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The Higgs boson is produced at the LHC through gluon fusion at roughly the Standard Model
rate. New colored fermions, which can contribute to gg → h, must have vector-like interactions
in order not to be in conflict with the experimentally measured rate. We examine the size of
the corrections to single and double Higgs production from heavy vector-like fermions in SU(2)L
singlets and doublets and search for regions of parameter space where double Higgs production is
enhanced relative to the Standard Model prediction. We compare production rates and distributions
for double Higgs production from gluon fusion using an exact calculation, the low energy theorem
(LET), where the top quark and the heavy vector-like fermions are taken to be infinitely massive,
and an effective theory (EFT) where top mass effects are included exactly and the effects of the

heavy fermions are included to O
(

1

M2

X

)

. Unlike the LET, the EFT gives an extremely accurate

description of the kinematic distributions for double Higgs production.

PACS numbers:

I. INTRODUCTION

Having discovered a particle with the generic properties of the Standard Model Higgs boson, the next important step
is to determine what, if any, deviations from the standard picture are allowed by the data. The observed production
and decay modes of the Higgs boson are within ∼ 20% of the expectation for a weakly coupled Higgs particle[1, 2] and
so the possibilities for new physics in the Higgs sector are highly constrained[3]. A convenient framework to examine
possible new high scale physics is the language of effective field theories, where the theory is constructed to reduce to
the Standard Model at the electroweak scale, but new interactions are allowed at higher scales. We study an extension
of the Standard Model where there are new massive quarks which are allowed to interact with the Standard Model
particles, and thus potentially modify Higgs production and decay rates. Heavy fermions occur in many Beyond the
Standard Model (BSM) scenarios, in particular Little Higgs models [4–7] and composite Higgs models[8–12] in which
the Higgs is strongly interacting at high scales. We consider models with both charge 2

3 and − 1
3 heavy quarks, but

where there are no additional Higgs bosons beyond the Standard Model SU(2)L doublet.
New heavy colored fermions which couple to the Higgs boson cannot occur in chiral multiplets since they would

give large contributions to the rate for Higgs production from gluon fusion[13, 14]. A single SU(2)L heavy quark
doublet with corresponding right-handed heavy quark singlets would increase the gluon fusion Higgs production rate
by a factor ∼ 9, which is definitively excluded. Vector-like quarks, on the other hand, decouple at high energy and
can be accommodated both by precision electroweak data, and by Higgs production measurements. Models with a
single multiplet of new vector-like fermions have been studied extensively in the context of single and double Higgs
production from gluon fusion[4, 15–22]. The rates for both single and double Higgs production in this class of models
are close to those of the Standard Model and the gluon fusion processes are insensitive to the top partner masses and
couplings. This general feature is a result of the structure of the quark mass matrix and can be proven using the
Higgs low energy theorems (LETs)[12, 23, 24].
We study more complicated models with several multiplets of vector-like quarks in both SU(2)L doublet and

singlet representations[25], which are allowed to mix with the Standard Model quarks and with each other. Higgs
production from gluon fusion can be significantly altered from the Standard Model prediction when this mixing is
allowed[18, 21, 24]. We explore the possibility of having the double Higgs production rate be strongly enhanced or
suppressed relative to the Standard Model, while keeping the single Higgs rate close to that of the Standard Model.
Models with multiple representations of vector-like fermions have also been considered in the context of flavor, where
they have been used to generate a hierarchy of masses for the Standard Model fermions[26, 27].
Effective field theory (EFT) techniques can be used to integrate out the effects of heavy fermions. Low energy

physics is then described by an effective Lagrangian,

Leff = LSM +
∑

i

fiOi

Λ2
+ ... , (1)
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where Oi are the dimension−6 operators corresponding to new physics at the scale Λ. These operators have been
catalogued under various assumptions[11, 28, 29] and in this paper, we consider only those operators affecting the
gluon fusion production of Higgs bosons. We calculate the contributions to the fi obtained by integrating out heavy
vector-like quarks in SU(2)L singlet and doublet representations, using the equations of motion. The new physics
arising from the heavy vector-like quarks yields corrections to the Standard Model SU(2)L × U(1) gauge couplings
and to the Yukawa couplings of the light fermions.
For arbitrary fermion mass matrices, we compute both single and double Higgs production from gluon fusion. As a

by product of our calculation, we compare rates found by diagonalizing the mass matrices exactly, from the effective

theory of Eq. 1 which contains terms of O
(

m2

t

Λ2

)

, and from the low energy theorems, where mt → ∞ along with the

new vector-like quarks, in order to establish the numerical accuracy of the various approximations.
Section II contains a brief description of the class of models studied here. A description of single and double Higgs

production using the LET description and the EFT with top and bottom quark mass effects included is given in
Section III. Analytic results in an example with small mixing between the Standard Model 3rd generation quarks
and the heavy quarks are given in Section IV in order to give an intuitive understanding of the new physics resulting
from integrating out the heavy vector-like fermions, while Section V summarizes limits from precision electroweak
measurements. Our major results are contained in Section VI, where total rates and distributions for double Higgs
production are given in the full theory, the LET, and the EFT. Finally, some conclusions are in Section VII.

II. THE MODEL

We consider models where in addition to the Standard Model field content, there are two vector-like SU(2)L singlets,
U and D, and one vector-like SU(2)L doublet, Q, with hypercharges Y = 4/3, −2/3, and 1/3, respectively. We only
allow mixing between the new fermions and the 3rd generation Standard Model quarks since the interactions of the
two light generations of quarks are highly constrained. The Standard Model 3rd generation fermions are

qL =

(

tL
bL

)

, tR , bR , (2)

and the heavy vector-like fermions are,

Q =

(

T
B

)

, U ,D , (3)

where the left- and right- handed components have identical transformation properties under SU(2)L×U(1), allowing
for Dirac mass terms. Finally, the Higgs doublet takes its usual form in unitary gauge after electroweak symmetry
breaking,

H =

(

0
v+h√

2

)

, (4)

where v = 246 GeV is the Higgs vev, and h is the Higgs boson. The Standard Model Lagrangian involving the third
generation fermions and the Higgs boson is,

LSM = iqL /DqL + itR /DtR + ibR /DbR −
(

λtqLH̃tR + λbqLHbR + h.c.

)

+ |DµH |2 − V (H),

(5)

where H̃ ≡ iσ2H
∗, V (H) is the Higgs potential, Dµ = (∂µ − i g2T ·Wµ − i g

′

2 Y Bµ − igst · Gµ), T
a = σa for SU(2)L

doublets, T a = 0 for SU(2)L singlets, σa are the Pauli matrices, for the quarks t are the SU(3)C fundamental
representation matrices, for the Higgs t = 0, and Q = (Y + T 3)/2 is the electric charge operator. The classical
equations of motion corresponding to Eq. 5 are [28],

i /DqL = λtH̃tR + λbHbR

i /DtR = λtH̃
†qL

i /DbR = λbH
†qL . (6)
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The most general Lagrangian coupling the third generation quarks and the new fermions is LNP ,

LNP ≡ L′
M + L′

KE + L′
Y

L′
M = −MQQ−MUUU −MDDD

L′
KE = Q(i /D)Q+ U(i /D)U +D(i /D)D

L′
Y = −

{

λ1QLH̃UR + λ2QLHDR + λ3QRH̃UL +M4qLQR +M5ULtR +M6DLbR

+λ7qLH̃UR + λ8qLHDR + λ9QLH̃tR + λ10QLHbR + λ11QRHDL + h.c.

}

. (7)

The much studied cases where the Standard Model top quark mixes with only a singlet or doublet vector-like
fermion[15–17, 19, 30–34] can be obtained from this study, as can the composite model case where the Standard
Model quarks do not couple to the Higgs doublet (λt = λb = λ7 = λ9 = λ10 = 0). We will consider various mass
hierarchies in the following sections.
The mass and Yukawa interactions can be written as

− LY ′ = χt
LM

(t)(h)χt
R + χb

LM
(b)(h)χb

R + h.c. , (8)

where χt
L,R ≡ (t, T, U)L,R, χ

b
L,R ≡ (b, B,D), and the Higgs-dependent fermion mass matrices are

M (t)(h) =







λt(
h+v√

2
) M4 λ7(

h+v√
2
)

λ9(
h+v√

2
) M λ1(

h+v√
2
)

M5 λ3(
h+v√

2
) MU






, M (b)(h) =







λb(
h+v√

2
) M4 λ8(

h+v√
2
)

λ10(
h+v√

2
) M λ2(

h+v√
2
)

M6 λ11(
h+v√

2
) MD






, (9)

where typically λi ∼ O(1). The mass eigenstate fields, ψt ≡ (T1, T2, T3) and ψ
b ≡ (B1, B2, B3), are found by means

of bi-unitary transformations,

− LY ′ = χt
L(V

t†
L V t

L)M
(t)(h)(V t†

R V t
R)χ

t
R + χb

L(V
b†
L V b

L)M
(b)(h)(V b†

R V b
R)χ

b
R + h.c.

= ψ
t

LM
t
diagψ

t
R + ψ

b

LM
b
diagψ

b
R + ψ

t

LYtψt
Rh+ ψ

b

LYbψb
Rh+ h.c. , (10)

and (T1, B1) are the Standard Model 3rd generation quarks. The diagonal mass matrices can be written,

M t
diag = V t

LM
(t)(0)V t†

R

(M t
diag)

2 = V t
LM

(t)(0)M (t)(0)†V t†
L

= V t
RM

(t)(0)†M (t)(0)V t†
R , (11)

where we have set h = 0, the Yukawa matrix is

Yt h = V t
L

(

M (t)(h)−M (t)(0)
)

V t†
R (12)

and similarly in the b sector.
The couplings to the W contain both left- and right- handed contributions,

LW =
g√
2

(

χt,2
R γµχ

b,2
R +

∑

i=1,2

χt,i
L γµχ

b,i
L

)

W+µ + h.c.

=
g√
2

∑

j,k=1,2,3

(

ψ
t,j

L (UL)jkγµψ
b,k
L + ψ

t,j

R (UR)jkγµψ
b,k
R

)

W+µ + h.c. , (13)

where

(UL)jk =
∑

i=1,2

(V t
L)ji(V

b†
L )ik

(UR)jk = (V t
R)j2(V

b†
R )2k (14)
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Finally, the couplings to the Z are,

LZ =
g

2cW

∑

j,k=1,2,3

{

ψ
t

L,j(X
t
L)jkγµψ

t
L,k + ψ

t

R,j(X
t
R)jkγµψ

t
R,k

−ψb

L,j(X
b
L)jkγµψ

b
L,k − ψ

b

R,j(X
b
R)jkγµψ

b
R,k

}

Zµ

− g

2cW
(2s2W )Jµ

EMZµ , (15)

where sW = sin θW , cW = cos θW , θW is the weak mixing angle,

(Xt
L)jk =

∑

i=1,2

(V t
L)ji(V

t†
L )ik

(Xt
R)jk = (V t

R)j2(V
t†
R )2k

(Xb
L)jk =

∑

i=1,2

(V b
L)ji(V

b†
L )ik

(Xb
R)jk = (V b

R)j2(V
b†
R )2k (16)

and Jµ
EM is the usual electromagnetic current,

Jµ
EM = Qt

[

ψ
t

Lγ
µψt

L + ψ
t

Rγ
µψt

R

]

+Qb

[

ψ
b

Lγ
µψb

L + ψ
b

Rγ
µψb

R

]

. (17)

The Z couplings contain flavor non-diagonal contributions due to the off diagonal terms in Xt,b
L,R. It is straightforward

to apply the results of Eqs. 13 and 15 to find the gauge boson couplings in a specific model.

III. EFFECTIVE THEORY RESULTS

In this section, we consider single and double Higgs production from gluon fusion in the general model described
in the previous section. We begin with the results using the LET, in which the top quark and all top partners are
taken infinitely massive. We next include the top quark and bottom quark masses exactly and compute to O( 1

M2

X

),

where MX is a generic heavy vector fermion mass. These results (EFT) are then matched to an effective Lagrangian
to determine the coefficients of the dimension-6 operators. We are interested in comparing the numerical accuracy of
the two approximations with the exact calculations for the gluon fusion rates.

A. Effective Theory From Low Energy Theorems

The low energy theorems can be used to integrate out the effect of the charge 2
3 massive particles, including the top

quark. In the limit in which fermion masses (MT1
,MT2

,MT3
) are much heavier than the Higgs mass, the hgg coupling

can be found from the low energy effective interaction of a colored Dirac fermion with the gluon field strength[35],

L
(t)
hgg =

αs

24π
h

(

∂

∂h
ln

[

det(M (t)(h)†M (t)(h))

])

h=0

GA,µνGA
µν , (18)

where GA
µν is the gluon field-strength tensor. With no approximation on the relative size of the parameters in M (t),

the LET gives for the contributions from the top sector alone,

L
(t)
hgg =

αs

12π

h

v

[

1 + 2λ3v
2

(

λ1λt − λ7λ9
X

)]

GA,µνGA
µν , (19)

where,

X ≡ − v

2
√
2
detM (t)(0) = v2λ3(λ1λt − λ7λ9) + 2

[

−λ1M4M5 +MM5λ7 +MUM4λ9 − λtMMU

]

. (20)
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Having non-zero λ3, the coupling between the doublet and singlet vector-like quarks and Higgs boson, is critical for
achieving a result which is different from the LET for the Standard Model:

LSM
hngg =

αs

12π

[

h

v
− h2

2v2
+ . . .

]

GA,µνGA
µν . (21)

This can be understood by noting that when the mass matrix factorizes,

det
(

M (t)(h)
)

= F

(

h

v

)

G(λi,MX ,mt) , (22)

the LET has no dependence on the heavy mass scales and Yukawa couplings as in Eq. 21 [12, 23, 24]. In the limit
λ3 → 0, we have:

detM (t)(h)

∣

∣

∣

∣

λ3=0

= −h+ v

2
√
2
X

∣

∣

∣

∣

λ3=0

. (23)

and the LET reduces to the Standard Model result.
In the limit M,MU ≫M5,M4, v and all the Yukawa couplings λi are O(1),

L
(t)
hgg → αs

12π

h

v

[

1− λ3v
2

(

λ1λt − λ7λ9
MMUλt

)]

Gµν,AGA
µν . (24)

If, motivated by composite models[12], we assume that there are no couplings of the Standard Model quarks to the
Higgs, then λt = λb = λ7 = λ9 = λ10 = 0, and with no assumption about the relative sizes of the remaining terms,

L
(t)
hgg → αs

12π

h

v
GA,µνGA

µν , (25)

and the Standard Model result is recovered. Similarly to above, in this limit the determinant of the mass matrix
factorizes.
Double Higgs production can also be found using the LET [15, 18, 35],

L
(t)
hhgg =

αs

48π
h2
(

∂2

∂h2
ln

[

detM (t)(h)†M (t)(h)

])

h=0

GA,µνGA
µν , (26)

and we obtain,

L
(t)
hhgg = − αs

24π

h2

v2

{

1− 2λ3v
2(λ1λt − λ7λ9)

[

1

X
− 2λ3v

2(λ1λt − λ7λ9)

X2

]}

GA,µνGA
µν . (27)

In the limit M,MU ≫M4,M5, v,

L
(t)
hhgg = − αs

24π

h2

v2

{

1 + λ3v
2

(

λ1λt − λ7λ9
MMUλt

)}

GA,µνGA
µν . (28)

Since the b quark is not a heavy fermion, the effective ggh Lagrangian in the charge − 1
3 sector requires more care

and the LET cannot be naively applied. In the next section, we formally integrate out the heavy T2, T3 and B2, B3

fields, while retaining all mass dependence from the light Standard Model-like quarks, T1, B1.

B. Effective Theory with Top and Bottom Quark Masses

The effects of finite top and bottom quark masses can be included by using the classical equations of motion to
integrate out the heavy fields T2, T3, B2 and B3[27, 28, 30, 31, 36]. We assume that M,MU and MD are of similar
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magnitude and are much larger than v, that the Yukawa couplings, λi, are of O(1), and expand to O(1/M2
X),

UL =

(

− λ7
MU

+
λ1M4

MMU
− λtM5

M2
U

)

(H̃†qL) +O
(

1

M3
X

)

UR =

[

− M5

MU
+

(

λ3λ9
MMU

− λtλ7
M2

U

)

(H†H)

]

tR − λ7
M2

U

i(DµH̃)†γµqL +O
(

1

M3
X

)

DL =

(

− λ8
MD

+
λ2M4

MMD
− λbM6

M2
D

)

(H†qL) +O
(

1

M3
X

)

DR =

[

− M6

MD
+

(

λ10λ11
MMD

− λbλ8
M2

D

)

(H†H)

]

bR − λ8
M2

D

i(DµH)†γµqL +O
(

1

M3
X

)

QL =

[

−M4

M
+

(

λ8λ11
MMD

− λbλ10
M2

)

(HH†) +

(

λ3λ7
MMU

− λtλ9
M2

)

H̃H̃†
]

qL

− λ9
M2

(i /DH̃)tR − λ10
M2

(i /DH)bR +O
(

1

M3
X

)

QR =

(

−λ9
M

+
λ1M5

MMU
− λtM4

M2

)

H̃tR

+

(

−λ10
M

+
λ2M6

MMD
− λbM4

M2

)

HbR +O
(

1

M3
X

)

.

(29)

Substituting Eq. 29 into L′
M + L′

Y ,

L′
M + L′

Y ≡ L
(a)
eff

→ −
{(

−M5λ7
MU

− M4λ9
M

+
λ1M4M5

MMU
+
λ3λ7λ9
MMU

(H†H)

)

qLH̃tR

+

(

−M6λ8
MD

− M4λ10
M

+
λ2M4M6

MMD
+
λ8λ10λ11
MMD

(H†H)

)

qLHbR

+h.c.

}

+ δLh
eff +O

(

1

M3
X

)

, (30)

where δLh
eff collects the contributions from the terms in Eq. 29 containing derivatives of the Higgs field[31],

δLh
eff =

{

1

4

(

λ27
M2

U

− λ28
M2

D

)

(H†iDµH)(qLγ
µqL)

−1

4

(

λ27
M2

U

+
λ28
M2

D

)

(H†σaiDµH)(qLγ
µσaqL)

− λ29
2M2

[

(H†iDµH)(tRγ
µtR)

]

+
λ210
2M2

[

(H†iDµH)(bRγ
µbR)

]

+
λ9λ10
M2

[

(H̃†iDµH)(tRγ
µbR)

]}

+ h.c.+O
(

1

M3
X

)

. (31)

Eq. 31 corresponds to ∆LF1
of Refs. [29, 37].

Similarly, substituting Eq. 29 into the kinetic energy terms of L′
KE,

L′
KE ≡ L

(b)
eff

→ 1

2

{

λtqLH̃tR

(

M2
4

M2
+
M2

5

M2
U

+ (H†H)

[

λ27
M2

U

+
λ29
M2

])

+λbqLHbR

(

M2
4

M2
+
M2

6

M2
D

+ (H†H)

[

λ28
M2

D

+
λ210
M2

])}

+h.c.+O
(

1

M3
X

)

. (32)
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t

t

h

h t h

h
t

+ →
t

t h

h

T2,3 T2,3

(a)

h

h h

h

+ →
h

h

T2,3 T2,3

(b)

h

→
h

T2,3

(c)

FIG. 1: Representative diagrams corresponding to integrating out heavy fields and generating the (a) t̄thh, (b) GA,µνGA
µνh

2,

and (c) GA,µνGA
µνh operators in Eq. 33.

The effective low energy Lagrangian after electroweak symmetry breaking contains only Standard Model fields,
but non-Standard Model coefficients and operators have been generated by integrating out the heavy fields. The
procedure of integrating out by the equations of motion occurs at tree level. However, at loop level, integrating out
heavy colored particles will generate operators of the form GA,µνGA

µνh
2 and GA,µνGA

µνh, which need to be included
in the effective Lagrangian:

Leff = LSM + L
(a)
eff + L

(b)
eff + δLh

eff +
cgαs

12πv
GA,µνGµν

A h− cggαs

24πv2
GA,µνGµν

A h2

= iqL /DqL + itR /DtR + ibR /DbR + |DµH |2 − V (H)−mttt− Yttth+ c
(t)
2h tth

2

−mbbb− Ybbbh+ c
(b)
2h bbh

2 +
cgαs

12πv
GA,µνGµν

A h− cggαs

24πv2
GA,µνGµν

A h2

+
g√
2

{[

δgL tLγ
µbL + δgR tRγ

µbR

]

W+
µ + h.c.

}

+
g

cW

{

tLγµtL δZ
t
L + tRγµtR δZ

t
R + bLγµbL δZ

b
L + bRγµbR δZ

b
R

}

Zµ

+δLh′

eff +O
(

1

M3
X

)

. (33)

The non-Standard Model like gauge boson coupling in lines 4 and 5 in the above equation originate from δLh
eff ,

and δLh′

eff is defined to be δLh
eff with these terms removed. In Fig. 1 we show representative diagrams illustrating

the generation of the (a) t̄th2, (b) GA,µνGA
µνh

2, and (c) GA,µνGA
µνh effective operators. To O

(

1
M2

X

)

, the Yukawa
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couplings are shifted from their Standard Model values,

√
2Yt = λt

{

1−
[

M2
4

2M2
+

M2
5

2M2
U

+
3v2

4

(

λ27
M2

U

+
λ29
M2

)]}

−M5λ7
MU

− M4λ9
M

+
λ1M4M5

MMU
+

3v2

2MMU
λ3λ7λ9

=
√
2
mt

v
+

v2

MMU
λ3λ7λ9 − λt

v2

2

(

λ27
M2

U

+
λ29
M2

)

Ytv

mt
≡ 1 + δt

√
2Yb = λb

{

1−
[

M2
4

2M2
+

M2
6

2M2
D

+
3v2

4

(

λ28
M2

D

+
λ210
M2

)]}

−M6λ8
MD

− M4λ10
M

+
λ2M4M6

MMD
+

3v2

2MMD
λ8λ10λ11

=
√
2
mb

v
+

v2

MMD
λ8λ10λ11 − λb

v2

2

(

λ28
M2

D

+
λ210
M2

)

Ybv

mb
≡ 1 + δb . (34)

We see that Yt and Yb are no longer proportional to mt = MT1
and mb = MB1

. Non-Standard Model couplings of
the fermions to Higgs pairs are also generated, as are Higgs-gluon effective couplings,

c
(t)
2h

v
=

3

2
√
2

{

−λ3λ7λ9
MMU

+
1

2
λt

(

λ27
M2

U

+
λ29
M2

)}

= − 3

2v2

(

Yt −
mt

v

)

= −3

2

mtδt
v3

c
(b)
2h

v
=

3

2
√
2

{

−λ8λ10λ11
MMD

+
1

2
λb

(

λ28
M2

D

+
λ210
M2

)}

= −3

2

mbδb
v3

cg = v2
[

− λ1λ3
MMU

− λ2λ11
MMD

+
1

2

(

λ27
M2

U

+
λ28
M2

D

+
λ29 + λ210
M2

)]

= −cgg. (35)

The top and bottom quark couplings to ggh and gghh are not included in cg and cgg , but can be calculated at one-loop
using the effective interactions of Eq. 33. The effective Lagrangian depends on only 3 new parameters: cg, δt, and δb,
along with the physical masses, mt =MT1

and mb =MB1
, and v. It is important to note, that within the context of

this model, the coefficients of the effective Lagrangian cannot all be independently varied. This feature can also arise
in composite Higgs models [21].
The non-Standard Model couplings to the W and Z are given to O(1/M2

X) by,

δgL = − v2

4

(

λ2

7

M2

U

+
λ2

8

M2

D

)

δgR =
v2λ9λ10
2M2

δZt
L = − v2λ2

7

4M2

U

δZt
R =

v2λ29
4M2

δZb
L =

v2λ2

8

4M2

D

δZb
R = −v

2λ210
4M2

(36)
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IV. UNDERSTANDING THE FULL THEORY

A. Hierarchy 1

In order to understand some general features of the mass matrices we consider a hierarchy where the mixing angles
are small,

θ ∼ λiv

M4
∼ λiv

M5
∼ M4

M
∼ M5

M
and θ2 ∼ λiv

M
. (37)

This maintains the hierarchy, λiv ≪ M4,M5 ≪ M,MU ,MD, keeping the off-diagonal elements of the mass matrices
small. In this limit the matrices which diagonalize the top quark mass matrix can be written as

V t
L =





1− 1
2θ

D2
L −θDL −θS2

L

θDL 1− 1
2θ

D2
L θH2

L

θS2
L −θH2

L 1





V t
R =





1− θS2
R −θD2

R −θSR
θD2
R 1 −θH2

R

θSR θH2
R 1− θS2

R

2



 , (38)

where the matrices of Eq. 38 are unitary to O(θ3).1 The angles θD (θS) can be thought of as the doublet (singlet)
vector fermion-mixing with the Standard Model-like top quark, and θH as the doublet-singlet vector fermion mixing.
All angles are assumed to scale as Eq. 37.
In the small angle limit of Eq. 38, we can then solve for the parameters of the Lagrangian:

M(t)(0) =







λt
v√
2

M4 λ7
v√
2

λ9
v√
2

M λ1
v√
2

M5 λ3
v√
2

MU







=











MT1

(

1− θD
L

2

2 − θS
R

2

2

)

MT2
θDL −MT1

θDR
2

MT3
θSL

2 −MT1
θSR

MT2
θDR

2 −MT1
θDL MT2

(

1− θD
L

2

2

)

−MT3
θHL

2 −MT2
θHR

2
+MT1

θDL θ
S
R

MT3
θSR −MT1

θSL
2

MT2
θHL

2
+MT3

θHR
2

MT3

(

1− θS
R

2

2

)











As can be seen, according to the θ scaling behaviour, this obeys the structure that we want (λiv ≪ λ4,5 ≪ M). In
the fermion mass-eigenstate basis,

L ∼ −
∑

i,j=1,2,3

ψ
t

iYt
ijψ

t
jh , (39)

the small angle approximation to the charge 2
3 Yukawa interactions is,

v × Yt =







MT1
MT1

θDR
2

MT3
θSL

2

MT2
θDR

2
0 −MT3

θHL
2 −MT2

θHR
2

MT1
θSL

2
MT2

θHL
2
+MT3

θHR
2

0






. (40)

The mass matrix in the b quark sector can be parameterized in an identical fashion to the above discussion.
The W interactions defined in Eqs. 13 and 14, in the small angle approximation of Eq. 38, are

UL =







1− 1
2

(

θDb
L − θDt

L

)2
θDb
L − θDt

L θSb
L

2

θDt
L − θDb

L 1− 1
2

(

θDb
L − θDt

L

)2 −θHb
L

2

θSt
L

2 −θHt
L

2
0






(41)

UR =







0 −θDt
R

2
0

−θDb
R

2
1 θHb

R

2

0 θHt
R

2
0






, (42)

1 Note that the hierarchy determines the leading behavior of the θ expansion of the mixing matrices. Higher orders of this expansion are
determined by unitarity.
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where we have added the superscripts b, t to indicate mixing in the bottom and top sectors, respectively. The Z-fermion
interactions defined in Eqs. 15 and 16, in the small angle approximation are

Xt
L =







1 0 θSt
L

2

0 1 −θHt
L

2

θSt
L

2 −θHt
L

2
0






(43)

Xt
R =







0 −θDt
R

2
0

−θDt
R

2
1 θHt

R
2

0 θHt
R

2
0






.

The results for the bottom sector can be found by the replacement t→ b.
Comparing to the EFT of Eq. 33 in the small angle approximation described above,

Yt =
MT1

v

Yb =
MB1

v

c
(t)
2h = c

(b)
2h = 0

cg = −cgg = 0 . (44)

In the EFT, this hierarchy reduces to the Standard Model and so does not produce large deviations in Higgs production
rates.

B. Hierarchy 2

Hierarchy 1 appears to give small λ7, λ9, λ3, λ8, λ10, λ11, which are the parameters that give deviations from the
Standard Model. We now describe a different hierarchy with M4,5 ≪ λiv ≪M :

θ ∼ M4,5

λiv
∼ λiv

M
and θ2 ∼ M4,5

M
. (45)

The diagonalization matrices can be parameterized in both the t sector as2,

V t
L =







1− 1
2θ

S
L
2 −θDL

2 −θSL
θDL

2
+ θHL θ

S
L 1− 1

2θ
H
L

2
θHL

θSL −θHL 1− 1
2

(

θSL
2
+ θHL

2
)







V t
R =







1− 1
2θ

D
R

2 −θDR −θSR
2

θDR 1− 1
2

(

θDR
2
+ θHR

2
)

−θHR
θDR θ

H
R + θSR

2
θHR 1− 1

2θ
H
R

2






. (46)

2 We omit the superscript t and b on the mixing angles where it is obvious.
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The parameters of the original top mass matrix, M (t)(0) from Eq. 9, can be solved for to O(θ2),

λt
v√
2

= MT1

(

1− θSL
2

2
− θDR

2

2

)

M4 = MT2

(

θDL
2
+ θSLθ

H
L

)

+MT3
θSLθ

H
R −MT1

θDR

λ7
v√
2

= MT3
θSL −MT1

θSR
2

λ9
v√
2

= MT2
θDR −MT1

θDL
2

M = MT2

[

1− 1

2

(

θHL
2
+ θDR

2
+ θHR

2
)

]

−MT3
θHL θ

H
R

λ1
v√
2

= −MT3
θHL −MT2

θHR

M5 = MT3
(θDR θ

H
R + θSR

2
) +MT2

θDR θ
H
L −MT1

θSL

λ3
v√
2

= MT3
θHR +MT2

θHL +MT1
θSLθ

D
R

MU = MT3

[

1− 1

2

(

θSL
2
+ θHL

2
+ θHR

2
)

]

−MT2
θHL θ

H
R (47)

Finally, the Higgs couplings to the charge 2
3 fermions can be written as in Eq. 39,

v × Yt =










MT1

(

1− θSL
2 − θDR

2
)

MT1
θDR −MT2

θHL θ
S
L − 2MT3

θSLθ
H
R MT1

θDR θ
H
R +MT3

θSL

MT1
θHL θ

S
L +MT2

θDR MT2

(

θHL
2
+ θDR

2
+ θHR

2
)

+ 2MT3
θHL θ

H
R −MT3

θHL −MT2
θHR

MT1
θSL − 2MT2

θHL θ
D
R −MT3

θDR θ
H
R 2MT1

θSLθ
D
R +MT2

θHL +MT3
θHR MT3

(

θHL
2
+ θSL

2
+ θHR

2
)

+ 2MT2
θHL θ

H
R











(48)

Again, the b sector mass matrix and mixing can be parameterized in a similar fashion to the above.
Comparing to the EFT in Eq. 33 (counting MT1

/MT2,3
∼ MB1

/MB2,3
∼ θ), this hierarchy yields small deviations

from the Standard Model,

Yt =
MT1

v

(

1− θDt
R

2 − θSt
L

2
)

Yb =
MB1

v

(

1− θDb
R

2 − θSb
L

2
)

c
(t)
2h =

3MT1

2v2

(

θDt
R

2
+ θSt

L

2
)

c
(b)
2h =

3MB1

2v2

(

θDb
R

2
+ θSb

L

2
)

cg = −cgg = (2θHt
L

2
+ θSt

L

2
) + (2θHt

R

2
+ θDt

R

2
) + 2

M2
T2

+M2
T3

MT2
MT3

θHt
L θHt

R

+(2θHb
L

2
+ θSb

L

2
) + (2θHb

R

2
+ θDb

R

2
) + 2

M2
B2

+M2
B3

MB2
MB3

θHb
L θHb

R . (49)

Again, the superscripts t, b indicate mixing angles in the top and bottom sectors, respectively. Now we want to match
onto the LET, i.e, integrate out the top quark (T1), along with the heavier fermions T2, T3, B2, and B3. The effective
Higgs-gluon interactions are

LLET =
αs

12π

[

(1 + cLET
g )

h

v
−

1 + cLET
gg

2

h2

v2

]

GA,µνGA
µν . (50)

To obtain cLET we use the full LET for the top quark sector in Eqs. 24 and 28, then add in the effect of integrating
out the heavy bottom quark partners, that is, the heavy down-type quark contributions to cg and cgg in Eq. 35. This
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yields to O(θ2),

cLET
g = −cLET

gg (51)

= 2
(

θHb
L

2
+ θHt

L

2
+ θHb

R

2
+ θHt

R

2
)

+ θSb
L

2
+ θDb

R

2
+ 2

M2
T2

+M2
T3

MT2
MT3

θHt
L θHt

R + 2
M2

B2
+M2

B3

MB2
MB3

θHb
L θHb

R .

For degenerate heavy fermions, cg is positive definite and so the contribution to double Higgs production from cgg
always decreases the rate. Additionally, to increase the double Higgs contribution from cgg, θ

H
L and θHR should have

opposite signs.
The mixing matrices for the W interactions are (Eqs. 13 and 14).

UL =









1− 1
2

(

θSb
L

2
+ θSt

L
2
)

θDb
L

2 − θDt
L

2
+ θHb

L θSb
L θSb

L

θDt
L

2 − θDb
L

2
+ θHt

L θSt
L 1− 1

2

(

θHb
L

2
+ θHt

L

2
)

−θHb
L

θSt
L −θHt

L θHb
L θHt

L + θSb
L θSt

L









(52)

UR =







θDb
R θDt

R −θDt
R −θHb

R θDt
R

−θDb
R 1− 1

2

(

θDb
R

2
+ θHb

R

2
+ θDt

R
2
+ θHt

R
2
)

θHb
R

−θDb
R θHt

R θHt
R θHb

R θHt
R







The mixing matrices for Z interactions (Eqs. 15 and 16) in the charge 2
3 sector are,

Xt
L =







1− θSt
L

2
θHt
L θSt

L θSt
L

θHt
L θSt

L 1− θHt
L

2 −θHt
L

θSt
L −θHt

L θHt
L

2
+ θSt

L
2






(53)

Xt
R =







θDt
R

2 −θDt
R −θHt

R
2

−θDt
R 1− θDt

R

2 − θHt
R

2
θHt
R

−θDt
R θHt

R θHt
R θHt

R
2







The Z couplings in the bottom sector are found from Eq. 53 with the replacement t→ b.

V. LIMITS FROM PRECISION MEASUREMENTS

New heavy quarks which couple to the Standard Model gauge bosons are restricted by the oblique parameters [38].
In addition, the couplings of charge − 1

3 quarks are significantly limited by the measurements of Z → bb. These limits
typically require small mixing parameters. .
General formulas for the contributions of the fermion sector to ∆S and ∆T are given in Appendix A. It is useful

to consider several special cases here. For the case with only a top partner singlet (T3) with a mass MT3
≫ MT1

, the
only non-zero entries of the left-handed mixing matrices are,

V t
L,11 = V t

L,33 = cL

V t
L,31 = −V t

L,13 = −sL
V b
L,11 = 1 , (54)

while V t,b
R can be set to the unit matrix, cL ≡ cos θL, sL ≡ sin θL, and

tan(2θL) =

√
2v

MU

(

λ7

1− (λ27 + λ2t )
v2

2M2

U

)

(55)

The result for large top partner masses is (after subtracting the Standard Model top and bottom contributions),

[

∆T

]

top singlet

=
Nc

16πs2WM2
W

s2L

(

−(1 + c2L)M
2
T1

− 2c2LM
2
T1

ln

(

M2
T1

M2
T3

)

+ s2LM
2
T3

)

[

∆S

]

top singlet

= − Nc

18π
s2L

(

5c2L + (1− 3c2L) ln

(

M2
T1

M2
T3

))

, (56)
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where NC = 3, in agreement with Ref. [15], which found that fits to the oblique parameters require sL . 0.16 for
MT3

∼ 1 TeV at 95% confidence level. For fixed values of the Yukawa couplings, λi, the mixing angle scales for large
MT3

as,

sL ∼ vλi
MT3

(57)

and the contributions to the oblique parameters from the top partner decouple,
[

∆T

]

top singlet

∼
[

∆S

]

top singlet

∼ λ2i v
2

M2
T3

. (58)

The limit on the angle sL in the above example arises because of the mixing with the Standard Model top quark.
Ref. [15] contains an example where there is a heavy vector-like SU(2)L doublet, Q, along with vector-like charge
2
3 and − 1

3 quarks, U and D, which are not allowed to mix with the Standard Model fermions. This corresponds to
M4 =M5 =M6 = λ7 = λ8 = λ9 = λ10 = 0 in Eq. 7. In this case, limits from the oblique parameters require that the
heavy fermions be approximately degenerate, MT2

≃ MT3
≃ MB2

≃MB3
, while one combination of mixing angles is

unconstrained.
Limits can be also obtained from Z decays to bb by comparing the experimental result[39] for Rb with the recent

Standard Model calculation[40],

Rb ≡ Γ(Z → bb)

Γ(Z → bb)

Rexp
b = 0.21629± 0.00066

RSM
b = 0.2154940. (59)

Rb can be related to the anomalous couplings of the b quark to the Z given in Eq. 33

Rexp
b

RSM
b

= 1− 3.57δgbL + 0.65gbR . (60)

From Eqs. 36 and 60, we extract the 95% confidence level bound,
(

M

λ8

)2(
1

1 + 0.224(1− λ10M
λ8MD

)2

)

& (2 TeV)2 . (61)

The following discussion focuses on Hierarchy 2 of Section IV, although it can be shown that the conclusions are
quite generic. We start by counting the degrees of freedom. Naively, there are 6 masses,

MT1
, MT2

, MT3
, MB1

, MB2
, MB3

(62)

and 12 angles,

θSt
L,R, θ

Dt
L,R, θ

Ht
L,R, θ

Sb
L,R, θ

Db
L,R, θ

Hb
L,R . (63)

However, M4 and M are the same in the top and bottom sectors, leaving a total of 16 independent parameters.
Considering Eqs. 44 and 53, we see that if we forbid mixing between particles with different quantum numbers then
FCNCs involving the Z are eliminated. That is, θSt

L mixes a component of the Standard Model SU(2)L doublet with
an SU(2)L singlet, and θDt

R mixes a Standard Model SU(2)L singlet with a component of a vector fermion doublet.
We set these angles to zero to avoid restrictions from deviations in the 3rd generation quark neutral current couplings,
in particular Z → bb:

θSt
L = θDt

R = θSb
L = θDb

R = 0. (64)

The angles θHt
L,R and θHb

L,R are left nonzero, since from Eq. 51 we see that these are intimately tied to deviations from
Standard Model Higgs production rates. The Z couplings to the top quark and heavy up-type vector quarks are then

Xt
L =





1 0 0

0 1− θHt
L

2 −θHt
L

0 −θHt
L θHt

L
2
+ θSt

L
2



 (65)

Xt
R =





0 0 0

0 1− θHt
R

2
θHt
R

0 θHt
R θHt

R
2



 ,
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and the t and b quarks have Standard Model-like neutral current couplings.
The W -mixing matrices in Hierarchy 2 are,

UL =







1 θDb
L

2 − θDt
L

2
0

θDt
L

2 − θDb
L

2
1− 1

2

(

θHb
L

2
+ θHt

L

2
)

−θHb
L

0 −θHt
L θHb

L θHt
L






(66)

UR =







0 0 0

0 1− 1
2

(

θHb
R

2
+ θHt

R
2
)

θHb
R

0 θHt
R θHb

R θHt
R






.

UR only depends on θHt
L,R and θHb

L,R, the mixing angles between the heavy vector fermions, while UL still depends on the
mixing between the heavy states with the Standard Model. Forcing the heavy-light mixing to be isospin conserving,
θDb
L = θDt

L , UL becomes

UL =







1 0 0

0 1− 1
2

(

θHb
L

2
+ θHt

L

2
)

−θHb
L

0 −θHt
L θHb

L θHt
L






(67)

and there are no gauge boson currents mixing the Standard Model top and bottom quarks with the new vector
fermions.
To summarize, taking into consideration electroweak precision observables, it is reasonable to impose the constraints:

θSt
L = θDt

R = θSb
L = θDb

R = 0, θDb
L = θDt

L . (68)

Under this assumption, the non-zero mixing angles are,

θSt
R , θDt

L , θHt
L,R, θ

Sb
R , θHb

L,R, (69)

There are 2 constraints from M4 and M ,

M4 = MT2
θDt
L

2
=MB2

θDb
L

2

M = MT2

(

1− 1

2
θHt
L

2 − 1

2
θHt
R

2
)

−MT3
θHt
L θHt

R

= MB2

(

1− 1

2
θHb
L

2 − 1

2
θHb
R

2
)

−MB3
θHb
L θHb

R . (70)

So, θDt
L = θDb

L is only consistent if MT2
= MB2

, which fully eliminates isospin violation in the mixing between the
new heavy states and the 3rd generation quarks. To make things simpler, we can also assume MT3

=MB3
, and then

Eq. 70 is satisfied when θHt
L = θHb

L and θHt
R = θHb

R . (There are other possible solutions not requiring MT3
= MB3

,
but for simplicity we focus on this limit.)
Now we only have a few remaining degrees of freedom: 4 masses (2 of which are known)

MT1
, MB1

, MT2
=MB2

, MT3
=MB3

(71)

and five angles,

θSt
R , θSb

R , θDt
L = θDb

L , θHt
L = θHb

L , θHt
R = θHb

R . (72)

At lowest order these angles are unconstrained by Z → bb and the oblique parameters only constrain the mixing among
the heavy quarks. These constraints can be found in Ref. [15]. Although this result can be shown generically without
assuming that θDL and θSR are small, these angles will manifest themselves in the CKM matrix when considering mixing
among the first three generations [20]. We therefore continue with the small angle approximation.

VI. RESULTS FOR HIGGS PRODUCTION

In this section, we compare the accuracy of the low energy theorem (LET) with the effective Lagrangian obtained
by including the top and bottom quark mass effects (EFT), Eq. 33, as well as with predictions obtained using the
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full theory. We have two goals: the first is to understand the numerical limitations of the approximations to the
full theory. Our second goal is to search for a regime where single Higgs production from gluon fusion occurs at
approximately the Standard Model rate, while double Higgs production is significantly altered. Again, we focus on
Hierarchy 2 of Section IVB, since Hierarchy 1 (Section IVA) does not lead to significant deviations from the Standard
Model (Eq. 44).
We normalize the predictions to the Standard Model rates,

Rh ≡ σ(gg → h)

σ(gg → h)SM

Rhh =
σ(gg → hh)

σ(gg → hh)SM
. (73)

The low energy theorems of Eqs. 19 and 27, including only the up-type quarks, predict to O(δLET ),

Rh ∼ 1 + 2δLET

Rhh ∼ 1 + 2δLET − 4δLET

FSM
0 (MT1

→ ∞)
, (74)

and

FSM
0 (MT1

→ ∞) ≡ 1− 3M2
h

s−M2
h

, (75)

where δLET = 2λ3v
2(λ1λt − λ7λ9)/X is given in Eq. 19 and F0 is defined in Eqs. 79, 83, 84. In the effective field

theory language of Eq. 33, δLET = cg. The presence of the λ3 coupling does indeed allow single Higgs production
to differ from the Standard Model prediction. However, once Rh is measured to be approximately 1, the deviations
of Rhh from 1 are restricted to be small. Thus in order for the double Higgs rate to be different from the Standard
Model prediction, we need a region of parameter space where the low energy theorem is not valid.
The rate for single Higgs production in the effective theory including all top and bottom quark mass effects (EFT),

but integrating out the heavy vector-like fermions to O
(

1
M2

X

)

and assuming δb, δt and cg are small, is given by,

Rh →
| (1 + δt)F1/2(τT1

) + (1 + δb)F1/2(τB1
) + cgF

∞
1/2 |2

| F1/2(τT1
) + F1/2(τB1

) |2

∼ 1 + 2

[δt | F1/2(τT1
) |2 +δb | F1/2(τB1

) |2 +(δt + δb)Re

(

F1/2(τT1
)F ∗

1/2(τB1
)

)

| F1/2(τT1
) + F1/2(τB1

) |2
]

+2

[cgF
∞
1/2Re

(

F1/2(τT1
) + F1/2(τB1

)

)

| F1/2(τT1
) + F1/2(τB1

) |2
]

, (76)

where τi ≡ 4M2
i /M

2
h ,

F1/2(τ) = −2τ [1 + (1 − τ)f(τ)]

f(τ) =















[

sin−1

(

1√
τ

)]2

if τ ≥ 1

− 1
4

[

ln

(

1+
√
1−τ

1−
√
1−τ

)

− iπ

]2

if τ < 1

, (77)

and F∞
1/2 = − 4

3 in the MT1
→ ∞ limit of F1/2(τT1

). Neglecting the b contribution and noting that F1/2(τT1
) is well

approximated by F∞
1/2,

Rh ∼ 1 + 2(δt + cg) . (78)

The cg contribution is in agreement with the LET result of Eq. 74.
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(a) (b) (c) (d)

FIG. 2: Non-box contributions to the spin-0 component of gg → hh. The dark circles represent the non-Standard Model
contributions, while the solid lines are either t− or b quarks.

FIG. 3: Box contributions to gg → hh. The dark circles represent the non-Standard Model contributions, while the solid lines
are either t− or b quarks. The crossed diagrams from the initial state are not shown.

Double Higgs production can be analyzed in a similar fashion. The diagrams shown in Fig. 2 contribute only to the
spin-0 projection, while the box diagrams shown in Fig 3 have both spin-0 and spin-2 components. The amplitude
for gA,µ(p1)g

B,ν(p2) → h(p3)h(p4) is

Aµν
AB =

αs

3πv2
δAB

∑

i

[

Pµν
1 (p1, p2)F

i
0(s, t, u,Mj) + Pµν

2 (p1, p2, p3)F
i
2(s, t, u,Mj)

]

, (79)

where the sum is over the diagrams, Mj denotes all relevant quark masses, P1 and P2 are the orthogonal projectors
onto the spin-0 and spin-2 states respectively,

Pµν
1 (p1, p2) = p1 · p2gµν − pν1p

µ
2 ,

Pµν
2 (p1, p2, p3) = p1 · p2gµν +

1

p2T

(

M2
hp

ν
1p

µ
2 − 2p1.p3 p

µ
2p

ν
3 − 2p2.p3 p

ν
1p

µ
3 + s pµ3p

ν
3

)

, (80)

s, t, and u are the partonic Mandelstam variables,

s = (p1 + p2)
2 , t = (p1 − p3)

2 , u = (p2 − p3)
2 , (81)

and pT is the transverse momentum of the Higgs particle,

p2T =
ut−M4

h

s
. (82)

The individual contributions from the diagrams of Figs. 2 and 3 to O( 1
M2

X

) are:

F
(a)
0 =

9M2
h

4(s−M2
h)

[

(1 + δt)F1/2

(

4M2
T1

s

)

+ (1 + δb)F1/2

(

4M2
B1

s

)]

F
(b)
0 =

9

4
δtF1/2

(

4M2
T1

s

)

+
9

4
δbF1/2

(

4M2
B1

s

)

F
(c)
0 = −cgg

F
(d)
0 = −cg

3M2
h

s−M2
h

F
(box)
0 = (1 + 2δt)F

(box,SM)
0 (s, t, u,MT1

) + (1 + 2δb)F
(box,SM)
0 (s, t, u,MB1

) (83)
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FIG. 4: Standard Model rate for pp → hh from gluon fusion using the LET of Eq. 74 normalized to the exact cross section.
This plot uses CT10NLO PDFs.

where F box,SM
0 (s, t, u,MT1

) → 1 for MT1
→ ∞ and F

(box,SM)
0 (s, t, u,Mj) contains the 6 box diagrams with a fermion

of massMj in the loop. Analytic results can be found in Refs. [41, 42]3. In the effective theory, the spin-0 contribution
is,

F0 = F
(a)
0 + F

(b)
0 + F

(c)
0 + F

(b)
0 + F

(box)
0

→
[

1− δt − cgg

]

− 3M2
h

s−M2
h

[

1 + δt + cg

]

(84)

where the 2nd line is found in the limit M2
T1

≫ s and neglects the b contribution. Taking cgg = −cg,

F0 →
[

1 + δt + cg

]

FSM
0 (MT1

→ ∞)− 2(cg + δt) . (85)

The cg contribution is in agreement with the LET result of Eq. 74, while the δt contribution is no longer proportion
to the Standard Model result.
The LET prediction for the total cross section for double Higgs production in the Standard Model normalized to

the exact result is given in Fig. 4 as a function of center-of-mass energy. At
√
S = 13 TeV, the LET is a reasonable

approximation to the total rate, while at higher energies the deviation from the exact result becomes large. We show
this for two choices of factorization and renormalization scales, µf = µr = 2Mh (solid) and µf = µr =Mhh (dashed).
The size of the deviation between the LET and exact calculation is very sensitive to the scale choices.
The divergence of the LET from the exact result can be understood by examining the partonic cross section for

gg → hh shown in Fig. 5. For partonic sub-energies above around 1 TeV, the LET and the exact results increasingly

differ. The LET contains terms ∼ M2

hh

M2

T1

, which are not present in the exact result.

The first hierarchy of small angles of Section IV reduces to the Standard Model, so we do not expect to gain insight
from examining this limit. The second hierarchy, (Section IVB), however, is more interesting. In Figs. 6 and 7 we

show the total cross sections for gg → hh at
√
S = 13 TeV and 100 TeV as a function of the lightest top partner mass,

MT2
, for a specific choice of small angles using the parameterization of Eq. 46. The LET significantly overestimates

the rate at
√
S = 100 TeV, but is a reasonable approximation at

√
S = 13 TeV. The EFT, which contains the top and

3 Our normalization is 3

4
times that of Ref. [41] for the boxes.
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FIG. 5: Standard model partonic cross section for gg → hh.

bottom quark contributions exactly, agrees within a few percent with the exact calculation. From Eqs. 49 and 51,
we see that the EFT and LET depend on differences between the heavy vector-like quark masses and not the overall
mass scale. This result is confirmed in Figs. 6 and 7, which show all the results are insensitive to the heavy quark
mass scale.
It is well known that the LET does not accurately reproduce distributions for double Higgs production[15, 18, 43].

For a choice of small angles and heavy quark masses, we show the invariant mass distribution of the Higgs bosons,
dσ

dMhh
, in Figs. 8, 9, 10, and 11 at the LHC with

√
S = 13 and 100 TeV. We include the Standard Model distributions

for comparison. The LET does a poor job of reproducing the exact distributions, both in the Standard Model and in
the top partner model. The curves labelled “SM” and “Full Theory” contain the exact one-loop calculations for the
Standard Model and top partner model respectively, while the curve labelled “Top EFT” is the top partner model
calculation using the results of Eq. 33. The EFT reproduces the exact calculation quite accurately. We show this
for two parameter points to illustrate the robustness of this conclusion. Both points reproduce the Standard Model
single Higgs production rate to within ∼ 10%. In a given model, therefore, the EFT can be used not only for the total
rate, but also for distributions. The distributions in the top partner model are quite similar to the Standard Model.
Scanning over small angles, we were not able to find an example with a large deviation from the Standard Model.

VII. CONCLUSIONS

We considered a scenario with both SU(2)L singlet and doublet vector-like fermions. Such a scenario could in
principle have large deviations from the Standard Model predictions for single and double Higgs production. However,
we were unable to find parameters consistent with electroweak precision measurements and the single Higgs production
rate which gave a significant deviation from the Standard Model prediction for double Higgs production.
We constructed two versions of an effective theory. The well known low energy theorem (LET) treats all fermions as

infinitely massive. The total cross section for Higgs pair production is well approximated by the LET at
√
S = 13 TeV,

but increasingly differs at higher energies. The LET cannot reproduce the invariant mass distribution of the hh pairs.
In order to include top quark mass effects, we derived an effective Lagrangian (EFT) containing only light fermions,
but with non-Standard Model coefficients, which we computed to O( 1

M2

X

). The EFT obtains accurate results for both

total and differential double Higgs rates. Our results can be used to reliably compute the leading effects of models
with heavy vector-like fermions.
An important result is the observation that the coefficients of the effective Lagrangian of Eq. 33 are not free

parameters, but are related to each other in any consistent model. Despite the proliferation of Yukawa couplings in
Eq. 9, a consistent treatment yields an effective Lagrangian which depends on only 3 parameters, δb, δt, and cg. This
is similar to the case in composite Higgs models where deviations in Yukawa couplings and new effective operators
relevant for double Higgs production are tightly correlated [21]. Hence, we expect the EFT used to study Higgs
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FIG. 6: Total cross section for pp → hh for a choice of small angles using the hierarchy of Section IVB. The EFT and LET
results are normalized to the exact one-loop calculation.
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production in composite Higgs models to be a very good approximation to a complete calculation.
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Appendix A: Oblique Parameters

The limits on the parameters of the fermion sector arising from contributions to gauge boson 2-point functions can
be studied using the S,T and U functions following the notation of Peskin and Takeuchi[38],

αS =

(

4s2W c2W
M2

Z

){

ΠZZ(M
2
Z)−ΠZZ(0)−Πγγ(M

2
Z)−

c2W − s2W
cW sW

ΠγZ(M
2
Z)

}

αT =

(

ΠWW (0)

M2
W

− ΠZZ(0)

M2
Z

)

. (86)

In terms of the mixing angles and the mass eigenstates of the full theory, the contributions from heavy quarks,
including the Standard Model top and bottom quarks, to ∆T and ∆S are[32, 44],4

∆T =
Nc

16πs2WM2
W

{

Σi,j=1,2,3

[(

| UL,ij |2 + | UR,ij |2
)

θ+(MTi
,MBj

) + 2UL,ijU
†
R,ijθ−(MTi

,MBj
)

]

−Σi<j=1,2,3

[(

| Xt
L,ij |2 + | Xt

R,ij |2
)

θ+(MTi
,MTj

) + 2Xt
L,ijX

t†
R,ijθ−(MTi

,MTj
)

]

−Σi<j=1,2,3

[(

| Xb
L,ij |2 + | Xb

R,ij |2
)

θ+(MBi
,MBj

) + 2Xb
L,ijX

b†
R,ijθ−(MBi

,MBj
)

]}

∆S =
Nc

2πM2
Z

{

Σi,j=1,2,3

[(

| UL,ij |2 + | UR,ij |2
)

ψ+(MTi
,MBj

) + 2UL,ijU
†
R,ijψ−(MTi

,MBj
)

]

−Σi<j=1,2,3

[(

| Xt
L,ij |2 + | Xt

R,ij |2
)

χ+(MTi
,MTj

) + 2Xt
L,ijX

t†
R,ijχ−(MTi

,MTj
)

]

−Σi<j=1,2,3

[(

| Xb
L,ij |2 + | Xb

R,ij |2
)

χ+(MBi
,MBj

) + 2Xb
L,ijX

b†
R,ijχ−(MBi

,MBj
)

]}

, (87)

where the functions θ±, χ± are defined below and Nc = 3.

θ+(m1,m2) = m2
1 +m2

2 −
2m2

1m
2
2

m2
1 −m2

2

ln

(

m2
1

m2
2

)

θ−(m1,m2) = 2m1m2

[

m2
1 +m2

2

m2
1 −m2

2

ln

(

m2
1

m2
2

)

− 2

]

θ+(m,m) = 0

θ−(m,m) = 0

(88)

4 We assume all entries in the mixing matrices are real.
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and

ψ+(m1,m2) =
22m2

1 + 14m2
2

9
− M2

Z

9
log

(

m2
1

m2
2

)

+
11m2

1 +M2
Z

18
f(m1,m1)

+
7m2

1 −M2
Z

18
f(m2,m2)

ψ−(m1,m2) = − | (m1m2 |
[

4 +
1

2

(

f(m1,m1) + f(m2,m2)
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2

3M2
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+
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(
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and

f(m1,m2) = −
(

2

√
∆

MZ

)[

arctan
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2 +M2
Z
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√
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