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In this paper, we study 3-point correlation function of primordial gravitational waves generated
in the de Sitter background in the framework of the general covariant Hořava-Lifshitz gravity with
an arbitrary coupling constant λ. We find that, at cubic order, the interaction Hamiltonian receives
contributions from four terms built of the 3-dimensional Ricci tensor Rij of the leaves t = constant.
In particular, the 3D Ricci scalar R yields the same k-dependence as that in general relativity, but
with different magnitude due to coupling with the U(1) field A and a UV history. Interestingly, the
two terms RijR

ij and
(
∇iRjk

)
(∇iRjk) exhibit peaks at the squeezed limit. We show that this is due

to the effects of the polarization tensors. The signal generated by the fourth term, Ri
jR

j
kR

k
i , favors

the equilateral shape when spins of the three tensor fields are the same, but peaks in between the
equilateral and squeezed limits when spins are mixed. The consistency with the recently-released
Planck observations on non-Gaussianity is also discussed and is found that (H/M∗)

2 (H/Mpl) ≤
10−8, where M∗ denotes the suppression energy of high-order operators, Mpl the Planck mass, and
H the energy of inflation.

I. INTRODUCTION

To quantize gravity in the framework of quantum field
theory, and take the metric as the fundamental variables,
recently Hořava proposed the Hořava-Lifshitz (HL) the-
ory of gravity [1]. By construction, the HL theory is
power-counting renormalizable, which is realized by in-
cluding high-order spatial derivative operators [up to six
in (3+1)-dimensional spacetimes]. The exclusion of high-
order time derivative operators, on the other hand, en-
sures that the theory is unitary, a problem that high-
order derivative theories of gravity live with for a long
time [2]. Clearly, this inevitably breaks the general diffeo-
morphisms, δxµ = −ζµ(t, x), (µ = 0, 1, 2, 3). Although
such a breaking in the gravitational sector is much less
restricted by experiments/observations than that in the
matter sector [3, 4], it is still a challenging question how
to prevent the propagation of the Lorentz violations into
the Standard Model of particle physics [5].

Hořava assumed that such a breaking happens only in
the ultraviolet (UV), and down to the foliation-preserving
diffeomorphism, Diff(M, F),

δt = −f(t), δxi = −ζi(t, x), (i = 1, 2, 3). (1.1)

In the infrared (IR), the low derivative operators take
over, and the Lorentz symmetry is expected to be “acci-
dentally” restored, whereby a healthy low energy limit is
presumably obtained.

The breaking of the general diffeomorphisms immedi-
ately results in the appearance of spin-0 gravitons in the
theory, in addition to the spin-2 ones, found in general

∗Electronic address: yongqing_huang@baylor.edu
†Electronic address: anzhong_wang@baylor.edu
‡Electronic address: raziyeh_yousefi@baylor.edu
§Electronic address: tao_zhu@baylor.edu

relativity. This is potentially dangerous, and leads to sev-
eral problems, including instability, strong coupling and
different speeds of (massless) particles [6]. To resolve
these issues, various models have been proposed, along
two different lines, one with the projectability condition
[7], N = N(t), and the other without it [8, 9], where
N denotes the lapse function in the Arnowitt, Deser
and Misner decompositions [10]. In particular, Hořava
and Melby-Thompson (HMT) proposed to enlarge the
foliation-preserving diffeomorphisms (1.1) to include a lo-
cal U(1) symmetry, so that the reformulated theory has
the symmetry [7],

U(1) n Diff(M, F). (1.2)

With such an enlarged symmetry, the spin-0 gravitons,
which appear in the original model of the HL theory [1],
are eliminated [7, 11], and as a result, the problems re-
lated to them, including instability, ghost, and strong
coupling problems, are resolved automatically. This was
initially done in [7] with λ = 1, where λ characterizes
the deviation of the theory from general relativity in the
infrared, as one can see from Eqs.(2.1) and (2.2) given be-
low. It was soon generalized to the case with any λ [12],
in which it was shown that the spin-0 gravitons are also
eliminated [12, 13], so that the above mentioned problems
are resolved in the gravitational sector even with any λ.
In the matter sector, the strong coupling problem, first
noted in [13], can be solved by introducing a mass M∗
so that M∗ < Λω, where M∗ denotes the suppression
energy of high order operators, and Λω the would-be en-
ergy scale, above which matter becomes strongly coupled
[14], similar to the non-projectability case without the
enlarged symmetry [15]. The consistence of this model
with solar system tests was investigated recently [16], and
found that it is consistent with observations, provided
that the gauge field and Newtonian prepotential are part
of the metric, so that the line element ds2 is invariant
not only under the coordinate transformations (1.1), but
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also under the local U(1) gauge transformations,

δαN = 0, δαNi = N∇iα, δαgij = 0,

δαA = α̇−N i∇iα, δαϕ = −α, (1.3)

where α denotes the U(1) generator, and α̇ ≡ ∂α/∂t,
and N i and gij are, respectively, the shift vector and the
3-metric of the leaves t = constant, with Ni ≡ gijN

j .
A denotes the U(1) gauge field, and ϕ the Newtonian
pre-potential. For detail, see [16].

A non-trivial generalization of the enlarged symme-
try (1.2) to the nonprojectable case N = N(t, x) was
recently worked out in [9], and showed that the only de-
gree of freedom of the model in the gravitational sector
is the spin-2 massless gravitons, the same as that in GR.
Because of the elimination of the spin-0 gravitons, the
physically viable region of the coupling constants is con-
siderably enlarged, in comparison with the healthy ex-
tension [8], where the extra U(1) symmetry is absent.
Furthermore, the number of independent coupling con-
stants in the gravitational sector is also dramatically re-
duced, from about 100 down to 15. The consistence of
the model with cosmology was showed recently in [9, 17–
19], and various remarkable features were found.

In this paper, we shall work within the HMT frame-
work of the HL theory with the projectability condition
N = N(t) [7, 11–13], although our main results are ex-
pected to hold equally in the non-projectable case [9],
as the tensor perturbations are almost the same in both
cases [9, 13, 17].

Continuing our previous study of the statistics of the
primordial perturbations in single-field slow-roll inflation
in the HMT framework [20, 21], we study here the 3-
point function of the tensor perturbations in de Sitter
background. Non-Gaussianity of tensor perturbations
have been studied intensively recently in various theories
of gravity. In particular, [22] studied the non-Gaussian
characteristics in the most general single-field inflation
model with second-order field equations and found that
the interaction at cubic order is composed of only two
terms, which generate squeezed and equilateral shapes.
On the other hand, [23] focused on effects of parity vio-
lations. But, as far as we know, this is the first time to
investigate this problem within the framework of the HL
theory. In this paper we shall focus on the shapes of the
bispectrum generated by the various terms in the gravity
sector, especially the higher spatial derivative terms and
leave the topic of parity violations [18] to future studies.
For detail on the power spectrum and its scale depen-
dence of the tensor perturbations, we refer readers to
section 6.2 of [20].

The rest of the paper is organized as follows. In Section
II we give a brief review of the non-relativistic general
covariant Hořava-Lifshitz theory of gravity with the pro-
jectability condition and an arbitrary coupling constant
λ. Key results on the power spectrum of tensor pertur-
bations obtained in [20] is also repeated here briefly for
convenience. The interaction Hamiltonian HI at cubic
order is analyzed in Section III, and was found to receive

contributions from only four terms in the potential part
of the theory. Section IV performs the integration of the
mode functions of the quantized fluctuations, where we
also present conditions with which the UV history in the
integral can be ignored as a subleasing error term. We
then plot various shapes of the bispectrum generated by
the four terms in Section V. In Section VI, we consider
the constraints on primordial non-Gaussianity from the
recently-release Planck result [24] to obtain restrictions
on the energy scale M∗ and the inflation energy H. Fi-
nally, in Section VII we summarize our main results.

II. GENERAL COVARIANT HL GRAVITY
WITH PROJECTABILITY CONDITION

The action of the general covariant HL theory of grav-
ity with the projectability condition can be written as
[7, 11–13],

S = ζ2
∫
dtd3xN

√
g
(
LK − LV + Lϕ + LA + Lλ

)
+

∫
dtd3xN

√
gLM , (2.1)

where g = det(gij), G is the Newtonian constant, and

LK = KijK
ij − λK2, (2.2)

LV = ζ2g0 + g1R+
1

ζ2
(
g2R

2 + g3RijR
ij
)

+
1

ζ4

(
g4R

3 + g5R RijR
ij + g6R

i
jR

j
kR

k
i

)
+

1

ζ4
[
g7R∆R+ g8 (∇iRjk)

(
∇iRjk

)]
, (2.3)

Lϕ = ϕGij
(

2Kij +∇i∇jϕ
)
, (2.4)

LA =
A

N

(
2Λg −R

)
, (2.5)

Lλ =
(
1− λ

)[(
∆ϕ
)2

+ 2K∆ϕ
]
. (2.6)

Here λ characterizes the deviation of the theory from gen-
eral relativity in the infrared, as mentioned previously,
∆ ≡ gij∇i∇j , Λg is a coupling constant, the Ricci and
Riemann tensors Rij and Rijkl all refer to the 3-metric
gij , and

Kij =
1

2N
(−ġij +∇iNj +∇jNi) ,

Gij = Rij −
1

2
gijR+ Λggij . (2.7)

The IR limits, on the other hand, require,

g1 = −1, ζ2 =
1

16πG
=

1

2
M2
pl, (2.8)

where Mpl denotes the Planck mass. The coupling con-
stants gs (s = 0, 1, 2, . . . 8) are all dimensionless, and

Λ =
1

2
ζ2g0, (2.9)
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is the cosmological constant. Since g2,3 are the coupling
coefficients of the [curvature]2 terms, it is expected that
g2/g2 ' O(1). Similarly, it is expected that g4 ' g5 '
... ' g8. Then, one can introduce two energy scales,

MA ≡
(
ĝi
gi

)1/2

Mpl, (i = 2, 3),

MB ≡
(
ĝj
gj

)1/4

Mpl, (j = 4, 5, ..., 8), (2.10)

where ĝi, ĝj ' O(1). In principle, MA and MB are
independent, and can be different [8]. However, in this
paper we assume that

MA 'MB ≡M∗. (2.11)

LM is the Lagrangian of matter fields, and for a scalar
field χ, it is given by [20, 25],

LM = L(0)
χ + L(A,ϕ)

χ ,

L(0)
χ =

f(λ)

2N2

(
χ̇−N i∇iχ

)2
− V, (2.12)

V = V (χ) +

(
1

2
+ V1 (χ)

)
(∇χ)2 + V2 (χ)P2

1

+V3 (χ)P3
1 + V4 (χ)P2 + V5 (χ) (∇χ)2P2

+V6(χ)P1P2, (2.13)

L(A,ϕ)
χ =

A−A
N

[
c1 (χ) ∆χ+ c2 (χ)

(
∇χ
)2]

− f
N

(
χ̇−N i∇iχ

)(
∇kϕ

)(
∇kχ

)
+
f

2

[(
∇kϕ

)(
∇kχ

)]2
, (2.14)

with c1 (χ) , c2 (χ) , V (χ) and Vn(χ) being arbitrary func-
tions of χ, and

Pn ≡ ∆nχ. (2.15)

Note that, similar to the Lifshitz scalar field [26], now
χ is scaling as χ → χ, under the anisotropic scalings of
time and space,

t→ b−3t, xi → b−1xi, (2.16)

for which the total action S defined by Eq.(2.1) is invari-
ant. This also explains why generically Vn(χ) defined
above are arbitrary functions of χ.

Applications of the above model to single field slow-roll
inflation were studied in [20], where it was found that the
power spectrum of primordial tensor perturbations takes
the form

∆2
T(k) ≈ ∆2GR

T (k)×

{ (
1− 9

2εHL

)
, εHL � 1,

2e1/2ηHL

9 , εHL � 1,

r '
{

16εV
(
1− 9

4εHL

)
, εHL � 1,

8εV , εHL � 1,
(2.17)

where e denotes the base of the natural logarithm, r ≡
∆2

T(k)/∆2
R(k) is the tensor-to-scalar ratio, and

∆2GR
T (k) =

18

e3
2H2

π2M2
pl

,

εHL ≡
H2

M2
∗
≡ 1/ηHL. (2.18)

The Hubble parameter H takes its value during the slow-
roll inflation, so we have H ≡ Hinflation. The over-

all factor 18/e3 in the power spectrum, comparing with
the well-known result from the simplest inflation models,
is introduced due to the uniform-approximation method
that we used. We see that when εHL � 1, the results
are consistent with those obtained in the simplest infla-
tion models in general relativity. Hence, for simplicity
throughout this paper we assume εHL � 1. For detail,
we refer readers to [13, 20].

III. THE INTERACTION HAMILTONIAN

Comparing with the two-point correlation function,
aka the power spectrum, the non-Gaussian structure
of primordial fluctuations, often evaluated with higher-
order correlation functions, could provide further im-
portant information. In particular, perturbations to
both metric and matter need to be performed beyond
the linear order in order for the non-Gaussian signa-
ture to emerge. Hence, the scalar, vector and tensor
perturbations no longer evolve independently as in the
linearized case. And three-point correlation functions,
or its Fourier image the bispectrum, is composed of
〈SSS〉, 〈SST 〉, 〈STT 〉, and 〈TTT 〉 etc. [27], where S
and T refer to scalar and tensor perturbations. How-
ever, due to the smallness of the tensor perturbations as
indicated by the not-yet-detected power spectrum of pri-
mordial tensor perturbations, attention is usually given
to 〈SSS〉. Here, as in [22, 23], we study the 3-point func-
tion of three gravitons 〈TTT 〉, in order to obtain upper
bounds on the tensor perturbations, whereby further con-
straints on the parameter space of the theory are given,
as to be shown in the following sections.

To our goals, we simply assume that no tensor per-
turbations exist in the matter sector, and that the tensor
perturbations of the metric around a spatially flat FLRW
metric is [22]

N = a, N i = 0, gij = a2
(
eh
)
ij
, (3.1)

where(
eh
)
ij

= δij + hij +
1

2
hikh

k
j +

1

6
hijh

jkhki + · · · . (3.2)

The metric perturbation is defined in this way such that
there is no cubic term involving two time derivatives in
general relativity [27]. The small dimensionless quan-
tity hij satisfies the transverse and traceless condition
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∂ihij = 0 = hii. Moreover, its indices are lowered and
raised by δij and δij . Thus for simplicity of notations,
in this paper we shall not distinguish super-indices and
sub-indices, with the understanding that when an index
appears twice, summation over that index is performed.
We further introduce a short hand notation

(hn)ij ≡ hik1hk1k2 · · ·hkn−1j . (3.3)

With these perturbations, in the cubic orderO
(
h3
)

the
interaction Hamiltonian is found to receive contributions
only from four terms,

R, RijR
ij , RijR

j
kR

k
i ,

(
∇iRjk

)
(∇iRjk) . (3.4)

In this order, the kinetic part of the action SK , like in
the case of general relativity, does not contribute to HI

even though λ now could differ from 1 [cf. Eq.(2.2)]. We
find that,

R =
a−2

4
hij,ab (2hiahjb − hijhab) , (3.5)

RijR
ij = a−4

(
∂2hij

){[1

2
hia,bhjb,a

]
+ hab

[
hia,jb −

1

4
hab,ij −

1

2
hij,ab

]}
, (3.6)

RijR
j
kR

k
i = −a

−6

8

[
∂2 (hij)

] [
∂2 (hjk)

] [
∂2 (hki)

]
, (3.7)

(∇iRjk)(∇iRjk) =
a−6

4

(
∂2hij

) [
hab
(
∂2hij

)
,ab

− 4hai,b
(
∂2hbj

)
,a

]
− a−6

4

(
∂4hij

){
2
[
hia,bhjb,a

]
− hab

[
− 4hia,bj + 2hij,ab + hab,ij

]}
. (3.8)

The contribution from R is the same as that obtained
in [22]. The contribution fromRijR

j
kR

k
i differs from theirs

in an essential way. The model considered in [22] de-
scribes the class of single-field inflation models where the
coupling between the inflaton and gravity could be differ-
ent from the canonical form while Lorentz symmetry is
kept. This explains why their interaction term posses
time-derivatives. On the other hand, coupling of the
gravitational sector with scalar matter in our model is
in the canonical form [cf. Eq. (2.12)]. The higher spatial
derivative terms exist because of the Lorentz symmetry
breaking.

We define the Fourier image of hij here in the canonical
form,

hij =

∫
d3k

(2π)3

∑
s=+,−

εsij(k)hsk(t)eikx, (3.9)

where hsk(t) is now a scalar quantity, and the rank-2
polarization tensors satisfy εsii(k) = kiεsij(k) = 0 and

εsij(k)εs
′

ij(k) = δss′ .
1 By a proper choice of phase, they

satisfy the relation [22][
εsij(k)

]∗
= ε−sij (k) = εsij(−k). (3.11)

Then, in the momentum space we find

a2R ; −1

6

{[
C1

]
q
(123)− 1

4

[
C2

]
q
(123)

−1

4

[
C3

]
q
(123)

}
+ cyclic, (3.12)

a4RijRij ;
q21 + q22 + q23

6

{[
C1

]
q
(123)

−1

4

[
C2

]
q
(123)− 1

4

[
C3

]
q
(123)

}
+ cyclic, (3.13)

a6RijR
j
kR

k
i ;

(q1q2q3)
2

24

[
C5

]
q
(123)

+ cyclic, (3.14)

a6
(
∇iRjk

)
(∇iRjk) ;

q41 + q42 + q43
6

{[
C1

]
q
(123)

−1

4

[
C2

]
q
(123)− 1

4

[
C3

]
q
(123)

}
+
q21q

2
3

6

{[
C1

]
q
(123)− 1

4

[
C3

]
q
(123)

}
+
q21q

2
2

6

{[
C1

]
q
(123)− 1

4

[
C2

]
q
(123)

}
+ cyclic, (3.15)

where “cyclic” refers to the cyclic rotation of (1, 2, 3),
and we have defined the symbol ; to have meaning of

=

∫ 3∏
j=1

d3qjeix·qj

(2π)
3

∑
sj=+,−

h
sj
qj (t′)

 , (3.16)

and introduced the shorthand notations[
C1

]
q
(123) ≡ k1ak1bε

s1
ij (q1) ε

s2
ia (q2) ε

s3
jb (q3) ,[

C2

]
q
(123) ≡ k1ak1bε

s1
ij (q1) ε

s2
ab (q2) ε

s3
ij (q3) ,[

C3

]
q
(123) ≡ k1ak1bε

s1
ij (q1) ε

s2
ij (q2) ε

s3
ab (q3) ,[

C4

]
q
(123) ≡ k1ak1bε

s1
ij (q1) ε

s2
ab (q2) ε

s3
ab (q3) ,[

C5

]
q
(123) ≡ εs1ij (q1) ε

s2
jk (q2) ε

s3
ki (q3) . (3.17)

1 This set of polarization tensors is related to those introduced in
[20] through

ε±ij =
1
√

2

(
ε+ij ± iε

×
ij

)
. (3.10)
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Hence, the Hamiltonian reads

HI(t
′) =

(2π)3δ(q1 + q2 + q3)

a−3ζ2

∫ 3∏
j=1

d3qj

(2π)
3

∑
sj

h
sj
qj (t′)

×

[ (
Ā− 1

)
R+

g3
ζ2
(
RijRij

)
+
g8
ζ4
(
∇iRjk

)
(∇iRjk) +

g6
ζ4
RijR

j
kR

k
i

]
,

(3.18)

where expressions of R,
(
RijRij

)
, (∇iRjk)(∇iRjk) and

RijR
j
kR

k
i are given in Eqs.(3.12-3.15).

Promoting the scalar variable hsk(t) to a quantized field

ĥsk(t) = hk(t)âs(k) + h∗−k(t)â†s(−k), (3.19)

where the creation and annihilation operators satisfy the
commutation relation[

âs(k), â†s′(k
′)
]

= (2π)
3
δ(k− k′)δss′ , (3.20)

we are now in the position to employ the in-in formalism
[27]. In particular, the 3-point correlator we seek for is
given by

〈ĥs1k1
(t) ĥs2k2

(t) ĥs3k3
(t)〉

' i

∫ t

ti

dt′〈
[
ĤI(t

′), ĥs1k1
(t) ĥs2k2

(t) ĥs3k3
(t)
]
〉

= i (2π)
3
δ (k1 + k2 + k3)

∫ t

ti

dt′
a3(t′)

ζ2

×
{
Fs1s2s3 (−K, t′)

[
W (K, t′; t)−W ∗

]}
+ 5 permutations of (k1,k2,k3), (3.21)

where we have defined the product of mode functions

W (K, t′; t) ≡ hk1(t′)h∗k1(t)hk2(t′)h∗k2(t)hk3(t′)h∗k3(t),
(3.22)

and for the contraction {(q1,k1), (q2,k2), (q3,k3)}

Fs1s2s3 (−K, t′)

≡
(
Ā− 1

a2(t′)

)
1

6

[
C1 −

1

4
C2 −

1

4
C3

]∗
k
(123)

− g3
a4(t′)ζ2

k21 + k22 + k23
6

[
C1 −

1

4
C2 −

1

4
C3

]∗
k
(123)

− g8
a6(t′)ζ4

k41 + k42 + k43
6

[
C1 −

1

4
C2 −

1

4
C3

]∗
k
(123)

− g8
a6(t′)ζ4

k21k
2
3

6

[
C1 −

1

4
C2

]∗
k
(123)

− g8
a6(t′)ζ4

k21k
2
2

6

[
C1 −

1

4
C3

]∗
k
(123)

+
g6

a6(t′)ζ4
k21k

2
2k

2
3

24

[
C5

]∗
k
(123) + cyclic, (3.23)

with[
C1

]∗
k
(123) ≡ k1ak1bε

s1
ij (−k1) ε

s2
ia (−k2) ε

s3
jb (−k3)

= k1ak1bε
−s1
ij (k1) ε

−s2
ia (k2) ε

−s3
jb (k3)

= k1ak1b

[
εs1ij (k1) ε

s2
ia (k2) ε

s3
jb (k3)

]∗
, (3.24)

and similarly for
[
C2

]∗
k
(123) and

[
C3

]∗
k
(123). We see

that the first line of (3.23) is contributed by R, the sec-
ond line by RijRij , the third, fourth and fifth lines by(
∇iRjk

)
(∇iRjk), and the last line by RijR

j
kR

k
i .

IV. THE MODE INTEGRATION

As was noted in [21], the k-dependence of the bis-
pectrum receives contributions from both the interaction
Hamiltonian and the mode function, whose behavior is
determined by the EoM and its initial state (mathemat-
ically the initial condition). In principle, one should per-
form the integration in (3.21) tracing the behavior of the
mode function through out its history from the initial
time (ti) until several e-folds after horizon exit when the
mode freezes (t). However, during the early times the
modes are highly oscillatory and the integration during
that time should be mostly canceled out by itself. This,
of course, requires some conditions on the integrands.

Looking at the integrands in (3.21), we see that the
non-oscillating time-dependent parts come from the com-
mon factor a3(t′), the factor of a−2n(t′) in Fs1s2s3 (n =
1, 2, 3) and from the three mode functions. The oscillat-
ing time-dependent part in the mode function is modeled
as [21]

h ∝ (η′)m exp[iλlk
l(η′)l], (4.1)

where m and l are dynamical, i.e. they change when
different terms dominate the dispersion relation. Since
we are working with de Sitter space, a = −1/(Hη), hence
the integration can be written in a schematic form∫

dη′ exp[iλl
(
kl1 + kl2 + kl3

)
η′l]η′3m+(2n−4). (4.2)

When 3m+ (2n− 4) ≤ 0, the corresponding integration
must be small because η′3m+(2n−4) changes very slowly
during the early times (η′ → −∞) while the oscillat-
ing part has high frequencies; similarly when 0 < 3m +
(2n − 4) < l, the oscillation smoothes out the changes
in η′3m+(2n−4) as one can always perform a change of
variables τ = η′3m+(2n−4)+1 and integrate over τ with a
purely oscillating integrand. When 3m+(2n−4) ≥ l, on
the other hand, care is needed. However, if 3m+(2n−4)
is not so higher than l, the errors introduced by ignor-
ing this history should not be too large. In fact for
the current model, when k6 term dominates the dis-
persion relation, m = 0, l = 3 and nMAX = 3, hence
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3m + (2n − 4) ≤ 2 < l. Therefore we shall work un-
der this assumption below, and consider only the period
when the k2 term dominates the dispersion 2. During
this period, the oscillating mode function takes the form,

vk(t) =
C+(kηi)√

2k

(
1− 1

icTkη

)
e−icT kη

+
C−(kηi)√

2k

(
1 +

1

icTkη

)
eicT kη, (4.3)

where c2T ≡ (1−Ā), the canonically normalized field vk(t)
is related to hk(t) through3

vk(t) =
aMpl

2
hk(t), (4.4)

and the constants C+ and C− are in general functions of
H, Mpl, M∗ and transition times ηtr [21]. The reason for
this dependence on (kηtr) is the existence of the UV stage
when the dispersion relation differs from the relativistic
form significantly. The detailed form however, depends
on the procedure of matching of this “relativistic solu-
tion” with the solution in the UV region. One example
is the matching we considered in [21].

Summing up the discussions, we see that the UV his-
tory has at least three effects on the integration we are
considering: one is that ηi can no longer be extended to
Euclidean space −∞(1 + iε); second, the dependence of
the normalization on ηtr; third, if the mode underwent a
non-adiabatic period (ω2 < 2/η2), then a “negative fre-
quency” branch exists (C− 6= 0). Since we have seen in
[21] that a mixture of “negative frequency” and “positive
frequency” modes gives an enhanced folded shape in the
bispectrum [21], in this paper we focus on the case when
C− = 0.

The bispectrum is then given as

〈ĥs1k1
(t) ĥs2k2

(t) ĥs3k3
(t)〉

= (2π)
3
δ (k1 + k2 + k3) ζ

−2

∣∣∣∣∣
√

2HC+

cTMpl

∣∣∣∣∣
6

2G∗s1s2s3 (K)

k31k
3
2k

3
3

+5 perm.’s + E(UV) + E(Finite ηi), (4.5)

where we have introduced two error terms emphasiz-
ing that we considered only the relativistic region in
the integration, and defined, for the contraction pairing

2 It should be noted that this assumption also implies that H �
M∗, so that quantum effects are negligible. Recall thatH denotes
the energy of inflation.

3 Note that the relation here is different from the relation in [20]
due to the different normalization we choose for the polarization
tensors. The EoM’s however, are the same for both.

{(q1,k1), (q2,k2), (q3,k3)},

G∗s1s2s3 (K)

≡
(
Ā− 1

)
I 1

6

[
C1 −

1

4
C2 −

1

4
C3

]∗
k
(123)

− g3
ζ2
II k

2
1 + k22 + k23

6

[
C1 −

1

4
C2 −

1

4
C3

]∗
k
(123)

− g8
ζ4
III k

4
1 + k42 + k43

6

[
C1 −

1

4
C2 −

1

4
C3

]∗
k
(123)

− g8
ζ4
III k

2
1k

2
3

6

[
C1 −

1

4
C2

]∗
k
(123)

− g8
ζ4
III k

2
1k

2
2

6

[
C1 −

1

4
C3

]∗
k
(123)

+
g6
ζ4
III k

2
1k

2
2k

2
3

24

[
C5

]∗
k
(123) + cyclic, (4.6)

where

I =
− (k1 + k2 + k3)

3
+ k1k2k3

c−1T (k1 + k2 + k3)
2

+
(k1 + k2 + k3) (k1k2 + k2k3 + k3k1)

c−1T (k1 + k2 + k3)
2 ,

II = −2
(k1 + k2 + k3)

3
+ 3k1k2k3

cT (k1 + k2 + k3)
4

−2
(k1 + k2 + k3) (k1k2 + k2k3 + k3k1)

cT (k1 + k2 + k3)
4 ,

III = 8
(k1 + k2 + k3)

3
+ 15k1k2k3

c3T (k1 + k2 + k3)
6 ,

+24
(k1 + k2 + k3) (k1k2 + k2k3 + k3k1)

c3T (k1 + k2 + k3)
6 . (4.7)

We see that the magnitude of the bispectrum depends
on C+ which in turn depends on the new energy scale M∗.
Since we have found in [20] that the general relativistic
value of the power spectrum for tensor perturbations is
obtainable in the HMT framework when H � M∗, we
can have the same conclusion as that for scalar pertur-
bations presented in [21]: a large bispectrum is possible,
provided that M∗ is not too much lower than Mpl.

V. SHAPE OF THE BISPECTRUM

We are now ready to plot the shapes of the bispec-
trum. For s1 = s2 = s3 = 1 and s1 = s2 = −s3 = 1, we
plot the shapes contributed by various terms separately
in Figs. 1 and 2. These two figures represent all possi-
ble configurations when we do not have parity violating
terms.

When spins of all 3 tensor fields are the same (s1 =
s2 = s3 = 1), the signal generated by the cubic terms
O
(
h3
)

of R peaks at the squeezed limit (k3/k1 → 0),

while the ones from RijR
j
kR

k
i favors the equilateral shape

(k2/k1 ' k3/k1 ' 1).
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It’s interesting to note that the other two terms, RijRij
and

(
∇iRjk

)
(∇iRjk), also generate larger signal in the

squeezed limit, though they are of higher-order deriva-
tives. This is indeed expected, if one realizes that the
k-dependence of them are similar to that of the general
relativity term [cf. Eqs.(3.12-3.15)]. To illustrate this,
we plot the k-dependence of them in both cases (+ + +)
and (+ +−) in Figs. 3 and 4, where we have defined

Configuration1 =
[
C1 −

1

4
C2 −

1

4
C3

]∗
k
(123) + cyclic,

Configuration2 = k21k
2
3

[
C1 −

1

4
C2

]∗
k
(123) + cyclic,

Configuration3 = k21k
2
2

[
C1 −

1

4
C3

]∗
k
(123) + cyclic,

Configuration4 =
[
C5

]∗
k
(123) + cyclic. (5.1)

Looking at Eqs. (4.5 - 4.7) and Fig. 3, one could
already see that for the two terms R and RijR

ij , the
signal would peak at the squeezed limit. The reason is
the following. The first line of (4.6) is contributed by
R. The k-dependence of the GR effect comes from the
configuration 1, the function I resulted from integration,
and the common factor (k1k2k3/k

3
1)−1 in plotting Fig.

1.4 We see from panel (a) of Fig. 3 that configuration 1
has a higher magnitude at the equilateral omit relative
to the squeezed limit–detailed calculations show that the
ratio is approximately 4:1. This ratio is magnified by a
factor of 1.3 considering the function I. However, the
common factor (k1k2k3/k

3
1)−1 makes it clear that, the

overall shape contributed by the GR term must be of the
squeezed. For the contributions of the term RijR

ij , the
analysis is similar, which is represented by the second
line in (4.6). The same is also true for

(
∇iRjk

)
(∇iRjk),

which is responsible for generating the third, fourth and
fifth lines in (4.6).

The case for RijR
j
kR

k
i –the last line in (4.6)–is different.

The effect of the common factor (k1k2k3/k
3
1)−1 is can-

celled out because of the factor k21k
2
2k

2
3 in (4.6). Hence

the overall shape, after taking into account of the shape
of configuration 4 and function III, is of the equilateral.

When the spins are mixed (s1 = s2 = −s3 = 1), the
terms R,RijRij and

(
∇iRjk

)
(∇iRjk) generate shapes

similar to the previous case. A particularly interesting
result is that the signal generated by RijR

j
kR

k
i no longer

favors the equilateral shape but peaks in between the
equilateral and squeezed limits. This can be understood
as that for the mixed spin case, the product of the po-
larization tensors (in particular, configuration 4 defined

above, which appear in the contribution from RijR
j
kR

k
i )

4 This factor is necessary to make the quantity we plot as dimen-
sionless. The actual factor is k31(k1k2k3/k31)−1. However, as the
figure is normalized w.r.t. the equilateral configuration, k31 can
be safely dropped.

gives a strong favor of the squeezed shape, as seen in Fig.
4.

VI. CONSTRAINTS FROM PLANCK
OBSERVATIONS

Finally, we would like to comment on the recently-
released results of Planck on primordial non-Gaussianity
[24]. As noted at the end of Section IV, the magnitude of
the bispectrum is dependent on the mass scale M∗. Here
we use the Planck result to obtain a constraint on M∗.

Roughly speaking, the non-linearity parameter for bis-
pectrum can be estimated as

fT

NL ∼
〈hhh〉
〈hh〉〈hh〉

=
〈hhh〉
[∆2

T]
2 , (6.1)

where ∆2
T is the scale-invariant power spectrum of the

tensor perturbations. It is natural to assume that the
bispectrum of the tensor perturbations has a lower mag-
nitude than that of the scalar perturbations, that is,

〈hhh〉 . 〈RRR〉. (6.2)

Thus, we find that

〈hhh〉
[∆2

T]
2 .

〈RRR〉
[∆2

T]
2 = r−2

〈RRR〉
[∆2
R]

2 = r−2fRNL,

or

〈hhh〉 . r−2
[
∆2

T

]2
fRNL =

[
∆2
R
]2
fRNL, (6.3)

the up bound of which is ≤
(
4.9× 10−5

)2
[24], where

r = ∆2
T (k)/∆2

R(k).
The equilateral signal in our model takes the approxi-

mate value

〈hhh〉 ∼
∣∣∣∣HC+

cT

∣∣∣∣6 g6, (6.4)

where we have taken Mpl ≡ 1. The non-linearity parame-
ter for the equilateral shape is constrained by the Planck
result fRNL = −42±75, or |fRNL| . 100 [24]. This, together
with Eqs.(6.3) and (6.4), requires∣∣∣∣HC+

cT

∣∣∣∣3√|g6| . 100
(
4.9× 10−5

)2
. 10−8. (6.5)

The normalization condition for the mode function vk
in the relativistic region in Eq.(4.3) reads

vkv
′∗
k − v∗kv′k = i~, (6.6)

which requires

C+√
cT
' 1. (6.7)
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FIG. 1: Shapes of (k1k2k3)−1G+++ (K) contributed by vari-
ous terms. All are normalized to unity for equilateral limit.
x = k2/k1, y = k3/k1.
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FIG. 2: Shapes of (k1k2k3)−1G++− (K) contributed by var-
ious terms. All are normalized to unity for equilateral limit.
x = k2/k1, y = k3/k1.
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FIG. 3: Shapes of the different configurations of the polariza-
tion tensors for s1 = s2 = s3 = 1. All are normalized to unity
for equilateral limit. x = k2/k1, y = k3/k1.
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FIG. 4: Shapes of the different configurations of the polariza-
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Meantimes, a good IR behavior (so that the theory flows
to general relativity in this limit) requires that all the
speeds of massless particles approach that of light, i.e.,
cT ' 1 [28]. Hence, the above equation implies

C+

cT
' 1 ' C+√

cT
. (6.8)

Apply this to condition (6.5), we have

H3
√
|g6| . 10−8. (6.9)

Using the definition of M∗ in Eq. (2.11), this gives us the
final constraint (

H

M∗

)2
H

Mpl
. 10−8. (6.10)

where we have restored Mpl explicitly.
In the nonprojectable case without the extra U(1) sym-

metry, the frame effects imposed the most stringent con-
straint on the upper bound, M∗ . 1016 GeV [8], while
in the case with the local U(1) symmetry, such effects
have not been worked out yet, either with or without
the projectability condition. Assuming that this is also
true in the present case, the above condition implies
that H/M∗ . 10−2. For M∗ ' Mpl, we find that
H/M∗ . 10−3.

On the other hand, in [20] it was found that when
εHL = (H/M∗)

2 � 1, our model can reproduce the power
spectrum given by the inflationary models in general rel-
ativity. Taking εHL ∼ O(10−2), we find that constraint
(6.10) gives M∗/Mpl . 10−5.

VII. CONCLUSIONS AND REMARKS

In this paper, we study 3-point correlation function of
primordial gravitational waves generated during the de
Sitter expansion of the universe in the framework of the
general covariant Hořava-Lifshitz gravity with the pro-
jectability condition and an arbitrary coupling constant
λ. We find that the interaction Hamiltonian, at cubic
order O

(
h3
)
, receives contributions from the four domi-

nant terms:

R, RijR
ij , RijR

j
kR

k
i ,

(
∇iRjk

)
(∇iRjk) .

The Ricci scalar R yields the same k-dependence as that
in general relativity, i.e. its signal peaks at the squeezed
limit regardless of the spins of the tensor fields, but with
different magnitude due to coupling with the U(1) field
A and a UV history when the dispersion relation is sig-
nificantly different from the relativistic form. Interest-
ingly, the two terms RijR

ij and
(
∇iRjk

)
(∇iRjk) gen-

erate shapes similar to the R term. We show that this
is due to the specific configuration of the polarization
tensors [cf. configuration 1 in Eq. (5.1)].

The term RijR
j
kR

k
i favors the equilateral shape when

spins of the three tensor fields are the same but peaks in
between the equilateral and squeezed limits when spins
are mixed. Again we find that this is due to the effect
of the polarization tensors: when spins are mixed, the
product of the three polarization tensors strongly favors
the squeezed shape.

We also obtain a constraint on M∗ and H [cf.
Eq.(6.10)] using the Planck results, released recently [24].
This provides one of the strongest constraints found so
far in this version of the HL theory [9, 19].

Finally, it should be noted that in performing the in-
tegration over the three mode functions to get the full
expression of the bispectrum [cf. Eq.(4.5)], we integrated
over only the region when k2 dominated the dispersion
relation [cf. Eq.(4.3)]. We gave a qualitative argument
for the condition under which the UV history can be
(partly) ignored, in leading order analysis. A quantita-
tive study of the errors introduced with such ignorance
will certainly deserve further analysis.
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[7] P. Hořava and C.M. Melby-Thompson, Phys. Rev. D82,
064027 (2010).

[8] D.Blas, O.Pujolas, and S. Sibiryakov, Phys. Rev. Lett.
104, 181302 (2010); JHEP, 04, 018 (2011).

[9] T. Zhu, Q. Wu, A. Wang, and F.-W. Shu, Phys. Rev.
D84, 101502 (R) (2011); T. Zhu, F.-W. Shu, Q. Wu, and



11

A. Wang, Phys. Rev. D85, 044053 (2012).
[10] R. Arnowitt, S. Deser, and C.W. Misner, Gen. Relativ.

Grav. 40, 1997 (2008); C.W. Misner, K.S. Thorne, and
J.A. Wheeler, Gravitation (W.H. Freeman and Company,
San Francisco, 1973), pp.484-528;

[11] A. Wang and Y. Wu, Phys. Rev. D83, 044031 (2011).
[12] A.M. da Silva, Class. Quan. Grav. 28, 055011 (2011).
[13] Y. Huang and A. Wang, Phys. Rev. D83, 104012 (2011).
[14] K. Lin, A. Wang, Q. Wu, and T. Zhu, Phys. Rev. D84,

044051 (2011).
[15] D. Blas, O. Pujolas, and S. Sibiryakov, Phys. Lett. B688,

350 (2010).
[16] K. Lin, S. Mukohyama, and A. Wang, Phys. Rev. D86,

104024 (2012).
[17] T. Zhu, Y.-Q. Huang, and A. Wang, JHEP in press

(2012) [arXiv:1208.2491].
[18] A. Wang, Q. Wu, W. Zhao and T. Zhu, Phys. Rev. D87,

103512 (2013).

[19] K. Lin and A. Wang, Phys. Rev. D87, 084041 (2013).
[20] Y. Huang, A. Wang and Q. Wu, JCAP, 10, 10 (2012).
[21] Y. Huang and A. Wang, Phys. Rev. D86, 103523 (2012).
[22] X. Gao, et al., Phys. Rev. Lett. 107, 211301 (2011).
[23] J.M. Maldacena and G.L. Pimentel, JHEP, 09, 045

(2011); J. Soda, K. Koyama and M. Nozawa, ibid., 08,
067 (2011).

[24] Planck Collaboration, arXiv:1303.5076.
[25] A. Wang and R. Martenns, Phys. Rev. D81, 024009

(2010); A. Wang, D. Wands and R. Martenns, JCAP,
03, 013 (2010).

[26] E.M. Lifshitz, Zh. Eksp. Toer. Fiz. 11, 255 (1941); ibid.,
11, 269 (1941).

[27] J. Maldacena, JHEP, 05, 013 (2003); S. Weinberg, Phys.
Rev. D72, 043514 (2005).

[28] C.M. Will, Living Rev. Relativity 9 (2006), 3; in partic-
ular, see Section 6.4.


