2M2
plǫ⋆1

{

1 + 2(α⋆ − 1)ǫ⋆1 + α⋆ǫ⋆2 +

(

2α2
⋆ − 2α⋆ +

π2

2
− 5

)

ǫ2⋆1

+

(

α2
⋆ + α⋆ +

7π2

12
− 7

)

ǫ⋆1ǫ⋆2 +

(

α2
⋆

2
+
π2

8
− 1

)

ǫ2⋆2 +

(

π2

24
− α2

⋆

2

)

ǫ⋆2ǫ⋆3

}

, (5.2)

where α⋆ ≡ 2− ln 2−γ ≃ 0.729637 with γ being the Euler constant γ ≃ 0.577216. By using the WKB approximation,
the scalar spectrum at second order is expressed as

Pζ,WKB ≃ H2
⋆

8π2M2
plǫ⋆1

AWKB

{

1− 2(DWKB − 1)ǫ⋆1 −DWKBǫ⋆2 +

(

2D2
WKB + 2DWKB − 1

9

)

ǫ2⋆1

+

(

D2
WKB −DWKB +

π2

12
− 20

9

)

ǫ⋆1ǫ⋆2 +

(

D2
WKB

2
+
π2

8
− 1

)

ǫ2⋆2 +

(

π2

24
− D2

WKB

2

)

ǫ⋆2ǫ⋆3

}

,

(5.3)

where DWKB = − ln 3 + 1/3 ≃ −0.765278955 and AWKB = 18e−3 ≃ 0.896167. In Ref. [11], the above results were
further improved by taking the next order in the adiabatic approximation into account. With such improvement, the
scalar spectrum is given by

Pζ,WKB∗ ≃ H2
⋆

8π2M2
plǫ⋆1

AWKB⋆

{

1− 2(DWKB∗ − 1)ǫ⋆1 −DWKB∗ǫ⋆2 +

(

2D2
WKB∗

+ 2DWKB∗ −
71

1083

)

ǫ2⋆1

+

(

D2
WKB∗

−DWKB∗ +
π2

12
+

4

57
bS − 2384

1083

)

ǫ⋆1ǫ⋆2 +

(

D2
WKB∗

2
+

253

1083

)

ǫ2⋆2

+

(

π2

24
− D2

WKB∗

2
+

2

57
bS − 49

722

)

ǫ⋆2ǫ⋆3

}

, (5.4)

where AWKB∗ = 361/(18e3) ≃ 0.998507, DWKB∗ = − ln 3 + 7/19 ≃ −0.730191, and bS is an undetermined coefficient.
For the overall amplitude in the above expressions, it is clear that the results obtained from the first-order uniform
asymptotic approximation, the Green’s function method, WKB approximation, and the improved WKB approxima-
tion, have a relative difference ≃ 10.5%, 0.13%, 10.5%, or 0.28%, respectively, from ours that have an error bound
. 0.15%. It is worth emphasizing that the amplitudes in Eq.(4.28) and Eq.(5.2) are the closest ones among the four
amplitudes. In Table III, we also compare these numerical coefficients in the front of the Hubble flow parameters.

TABLE III: Comparison of the numerical coefficients of the scalar spectrum obtained by various methods

Method ǫ⋆1 ǫ⋆2 ǫ2⋆1 ǫ⋆1ǫ⋆2 ǫ2⋆2 ǫ⋆2ǫ⋆3

3rd-order uniform -0.54310691 0.72844654 -0.45788334 0.050725385 0.4997524 0.16163455

1st-order uniform -0.46944209 0.76527896 -0.47036526 -0.048824354 0.51504816 0.062852021

Green function method -0.5407257 -0.72963715 -0.45973135 0.019276766 0.4998857 0.14504833

WKB -0.4694421 0.76527896 -0.47036526 -0.04882435 0.5150482 0.06285202

improved WKB -0.539617 0.7301912 -0.459583 -0.115455+0.070175 bS 0.500200 0.07677686+0.035088 bS

Now we turn to consider the tensor spectrum. The expressions from the first-order uniform asymptotic approxima-
tion, the Green’s function method, WKB approximation, and improved WKB approximation are given, respectively,
by

Ph,1st-uniform ≃ 36H2
⋆

e3M2
pl

{

1 +

(

2 ln 3− 8

3

)

ǫ⋆1 +

(

7

9
− 10 ln 3

3
+ 2 ln2 3

)

ǫ2⋆1

+

(

−26

9
+
π2

12
+

8 ln 3

3
− ln2 3

)

ǫ⋆1ǫ⋆2

}

, (5.5)
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Ph,Green ≃ 2H2
⋆

π2M2
pl

{

1 + 2(α⋆ − 1)ǫ⋆1 +

(

2α2
⋆ − 2α⋆ +

π2

2
− 5

)

ǫ2⋆1 +

(

−α2
⋆ + 2α⋆ +

π2

12
− 2

)

ǫ⋆1ǫ⋆2

}

, (5.6)

Ph,WKB ≃ 2H2
⋆

π2M2
pl

AWKB

{

1− 2(DWKB + 1)ǫ⋆1 +

(

2D2
WKB + 2DWKB − 1

9

)

ǫ2⋆1

−
(

D2
WKB + 2DWKB − π2

12
+

19

9

)

ǫ⋆1ǫ⋆2

}

, (5.7)

Ph,WKB∗ ≃ 2H2
⋆

π2M2
pl

AWKB∗

{

1− 2(DWKB∗ + 1)ǫ⋆1 +

(

2D2
WKB∗

+ 2DWKB∗ −
1

9

)

ǫ2⋆1

−
(

D2
WKB∗

+ 2DWKB∗ −
π2

12
+

19

9

)

ǫ⋆1ǫ⋆2

}

. (5.8)

In Table IV, we present the numerical coefficients of the tensor spectrum for each method.

TABLE IV: Comparison of numerical coefficients of tensor spectrum

Methods ǫ⋆1 ǫ2⋆1 ǫ⋆1ǫ⋆2

3rd-order uniform -0.54310691 -0.45788334 -0.21983782

1st-order uniform -0.46944208 -0.47036526 -0.34373805

Green function method -0.5407257 -0.45973135 -0.25062903

WKB method -0.4694421 -0.47036526 -0.34373805

improved WKB method 0.539617 -0.459583 -0.361440846

VI. CONCLUSIONS AND DISCUSSIONS

The uniform asymptotic approximation method pro-
vides a powerful, systematically improvable, and error-
controlled approach to construct accurate analytical so-
lutions of linear perturbations [18, 19]. In this paper,
by applying the high-order uniform asymptotic approx-
imations, we have obtained explicitly the analytical ex-
pressions of power spectra, spectral indices, and running
of spectral indices for both scalar and tensor perturba-
tions in the k-inflation with the slow-roll approximation.
These expressions are all written in terms of both the
Hubble flow parameters defined in Eq.(2.5) and sound
speed flow parameters defined in Eq.(2.8). Comparing to
the previous results obtained by the first-order uniform
asymptotic approximation which in general have an er-
ror bound . 15%, the accuracy of the power spectra
presented in this paper have been improved to . 0.15%,
which meets the accuracy of the current and forthcom-
ing observations. In addition, the numerical coefficients
in front of both the Hubble flow parameters and sound
speed flow parameters are also highly improved by cor-
rections from the high-order uniform asymptotic approx-
imation.
Moreover, in Sec. V, we have made detailed compar-

isons of the power spectra we obtained with the ones ob-
tained by other approximate methods, including the first-
order uniform asymptotic approximation, the Green’s
function method, WKB approximation, and improved
WKB approximation. It is shown that the results from
the high-order uniform asymptotic approximation and
the ones from the Green’s function are the closest ones
among the results obtained by the five different methods.
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Appendix A: Relations of slow-roll parameters

In this appendix, we present the relations between the
Hubble flow parameters ǫi used in this paper and the
slow-roll parameters (ǫ, δi) used in Refs. [7, 19]. It can be
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shown that the parameters (ǫ, δi) in terms of the Hubble
flow parameters ǫi are given by

ǫ = ǫ1,

δ1 =
ǫ2
2

− ǫ1,

δ2 = 2ǫ21 −
5ǫ2ǫ1
2

+
ǫ22
4

+
ǫ2ǫ3
2
. (A.1)

On the other hand, the Hubble flow parameters can also
be expressed in terms of (ǫ, δi), and are given by

ǫ1 = ǫ,

ǫ2 = 2δ1 + 2ǫ,

ǫ2ǫ3 = 6δ1ǫ− 2δ21 + 2δ2 + 4ǫ2. (A.2)

Appendix B: Slow-roll expansions of ν0, ν1, ν2, ν3
and c1, c2, c3, c4

In this section we present the results of the slow-
roll expansions of the quantities (ν0, ν1, ν2, ν3) and
(c1, c2, c3, c4). For the scalar perturbations, the expan-
sions of (ν0, ν1, ν2, ν3) are given, respectively, by

νs0 ≃ 3

2
+ q1 + ǫ1 +

1

2
ǫ2 + q1ǫ1 +

1

3
q1q2 + ǫ21 +

11

6
ǫ2ǫ1

+
1

6
ǫ2ǫ3 + q1ǫ

2
1 +

4

9
q1q2ǫ1 +

10

9
q1ǫ2ǫ1 −

1

9
q1q2ǫ2

−1

9
q1ǫ2ǫ3 −

2

9
q21q2 + ǫ31 +

77

18
ǫ2ǫ

2
1 +

17

9
ǫ22ǫ1

+
14

9
ǫ2ǫ3ǫ1 −

1

18
ǫ22ǫ3 +O(ǫ4), (B.1)

νs1 ≃ −q1q2 − ǫ1ǫ2 −
ǫ2ǫ3
2

− 2q1q2ǫ1 − q1ǫ1ǫ2

−1

3
q1q

2
2 −

1

3
q1q3q2 −

11

6
ǫ1ǫ

2
2 −

1

6
ǫ2ǫ

2
3 − 3ǫ21ǫ2

−7

3
ǫ1ǫ2ǫ3 −

1

6
ǫ2ǫ3ǫ4 − 3q1q2ǫ

2
1 − 3q1ǫ2ǫ

2
1

−7

9
q1q

2
2ǫ1 −

10

9
q1ǫ

2
2ǫ1 −

7

9
q1q2q3ǫ1 −

23

9
q1q2ǫ2ǫ1

−10

9
q1ǫ2ǫ3ǫ1 +

1

9
q1ǫ2ǫ

2
3 +

1

9
q1q

2
2ǫ2 +

1

9
q1q2q3ǫ2

+
2

9
q1q2ǫ2ǫ3 +

1

9
q1ǫ2ǫ3ǫ4 +

4

9
q21q

2
2 +

2

9
q21q2q3

−6ǫ2ǫ
3
1 −

205

18
ǫ22ǫ

2
1 −

119

18
ǫ2ǫ3ǫ

2
1 −

17

9
ǫ32ǫ1

−31

18
ǫ2ǫ

2
3ǫ1 −

35

6
ǫ22ǫ3ǫ1 −

31

18
ǫ2ǫ3ǫ4ǫ1 +

1

9
ǫ22ǫ

2
3

+
1

18
ǫ22ǫ3ǫ4 +O(ǫ5), (B.2)

νs2 ≃ q1q
2
2 + q1q3q2 + ǫ1ǫ

2
2 +

1

2
ǫ2ǫ

2
3 + ǫ1ǫ2ǫ3 +

1

2
ǫ2ǫ3ǫ4

+3q1q
2
2ǫ1 + 3q1q3q2ǫ1 + 3q1q2ǫ1ǫ2 + q1ǫ1ǫ

2
2 + q1ǫ1ǫ2ǫ3

+
1

3
q1q

3
2 + q1q3q

2
2 +

1

3
q1q

2
3q2 +

1

3
q1q3q4q2 +

11

6
ǫ1ǫ

3
2

+
1

6
ǫ2ǫ

3
3 + 7ǫ21ǫ

2
2 +

17

6
ǫ1ǫ2ǫ

2
3 +

1

6
ǫ2ǫ3ǫ

2
4 + 6ǫ1ǫ

2
2ǫ3

+4ǫ21ǫ2ǫ3 +
1

2
ǫ2ǫ

2
3ǫ4 +

17

6
ǫ1ǫ2ǫ3ǫ4 +

1

6
ǫ2ǫ3ǫ4ǫ5

+O(ǫ5), (B.3)

νs3 ≃ −q1q32 − 3q1q3q
2
2 − q1q

2
3q2 − q1q3q4q2 − ǫ1ǫ

3
2

−1

2
ǫ2ǫ

3
3 − ǫ1ǫ2ǫ

2
3 −

1

2
ǫ2ǫ3ǫ

2
4 − 3ǫ1ǫ

2
2ǫ3 −

3

2
ǫ2ǫ

2
3ǫ4

−ǫ1ǫ2ǫ3ǫ4 −
1

2
ǫ2ǫ3ǫ4ǫ5 +O(ǫ5). (B.4)

For tensor perturbations, we find

νt0 ≃ 3

2
+ ǫ1 + ǫ21 +

4

3
ǫ2ǫ1 + ǫ31 +

34

9
ǫ2ǫ

2
1

+
4

3
ǫ22ǫ1 +

4

3
ǫ2ǫ3ǫ1 +O(ǫ4), (B.5)

νt1 ≃ −ǫ1ǫ2 − 3ǫ2ǫ
2
1 −

4

3
ǫ22ǫ1 −

4

3
ǫ2ǫ3ǫ1 − 6ǫ2ǫ

3
1

−89

9
ǫ22ǫ

2
1 −

46

9
ǫ2ǫ3ǫ

2
1 −

4

3
ǫ32ǫ1 −

4

3
ǫ2ǫ

2
3ǫ1

−4ǫ22ǫ3ǫ1 −
4

3
ǫ2ǫ3ǫ4ǫ1 +O(ǫ5), (B.6)

νt2 ≃ ǫ1ǫ
2
2 + ǫ1ǫ3ǫ2 +

4

3
ǫ1ǫ

3
2 + 7ǫ21ǫ

2
2 + 4ǫ1ǫ3ǫ

2
2

+
4

3
ǫ1ǫ

2
3ǫ2 + 4ǫ21ǫ3ǫ2 +

4

3
ǫ1ǫ3ǫ4ǫ2 +O(ǫ5),

(B.7)

νt3 ≃ −ǫ1ǫ32 − 3ǫ1ǫ3ǫ
2
2 − ǫ1ǫ

2
3ǫ2 − ǫ1ǫ3ǫ4ǫ2

+O(ǫ5). (B.8)

Now we turn to consider c1, c2, c3, c4, which are given
by

c1 ≃ c0
(

q1ǫ
2
1 + q1ǫ1 + q1ǫ2ǫ1 + q1 +O(ǫ4)

)

, (B.9)

c2 ≃ c0
(

q21 − q1q2 + 2q21ǫ1 − 2q2q1ǫ1 − q1ǫ1ǫ2 + 3q21ǫ
2
1

+ 2q21ǫ1ǫ2 − 3q2q1ǫ
2
1 − q1ǫ1ǫ

2
2 − 3q1ǫ

2
1ǫ2

− 2q2q1ǫ1ǫ2 − q1ǫ1ǫ2ǫ3 +O(ǫ5)
)

, (B.10)

c3 ≃ c0
(

q31 − 3q2q
2
1 + q22q1 + q2q3q1 + 3q31ǫ1 − 9q2q

2
1ǫ1

−3q21ǫ1ǫ2 + q1ǫ1ǫ
2
2 + 3q22q1ǫ1 + 3q2q3q1ǫ1

+3q2q1ǫ1ǫ2 + q1ǫ1ǫ2ǫ3 +O(ǫ5)
)

, (B.11)

and

c4 ≃ c0
(

q41 − 6q2q
3
1 + 7q22q

2
1 + 4q2q3q

2
1 − q32q1 − q2q

2
3q1

−3q22q3q1 − q2q3q4q1 +O(ǫ5)
)

. (B.12)
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