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Abstract

We start with a four-dimensional (4D) system only with local nilpotent
fermionic symmetry, and show that massive N = 1 supergravity is realized as
a special case. Our field content in 4D is (e,™, ¥, w,™, ), where o,/ is a
vector-spinor in the Majorana representation in four-dimenisons, while Y is a
compensator Majorana spinor, and w,"™ is the Lorentz connection in the first-
order formalism. Applying a similar method to 10D, we start with the field content
(eu™, Yy, w.™, Aup, Buw, A, ¢, x) with nilpotent fermionic symmetry, and show
that the conventional massive type-IIA supergravity comes out as a special case of
our system. These explicit results indicate that the most known massive supergravity
theories are just special cases of more fundamental systems with nilpotent fermionic
symmetry. Our nilpotent fermionic charge N, satisfying {N,, N3} =0 resembles
the BRST charge @p in topological field theory with the ‘twisting of supersym-
metry’. If we interpret our charge N, as twisted supersymmetry, it becomes clear
how our system evades the Haag-Lopuszanski-Sohnius theorem for the uniqueness of
supergravity.
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1. Introduction

In our recent paper [1], we have demonstrated that some supersymmetric integrable
systems in lower dimensions (D < 3) can be generated by a system in dimensions D =
242 only with local nilpotent fermionic symmetry. In such a system, a vector-spinor plays

the role of the gauge field for local nilpotent fermionic symmetry.

In a subsequent paper [2], we have also presented a self-dual Yang-Mills (SDYM) system
with a vector-spinor gauging local nilpotent symmetry generates in D = 2+ 2 contains the
usual supersymmetric SDYM system as special exact solutions. Our mechanism is shown
to work also in dimensions D =8+ 0 and D = 740 for generalized self-dualities with
reduced holonomies SO(7) and Gsq, respectively. In other words, we have shown that
supersymmetric systems are realized as the sub-systems of larger systems only with local

nilpotent fermionic symmetry.

In supergravity theory [3][4][5][6], it was shown long time ago that the gravitino field
equation satisfies the so-called consistency condition [4], so that supergravity appears to be
the ‘unique’ gauge theory for interacting vector-spinors. To elucidate this, we consider a
system of the field content (A, ¥,) in four-dimensions (4D), where i =1, 2 for the 2 rep-
resentation of SO(2), and suppose there is a minimal coupling between the SO(2) gauge

field A, and the Majorana vector-spinor ¢,’ in the 2 of SO(2). Consider the lagrangian®)

1 1 /7 i 7
£ =~ L (B2 = 13,19 D,0,) (1)
where D,,' = 9,1,° + ge¥ A, 07, The field equation for " is®)
0Ly pp A
L (e D ) 20 1.2
P =~ D) 12

Since the right side is zero, the divergence of the left side is supposed to vanish. However,

actual computation shows the opposite:

5L g .
D, (W) - %gelj(7“p0¢oj>Fup #0 . (1.3)

unless the field strength itself vanishes. This is also known as ‘Velo-Zwanziger disease’ [7]
In N =1 supergravity theory in 4D [3][4][5][6], this problem does not arise. The 1st-

order formalism of supergravity has the field content (e,™, ¥y, w,") with the lagrangian

Ly=+ teR— (7" Dyby) - (1.4)

4) We use the symbol = for a field equation, distinguished from usual algebraic equality.
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Here D, is the Lorentz and gauge-covariant derivative: D, ¢, = 0,4, — (1/4) w,"*(Vrst0),
and R is the scalar curvature constructed out of the Riemann tensor as R = g"'R,, =

g" R,," with R,,"™ = 20p w1 — 2w[u”w,,]f. The 1), -field equation is

0L
= AP D by =0 1.5
6¢M2 P ( )

Most importantly, its divergence is shown to vanish [3][4]:
(5£2 5£2
_D r— i m - i 1.
(572) = +omm () =0 o
upon the use of the vierbein field equation.

In the present paper, we show that supergravity theory, such as N = 1 supergravity
theory [3][4][5][6] is not singled out as the unique consistent theory for a vector-spinor in 4D.
We have an alternative consistent system for a vector-spinor with local nilpotent fermionic
symmetry. In other words, a vector-spinor can be the gauge field not only for local su-
persymmetry, but also for local nilpotent fermionic symmetry. Moreover, the conventional
N =1 supergravity theory [3][4][5][6] is a special sub-system of a larger system only with

nilpotent fermionic symmetry.

The usage of a vector-spinor as the gauge field of local nilpotent fermionic symmetry
is not new. In fact, we have shown in our paper in 2006 [8] that a vector-spinor can be
coupled consistently to a non-Abelian gauge field without any problem of consistency. The
new result in our present paper is that the conventional N =1 supergravity comes out of

such a nilpotent system as a sub-system with supersymmetry as stronger symmetry.

The technique we adopt is based on the compensator mechanism. This is also similar
to what we used in [8]. Namely, we need an extra compensator y in addition to the

vector-spinor under question.

Some readers may wonder, if gauging nilpotent fermionic symmetries, especially with
compensator fields really makes sense. Such a question is motivated by the following two
observations: First, due to unitarity, nilpotent symmetry will have only zero-norm states, so
that they are associated only with unphysical states. Therefore, our system deals only with
unphysical fields. Second, since compensator fields are gauged away by local symmetry by

definition, one can create any theory with compensator that has ‘fake’ symmetry.
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Even though these questions seem legitimate at first glance, they are not actually well
supported for the following reasons. For the first point about unphysical zero-norm states,
we cite the non-trivial series of works on gauging BRST symmetry [9] which is also nilpotent
symmetry. Furthermore, in our aforementioned papers [1][2], we have shown that super-
symmetric integrable models in D =241 and D =1+ 1 are generated by our system
in D =2+ 2 with nilpotent fermionic symmetry. Obviously, interacting physical states in
D < 3 are associated with nilpotent fermionic symmetry in D = 2+2. Note that even super-
symmetries in D < 3 are generated from a non-supersymmetric system in D = 2+ 2 only
with nilpotent fermionic symmetry. For the second point about triviality of compensators,
we have to cite the original works by Proca and Stueckelberg [10] which are by no means
trivial. It is true that our compensator x can be gauged away by symmetry, and therefore
X is unphysical. However, the vector-spinor gauge field ¢, can not be gauged away, because

components other than the gradient direction remain as physical components.

This paper is organized as follows. In the next section, we explain the consistency
of compensator mechanism, starting with the case of non-Abelian Proca-Stueckelberg-
type compensator field,” and show that there is no problem with the divergence of the
gauge field equation. In section 3, we give the nilpotent symmetric system in 4D with
the field content (e,™, ., x), where the usual massive supergravity in 4D [11], comes
out as a special case of more general nilpotent symmetric system. Applying a sim-
ilar technique, we establish nilpotent-symmetric system in 10D with the field content
(™, Yy, W™, Auvpy Buw, A, ¢, X), and show that the massive type-IIA supergravity [12],

comes out as a special case of nilpotent-symmetric system.

2. Non-Abelian Gauge Field with a Compensator

As a simple example for a compensator, we consider non-Abelian gauge interactions.
Our field content is (A,”, ¢), where 1 is for the adjoint representation, while ¢’ is the
Proca-Stueckelberg-type compensator scalar field [10] that is absorbed into the longitudinal

component of A,”.

5) The original gauge field by Proca and Stueckelberg [10] was only for Abelian group, but we sometimes
call it a ‘Proca-Stueckelberg-type compensator’ in this paper.
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Our total action is I3 = [ d*x L3, with the lagrangian®
1 1
Ly=—1(Fu')? = 5 (B, (2.1)
where

Fu' = +20p,A0" + mfrRATAR

P/

[(Dueﬂ e_“p} I=4 [(@e‘p) e_“p} T+rma,’ . (2.2)
Our action I3 has the non-Abelian gauge invariance drl3 = 0, where
or(A,, e?) = (+D,o0, —mae?) = op(Fu,P,) =—[a, (Fu,P)] - (2.3)

These fields and the infinitesimal parameter « carry the implicit anti-hermitian generators
T, e.g., o7A, = D,a’.

For getting the ¢-field equation, we need a lemma for a general variation of P,':
6P, =D, [(56@)6_@}1 + [(0e?)e?, P,]F +mdA," . (2.4)

Now the field equations of A, and ¢ are

g% = — D, FT _mprl = | (2.5a)
nw

As expected, the divergence of the A,-field equation vanishes upon the use of the ¢-field

equation:

5£3 5£3
D,|—=|=-mD,PMM =—m————_ =0 . 2.6

' <6A/> e Teen)ee]! 20
This consistency is also associated with the invariance of the action dr/ = 0, because

o= 0 (55 ) ¢

6) Although the formulation in this section is just the repetition of the original paper [10], we repeat it
here, due to its importance for understanding our result from the next section, .
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Here the symbol < is an equality valid up to a total divergence. For any equality in (2.7),
no field equation has been used. In other words, (2.7) is an identity implying (2.6).

As the transformation (2.3) shows, the field ! is a Proca-Stueckelberg compensator
field [10], which should be absorbed into the longitudinal component of A, by a field

redefinition
flu =e PA? +m e 0, =m e PP’ . (2.8)
Needless to say, drA, = —[a, A,] and 67F,, = —[a, F,,] with
Fo'=20pA," +mf75A,7A% . (2.9)

Under (2.8), the original lagrangian (2.1) is recasted into

1 /7 1 T
L3=— 1 (Fuu1)2 -5 mz(AuI)z : (2.10)
Now the field equation of A i simply
5‘;531 = — D, ™I A = (2.11)
o

Here the covariant derivative D x 1s with A .- At the free-field level, (2.11) means nothing

but a massive-vector (Klein-Gordon) field equation
PA, = +m?A, + (interactions) . (2.12)

Eq. (2.11) further implies that

D, < OLs ) = —m?D, A" =0 | (2.13)
0A,T

Even though the middle side of (2.13) is not algebraically zero, there arises no problem.
However, we can no longer rely on the (-field equation as in (2.6), because the ¢-field is not
in the new lagrangian (2.10) any longer. Instead, we can interpret (2.13) as the divergence of
(2.11) yielding the vanishing of D Mﬁ‘” . This is also equivalent to the e?-field equation in
the original system in the frame (A4,,y). As a matter of fact, the condition Eufl“l =0 is
needed for a massive vector A .., because one degree of freedom (DOF) should be eliminated

out of the original 4 DOF, so that only 4 — 1 =3 DOF survive as a massive vector field.
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The reason why (1.3) had a problem, while (2.13) or (2.5b) did not, is that the latter
has many non-trivial solutions, while the former does not. We will see similar situation for

a vector-spinor field as the gauge field of nilpotent fermionic symmetry in the next section.

3. Nilpotent Fermionic Symmetry for a Vector a Vector-Spinor in Curved 4D

In a fashion similar to the above massive non-Abelian vector, we can build a system for a
vector-spinor 1), in curved 4D with the field content (e,™, 1, w,", x). Our vector-spinor
1, is in the Majorana spinor in 4D, playing a role of the gauge field for nilpotent fermionic
symmetry. The x is a compensator field analogous to ¢, and will be absorbed into 1),,.

The w,™ is the Lorentz (spinor) connection for the local SO(3,1) Lorentz symmetry.

Our local nilpotent fermionic symmetry generator N, satisfies the algebra with the

translation generator P,, and the Lorentz transformation generator M,,,:
1
{NOH Nﬁ} =0 ’ [an7 Na] = - 5 (f}/mn)aﬁNB 5 (31&)

(M, M™] = + 460, My™ L (Mo, P = 4200 Py (3.1b)

and all other commutators, such as [F,,, N,| are zero. This set of algebra is the curved-
space generalization of our algebra in [2]. The only difference from the usual supersymmetry
algebra is that the first commutator in (3.1a) vanishes. The generator N, acts on the fields

as
on (™ Yy wu", x) = (0, Duf, 0, =mp) (3.2)

so that the field strengths are all invariant:
oNn(Tw™, Ry, RW"™, L,) =(0,0,0,0) , (3.3)

if each field strength is defined by

T,™ = +2Dpeq™ (3.4a)
Ruw = +2Dpby + 410 (YounX) R ™ (3.4b)
Ly= +Dyx+mi, | (3.40)
R, = +20pw," + 2w[u” W' (3.4d)
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where D, is the usual Lorentz covariant derivative, e.g., D,x = 0,x + (1/4)w,"* (7rsX)-

We now set up our total action as [ = [d*z £ with
L=+ ieR — im_le(fufy“p”Rpo) + %m_le(fuy‘“’[w) +am’e | (3.5)
where a is an arbitrary real constant. Thanks to (3.3), the invariance oy = 0 is manifest.

Similar to (1.6) or (2.6), we have the consistency equation for the divergence of the

D, (%) —m <f5§> =0 (3.6)

The first equality is nothing but the §y-invariance of our action:

=m0 (1) o () £ 30, (1) (9

1, -field equation

— oL oL
)8
M 5¢u 5X ( )
The first two sides of (3.6) can be confirmed by the direct computations:
oL 1 T 1 o T
= e R+ gl L),
“w
+ Lem ™ (YT LT, — Tl e(v L) Tt (3.82)
oL 3 i
== +(a—32)e(y"Ly) (3.8b)
where
Ry = 2m7 DLy + (viuluy) (3.9b)
T,"=T," —m2L,A"L,), T,=T.", T,=T." (3.9b)
The symbol = in (3.8b) implies that we have also used other field equations, such as
_ oL 15 1 =
1 — 1 H 1 H
€ (50)””7’") = + 4Tmn + 2€[m Tn]

1 —1| = o T — o '8
+ gm I[Xmen{fY“p Rpcr —m l(g,up Lp)Tcr

o1 oL .
Seqt ]

-1 (Zp,ypma Rua)

NI = N

m e, (L, Ly) + m™ (LA™ L,) — am®e,™ =0 . (3.10Db)



In particular, the last two lines of (3.10a) vanish upon the 1, -field equation (3.8a). Even-
tually, (3.10a) yields the torsion condition

T,"™ = +m2(L,A"L,) < T,™=0. (3.11)

As in the conventional supergravity [3][4][5][6], (3.11) is equivalent to the usual expression

of w,™ in terms of the anholonomy coefficients C,,™:
Wmrs = - % (émrs - émsr - érsm) ) é/u/m = +28[ueu]m - m_2(zu7mLu) . (312)

The only difference is that the fermionic-square term in CAZ'H,,m are L?-Terms. However,

they are eventually equivalent to the conventional one, because of L, = mzz x in (3.6).

As a technical detail, we mention that the Fierz identity
(VP L) (Lo Ly) + (YL, ) (Loh " L) = 0 (3.13)
has been used in (3.8). This is derived from the ~-matrix identities

(a0 ey + (a@ (e =0 . (D@a (e =0 . (3.14)
with the indices o, 8, - =1, 2, 3, 4 for the spinorial indices of 4-component Majorana spinors.

The last three terms in (3.8a) vanish upon (3.11), yielding the simplified " ,-field equa-
tions

~ ~ ~

VP Ry =0, ARy =0, Rup) =0, R+ iR =0 . (3.15)

where 7V2mn = (1/2) €mn® 7v€,,s. Eq. (3.15) can be used also for other field equations. Note
that these 1 -field equations are formally the same as thosein N = 1 supergravity [3][4][5][6].
Eq. (3.10b) yields the simplified form of the vierbein-field equation

Ruu = — m_l(zp%ﬂ\éup) + m_l(ZM’YVpLP) +2 anglw : (316)

Using these field equations, we can confirm the consistency (3.6):

oL\ . i LY\ .
D, <ﬁ> = — (a— %) me(y'L,) = —m <E> =0 . (3.17)

Since the divergence of the 1), -field equation vanishes upon the use of the x-field equation,

there is no problem with the consistency of the vector-spinor field equation. Especially, the
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x-field equation starts with e~'(6L£/0Y) = (a — 3/2)(v*L,) = (a — 3/2)(PP x + m~*,) =0,
which is the kinetic term of x. This implies that there are definitely non-trivial solution for
X, as opposed to the Velo-Zwanziger disease case (1.3). In other words, (3.17) is different
from (1.3), while similar to the non-Abelian compensator case (2.6). This fact is also valid

independent of the value of the real constant a.

As in the Proca-Stueckelberg mechanism [10], the v, can absorb the compensator x by
b=t +m'Dyx =m"'L, . (3.18)

In terms of (e,™, " us W™, the original lagrangian (3.5) is re-casted into

L=+ ieR— e(@ﬂyﬂpoﬁm) + %me(zﬁufy“”qzy) +am’e | (3.19)

e

where R, = 2D[u1;,,]. We can re-confirm the consistency (3.17) in the frame
(e, 0 u wu™). Actually, the field equations become simpler. First, (3.10) stays the same
(with L, replaced by mzz ,.), while the vector-spinor field equation is

[ oL — v VoS .
e (?) = - %(7“ "Rup) + m(y"¢,) = — % (Y*""Rup) =0, (3.20)
o,
The explicit form of the divergence of the 1, -field equation is
oL\ . ~
Du<—:—>:: —(a=3)m*(y",) - (3.21)
0,

again by the use of the Fierz identity (3.13), and other field equations.

The most important feature is that even if a # 3/2, the RHS of (3.21) poses no problem
for consistency. The last side of (3.21) implies the ~-trance free condition o x =0 on the
vector-spinor, just as the divergence-less condition D uﬁ“ =0 (2.13) for the non-Abelian
compensator formalism. To put it differently, the RHS of (3.21) is nothing but the remi-
niscent of the original y-field equation (3.8b) equivalent to the ~-traceless-ness condition
Y = 0.

In terms of DOF, @Z p has originally 4x2 DOF, because of 4 for the index , and 2 for
a Majorana spinor. The assignment 4 for the index , is due to the fact that a massive
vector-spinor has no gauge invariance with respect to the index ,. However, eventually, a

vector-spinor should have 3 x2 DOF| so that 1x2 DOF should be eliminated by an extra
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condition. Eq. (3.21) =0 is exactly such an extra condition. There is also parallel structure

between the non-Abelian case (2.13) and (3.21) =0.

In the conventional massive N = 1 supergravity theory in 4D [11], this point has not
been clear. It was concluded in [11], as if the value a = 3/2 for anti-de Sitter (AdS) super-
gravity system were singled out for the consistency of the 1, -field equation, and therefore
supergravity would be the only consistent system for a massive vector-spinor. However, the
consideration of local nilpotent fermionic symmetry above concludes that not only the value
a = 3/2, but also any other values of a # 3/2 are allowed for the consistency of the vector-
spinor field equation. In other words, the conventional N =1 supergravity theory [11][5][6]
is just a sub-system of a more larger consistent system of local nilpotent fermionic symmetry
in 4D.

4. Application to 10D Case

We can repeat a similar formulation in 10D. The field content in this caseis (e,™, ¥, w,",
Ay B, A, ¢, x), where the first seven fields are the same as the massless [13] or massive
type-1IA supergravity [12] in the first-order formalism for the Lorentz connection w,”, ex-
cept for A which stands for y in [12], while we use x as the compensator for our nilpotent
fermionic symmetry just as in 4D. Needless to say, 1,, A and x are Majorana spinors in

10D as in type-IIA supergravity [13][12].

Our starting action is I1op = [ d"°z L19p, where”

Lip =+5eR— 1m (T Ry,) — 5e (' DuN) = Se(Dup)’ — 15 ee?(Flap)?

_ L. e_z“D(G[g,])2 ~ 12 6_3“035,, + % e (L, " N0y

12 4
1 jwporiwpex 96 2

+ 1152 € (FHVPUFTAwdf — SWFWJPUBT)\wa + 5 m B;prchT)\wa) BSDX

1 — — - v 1 — 3 —
— e 20 o= /2 [(L”V[WM%JL ) — —2m(Lw[4]V“>\) + Zm2()\ﬂy[4]>\)} Fi

1. - + y —
™M Yee? [(L“%W[ﬂ[?’]%][/ ) — V2m (Lu%ﬂmV“)\)} G[S]

1 -1, =30/V2 [ FTn po v 3 (T PO A1 S 2(Y po
+gmee {(L Yy L) — ﬁm(L;ﬁn’Y YEA) + LM (Ay11y A)} By

") We use the space-time signature (—,-+,+,---,+) used in [12]. The difference in the overall sign in

our lagrangian compared with [12] is that the latter has the overall negative sign for the lagrangian. This is
obvious from the ¢ or all other bosonic field kinetic terms in [12]. We sometimes use the symbol [n] for
n-totally antisymmetric tensor to avoid messy indices. For example yPB1G 3] ="’ Gpvp-
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— % mte 6_5“”/2m_2(fM7“”L,,) + 8%/5 ee %L I + % mee 2?/2(X\)
+bm*ee ™ + O(fm?) . (4.1)

up to quartic-fermion terms O(fm*). The b is a real constant. As in 4D, we define

1 - mn
Ruw = + 2Dyt + 1m™ (n ) R ™ (4.2a)

L,= +D,x+my, , (4.2b)
Note that our action I;op has local nilpotent fermionic symmetry dyIiop = 0, where

5N(€um> %u wurs’ A[3]> B[2]a )\7 ©s X) = (Oa Duﬁa O> 0, 07 Oa 07 _mﬁ) ) (43&)

5 (T m R/MM R F[4], G[g], Du)\, (9,@, Lu) = (0, O, 0, O, 0, O, 0, O) . (4.3b)

[

The 1, and x-field equations are

oL
-1 10D _ l uvp 1 |27
( 5, ) s (VRy) + 75 (WAHA)D
1 v 1 -
_ _48m lo 30/2(7[ 7[A:]%]L )F[4] + \/—e w/2( (4] ”‘)FW

1
— 5 e P LG + 12\f e? (7117 N) G

2 .
+ 3¢ P L) By — 5o me (" A) By

1 v 5 - :
—m e (yWL,) + S5 me 5/2(4HN) + O(fm®) =0 |, (4.4a)
oL
1 0D\ . —5¢/2 5 3y -
( = ) - ( ) ® <7MLM 5 m)\) + O(fm”) =0 . (4.4b)

We can compute the covariant divergence of (4.4a), and find that the consistency corre-

sponding to (3.17) in the 4D case as

5
Dp< %OD> =+ (b+ 1) mee (7“Lu - ?m) = tmee %/ <5£5—%°D> =0 . (4.5)
w

All the equalities here holds for arbitrary values of b.

As in the N = 1 case in 4D, we can re-confirm this result in the new frame

(e,™, @Zu, w,", Ars), Brags A, ). The the field redefinition for this purpose is

@Eu = ¢u + m_lDuX (Lu = m'Ju) ) (46)
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thereby we can simplify our field equations by re-casting the lagrangian (4.1) in the new
frame as

1 1 il v 1 N 1
Liop = + 1 eR— 5 € (¥, 7" *D,i) p) — 5 ¢ e (M*DyA) — 56(8u<ﬂ)2 - &ee P (Fy)*

1 _ 1 1 - v
— 5¢¢ 2§0(G[3])2 —am m*ee % B;w)z + V2 €(¢M7 Y A\)0p
+ %52 EHVPUTA“”!“PX (F,LLIJPO'F Awip — SmeupoBT)\BwllJ + 9_56 szuVBpO'BT)\BW¢) BSOX

1 = ~, 3 ~
— g5 [(va[‘”mw )= 5 @,y + 2 ()\7[4]>\)} Fig

— 5 e [(J“%wmm%ﬂ) VZe (!t 7”)\)] Gra)

1 — = o v 3 /7 o 5y o
+ gmee V2 {(W%wm” 1¥") = 75 WA+ (ny” A)] Byo

1 — = v 5 — = 21 — Y
— gmee 5“"/2(1%7“ v,) + szmee 5“”/2(1%7“)\)%— pmee 50/2(XN)

+bm?ee™ 4+ O(fm*) . (4.7)

The 1; . -field equation is simply (4.4a) with L, replaced by mzz , so we do not give the

explicit form here. It is straightforward to show that the divergence of " -field equation is

Du(ééiD) = 4 (bt §) mPee™ [(vM,) - %A} . (4.8)

Here this has been confirmed up to cubic terms, corresponding to the skipped O(fm*)-terms

at the lagrangian level.

Compared with the previous 4D case, the A-field is also involved linearly. However,
this does not pose any problem, because this means that when b # —1/8, the ~-trace
component of QZ , is mixed up with the A-field. Eventually, the value b= —1/8 for type-
ITA massive supergravity in 10D [12]®) is not the only consistent theory, but any other value
of b is also allowed. In any case, the vanishing of the right side of (4.8) implies the modified
~v-traceless-ness of ’lZ u» Which is nothing but the condition for a massive vector-spinor in

10D. This is nothing peculiar to 10D case, but parallel to the 4D case (3.21).

We stress again that even for b # —1/8, there is no problem with the non-vanishing
divergence (4.9), for the same reason we have explained for the case of non-Abelian Proca-

Stueckelberg mechanism (section 2), and for the case of nilpotent fermionic symmetry in 4D

8) Due to the overall negative sign already mentioned in the lagrangian in [12], our value b= —1/8 cor-
responds to the potential term + (1/8)m2e=>% in [12].
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(section 3). In other words, we have not only the conventional type-IIA theory, but also our
lagrangian (4.1) with nilpotent fermionic symmetry are the consistent theories for massive
vector-spinors in 10D. We conclude that the conventional type-IIA supergravity is a special

case b= —1/8 of the latter with general value of the constant b.

5. Concluding Remarks

In this paper, we have shown that a 4D system with the field content (e,™, ¥, x, w,")
only with local nilpotent fermionic symmetry, where 1, is the gauge field for the nilpotent
fermionic generator N,, while x is the corresponding compensator. Our lagrangian con-
tains a real arbitrary constant a, which coincides with massive N =1 supergravity in 4D,
iff a = 3/2. This system has not only consistent vector-spinor interactions, but also contains
conventional N = 1 supergravity [3][4][5] as a special case. The usual vector-spinor consis-
tency condition D,(0L/d1,) =0 can be satisfied not only in the conventional supergravity
[3][4][5][6], but also our system of local nilpotent fermionic symmetry, whose gauge field is
the vector-spinor 1),. The consistency condition D, (6£/d,) =0 for non-supergravity
case (a # 3/2) has been confirmed both in the original frame (e,™, ¥,, X, w,"®), as well as

in the frame (e,™, 0 u wy,"°) in which the commentator x is absorbed into 0 -

In a similar fashion, we have applied this formulation to 10D case for the field con-
tent (e, Y, W, Aup, Buvs A, @, x). We have established our lagrangian (4.1) with local
nilpotent fermionic symmetry, and with an arbitrary real constant b, where b = —1/8 corre-
sponds to type IIA massive supergravity [12]. We confirmed its consistency by inspecting the
divergence of the 1), -field equation (4.4a) for the general constant b. Our theory contains the
conventional type-IIA massive supergravity [12] only as a special case as b= —1/8. There
is nothing wrong with non-supergravity theory with nilpotent symmetry with vector-spinor

in 10D, similarly to our 4D system.

These are counter-examples against the common notion that any supersymmetric system
is generated only by a more fundamental supersymmetric system, such as dimensional reduc-
tions from higher dimensions. Our results also imply that supergravity systems are not the
only systems that provide consistent interactions for vector-spinors, and this seems true in
any space-time dimensions [8]. The only restriction for supergravity is D < 11, because for

a supergravity theory to be realized as a special case of nilpotent symmetry, the restriction
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D < 11 is inevitable. However, it is also true that we can construct a system with local
fermionic symmetry in any space-time dimensions [8], so if we forget about supergravity,

there is no limit for space-time dimensions.

The result in this paper is in a sense very natural, considering the series of results [1][2]
about nilpotent symmetry already generating so many supersymmetric systems. The result
in [1] already indicates that supersymmetry itself is a sub-system of nilpotent symmetry,
while the results in [2] in D = 242 and/or D = 840 and D = 7+0 suggests the existence of
fundamental system with nilpotent symmetry generating conventional N = 1 supergravity

in D=3+1.

One important conclusion of our 4D theory is that not only the value a = 3/2 corre-
sponding to supergravity is consistent for the lagrangian (3.5) or (3.19), but also any other
value gives consistent interactions between the vector-spinor 1, (not necessarily ‘gravitino’)
and the vierbein e,™. In other words, supergravity theory at a = 3/2 is just a special case
of a more wider set of consistent theories of vector-spinor in 4D. A similar conclusion can be

obtained for the values b # —1/8 for our 10D theory.

Among those values a # 3/2 in4D or b # —1/8 in 10D, the case of the zero-cosmological
constant with @ =0 or b= 0 is also a special case for consistent vector-spinor interactions

with nilpotent fermionic symmetry.

Some readers may wonder about the uniqueness of supergravity with consistent interac-
tions following the Haag-Lopuszanski-Sohnius (HLS) theorem [14], which seems to dictate
that supergravity is the ‘unique’ consistent gauge theory of a vector-spinor in 4D. Also, our
nilpotent fermionic charge N, satisfying {N,, N3} =0 may turn out to be just a conven-
tional BRST charge @Qp [15] in ‘disguise’. Indeed, there are certain similarities, such as the
nilpotent feature of our charge N,, or the resemblance to the gauging of the conventional
BRST symmetry [9]. Additionally, the nilpotent charges for topological field theories [16][17]
is a kind of BRST charges.

However, there are also essential differences: First, our nilpotent charge N, carries
the spinorial index «, while the conventional BRST charge )g has a single component.
Second, our system is still a classical system without Faddeev-Popov [18] or other quantum
ghosts. Third, in general topological field theories [16][19], their actions or lagrangians are

independent of metrics, while our lagrangians do contain vielbeins, and therefore they do
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depend on metrics. This is also related to the feature that our system has interactions among
physical fields, while topological field theories [16] or their BRST charges are associated with
non-physical fields such as ghosts. However, this apparent contradiction is known to be

compromised by the ‘twisting of supersymmetry’ [19].

From these considerations, two important points are crystalized: First, due to an essential
difference between our fermionic charge N, and the ‘conventional’ BRST Qg [15][17],
special caution is needed for the interpreting the former as a generalized BRST charge.
Second, the superficial contradiction between our system and HLS theorem [14] can be
resolved by the twisting of supersymmetry [19]. In other words, our nilpotent fermionic
symmetry is a generalized BRST symmetry, also interpreted as twisted supersymmetry [19],

evading the conventional HLS theorem [14].

Our results constitute counter-examples against the common notion that any supersym-
metric system should come out only from a supersymmetric system, such as higher dimen-
sional supersymmetry wia compactifications. It is also against the general wisdom that
supergravity [3][4][5][6] and supersymmetry are the only systems that involve vector-spinors
with consistent interactions [14]. Our results seem to indicate that our local nilpotent sym-
metry (as a generalized BRST symmetry or twisted supersymmetry) is the master symmetry

superseding local supersymmetry.
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