
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Coupled-channel scattering in 1+1 dimensional lattice
model
Peng Guo

Phys. Rev. D 88, 014507 — Published  8 July 2013
DOI: 10.1103/PhysRevD.88.014507

http://dx.doi.org/10.1103/PhysRevD.88.014507


JLAB-THY-13-1721

Coupled-channel scattering in 1 + 1 dimensional lattice model

Peng Guo1, ∗

1Thomas Jefferson National Accelerator Facility, Newport News, VA 23606, USA

Based on the Lippmann-Schwinger equation approach, a generalized Lüscher’s formula in 1 + 1
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I. INTRODUCTION

In recent years, remarkable progresses have been made
on hadrons scattering in lattice QCD from both the the-
oretical algorithm of extracting scattering amplitudes
from lattice data [1–7, 9–13] and the practical lattice
QCD computational algorithm aspect [14–18]. Since
Lüscher proposed the elastic scattering formalism in a
finite volume [1], the framework has been quickly ex-
tended to moving frames [2–6], and to coupled-channel
scattering [7–13]. The finite volume scattering formal-
ism has been successfully used by the lattice community
to extract elastic hadron-hadron scattering phase shifts
[19–27]. Realistic lattice QCD computations on coupled-
channel hadron-hadron scattering are under way.

For the purpose of demonstrating the feasibility of ex-
tracting coupled-channel scattering amplitudes from lat-
tice data and discussing some issues, such as, finite size
effects, in this work, we present a coupled-channel scat-
tering lattice model in 2D. Our model is a direct general-
ization of a 2D single channel scattering lattice model in
[28]. The advantage of scattering in 2D is that only finite
numbers of scattering amplitudes contribute in one spa-
tial dimensional scattering theory, and the relation be-
tween phase shift and energy level in Lüscher’s formula
in 2D [15] appears more transparent. Our 2D lattice
model represents a coupled-channel resonant scattering
system with three species of scalar fields (φ, σ, ρ), where
the scalar field ρ acts as a resonance which couples to
both 2φ and 2σ channels. The Monte Carlo simulation
are carried out on various lattice sizes and in different
moving frames. We also present the derivation of 2D
Lüscher’s formulae in a general moving frame and for
a coupled-channel system. The derivation is based on
the Lippmann-Schwinger equation approach presented in
[13]. These formulae are used in the end to extract the
scattering amplitudes from Monte Carlo simulation data.
The finite size effect on extracting scattering amplitudes
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(phase shifts and inelasticity) from lattice data is also
addressed in this work. Although, our model is formu-
lated and computed in 1 + 1 dimensions, it still captures
many of the features of hadrons scattering in a real 3 + 1
dimensional QCD computation, and sheds some light on
the future coupled-channel hadron-hadron scattering lat-
tice QCD calculation.

The paper is organized as follows. A discussion of elas-
tic scattering in a finite volume is given in Section II, with
extension to the coupled channel system in Section III.
The 2D lattice model, the Monte Carlo simulation and
data analysis are described in Section IV. The summary
and outlook are given in Section V.

II. LUS̈CHER’S FORMULA IN 1 + 1
DIMENSIONS

For completeness, we first present the basic scattering
theory in 1 + 1 dimensions. Based on the Lippmann-
Schwinger equation approach, a generalized Lüscher’s
formula in 1 + 1 dimensions for two particles elastic scat-
tering in moving frames is presented in the end of this
Section.

A. Two-particle scattering in infinite volume

We consider spinless particles scattering in a symmet-
ric potential Ṽ (−x) = Ṽ (x), the mass of scalar particles
is m and x is relative coordinate of two particles. The
wave function of scattering particles in center of mass
frame satisfies the relativistic Lippmann-Schwinger equa-
tion

ψ(x) =

∫ ∞
−∞

dx′G0(x− x′;
√
s)Ṽ (x′)ψ(x′), (1)

where the center of mass frame energy is
√
s, and the

free-particle Green’s function is given by

G0(x;
√
s) =

∫ ∞
−∞

dq

2π

eiqx
√
s− 2

√
q2 +m2

. (2)
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The Green’s function can be further written as a oscil-
lating term and an exponentially decaying term over the
separation of two particles. The singularities of inte-
grand in Eq.(2) on the complex q plane are two poles on
real axis q = ±k and two branch cuts on imaginary axis
± [im, i∞], see Fig.1. Therefore, for x > 0, we choose the
contour C1 + C2 to include pole q = k and cross the cut
[im, i∞], and for x < 0, we choose the contour C1 + C3

to include pole q = −k and cross the cut − [im, i∞], as
shown in Fig.1. Thus, contour integral leads to

G0(x,
√
s) = −i

√
s

4k
eik|x| −

∫ ∞
m

dρ

2π

√
ρ2 −m2

e−ρ|x|

k2 + ρ2
,

(3)

where k =
√
s−4m2

2 is momentum of particle in CM frame.
At large separations, the free Green’s function can be
approximated by the oscillating term only

G0(x− x′,
√
s)

|x|>|x′|
' −i

√
s

4k
eik|x|

∑
P=±

YP(x)YP(x′)J∗P(kx′), (4)

where the functions YP(x) and JP(kx) are defined by

Y+(x) = 1, Y−(x) =
x

|x|
, (5)

J+(kx) = cos k|x|, J−(kx) = i sin k|x|. (6)

Such that YP(x) and JP(kx) resemble the spherical har-
monic and Bessel functions in three spatial dimensions,
and YP(x) is the parity eigenstate with eigenvalue P.
The continuous rotation symmetry in three dimensions
reduces to discrete spatial reflection x → −x in one
spatial dimension, thus, the partial wave expansion of
wave function in three dimensions reduce to the expan-
sion of the wave function in terms of parity eigenstates
ψ(x) =

∑
P=± cPψP(x), where ψP(−x) = PψP(x).

For a potential Ṽ which falls at large separations,
Eq.(1) is solved outside the range of the potential by

ψ(x)
|x|>R−→

∑
P=±

cPYP(x)
[
JP(kx) + ieik|x|fP(k)

]
, (7)

where R denotes to the effective range of potential and
the free solutions has been also included in Eq.(7). The
scattering amplitudes are defined by

cPfP(k) = −
√
s

4k

∫ ∞
−∞

dx′YP(x′)J∗P(kx′)Ṽ (x′)ψ(x′), (8)

which up to the inelastic threshold can be parametrized
by scattering phase shift

fP(k) = eiδP sin δP . (9)

q

i m

q = k

q=−k

− im

C2

C1

C3

FIG. 1: The integration contours and singularities of free
Green’s function in Eq.(2) on complex q plane.

B. Two-particle scattering on a torus

Now we consider the theory in a one spatial dimen-
sional box with periodic boundary conditions1. In lattice
QCD calculations, the computations are usually done in
the moving frame of the two-particle system [2]. After
the system is boosted back to the CM frame, the shape
of cubic box in moving frame is deformed in CM frame
due to Lorentz contraction. Similarly, in the one spatial
dimension, the volume of a one dimensional box, L, in
a moving frame with total momentum P = 2π

L d, d ∈ Z

becomes γL in CM frame, where γ =
√

1 + P 2

s is the

Lorentz contraction factor.
Taking into account the Lorentz contraction effect as

well, we divide the integral over x′ into a sum of integrals
over each translated box in Eq.(1), giving,

ψ(L)(x) =
∑
n∈Z

∫ γL
2

− γL2
dx′G0(x− x′ − γnL;

√
s)

× Ṽ (x′ + γnL)ψ(L)(x′ + γnL). (10)

The wave function in CM frame satisfies the boundary
condition [2] of

ψ(L)(x+ γnL) = ei
P
2 nLψ(L)(x), (11)

1 The temporal extent of system has been assumed to be infinite
large in Section II and III. In a real lattice simulation, the tempo-
ral extent of system is usually taken to be finite, but large enough
so that the finite temperature corrections from the boundary of
finite box in temporal direction can be neglected. The periodic
or anti-periodic boundary condition in temporal direction is com-
monly applied to bosonic or fermionic system respectively, which
guarantees the energy conservation of the system.
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Using the periodicity of the potential Ṽ (x′ + γnL) =

Ṽ (x′), we have

ψ(L,P )(x) =

∫ γL
2

− γL2
dx′GP (x− x′;

√
s)Ṽ (x′)ψ(L,P )(x′),

(12)
where the periodic Green’s function is given by

GP (x− x′;
√
s) =

∑
n∈Z

G0(x− x′ − γnL;
√
s)ei

P
2 nL. (13)

By using the Poisson summation formula,
1

2π

∑
n∈Z e

iP2 nL = 1
γL

∑
n∈Z δ(

P
2γ + 2π

γLn), Eq.(13)

can be reexpressed as

GP (x− x′;
√
s) =

1

γL

∑
q∈Pd

eiq(x−x
′)

√
s− 2

√
q2 +m2

, (14)

where Pd = {q ∈ R|q = 2π
γL (n+ d

2 ), for n ∈ Z}.
As in the infinite volume case, the periodic Green’s

function Eq.(14) can be shown to consist of an oscillatory
part and an exponentially decaying part which can be
neglected for large volume γL > m−1. The remaining
oscillatory part takes the form

GP (x− x′;
√
s)→ −i

√
s

4k

∑
n∈Z

eik|x−x
′−γnL|ei

P
2 nL, (15)

where we have used Eq.(3) and Eq.(13). The infinite
sum in Eq.(15) can be done analytically, the details are
presented in Appendix A, so that

GP (x− x′;
√
s)

|x|>|x′|
' −i

√
s

4k

∑
P=±

YP(x)YP(x′)J∗P(kx′)

×
[
eik|x| −

(
1− i cot

γkL+ πd

2

)
JP(kx)

]
.

(16)

Using the definition of scattering amplitudes in Eq.(8),
we can express the wave function as

ψ(L,P )(x)
|x|>R−→

∑
P=±

cPYP(x)fP(k)

×
[
ieik|x| −

(
i+ cot

γkL+ πd

2

)
JP(kx)

]
.

(17)

Matching the wave function in finite box given by
Eq.(17) to the wave function in infinite volume given by
Eq.(7) at a arbitrary |x| > R, we obtain∑

P=±
cPYP(x)JP(kx)fP(k)

×
[

1

fP(k)
+ i+ cot

γkL+ πd

2

]
= 0. (18)

which has non-trivial solution when

cot δP + cot
γkL+ πd

2
= 0. (19)

III. COUPLED-CHANNEL SCATTERING IN
1 + 1 DIMENSIONS

The previous discussion in section II can be generalized
to a coupled channel system by including another species
of scalar fields, let’s name two species of particles φ and
σ, the masses are mφ,σ. The coupled channel wave func-
tion has the form of ψ(x) =

∑
α=φ,σ ψ

α(x), and ψα(x)
satisfies equation

ψα(x) =

∫ ∞
−∞

dx′Gα0 (x− x′;
√
s)
∑
β=φ,σ

Ṽαβ(x′)ψβ(x′),

(20)
where Eq.(20) describes a φφ + σσ ↔ φφ + σσ coupled-
channel scattering system. A 2 × 2 matrix of coupled-
channel scattering amplitudes can be defined by

cαPf
αβ
P = −

√
s

4kα

∫ ∞
−∞

dx′YP(x′)J∗P(kαx
′)Ṽαβ(x′)ψβ(x′),

(21)

where kα =

√
s−4m2

α

2 is the CM frame scattering mo-
mentum in channel α. Neglecting exponentially decaying
terms and also include the free solution, we have for the
wave function in channel α

ψα(x)
|x|>R−→

∑
P=±

YP(x)

×

cαPJP(kαx) + ieikα|x|
∑
β

cβPf
αβ
P

 . (22)

Extending the single channel derivation in finite-
volume to the two-channel system, one obtains,

ψα(L,P )(x)
|x|>R−→

∑
P=±

∑
β

cβPYP(x)fαβP

×
[
ieikα|x| −

(
i+ cot

γkαL+ πd

2

)
JP(kαx)

]
.

(23)

Matching the wave function in finite-volume, Eq.(23) to
the wave function in infinite volume, Eq.(22), we can
derive a condition for non-trivial solutions
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(
1

fφφP
+ i+ cot

γkφL+ πd

2

)(
1

fσσP
+ i+ cot

γkσL+ πd

2

)
=

(
i+ cot

γkφL+ πd

2

)(
i+ cot

γkσL+ πd

2

) (fφσP )2

fφφP fσσP
.

(24)

The scattering amplitudes can be parametrized by three
real parameters: two phase shifts δαP and an inelasticity
ηP ,

fααP =
ηPe

2iδαP − 1

2i
, fαβP =

√
1− η2

Pe
i(δαP+δβP)

2
. (25)

Thus, we can also write the Eq.(24) as

ηP (−1)
d

=
cos
(
γL

kφ+kσ
2 + δφP + δσP

)
cos
(
γL

kφ−kσ
2 + δφP − δσP

) . (26)

IV. THE ISING MODEL FOR COUPLED
CHANNEL SCATTERING

To simulate a coupled channel scattering system, we
build a model with two light mass fields (φ, σ) coupled
to a heavier mass field ρ with two 3-point couplings, ρφ2

and ρσ2. The physical masses of the fields are calibrated
to be at the region 2mφ < 2mσ < mρ < 4mφ. For elastic
scattering, the Ising model has been used and tested in
both 1 + 1 [28] and 3 + 1 [2] dimensions by coupling two
Ising fields, φ and ρ, together through a 3-point nonlocal
interaction. For our purpose, we could introduce one
more species of Ising field σ and another 3-point term to
couple σ and ρ together, where ρ field gives rise to the
resonant behavior in both φφ and σσ channels.

The action is given by

S =−
∑

α=φ,σ,ρ

κα
∑
x,µ

α(x)α(x+ µ̂)

+
∑
β=φ,σ

gρββ
∑
x,µ

ρ(x)β(x)β(x+ µ̂), (27)

where x = (x0, x1) is coordinates of Euclidean T × L
lattice site and µ̂ denotes the unit vector in direction
µ. The values of the fields are restricted to ±1, and the
periodic boundary condition has been applied in Monte
Carlo simulation. In the scaling limit, the Ising model
represent a lattice φ4 theory, thus, the action in Eq.(27)
effectively describes an interacting theory of [2]

S =
∑

α=φ,σ,ρ

∫
d2x

[
1

2
(∂α)

2
+

1

2
m2
αα

2 +
λα
4!
α4

]
+

∫
d2x

(gρφφ
2

ρφ2 +
gρσσ

2
ρσ2
)

(28)

in Euclidean space. By adjusting the masses and cou-
pling constants, we could have an resonance ρ sit above

both 2φ and 2σ thresholds, and couple to both channels
by interaction terms gρφφρφ

2 and gρσσρσ
2 respectively.

Therefore, the lattice Monte Carlo simulation by using
the action in Eq.(27) is expected to imitate a coupled-
channel scattering model: φφ+σσ ↔ ρ↔ φφ+σσ. Due
to the Bose-symmetry, only scattering amplitudes with
positive parity contribute in this model.

A. Cluster algorithm for coupled-channel Ising
model

An generalized cluster algorithm is used in our simu-
lation, similar to the cluster algorithm in [28], we update
ρ, φ and σ fields alternately.

Updating the ρ field: Bonds between neighbored spins
of equal sign are kept with the probability 1 − e−2κρ .
After identification of the connected clusters, the spin of
cluster is flipped with probability

pflip
ρ =

1

1 + e−2α(C)
, (29)

α(C) =
∑
β=φ,σ

gρββ
∑
x∈C,µ

ρ(x)β(x)β(x+ µ̂). (30)

Updating the β = φ, σ fields: Bonds between
like-sign neighbors are kept with the probability 1 −
e−2[κβ−gρββ ρ(x)+ρ(x+µ̂)2 ], the spin of cluster is flipped with
probability 1

2 .
In our simulation, the parameters are chosen as κρ =

0.3323, κφ = 0.3897, κσ = 0.3748, and gρφφ = gρσσ =
0.02, the masses of φ and σ fields are measured through
single particle propagators, the values are given by mφ '
0.176 and mσ ' 0.240 respectively in lattice unit. The
mass of resonance ρ is established from phase shifts, and
the approximate value is given by mρ ' 0.57.

In this work, we use T = 80 and various spatial extent
L between 15 and 50. For each set of lattice size and
moving frame, we generated typically one million mea-
surements.

B. Particles spectrum

As shown in the elastic scattering case in 1 + 1 dimen-
sions [28], one particle propagator can be constructed by
operators

α̃n(x0) =
1

L

∑
x1

α(x)eix1q1,n , (31)
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FIG. 2: mφ,σ as function of L, they follow the function of

Mα(L) = mα + cα/L
1/2e−mαL (red dashed curves).

where q1,n = 2π
L n, n = −L/2 + 1, · · · , L/2 and α = φ, σ.

The spectrum of single particle fields is extracted from
exponential decay of the correlation functions

Cα,n(x0) = 〈α̃−n(x0)α̃n(0)〉 ∝ e−E
α
q x0 . (32)

The single particle’s masses satisfy relation Mα(L) =
mα + cαL

−1/2e−mαL [28], see Fig.2.
The two particles operators in the moving frame with

total momentum of P = 2π
L d, d ∈ Z are constructed from

single particle operators

Od(ρ,d)(x0) = ρ̃d(x0), (33)

Od(α,n)(x0) = α̃n(x0)α̃d−n(x0). (34)

The two particles correlation function matrices read

Cdij(x0) = 〈
[
Od∗i (x0)− δd,0Od∗i (x0 + 1)

]
Odj (0)〉, (35)

where short hand notation i, j denotes the different sets
of (ρ, d) or (α, n). The disconnected contribution has
to be subtracted in CM frame (d = 0). The spectral
decomposition of the correlation function matrices has
the form,

Cdij(x0) =
∑
l

v
(d,l)∗
i v

(d,l)
j e−E

(d)
l x0 , (36)

where v
(d,l)
i = 〈l|Odi (0)|0〉 and l labels the energy eigen-

state E
(d)
l . The energy levels are determined by solving

generalized eigenvalue problem [15]

Cd(x0)ξl = λ(d,l)(x0, x̄0)Cd(x̄0)ξl, (37)

where λ(d,l)(x0, x̄0) = e−(x0−x̄0)E
(d)
l and x̄0 is a small

reference time, in our analysis, x̄0 is set to be zero. In our

simulation, the size of the matrices varies according to the
volume, the number of operators we are using is always
two or three more than the number of energy eigenstates
in the region 2mφ <

√
s < 4mφ. The values of the energy

levels are determined by fitting λ(d,l)(x0, 0) for 0 6 x0 6
6− 10 with the form

λ(d,l)(x0, 0) =
(
1−A(d,l)

)
e−m(d,l)x0 +A(d,l)e

−m′(d,l)x0 ,

where A(d,l),m(d,l) and m′(d,l) are fitting parameters.

This form allows a second exponential, however, we found
that the value of m′(d,l) is typically 2 − 3 times of the

value of m(d,l), so that it decreases rapidly and the first
exponential becomes dominant at around x0 = 2. It is
worth to mention that, in a real 3 + 1 dimensional lat-
tice simulation, for certain systems, such as, the nucleon-
nucleon (NN) system, the splitting between ground and
1st excited states may be as small as 40 − 50 MeV [29].
Thus, the contaminations from excited states may persist
up to a large x0 in correlation functions, unfortunately,
the signal-to-noise ratio for the correlation function of
such system is usually problematic statistically at large
x0 [29], so that extracting signals at large x0 becomes
extremely difficult. In those cases, the alternative tech-
niques may be required, for a example, the method de-
veloped by HAL QCD Collaboration for nucleon-nucleon
(NN) system [29].

We show the measured two-particle energy spectra
from our simulations in Fig.3 for various volumes and to-
tal momenta of two particles system P = 2π

L d, d = 0, 1, 2.

C. A coupled-channel K-matrix model

In order to extract the scattering amplitudes (phase
shifts and inelasticity) from the discrete finite volume
spectra of the Monte Carlo simulation, we consider a
K-matrix model for a coupled-channel S-wave scattering
system.

In the scaling regime, the phase shifts of the Ising
model δφ,σ in 1 + 1 dimensions are shifted by a back-
ground phase δIsing = π

2 [28, 30, 31],

δφ,σ = δRes
φ,σ − δIsing, (38)

where δRes represent the normal phase shift in which a
resonance may appear at value of δRes = π

2 . Thus, the
unitarized t-matrix may be defined by

tαα = −tRes
αα + iθ(s− 4m2

α)

√
s

2kα
,

tαβ = −θ(s− 4m2
σ)tRes

αβ ,

where t− and tRes-matrix are parametrized by phase
shifts δφ,σ, δ

Res
φ,σ and inelasticity η respectively. The t-

matrix is related to thef -matrix defined in Eq.(25) by

equation tαβ =
√
s

2
√
kαkβ

fαβ . The unitarity relation of the
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FIG. 3: The energy spectra of a coupled-channel Ising
model as function of (L, d): (Left) d = 0, (Middle) d = 1
and (Right) d = 2. The red curves represent (I) the en-

ergy spectra of a non-interacting pair of particles: E(d) =∑
i=± cosh−1 (coshmφ,σ + 1− cos pi), where p± = 2π

L
n±± π

L
,

n+ + n− = d, and (n±, d) ∈ Z. The masses of φ, σ are given
by mφ ' 0.176,mσ ' 0.240; (II) the energy spectra of a
stable resonance (no couplings between ρ and 2φ, 2σ states:

gρφφ = gρσσ = 0): E(d) = cosh−1 (coshmρ + 1− cosP ),
where mρ ' 0.57.

t-matrix, Im
[
t−1(s)

]
αβ

= −δαβθ(s − 4m2
α) 2kα√

s
, is guar-

anteed by the unitarity relation of the tRes-matrix. The
Ising model suggestion is to parameterize a resonance
coupling to both channels using a pole interfering with a
polynomial in an S-wave K-matrix,

Kαβ(s) =
gαgβ
M2 − s

+ γ
(0)
αβ + γ

(1)
αβ s+ . . . , (39)

where the inverse of the tRes-matrix is given by[(
tRes

)−1
(s)
]
αβ

=
[
K−1(s)

]
αβ

+ δαβ Iα(s). (40)

Here Iα(s) is the Chew-Mandelstam form [32] whose
imaginary part above threshold (s > 4m2

α) is the phase-
space,

Iα(s) = Iα(0)− s

π

∫ ∞
4m2

α

ds′
√

1− 4m2
α

s′
1

(s′ − s)s′
. (41)

We have opted to subtract the integral once, and it is
convenient to choose Iα(0) such that Re Iα(M2) = 0 so
that we have an amplitude which for real s near M2 is
close to the Breit-Wigner form with mass M .

Given an explicit model for the scattering amplitudes,
we can solve Eq.(42) for the finite volume spectra in var-
ious volumes and total momenta P = 2π

L d, d ∈ Z.

(
1

fφφP
+ i+ cot

pφL+ πd

2

)(
1

fσσP
+ i+ cot

pσL+ πd

2

)
=

(
i+ cot

pφL+ πd

2

)(
i+ cot

pσL+ πd

2

) (fφσP )2

fφφP fσσP
.

(42)

Eq.(42) is derived from Eq.(24) by replacing γkα with
pα (α = φ, σ), where pα is the relative momentum of

two particles in a moving frame: pα =
pα,1−pα,2

2 and
P = pα,1 + pα,2. To compensate for the ultraviolet cut-
off effect from the finite lattice spacing, the dispersion
relation coshE = coshm+ 1− cosh p [28] is used in this
work, accordingly, in Eq.(42), the relative momenta of
two particles in a moving frame pα are solved by the
equations

P = pα,1 + pα,2,

E(d) =
∑
i=1,2

cosh−1 (coshmα + 1− cos pα,i) .

The lattice dispersion relation and finite size effects are
further discussed in Appendix B.

D. Data analysis

With the K-matrix model described in Section IV C,
we can perform a global fitting method proposed in [13]
to the spectra in Fig.3. For this purpose, we can minimize
a function

χ2
(
{ai}

)
=

∑
En(L,d)

[
En(L, d)− Edet

n (L, d; {ai})
]2

σ(En(L, d))2
, (43)

within the space of K-matrix parameters, {ai} =
{M, gφ, gσ, γ

(n) . . .}, where En denotes the energy levels
from Monte Carlo simulation, and Edet

n are the solutions
of Eq.(42).

Instead of establishing the resonance pole position in
our toy model, the purpose of this work is to demonstrate
(1) the methodology of extracting scattering amplitudes
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FIG. 4: The finite volume energy spectra from K-matrix
model (red band) as function of (L, d), the spectra of K-
matrix model are obtained by performing the fit on d = 0
lattice data below 4φ threshold only (black filled circles on
the left). All the spectra in above three plots (d = 0, 1, 2)
are presented in CM frame. The prediction of energy spectra
from K-matrix model fit (red band) are also given for (Mid-
dle) d = 1 and (Right) d = 2 compared to the Monte Carlo
simulation data for d = 1 (blue filled square) and d = 2 (green

filled triangle) respectively. χ2

Ndof
= 20.4

31−9
= 0.93.
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d

FIG. 5: The extracted phase shifts δφ(red), δσ(blue) and in-
elasticity η(purple).

from data of coupled-channel Monte Carlo simulations,
(2) predictability of scattering amplitudes extracted from
a set of lattice data, and (3) the validity of our formalism
while taking into account of the finite size effect presented
in Appendix B. Therefore, in this work, we choose to fit
the spectra below 4φ threshold for d = 0 only, then for a
consistency check, we compare our predicted spectra for
d = 1, 2 to the spectra from the Monte Carlo simulation2.
We show the spectra of K-matrix model (red bands) in
Fig.4 with the comparison of spectra from the Monte
Carlo simulation (filled black circles, filled blue squares
and filled green triangles). The K-matrix we used in the
fitting has nine free parameters, the polynomial of γ(n)

is taken up to O(s1)(n = 0, 1). The value of parameters
we find from fitting read

M = 0.572(1), gφ = 0.064(4), gσ = 0.060(4),

γ
(0)
φφ = 0.3(1), γ

(1)
φφ = −0.7(3), γ

(0)
φσ = 0.11(3),

γ
(1)
φσ = −0.3(1), γ(0)

σσ = −0.6(2), γ(1)
σσ = 1.5(5).

The extracted phase shifts δφ, δσ and inelasticity η are
shown in Fig.5.

As demonstrated in the middle and the right plots in
Fig.4, our predicted energy spectra from K-matrix model
(red bands) for d = 1, 2 agree with the spectra from the
Monte Carlo simulation (filled blue squares and filled
green triangles) within a reasonable precision. There-
fore, we accomplished our goals, (1) we proved that our
formalism gives the consistent result in different moving
frames while taking into account of finite size effect, and
(2) we have shown that the global fitting method is a
valid and fairly reliable means for extracting scattering
amplitudes from Monte Carlo simulation data.

V. SUMMARY

Based on the Lippmann-Schwinger equation approach,
in Section II and III, we first derived a generalized
Lüscher’s formula in 2D for two particles scattering in
both the elastic and coupled-channel cases in moving
frames. In Section IV, we presented a 2D coupled-
channel scattering lattice model. The model simulates
a two-coupled-channel resonant scattering system, in
which a resonance couples to both channels. Next,

2 A model-independent strategy of extracting phase shifts and in-
elasticity of a coupled-channel system has been discussed in [13],
in which a set of simultaneous equations as the function of two
phase shifts and one inelasticity can be solved by using three
degenerate energy levels from different lattice volumes and mo-
menta. However, finding three degenerate energy levels from
limited number of lattice data points is still a difficult task in a
realistic lattice simulation. Thus, as we stressed in Section IV D,
the goal of this work is to demonstrate the validity and relia-
bility of the global fitting method by parametrizing scattering
amplitudes.
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we performed Monte Carlo simulations on various fi-
nite lattice sizes and in different moving frames. The
discrete finite-volume spectra were extracted by fitting
two-particle correlation functions. Finally, we used the
2D generalized Lüscher’s formula to extract the scat-
tering amplitudes for the coupled-channel system from
the discrete finite-volume spectra. We have shown that
the global fitting method can be used to reliably extract
scattering amplitudes from Monte Carlo simulation data.
The finite size effects on the solution of the generalized
Lüscher’s formula were discussed in details in Section IV
and Appendix B. We demonstrated that while taking
into account of finite size effects, our formulae produce
consistent results in different moving frames.
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Appendix A: One dimensional infinite sum

Let’s consider the one dimensional infinite sum in
Eq.(15),

∑
n∈Z

eik|x−x
′−γnL|ei

P
2 nL, (A1)

where P = 2π
L d, d ∈ Z.

In the region which we are interested in: |x| > |x′| and |x− x′| < γL, Eq.(A1) can be rewritten to

eik|x|
∑
P=±

YP(x)YP(x′)J∗P(kx′) +

n 6=0∑
n∈Z

eik|γnL|ei
P
2 nL

∑
P=±

YP(n)YP(x)JP(kx)
∑
P′=±

YP′(n)YP′(x
′)J∗P′(kx

′). (A2)

With the help of equations

n 6=0∑
n∈Z

eik|γnL|ei
P
2 nLY+(n) =

cos PL2 − e
iγkL

cos γkL− cos PL2
,

n 6=0∑
n∈Z

eik|γnL|ei
P
2 nLY−(n) = i

sin PL
2

cos γkL− cos PL2
,

where the infinite sums are performed by using the property of polylogarithmic function Li0(x) =
∑∞
n=1 x

n = x
1−x ,

thus, we find∑
n∈Z

eik|x−x
′−γnL|eiπnd =

∑
P=±

YP(x)YP(x′)J∗P(kx′)

[
eik|x| −

(
1− i cot

γkL+ πd

2

)
JP(kx)

]
, (A3)

for |x| > |x′| and |x− x′| < γL.

Appendix B: Lattice dispersion relation

For the determination of the lattice spectrum at a pre-
cise level, the finite size effect has to be taken into con-
sideration by using the lattice dispersion relation [28]

cosh
√
s = coshE(d) − (1− cosP ), (B1)

where E(d) and
√
s are the total energy of system in

moving frames and the CM frame respectively, and the
total momentum of system is given by P = 2π

L d, d ∈ Z.
In the limit of vanishing lattice spacing, Eq.(B1) reduces

to the relativistic dispersion relation: E(d) =
√
s+ P 2.

The relative momentum of two particles p = p1−p2
2 in

a moving frame (p1 + p2 = P ) is related to the rela-
tive momentum of two particles k = k1−k2

2 in the CM

frame (k1 + k2 = 0) by Lorentz transformation relation
p = γk. In the limit of vanishing lattice spacing, the

Lorentz contraction factor γ is given by γ = E(d)
√
s

. How-

ever, due to the ultraviolet cut-off effect from finite lattice
spacing, the definition of the Lorentz contraction factor

γ = E(d)
√
s

is inconsistent with lattice dispersion relation

Eq.(B1). This inconsistency leads to the large discrepan-
cies of phase shifts and inelasiticy computed in different
frames. To resolve this problem, we may use the relation
p = γk to rewrite Eq.(19), Eq.(24) and Eq.(26) to

cot δP + cot
pL+ πd

2
= 0, (B2)

for single channel scattering, and
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10 20 30 40 50
L

0.4

0.5

0.6

0.7

0.8

0.9

1
E(d=0)

10 20 30 40 50
L

0.4

0.5

0.6

0.7

0.8

0.9

1
E(d=1)

10 20 30 40 50
L

0.4

0.5

0.6

0.7

0.8

0.9

1
E(d=2)

(c) g=0.04

FIG. 6: The energy spectra of single channel Ising model [28]
as function of (L, d) for (a) g = 0 (Upper panel), (b) g = 0.02
(Middle panel) and (c) g = 0.04 (Lower panel) respectively. In
each panel, from left to right, each individual plot is related to
d = 0 (black filled circles), 1 (red filled squares) and 2 (green
filled triangles) respectively. The red curves represent (I) the

energy spectra of a non-interacting pair of particles: E(d) =∑
i=± cosh−1 (coshm+ 1− cos pi), where p± = 2π

L
n± ± π

L
,

n+ + n− = d and (n±, d) ∈ Z; (II) the energy spectra of a

stable resonance: E(d) = cosh−1 (coshmρ + 1− cosP ), where
mρ ' 0.5.
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FIG. 7: The phase shifts of single channel Ising model [28]
for (a) g = 0 (Left), (b) g = 0.02 (Middle) and (c) g =
0.04 (Right) respectively. The red line in left plot labels the
theoretical expectation δIsing = −π

2
for non-interacting case

(a) g = 0. The red filled circles, black filled circles, blue filled
squares and green filled triangles represent the result in Fig.6
of [28], and our results for d = 0, 1, 2 respectively.

.

(
1

fφφP
+ i+ cot

pφL+ πd

2

)(
1

fσσP
+ i+ cot

pσL+ πd

2

)
=

(
i+ cot

pφL+ πd

2

)(
i+ cot

pσL+ πd

2

) (fφσP )2

fφφP fσσP
.

or

ηP (−1)
d

=
cos
(
pφ+pσ

2 L+ δφP + δσP

)
cos
(
pφ−pσ

2 L+ δφP − δσP
) , (B3)

for coupled channel scattering, respectively. In Eq.(B2),
Eq.(42) and Eq.(B3), the relative momentum of two par-
ticles p = p1−p2

2 is solved by equations

P = p1 + p2,

E(d) =
∑
i=1,2

cosh−1 (coshm+ 1− cos pi) . (B4)

So that, rather than solving Eq.(19), Eq.(24) and Eq.(26)

with the Lorentz contraction factor given by γ = E(d)
√
s

,

we use Eq.(B2) and Eq.(42) with the solution of relative
momentum of two particles given by Eq.(B4) for single
and coupled-channel scattering respectively in this work.

As a simple demonstration how the above proposal
works, let’s consider a non-interacting two-particle sys-

tem in 1 + 1 dimensions. Two particles in an arbi-
trary moving frame, P = 2π

L d, have individual momenta

p± = 2π
L n± ±

π
L respectively, where n+ + n− = d and

(n±, d) ∈ Z. So that we get a relation: pL+πd
2 = n+π+ π

2 ,

where p = p+−p−
2 is the relative momentum of two-

particle system. Using Eq.(B2), we conclude that the
phase shift of two non-interacting particles is given by
δ = δIsing = −π2 . This conclusion derived from Eq.(B2)
holds in all the moving frames.

As an more quantitative example, we generalize the
single channel Ising model computed in CM frame in [28]
to the moving frames, we compute the three sets of mod-
els [28] (see Table 1 in [28]) for three different moving
frames: d = 0, 1, 2. Three models are labeled by cou-
pling constants: (a) g = 0, (b) g = 0.02 and (c) g = 0.04,
all the parameters are given by Table 1 in [28]. The mea-
sured energy levels for three models (g = 0, 0.02, 0.04)
and three moving frames (d = 0, 1, 2) are shown in Fig.6,
the extracted phase shifts by using Eq.(B2) along with
the solution of relative momentum of two particles from
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Eq.(B4) are shown in Fig.7. Fig.7 demonstrates the con-
sistent calculation of phase shift from different moving

frames by using Eq.(B2) along with Eq.(B4).
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