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We obtain exact matrix elements of physical operators oflthel)-dimensional nonlinear sigma model of an
SU(V)-valued bare field, in the 't Hooft limilv. — co. Specifically, all the form factors of the Noether current
and the stress-energy-momentum tensor are found with egratile bootstrap method. These form factors are
used to find vacuum expectation values of products of thesmtgs.
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I. INTRODUCTION

In this paper we find all the form factors of the Noether cureamd stress-energy-momentum tensor operators of theipainc
chiral sigma model ir{1 + 1) dimensions, in the limit of largé/. This field theory has the action

S = %2 d?x " Tr0,U (x)10,U (2), (1)
0

where the field/ (z) is in the fundamental representation of Q( u, v = 0,1, andn®® = 1,7t = —1,71% = 1 = 0. The
action is unchanged by a glolf#ll(N) x SU(N) transformationl/ () — VU (z) Vg, whereVy,, Vi € SU(N). This model is
asymptotically free and has a mass gap, which we denote.bly is also completely integrable and its S matrix is knowh [1
The large# limit we consider is the 't Hooft limit ofV — oo, with g2 fixed. We assume that the mass gap is fixed in this limit.
We do not consider alternative largédimits, such as that of Fateet. al. [2], in which the mass gap vanishes. For reviews of
the largeA limit of unitary-matrix models, see References [3].

Recently, the integrable bootstrap method was used tolesdcall the form factors of the renormalized-field operat@r) at
large NV [4], [5]. This was used to find an exact expression for the Wign functionj.e., that is the non-time-ordered vacuum
expectation value of two renormalized field operators

W () = (O[Tr ®()2(0)10) = Jim ~Z[go(A), A] {O[Tk U (x)U(0)1]0),

whereZ[go(A), A] is the field renormalization factor, andis an ultraviolet momentum cutoff. The two- and four-exida
form factors of the Noether current operators:

Ly e iN xe . N - rsa
G (1) = =550 Uab (@)U (2), jil(2)y = — 55U (2)0uUas(2),
295 295

wherea,b = 1, ..., N (associated with the symmetries— VU andU — UV, respectively), were also found [6].
Another operator of interest is the stress-energy-monmet¢asor:

Ty (@) = % (8262 + 6268 — muwn®™®) Tr U ()1 05U (2) + M (1.2)
where\ is chosen to normal order this operator, so that the vacuwerggris implicitly zero. There is less freedom to define
a stress-energy-momentum tensor quadratic in derivatigasfor ordinary scalar field theories [7], because the fialeéis a
unitary matrix. The form of the three terms in parenthesé¢ks2h are fixed by energy conservation. There is no cologisirtotal
divergence of dimension two we can add to the right-hand Sitlerefore, it seems that (1.2) is the most general rendzatale
operator we can define.
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The non-time-ordered correlation function of two operatdr (z) andO2(0) is

W2 () = 150101 ()02(0)10) = 1 S (0[0: (@)} 10 (TO2(0)[0)

v

where(0|O; (z)|¥)iy is a form factor. Smirnov’s axioms [8] (see also Referend@re an effective framework for determining
form factors in integrable quantum field theories.

Finding the form factors of non-Abelian models with bounatss is technically quite delicate. An exception is the ixatr
element of the current between the vacuum and a participaatitle state, first done faV = 2 (this is the O4) nonlinear
sigma model) [10]. No bound state can form in this channekinggit possible to evaluate this matrix element for axy[6].
The large result is confirmed by taking the limit. Some progress hasibeade for the SUY) chiral Gross-Neveu model
[11]. It has recently been pointed out [12] that the lattedeidhas a free-field representation for the Zamolodchikagdeev
algebra [13]. TheV = 2 case of the principal chiral model is also known to have afield representation [14].

Regardless of whether the finité problem can be generally solved, there are compelling reafw studying theV — oo
limit. These include:

1. All the form factors can be found, which makes exact exgoes for correlation functions possible.

2. Some of the conventional wisdom concerning the 't Hodfiitlican be tested. For example, the operators defining the
Zamolodchikov-Faddeev algebra have been identified witee Gaussian master field [4], from which the scaling field
and other operators can be constructed.

3. If form factors are eventually found for any finité, they can be compared to our results by takig- co.

4. There is a striking simplification of the commutation tielas of operators, when applying Watson’s theorem in thagt
limit. This suggests an extension to non-integrable fielwbties in the 't Hooft limit (we say more about this in Section
VII).

This paper is not an introduction to the form-factor progtrtarge N, but should be accessible to readers who understand
the main points in References [4], [5] and [6].

In the next section, we review a few general facts concerttiegorincipal chiral model. In Section I, we build on earli
results [4], [5], [6] to find all the form factors of the curttasperator. We use these to write down an expression for theuwa
expectation value of two currents in Section V. We find thexfdactors of the stress-energy-momentum tensor in Sedtioe
present the vacuum expectation value of the product of twb gensors in Section VI. We discuss the effective Abeliagrajor
algebrain Section VII. In the last section, we present sooamelcisions and directions for future investigation.

II. THE PRINCIPAL CHIRAL MODEL

The principal chiral sigma model has elementary partichesantiparticles with mass. These form--particle bound states
of mass [1].

sin (%)
sin ()
A sine-law bound-state mass spectrum is a general featwaeyointegrable theory with an attractive interaction and im-
damental particle [15]. In the planar limily — oo, with m > 0 fixed andm,. finite, the binding energy vanishes, except
forr = N — 1. Therefore the only remaining bound state is the antigartitVe describe asymptotic states using the term
“excitation” instead of “particle”, because we wish to cmtantly distinguish particles and antiparticles.

We create particles and antiparticles by acting with comdjperatoréZl}(G)ab and QLL(G)M, respectively, on the vacuum,
whered is the particle rapidity, defined in terms of the momentumteeby py = mcoshf, p1 = msinh6, anda,b =
1,2,..., N are left and right color indices, respectively.

A multiparticle in-state is made by acting on the vacuumesteth a product of creation operators in the order of indreas
rapidity, from left to right,

r=1,...,N —1.

m,. =m

|P7 6‘17 ay, bl; A, 927 bg7 as; . . ->in = Q[L(Ol)alle[L(Hg)bzaz - |O>7 where 6‘1 > 92 > ...
The two-particle S matrixSpp, defined by

out (P, 0, c1,dy; PO, ca,da|P, 61, ay,by; P02, az, ba)in = Spp(0)292 M 4ns(0, — 0))4m6(62 — 65),

aibi;azbz



is [1],
cadz;cidy c1 sc 2mi c1 sc dy sd 27i dy sd
Spp(0)727% =S(0,N) | 051052 — —6‘5(1;5@"; Oy s — _5b215b12 ,

aibi;azbz

where
sinh (% — i)

N
sinh (g + %)

B L(i0/2m + 1)T'(—if/2r — 1/N)]° 1
SO, N) = {F(z’@/%r +1- 1/N)1"(—z'9/27r)} =1+0 <N2>

andf = 6, — 05 is the rapidity difference.
The antiparticle-particle S matri¥,4 p, is related to the particle-particle S matrix by crossing 0 = wi — 6

. 27i 27i
Sap)izts = 0.8 (2365 - 200,00 ) (o802 - g0,

The creation operators of excitations satisfy the Zamdidaw algebra:
Spp(0)2 12 AL (02) coar A5 (01)crar

QlTP(el)alblm;D(GQ)azbz = a1by;asbs
AN (01)010, A1 (02000 = Saa(@)p2eZ2 AT (02) daer Ty (01)dycs
AL (01)ar b, A4 (02)bsas = Sap(0)L5Z10 AN (02) e, Wb (1) ey a, - (I.1)

I11.  GENERAL FORM FACTORS OF THE CURRENT OPERATOR

Under a globabU (V) x SU(N) transformation, the current and particle-creation opesaransform as

gy (@) = Vigg @)V, 0p(0) = VIR OV, 24y (0) — Vil () Ve,
Consequently, only form factors with the same number ofigdagt and antiparticles do not vanish. We will call this nuemb/,

so that the total number of excitation2i8/.
The M =1 andM = 2 form factors are [6]

<0|j5($)a000 | A7 6‘15 bi,a1; P, 92a az, b2>in
Obib 1 i 1
102 (6a0a2600a1 — _5110006@1@2) e (p1+p2) + 0 (m) R (l“l)

= 2mi (p1 — p2)p Oy 1 i N
and
<O|jﬁ( )aoCo | Aa 911 bla ai; A7 921 b2a2; P7 931 ag, b37 Pa 941 a4, b4>in
872
= N (p1+p2 —p3 —pa),
5(12(14 5b1b4 5b2b'§ 6 6 _ i(s 6
(914 + 7Tl)(923 + 7T1)(924 + 7Tl) aoasTarco N Gocoraras
5(12(13 5b1 b3 51)21)4 5 6 _ i(s 5
(913 + 7T1)(923 + 7T1)(924 + 7T1) aoaa”aico N aocoraraa
5(11(145171173 51)21)4 5 6 _ i(s 5
(914 + i) (013 + i) (Ooq + mi) \ 0TIy 0o Taes
OayasObybsObybs 1 e
- - 511 a 5(1 co _5a C 5(1 a “w (p1+p2+p3+p4)
+(6‘14+7Ti)(6‘13+7Ti)(923+ﬂ'i) 08420 N eoso TRt c
1
+0 <N2> (1.2)
wheref;; = 0; — 0.
To find an exact expression for the correlation function, wechthe all form factors (that is, for alll). We introduce the
,Mtoo(0),0(1),...,0(M), respectively, and the permutation

permutatiors € S);1 which takes the set of numbeisl, .

7 € Sy which takes the set of numbers2, ..., M to (1), 7(2), ..., 7(M), respectively.



The form factor of the current operator wizid/ excitations is

(O] 52 (2)aq agnes | As01 01,0155 A O bars angs POaga, angga, bargas - -3 P62,z bang)in
= <0|jﬁ(11?)aoam+l9@4(91)bla1- AL Or)s, 0, AbOrit1)ay, by, - Ap(0201)a,,, 0, 10)
iMoo
= a1 (Prt Py = P = = pan),, > For(by,....000) €™ Zin e
o, T
M , )
x H Oasas) s ar H Obiberyrar ~ N‘S%%M+16%U o (0)+ M1 H Oa;as) 1 ar H Obkbr(rysar | o (I1.3)
= = J=1,j#ls

wherel, is defined by (I,) + M = 2M + 1. This is the most general expression consistent with Laremntriance, a traceless
current (guaranteed by the second term in square bracketgyassing.

To simplify our terminology, we say that excitatiénis the particle or antiparticle with rapidit}, and left and right indices
ap, by, respectively.

We expand the functions, (61, . . ., 62as) in powers ofl /N

For(01,...,000) = FQ (61,...,000m) + NFUT(91, o) + = F2 (01,...,0000) +
keeping only the first term.
The scattering axiom [8], also known as Watson'’s theoreittigvie from the Zamolodchikov algebra (11.1) applied to the
creation operators in (l11.3). This axiom implies

<0|jﬁ($)aoaw+19ql (1), - AL (0:) e AL Big1)en, - AL, (0201) 0 |0)

Ciiqs
= S1i+11i (01 - 91+1)0:61’7+1 <O|jp, ( )aoazMJrlgql (91)01 s qul (9i+1)C{+12[L- (GZ)C: .- 'Q[LM (92M)02Z\/I |O>7 (|”4)

where, for eaclk, I, = P for a particle orl;, = A for an antiparticle, and’;, is the ordered set of indice€s;, = (ay, by) for
I, =P,orCy = (bk,ak) fOI’Ik = A.

We use (111.4) to interchange the creation operator of thatation » with the creation operator of the excitatiom (111.3).
There are four different ways the functiéiy. (6, . .., 257) can be affected by interchanging the excitatibrasdi, for a given
o andr [5]. If excitationh and excitation are both particles or both antiparticles, then the ragisiiti andd; are interchanged in
the functionF?_ (61, ..., 025). If excitationk is a particle, excitationis an antiparticle, and (i) + M # h, (i) + M # h, then
the functionF_ (61, ...,01) is unchanged. If excitatioh is a particle, excitation an antiparticle, and either(i) + M = h,
7(i) + M # h,oro(i) + M # h, 7(i) + M = h, then we multiplyF?_ (61, ..., 02.) by the pure phaséﬂM If excitation’

is a particle, excitationis an antiparticle and (i) + M = h, (i) + M = h, then we multiply the functiod®_ (61, . .., 62.r)
2
by the pure phaséelffgi)

The rules for interchanging creation operators describhdtie previous paragraph suggest an underlying Abeliactstr

2
for the large& limit. The pure phase we use in the scattering axiom, namegsg“%’r; (ﬂ) is similar to the S-matrix

element of a theory of colorless particles.
Smirnov’s periodicity axiom [8] states

(Ol5} (x)a, aQMHQlR (01)c, A5, (02)c, - AT (B11)c,, |0)

= (0l5 (I)agawﬂ% (Oar — 27mi) e, A (1), - AL, (Oar—1)cn, |0). (1.5)
In terms of the functio®_(61, ... ,602x), (111.5) is
FO (61,...,000) = FO (Bapr — 27,01, ..., 000r—1) = FO (Bapr—1 — 27, 0o — 271, 01, ..., 0201—2) = - . (IIl.6)

The general solution of (I11.4) and (111.6) is

H,.(6,...,0
FG(')T(917"'7921\{): M ( : 2M)
Hj:l;j;élg (9.7' —Oo(j)+m + 7”) Hk 1 (97C Or(ky+m + 7”)

whereo(l,) + M = 2M + 1, and the function$, - (61, . . ., 627) are holomorphic and periodic #y, with period2i, for each
j=1,...,2M.

, (I11.7)



The annihilation-pole axiom [8] states that
2M
(013450 Jaoag, H AT (0)1,a, l H AL (01 )yt
E=M+1
- —pam) + (Pani1 — panvig2)]p F(ba, ...

T T
A (B2nr41 )b2M+1 Gonrsr AP (Oznr-2 )‘12M+2 bansa 10)

) 6‘2M+2)a0a2ma2M+3;b1~~~b2M+2 )

= [(;m + "'+pM —PM+1 —
has a pole aflopr 11 — 020742 = —i, with a residue proportional to the form factord¥/ excitations

Res ‘/—:(915 e ’02A4+2)a0”'a21¥1+3; bl---b21u+2
= 22]:(91, T 92M)a0a/1"'a/2Ma2M+3? by e by 6“’2M+1‘Z2M+2 6b/2M+1b2M+2
b,21W+1a/2M+1 ibyay dy—1cm—1;b)a]
e — PR - — b M M
0a} ar O, by Oa agn iy Oy by, — Saa(bh OM+1) g or byas Saa(O02M41) 4y ersbarans
darenr;als by canr—1danr—1;a5,,b5
o SAP(92M+1 2M)62Md2M;asz2M (|||8)

XSAP(92M+1 A4+1)CM+1dM+1§aZ\/I+1bZ\/I+1
022s) in Equation (111.7) have no singularities with nonzero tesés. The minimal choice

By (111.8) the functionsH,, (1, . . . , [
02ar) is a constant ... The annihilation-pole axiom fixes this constant to

of eachH,,(61,. ..,
(111.9)

0o - 2mi(4m)M=1 | if o(4) # 7(j), forall j
ar 0 otherwise

3

This concludes our derivation of all the form factors of thierent operator. They are completely specified in (111.8),4) and

(111.9).
IV. VACUUM EXPECTATION VALUES OF PRODUCTS OF CURRENT OPERATORS

The current-current correlation function is
oo
Wﬂu(x)aoco;eofo = <O|Jﬁ (I)aoco .]15 (O)€0f0|0> = Z Wﬁzjzw(x)aocoeofm (IV.1)
M=1

where the contribution from th&\/ -excitation form factor is given by

1 dfy...do o 2M

2M — 1 2M w352 Py
WHV (l')aocoeofo - N(M!)Q/ (27T)2M e 1Pj
s A, Onr, barans; P Onigr, anisr, bargs - -5 Py Oanr, aang, bans)in

X <O|j£(O)GOCO|A5 017 blv ais. .-
X <O|jf(0)eofo|A7 917 b17 ar;...; Au 9M7 bMaM, P7 9A{[+1, ANH41, b]\{[+1; e P, 92A47 @20 b2M>i*n'
Substituting the form factors (l11.3), (111.7), (111.9), e&find
2M

—m» 2M-
Wﬁl]/w(x)aoq)eofg - M' /H Z]:lp]
X(p1+ - +pm —pmy1 — - —Ppam)u(P1+ -+ DM — PM41 — - — DaM)w
H(TT ape c L 5,1 ¢ 6e 1
x| > = Horl” Coueoeoss ~ 1 0aocodenso) +O<W> . (IV.2)
o, 7€M Hj:l;j;élg |6, — 0 o )+M+7Tl| Hk 1 16k — 0, +M+7T1|2

where we have used

M M 1
Z H 5ajav<j)+M H 5bkbr<k)+M - N5a0a2M+15‘lla%<o)+M H 5‘1]%<a)+M H 5bkbr<k)+M
al,...,AQ20\1, bl ..... b2 ]:0 k=1 ] 1; j;él
M

M

L 1) 1) 1)

X H aial i im H biboy+nr T N af?a/zMﬂ al, %, (0) H ayal ivim H bebe(k)+m
J=1j#l.

Jj=0

. 1
— N2M 1(6%60500]00 - 5a000560.f0/N) [5UW6T¢ +0 (NQ)] ’



Where{aj} = ap,a1,02,...,02),Co and{a}} = €0,a1,02,...,02\, fo.

The contribution to (IV.2) from each padr, 7 is the same (because there is no change if the integratidgables are inter-
changed). There arg\/!)? pairso, 7 that satisfyH,.. # 0, by (111.9). We choose the contribution from one pairr in (IV.2)
and multiply it by (M!)2. We choose(j) = j, forj = 1,..., M, ando(1) = 2M + 1,0(j) = j — 1,forj = 2,..., M, such
that

2M

df; . oM . 1
Wi (#)ageoco fo = / [15F e=mm anam?h2 (6%60600 o = 3 Saveoden fo)
j=1
X (pr+--+pm —pPmy1— - —pam)u(Pr+ - F Py —PMl — — D2y
» 1 1 1

(91 — oa,{+1)2 + 72 (92 — 9M+2)2 + 72 (9M — 921\4)2 + 72

1 1 1
+0 (=
* (02 — Orr41)? + 72 (05 — Opr42)? + 72 (Onr — O2nr—1)? + 72 (N2>

We further relabel the integration variables@s — 01,02 — 05,03 — 05,...,0p — Oapg—1;0041 — 02,0012 —
04, ...,020 — 62pr. This yields the expression for the non-time-ordered datimn function of two current operators:

. 1
lel/(‘r)aocoeofo = <§a060600f0 - Ngaocoéeofo)

oo 1 2M . 2M—-1 1 1
X - df; e iwxi=ipi pMpM + O(—), (IV.3)
where
2M .
PM =3 "(=1)p; . (IV.4)
j=1

V. FORM FACTORSOF THE STRESS-ENERGY-MOMENTUM TENSOR

There is usually some ambiguity in the definition of the stresergy-momentum operator [7]. Some examples of this am-
biguity, in the context of the form-factor program, have megamined by Mussardo and Simonetti [16]. As mentionedén th
introduction, the only ambiguity for the principal chiraloakel is the coefficient of the cosmological-constant chation. In
our case, we use Smirnov’s axioms, in particular the “miditpaxiom” (that is, the form factors are as nonsingular asgible)
and local Lorentz invariance as a guide to a proper defindifathe stress-energy-momentum tensor. This does not phate t
we have made the correct choice. On the other hand, we arelennfhat this is the case. As is pointed out in Reference [16]
different field theories (represented by different rendimation-group fixed points) can have the same S matrix, btdrdnt
correlation functions. Mussardo and Simonetti showedttteambiguity can be parametrized by the matrix elementefréce
of the stress-energy-momentum tensor between a one-eisiate and the vacuum:

Fy = (0[T}(0)|0)n

(we have not explicitly written the colors of the ket, nor sified whether it is a particle or antiparticle). In our casewever,
this quantity must be fixed to zero. This is simply becausé the 1)-dimensional vacuum state and the trace have no (particle
number or color) quantum numbers.

This stress-energy-momentum tensor operator is invatiaderSU(NN) x SU(N) transformations. Thus the only non-
vanishing form factors have equal number of particles arnipanicles in the in-state ket. The general form factorhwit’
particles andV/ antiparticles is

(0] T (0) | A,01,b1,a15. .5 A, 00,001, anss Py Onig1, angg1, bargs - - -3 P Oang, a2nr, bans)in
= (P14 +pm—pyusr— = pam), (P14 Py = P — o — ),
1 M M
X NMT Z For(6y,...,02m) H Oasas)sar H Obrbr iy a1 (V.1)
o, TESM j=1 k=1
whereo, 7 € Sj; are permutations of the integers2, ..., M (this is different from the convention in Section Ill. Relctlat

there the permutation was defined as an element®f; ).



We expand the functiofy (1, . .., 62ar) in powersofl /N, i.e., asF, (91, oo Ban)+ N o Fl _(61,...,005)+- -, keeping
only the first term.

The form factors in (V.1) behave the same way as the currpatador form factors under Watson'’s theorem and the peitydi
axiom. These two axioms give us the solution

Hor (01, ...,020r)

FO (61,...,000) = — ) (V.2)
123 (05 = Oo(yar + 70 TTiy (O — Or rysar + )
The minimal choice is to maké&,, -(6,...,02m) = H,, constants. These constants can be fixed by the annihilatien p

axiom, once we fix the constant for the two-particle formdact
For M = 1, Equation (V.1) becomes

g iz 1
(0|T, ()4, 01,b1,a1; P, 02, a2,b2)in = (p1 — p2)u(p1 —pQ)Vme (p1+p2)6a1a25b1b2 +0 (N) ' (V.3)

We fix the constang by requiring that
/ dz" Too()|A, 01, b1, a1)in = mcosh61|A, 01, b1, a1)in. (V.4)

Notice that the pole in (V.3) has vanishing residue. Tharefby the annihilation-pole axiom, the vacuum energy is zer
We next apply crossing, changing one of the incoming pagiah (V.3) to an outgoing antiparticle, and integrate ower t
spatial coordinate!, yielding

/dxl in(A, 02,b2, a2|Too(x)| A, 01,b1,01)in

_ 2 : _ : 9 1
= (mcosh@; +mcosh6y)” 25 (m sinh 61 — msinh 63) O+ 22 Oaras0b1by + O (N)

m 1
_ _% cosh 01 476(612) Sayay0p,0, + O (N) .

The condition (V.4) implieg = —272.
The constantéi,, for the 20/ -particle form factor are fixed by the annihilation pole ari¢Equation (111.8)), which gives
the values

(=27 (dn)M=1 | foro(j) # 7(4), forallj
Hor = { 0 , otherwise : (V-5)

The2M-particle form factor has a total ¢f/!)? /2 non-vanishing terms.
To summarize the results of this section, (V.1), (V.2), j\M®&termine all the form factors of the stress-energy-mduoran
tensor.

VI. THE CORRELATION FUNCTION OF THE STRESS-ENERGY-MOMENTUM TENSOR

In this section we obtain the vacuum expectation value oftioeluct of two stress-energy-momentum-tensor operators.
other words, we find

1
Wuuaﬁ( ) W<O|Tuu( Z ;LV(!B (Vll)
M=1

where the terms in the sum ov&f are defined as

2M
_ 1 1 d9_7 —imvzgy pj
WNVQB( ) - m(M')Q/jl:IIEe j=1+7

X(0]Tu (0)|A, 01,b1,a1; ... A, Onr,bar, ang; Py Oaryr, ansyr, bargas - - o5 Py Oanr, azar, bans)in-
X(0[Tap(0)|A, 01,b1,a1;...5 A, 00, bar, ang; Py Onryr, anryr, bargas - - -5 Py Oang, azng, banr)iy



Substituting our form factors (V.1), (V.2), (V.5) gives

2M
W2M (z) = 1 H%e—iw'Zﬁiﬁm
west™ = e )

X (pr+4---+pym—pPryr— —p2M)M (pr+- 4+ DM —PMmyr— - —D2m),
X (P14 DM =Py — = Pam), (P1 DM — Py~ — Pam)g
|H,,T|2 ( 1 )
X Z +0| =
M N2 )
o, TESM Hj:1 (9j -0 o()+M T ﬂ—l) Hk 1 ( ( +Mm t ﬂ—l) N
where we have used
M M M M 1
M
Z H H 5aja<r<j)+M 5bkbr<k)+M H H 5aj%<j)+m 5bkb¢<k)+M = N? {5%57@ +0 (N)] :
a1,e@201,b1 5. bons | j=1 k=1 j=1k=1

The contribution thQ%ﬁ( x) from each paiw, 7 is the same. There aﬁé\m—2 possible pairg, 7. We write the contribution

from just one of these pairs, and multiply by the fac%f We chooser(j) = jforj=1,...,M,andr(1) = M, 7(j) =
j—1forj=2 ..., M. Thenwe have

21\{

Witis(e) = g [ [ e BHmant

(Pl + DM —DPMy1— —p2M)M (pr+- 4+ DM —PMyr— - —D2m),
X (P14 DM =Py — = Pam)y (P1 DM — Py~ — Pam)g
1 1 1
(91 - 6‘M+1) + 7 (92 —Opg2) +m (9M - 6‘2M) + 7
1 1 1
X 5 5 5 + 0 <—> . (VI.2)
(01— O2pr)” + 72 (02 — Opgn)” + 72 (O — O2pa—1)” + 72 N
Finally, as in Section IV, we relabel the integration valesbbyd, — 60,, 0 — 05, 05 — 05, ..., Opr — Oopr—1, Oprr1 —
Oz, Orrro — 04, ..., O20s — O224. This gives the expression for the non-time-ordered catiaat function

7T = —ix- 32 M p / /
Wihasl) = 5 3 / Hd9 oS, pM pM pM pii

1
— V1.3
(6‘1—92A1 +7T2 ];[ 9 —6‘7+1 +7T2+O(N) ’ ( )

where the vectoP™ is given by (IV.4).

VIl. THE ABELIAN NATURE OF FORM FACTORSIN THE'T HOOFT LIMIT

At large-N, the application of the 2-body particle-antiparticle S rixatith relative rapidityd is equivalent to multiplying by
a pure phase. As discussed in Section Ill, the phaéedis~i)/(0 — =i) raised to the power of the number of contracted color
indices.

The form factors afV = oo (we must drop the terms of ordéy N for the current form factors) contain Kronecker deltas
in color indices in the case of operators such as the ren@eddfield or the current, the Kronecker deltas can be reptede
diagrammatically as lines. This is shown in Figure 1. Anyddebntractions topologically different than that showttirs figure
is of higher order inL/N. This indicates a natural ordering for the incoming exuaited. We have labeled these2, ..., n. We
emphasize that this integer index is not necessarily the senthe subscript of rapidities or colors. A similar stroetexists for
color singlet operators, such as the stress-energy-mameensor; this is shown in Figure 2. The only feature difféfeom
Figure 1 is that there is a color contraction between thedinsitlast excitations. It is significant that particles antpamticles
alternate in these figures. Thus each particle has onlyaatitifies as nearest neighbors asick-versa



9

The excitation indey = 1,...,n, shown in Figures 1 and 2, inspires the notion of “nearegthtmr” excitations. Nearest-
neighbor pairs are indexed hyandj + 1 and possiblyn and1 (for a color singlet operator). The odd indices correspand t
incoming particles (antiparticles) and the even indicasegpond to incoming antiparticles (particles). The maimpis that
each excitation can scatter nontriviatiply with its nearest neighbors. We stress that this propertgagto be related to the
't Hooft limit of amplitudes, rather than integrability.

We now make the planarity property described above moreaiixplet us introduce excitation creation operatarg9);,
wherej = 1,...,n. Two such operators commute unless they correspond to stesighbor excitations. We replace the
original Zamolodchikov algebra (11.1) by

0 —0+mi .
Q[T(H)jQ[T(G’)k = mgﬂ(@l)kgﬁ(@)j, k=]+1,
0 —0—mi
o). At (9, = — 7 " of(p’ Q). — 5 _
AT(6); AT (0, T, O AT(0);, k=j—1,
AT(0); AT (0 = AT (O AT(9); , otherwise. (VIL.1)

In the case of a color singlet operator, we define the addi@ration to be modula, thatisn +1=1,1 -1 = nin (VIL.1).
This algebra is associative. The associativity is trivaald does not appear to be related to integrability at fiNiteThis leads
us to ask the pregnant question: can the form-factor bagtstork for the 't Hooft limit of a non-integrable field thedry

VIIl. CONCLUSIONS

To summarize, we have obtained all the form factors of thestuvector and stress-energy-momentum tensor in théV3u(
principal chiral model a®& — oo. We have used this to find vacuum expectation values of pteddithese operators. Together
with the result for the Wightman function of the scaling fif#dl this brings us closer to a complete picture of this quamfield
theory.

As discussed in Section VII, the simple nature of form fagaiargeN may not require integrability at finit&/. The prospect
of a bootstrap program for the planar limit of non-integedfitld theories is exciting and deserves to be exploreddurth

The induced Yang-Mills action and induced gravitationaiat can be determined from the correlation functions of the
currents and the stress-energy momentum tensor, resggct@ur result cannot completely fully determine thesedtffe
actions, as we only have correlation functions of two opegat Higher-point correlation functions are harder to duatee,
because there are “disconnected” pieces in form-factam@sipns of these functions, which must be subtracted [1&]b®¥lieve
that this obstacle is surmountable, however.

Our work should have application in the study(®f+ 1)-dimensional SUY) gauge theories as coupléd+ 1)-dimensional
principal chiral models [17], and perhaps in other problevite SU(V) symmetry.
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Figure Captions

Figure VIII.1: lllustration of the index structure of a forfactor of an operator with two color indices (such as a loagHfior current),
asN — oo. Lines denote contractions of excitation indices. In thigife and the next, the integets2, ..., n denote the order of the
excitations, according to how indices are contracted. @im index from each of the first and last excitations is cacted with the operator.
The excitations alternate between particles and antgbesti

Figure VII1.2: lllustration of the index structure of therfa factor of a color-singlet operator (such as the stregsggrmomentum tensor) as
N — oco. In this case, a color index of the first excitation is cortiedavith a color index of the last excitation.
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