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Abstract

While the total orbital angular momentum (OAM) of a definite quark flavor in a longitudinally-
polarized nucleon can be obtained through a sum rule involving twist-two generalized parton dis-
tribution (GPDs), its distribution as a function of parton momentum in light-front coordinates is
more complicated to define and measure because it involves intrinsically twist-three effects. In this
paper, we consider two different parton OAM distributions. The first is manifestly gauge invariant,
and its moments are local operators and calculable in lattice QCD. We show that it can potentially
be measured through twist-three GPDs. The second is the much-debated canonical OAM distribu-
tion natural in free-field theory and light-cone gauge. We show the latter in light-cone gauge can
also be related to twist-three GPDs as well as quantum phase-space Wigner distributions, both

being measurable in high-energy experiments.



I. INTRODUCTION

The nucleon spin structure is one of the most active research areas in hadronic physics in
recent years [1]. A gauge-invariant and frame-independent approach was put forward in [2],
according to which, the nucleon polarization can be decomposed into frame-independent

quark and gluon contributions,

1
§:ZJq+Jg, (1)
q

where J, and J,; can be extracted from the following sum rule,

1

Tug = [ o (Hog(2.0,0) + Eyy(2,0,0)) @)

where H,, and E, , are the relevant twist-two generalized parton distributions (GPDs) for
the quarks and gluons, respectively. The above result, however, does not seem to provide a
simple partonic interpretation for the individual contributions, which does exist, for example,
for the quark helicity contribution Ag¢(x) to the nucleon helicity [3].

The partonic interpretation of transverse spin of the nucleon, in particular, in terms
of the GPDs are discussed in recent publications [4-11]. In this paper, we focus on the
longitudinal polarization of nucleon. For this case, the nucleon helicity naturally receives
contributions from the parton helicity and orbital angular momentum (OAM). The quark
and gluon OAM densities in light-front coordinates are not entirely leading-twist effects and
therefore are difficult to define and measure. This is a consequence of the power counting
analysis of the angular momentum density in the light-cone frame [6], where the tranverse
angular momentum appears as the leading power contribution and the longitudinal one
as sub-leading contribution. Intuitively, this can be understood as follows. The angular
momentum is constructed as ¥ X p where 7 represents the coordinate space variable and
P the momentum space variable. For longitudinal polarization (angular momentum along
z-drection), both 77 and p'are in the transverse plane and order 1 on the light-cone. However,
for the transverse polarization, ' is order p* = (p® 4 p?)/v/2 (the leading component in the
infinite momentum frame p* — oo) and 7 is order 1, and thus 7 x p'is leading,.

In the work of Hoodbhoy et al [12], the partonic AM densities were defined starting
from the generalized AM tensors. The OAM distribution was identified as the difference of
the total AM density and the helicity distribution. A careful examination of the operator



structure indicates that this OAM density contains extra quark and gluon mixing contribu-
tion. To keep the physics simple, we suggested to define the gauge-invariant quark OAM
distribution L,(x) without this extra term [6]. Then, one can show that L,(x) is related to
twist-three GPDs, which might be measured directly from the hard exclusive processes in
lepton-nucleon scattering [13].

The much-discussed partonic OAM distributions in the literature have been centered on
the canonical AM expression [14-17]. This definition is not guage invariant out right, but
can be made so through trivial gauge-invariant extension (GIE) of the light-cone gauge and
light-front coordinates [6, 18]. It can be shown that these distributions can also be related
to twist-three parton distributions [6, 19]. Meanwhile, recent studies [6, 19, 20] have also
shown that the quark OAM distributions are connected to the quantum phase space Wigner
distributions [21]. These distributions define the correlations of partons in transverse mo-
mentum and transverse coordinate spaces. The gauge-invariant OAM distribution discussed
in the previous paragraph and the canonical OAM distribution in light-cone gauge are just
the projections of the Wigner distributions with different choices of the associated gauge
links.

For the gluon contribution J, to the helicity, there is no gauge-invariant decomposition
of the operator into the local ones corresponding to the gluon spin and OAM [2]. However,
there is a decomposition in a fixed gauge into the canonical contributions. To relate them
to partonic physics, a GIE of these contributions can be applied to the operators in the
light-cone gauge, just like that for the quark case. The GIE procedure provides a practical
way to connect the gluon spin and OAM contributions to physical observables [6, 18].

The paper is organized as follows. In Sec.Il, we will review the definitions of the partonic
OAM distributions, we consider both naturally gauge-invariant approach as well as the
canonical definition in light-cone gauge. We explore the relation between these approaches.
In Sec. III, we analyze the twist-three GPDs and their role in directly probing the quark
and gluon OAM contributions. We also discuss the Wigner distributions for the quarks and

gluons, and their connections to the OAM. We summarize the results in Sec. IV.



II. DEFINITIONS OF PARTON ORBITAL ANGULAR MOMENTUM

In this section, we review and relate the definitions of the parton OAM distributions in
a nucleon with momentum P* = (E,0,0, P) and definite helicity or the definite angular
momentum J* = 1/2 (h =1). The fact that there are more than one definitions reflects the
difficulty of finding one satisfying all the required properties, namely 1) gauge symmetry,
2) clear physical interpretation, 3) measurability in high-energy scattering. This difficulty
originates possibly from the fact that in a longitudinally polarized nucleon the OAM of the
partons is intrinsically a twist-three effect [6]. In this sense, the parton structure of the
helicity is more complicated than that of the transverse polarization [7].

We start with the parton OAM distribution by Hoodbhoy et al. [12]. This definition
starts from the generalized AM tensor and derives the parton OAM density from twist-two
parton distributions. It emphasizes the experimental measurability and is gauge invariant.
However, the physical interpretation in partons is complicated. Then we consider an im-
proved definition by inserting the gauge-invariant OAM into a tower of twist-two operators.
This definition is gauge-invariant and has a clearer physical meaning. We will call this one
the gauge-invariant OAM distribution L,(z). However, as we shall see, its measurement
is more difficult as it involves twist-three GPDs. For the same reason, its partonic inter-
pretation is not completely straightforward in the presence of the transverse gluon gauge
potential. The definition that has been studied the most in the literature has been motivated
from the canonical OAM without the transverse gluon potential. It is not manifestly gauge
invariant. In parton physics, this definition can be gauge-fixed in the light-cone gauge and
made gauge invariant through an extension of the concept of gauge invariance [18]|. Recent
work shows that such light-cone gauge, canonical OAM distribution might be measurable
through twist-three GPDs and Wigner distributions [6, 20, 22|, although this is even more
difficult to achieve than L,(z).

In the third subsection, we comment on the relationship between the manifestly gauge-

invariant and the light-cone-gauge-motivated definitions.



A. Gauge-Invariant OAM Distribution

Hoodbhoy et al. have defined a version of the quark OAM distribution from the gen-
eralized energy-momentum tensor [12]. Recall that the angular momentum operator can
be obtained from the rank-3 angular momentum tensor made of the symmetric energy-

momentum tensor TH* [2, 14],
MHaB — gaTuB _ gﬁTua ’ (3)
where £ is a space-time coordinates, T+ can be separated into quark and gluon contributions,
T =T+ T (4)

The quark and gluon components follows from the QCD lagrangian,

1 r— _
T = [m%ﬁ% + w’%ﬁ%}

1
T;a = Z]ﬂgua — FreEe (5)

where the covariant derivative follows the convention B” = oM 4 igAH, %” = —0" +igAH,
and F* is the field strength tensor for the gauge field. In the above expression, we have
neglected the contributions from the gauge-fixing term in the lagrangian which usually yield

vanishing physical matrix elements. From the above, the quark OAM operator is found to

be,
L, = / 0 Tt (€D?) — (DY) o, (6)

This procedure can be generalized to define the quark OAM distribution in the same way
that the parton momentum distribution follows from generalizing the energy-momentum
tensor to a tower of twist-two operators.

The generalized AM tensors can be defined as
MgPrLtin (€) = £AOPI ot — £PO@Hn — (trace) (7)

- = <=
where 05“1'““” (€) = Yy Bi DM ... DHp(€) represents the tower of twist-two operators
generalizing the quark energy-momentum tensor (n = 1), with all indices symmetrized and

traces subtracted. The above operators have angular-momentum-dependent nucleon matrix



elements J,, in a state with polarization vector S*(see Eq. (4) in Ref. [12]). The quark

angular momentum distribution J,(x) can be defined as

/ dea T, (x) = Jon | (8)

just like the moments of the quark momentum distribution which are the matrix elements

of the generalized energy-momentum tensors. Using the GPDs, it has been shown that

Jo(2) = Sla(e) + Eq(z)] (9)

N8

where ¢(x) is the quark momentum distribution and E,(z) is one of the twist-two GPDs.
However, the above equation does not generate a simple quark OAM distribution in a
fixed helicity state. Indeed, by examining the matrix element of the component M2+

one may define

Fyla) = Jfa) — 5q(a)
= % [z(q(z) + Ey(z)) — Aq(z)] | (10)

as the quark OAM distribution. However, the moments of the OAM distribution is related

to the matrix elements of the following operator [12],

+ Py tiDT Dt (END? — €iD")y]
+ m /d3§ [Ery"‘(gl,}ﬂ . 5271)(ing+’7p)iD+ . -iD+¢ +..

+ Yy TiDT iD= 4N (igFr )] (11)

Apart from the first term that has a physical meaning as generalized OAM operator, it
also contains a term proportional to the gluon field strength F*”, whose physical origin
seems obscure. Apparently, the extra contribution comes from the requirement that the AM
density is a twist-two operator.

Thus, we define proper gauge-invariant OAM distribution in the nucleon helicity state

from the following tower of operators,

1...n_1n_1 30 T (L D2 £2: LN Pt L L e
L —E;/dﬁw(ﬁ)“frw“"'ZD“(ﬁlD — €DYDR D) . (12)



Considering the matrix elements

2L
(PS|L*|PS) = n—j"l25+P+ - PT(2m)%6°(0) (13)

we define the associated OAM distribution L,(z),

/dqu(x)x”_l = Ly - (14)

L,(x) is gauge invariant and has a simple physical meaning, as it involves only the insertion
of the angular momentum operator £'iD? — £2iD' into the twist-two generalized energy-
momentum tensors.

However, Lt contains both twist-two and -three operators, and depends on the corre-
lation of transverse distributions in both the coordinate and momentum spaces as well as the
transverse gluon potential. Therefore, its partonic content is not simple. The fact that OAM
is a higher-twist operator in a longitudinally-polarized nucleon can already be appreciated
from the matrix element of M*!2, which is a subleading operator in light-front coordinates,
because it has one less + as compared to M**L [6]. To calculate the matrix elements of
the Pauli-Lubanski spin operator, it was found that M T+, contributes to the transverse
polarization of nucleon which is leading operator, whereas the helicity contribution M*'? is
subleading operator.

We shall see that L,(z) naturally follows from the (angular momentum) moment of a
Wigner distribution with the straightline gauge link [6]. We will also show in the next
section that L,(z) is related explicitly to twist-two and -three GPDs, and hence is accessible

experimentally in principle.

B. Canonical OAM Distribution in Light-Cone Gauge

There are two definitions of quark angular momentum in the literature. Apart from the
gauge-invariant definition [2], there is the version motivated in free-field theory, expressed

in the light-cone coordinates [14],
1 a5 L o
5= [ @€ Jor et 1 T € xidpu+ (Ex AP BExa| )

where AT = (A + A%)/v/2, and E' = F** and each term has a clear physical interpreta-

tion. When all fields expressed in terms of creation and annihilation operators in light-cone
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quantization, the above expressions involve just the “good” components of the parton fields.
In Ref. [23], the angular momentum evolution equation was derived. The related angular

momentum sum rule has been often quoted in the literature,
1 1

where all quantities are defined as the matrix elements of the above operators in the nucleon
helicity state. However, only the first term is gauge invariant, whereas all other three terms
are not. Since we are interested in the parton physics, it is the most natural way to fix the
light-cone gauge A* = 0, which is what we will do in this paper.

The above canonical angular momentum operator has motivated introducing light-cone
AM density by Hégler and Schéfer [15] as generalized angular momentum operators, and
similarly by A. Harindranath and R. Kundu [17], by Bashinsky and Jaffe [16]

1
- 2Pt

lo(2) / AP (PS[T(0)7 (69 — £20")6(€)|PS) (17)

where A = £~ P* and the integration over £, is implicit. To take into account the transverse
coordinates, it can be calculated as the forward limit of an off-forward matrix element,
10

pu— aﬁ
lq (Zlf) € an_a

wma | [ Grem (psfponrotue|es) . as)

where g, = P’ — P, a and [ only cover the transverse dimensions. Clearly, f dxly(x) =1,

Likewise, the gluon helicity and OAM distributions can be defined in light-cone gauge as

Ag(x) = ﬁeaﬁ / A (PS|F(0) AP (An)| PS) (19)
I(z) = ﬁ / AT (PS|FH(0)(€10% — £201) A, (An) | PS) (20)

These are the gluon helicity distribution and canonical gluon OAM distribution. The gluon

helicity sum rule is
AG = /da:Ag(x) : (21)

and similarly, [ dxl,(z) = I,. Thus all the components of the canonical angular momentum
sum rule in Eq. (16) now have partonic interpretation, in the sense that they can be obtained

from integration of parton distributions.



C. Relations Between Two OAM Distributions

From the covariant derivative iD = i0 — gA, one can introduce the gauge-dependent
potential angular momentum term l o = —gfd?’f@(gx A)3p. Thus, L, = 1y + lypot-

Similarly, one can introduce the relevant parton distribution through its moments [19],

|- ;

Again the above quantity is defined in the light-cone gauge. Obviously, the canonical AM

" —e*® 40
ot = PPy Oy |

S [0(0)7

i iD)" 547 (0 )(zD+)’2b(0) PS

=0

. (22)

3 |

distribution plus the potential AM distribution yield the manifest gauge-invariant AM den-
sity,
Ly(z) = ly(z) + lgpor(T) - (23)

The total quark angular momentum density contribution to the nucleon helicity is

jq(x) = %AZ(:B)-I-LA@
_ %AE(m)—i—lq(:c)—irlq,pot(:c) (24)

which differs from J,(x) defined from twist-two GPDs of Eq.(9) by a twist-three distribution.
There is no further decomposition of the gluon contribution to the nucleon spin in a gauge
invariant fashion. However, by using the equation of motion, the gluon part AM density

tensor can be written as,
M;—aﬁ(é") — (F—iraAB _ F+6Aa)_ )X (Saaﬁ _ Sﬁaa)Ai + QE'W_ (go‘AB _ SBAO‘) ¢ ’ (25)

where we have dropped out a total derivative term. From the above expression, we can see
that the total contribution is gauge invariant, but not the individual terms [24]. Therefore,
the individual contributions are not measurable in principle. However, one can define them in
the light-cone gauge and demand the same result in all other gauges (called GIE), and explore
their measurability. Thus, generalizing to the light-cone distributions in the light-cone gauge,

we find that the total gluon contribution to the nucleon helicity can be written [2],
Jy(x) = Ag(x Z lypot () - (26)

which again differs from J,(x) by a twist-three GPDs.



Therefore, the total partonic angular momentum distribution to the nucleon helicity can

be written as
~ ~ 1
Jy(@) + Jy(x) = SAS() + ZL (z)

:%AZ( + Agle +Zz (27)

when integrated over x, one gets both the sum rule in Eq. (1) and the sum rule in Eq. (16).

III. PROBING ORBITAL ANGULAR MOMENTUM DISTRIBUTIONS

In this section, we consider the experimental probes of the OAM distributions. To this
effort, we relate them to experimentally measurable distributions such as GPDs and Wigner
distributions. In the process, one shall see that the OAM distributions defined in the previous
section require twist-three processes to measure. It is a general rule of thumb in high-energy
scattering that the higher-twist distributions are more difficult to probe than the leading
twist ones. We will not go into the details of specific experiments other than quote the
possible hard-scattering processes. We note that the total quark OAM can be measured in
the leading-twist processes because of Lorentz symmetry, which states that the fraction of
the angular momentum carried by quarks is independent of the polarization.

For the canonical angular momentum distributions in the light-cone gauge, one has to
find the corresponding gauge-invariant quantities that are measurable in experiments. Thus
in this section, we first consider the so-called GIE of the light-cone-gauge quantities to iden-
tify the proper observables. We then consider definitions of the twist-three GPDs and their
relations to the OAM distributions. Finally, we consider the relations with Wigner distri-
butions, exploring the possibility of obtaining the OAM distributions through the quantum

phase-space distributions.

A. Gauge-Invariant Extension

In the following discussion, the canonical AM operators, including the gluon spin operator,
are defined in the light-cone gauge. However, the experimental observables must be gauge-

invariant. To reconcile the difference, we introduce the concept of gauge-invariant extension

10



in the sense that these gauge-dependent operators in any other gauge must yield the same
matrix elements in the light-cone gauge. Thus for the example, the gluon helicity distribution

Ag(z) in Eq. (19) has the following gauge-invariant form [25],

i d€™ iopte- i Fit (-
Ag(a) = — [ S (PS|FH(0) Lpey P () Lie-a PS) (28)

where Ft* = ¢dF+i and L is the light-cone gauge link in fundamental representation.
Clearly, its first moment is no longer a local operator. However, it reduces to the gluon spin
operator in the light-cone gauge. Ag(z) will appear in the polarized structure functions
measured in deep inelastic scattering and the longitudinal double spin asymmetries in pp
collisions. The experimental investigation of this distribution is actively pursued at the
relativistic heavy-ion collider at the Brookhaven National Laboratory [27], and will be the
main focus in the planed electron ion collider in the near future [1].

If we introduce the following GIE of the partial derivative in light-cone gauge

. &

3 =iDYO+ [ dn L g €0 Ly 29
where L is the light-cone gauge link (the only ambiguity is the boundary condition for the
gluon potential at infinity which can be fixed by residual gauge definition, we ignore this
point in our discussion, see [26]) we immediately find the canonical quark OAM distribution

l4(x) is now gauge invariant, so is the canonical gluon OAM distribution [,(z). The potential

AM distribution involves A%, which can be made gauge invariant through,

-
AL(§) = / dn” Lig- 1 9F (7, €0) Ly~ 61 - (30)
Therefore all quantities defined in the light-cone gauge are now gauge invariant although

they are now highly non-local because of the light-cone gauge links.

Through GIE, we find the following relation between [,(z), L,(z) and I, pot,
ly(x) = Ly(2) = lg por () - (31)

Similarly, we can define the gluon gauge-invariant OAM distribution through its moments

€ 10 1o —1-k k
L'=——— S| (P'S =Y FT0)(iDT)" NiD] (iDT) " A'(0)| P 2
9 Ar(PH)n 91, [0 < o né~ (0)(iD7) iDY (iD7) AY0)| PS)| . (32)
and gluon potential AM distribution,
w0 | g l§n_12F+i(0)(z’D*)n_l_kgAﬁ(O)(iD*)kAi(O) PsY| . (33)
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It is also easy to see that

B. GPDs and OAM Distributions

GPDs have been extensively discussed in the literature [28-30]. In this section, we will
focus on the twist-three GPDs which are directly related to the various spin components
derived in the last section. We will also derive the connections between various twist-three
GPDs to illustrate the relations between different terms in the spin sum rule.

In particular, we are interested in the twist-three GPDs associated with the longitudinal

polarized nucleon. Define a distribution with two light-cone fractions,

/ > [ S PO iD* () () PS)

(@, y,m, )T (P )y asU(P) + - - . (35)

where n is a conjugate vector n* = n, = 0 with n - P = 1, n is the skewness parameter,
t = A? with A = ¢ = P’ — P. It is straightforward to show that the moments of quark
orbital angular momentum distribution L,(z) is related to the moments of twist-three GPDs

in the forward limit!
1

n 1” n—
1= [ [ays > oM - ) ,.0.0) (3)

k=0
Similarly, we can define the following twist-three GPDs associated with gluon which is

related to L,(z)

/ 2P / U e P (0D ) ) | PS)

(2, y,0, ) U(P )y ysU(P) + - (37)

Again, the moments of L,(x) is related to the moments of H %(3)(:)3,y,77,t) in the forward

limit,

n—1
1
= /dx/dyEZx"_l_k(x—y)k_lH%(g)(x,y,O,O) : (38)
k=0

! One may also define the OAM distribution by [ dyH ]%(3) (x,y,0,0), which would correspond to the moment
definition in Eq. (12) with D only associated with v or 1 fields. The following discussions apply to this

case as well (see also the discussions in Ref. [22]).

12



For [, and [;, we have

[ e (PsE)y 5 v ps)

27r
7;6J_a B o ,
- 9 AaHég)(x>77>t)U(P )7+75U(P) + - 5 (39)
dA z)\:c +i -1 1+
/ SN (PS| FH(0)id P ()| PS)
- la
= Oz, n, ) TPy U P) + - (40)
We have,
ly(z) = H®(2,0,0) , (41)
aly(z) = HP(2,0,0) . (42)

The associated potential OAM terms depend on the F-type twist-three GPDs. To discuss
the connections, we will start with more general forms for the twist-three GPDs.

In addition to the D-type twist-three GPDs of Eqs. (35,37), there are also F-type GPDs,
z(x YA zyu P + F-‘:—J. P
/ > [ e (P STBO) g ()i ()| PS)
= —A HE (@, y,m, 000 (P sU(P) + -+ (43)

/ s [ o I DS O)gF () P ()| PS)

= —A HY (2, y,m, )0 (P)y U (P) + -+ . (44)

It is the F-type twist-three GPDs that are related to the potential OAMs for the quarks and

gluons, respectively,

1
oo = /d:c/dy Zx” L=k P H®(2,4,0,0) , (45)

1
I oot = /d:c/dy Zx” =k (g — )k 1P HY (2,y,0,0) . (46)

Similar to that for the twist-three quark—gluon—quark correlation function in the forward

limit, the D-type and F-type twist-three GPDs are related to each other [31, 32],
1
Hp"(w,9,0,0) = =P~ HE" (. y) + 0(y) Hyjy . 0,0) (47)
respectively. These relations are consistent with the relations,

Lyjg(x) = lysg(2) + lysg,por(2) (48)

in the previous sections.
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C. Wigner Distribution and Parton OAM Distributions

Parton Wigner distribution was introduced in Ref. [21] to unify the transverse momentum
dependent distributions (TMDs) and the GPDs. They describe the phase space distribution
of partons in nucleon. In particular, they contain information on momentum and coordi-
nate dependence in the transverse plane perpendicular to the nucleon momentum direction.
Therefore, the Wigner distribution will naturally provide the spin-orbital correlation which
is important to extract the parton orbital angular momentum. This has been demonstrated
explicitly in recent studies [6, 19, 20].

We define the Wigner distribution for the quark [21],

ke = [ EEL e - Do+ D). (19)

where x represents the longitudinal momentum fraction carried by the quark, k, the trans-
verse momentum, 7 the coordinate space variable, and I' the Dirac matrix to project out
the particular quark distribution. The quark field ¥ contains the relevant gauge link to
guarantee the gauge invariance of the above definition.

If we further integrate over r,, we will obtain the transverse Wigner distribution, which
can be interpreted as the phase space (x,E L,g 1 == r,) distribution of the parton in the
transverse plane perpendicular to the nucleon momentum direction. We are interested in
obtaining the Wigner distribution for the quark in a longitudinal polarized nucleon. With
the correct Dirac matrix projection, we define the following phase space distribution,

- d*qL dn~d*i, 7 il
q — —iq | b zkn 1L + o .
Wz, kb)) /(%) e /TW)3 (P+ \xy( ) TIP3

where b, and k, are transverse coordinate and momentum variables, respectively.

(50)

Because of the transverse momentum dependence, the above introduced Wigner distri-
butions involve the gauge links which are process dependent. For the relevance of the quark

OAM from the quark Wigner distributions, it was found two options can be chosen,
bic(e) = P |exp (~ig [~ v a0 +9) | e 61)
0
wrs(e) = P [oww (~ig [ are-409) | wie) (52)

The light-cone gauge link in ¥, c(&) is appropriate for high energy process, such as semi-

inclusive hadron production in deep inelastic scattering [33] (see also [26] about the boundary
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conditions at infinity). The second choice Upg(€) is a straightline gauge link along the
direction of spacetime position &#. This link reduces to unity in the Fock-Schwinger gauge,
¢-A(€) =0.

It can be shown that the straightline gauge link corresponds to the gauge invariant OAM
for the quark,

Ly(z) = / (by X kL )*Wig(x, by, ky)d?b, d?k, (53)

which gives a parton picture for the gauge-invariant OAM L,(z). The above derivation
is straightforward, though a little tedious, and can be checked explicitly. In particular, if
we integrate over momentum fraction z, the straight-line gauge link becomes a gauge link
along the transverse direction, and the further derivation is simple. For the distribution as
function of x, one can apply the Taylor expansion, and obtains the final expression as stated

in the above equation. For the canonical quark OAM [,(x), we have,
lq(l’) = /(EJ_ X El)gwgc(x,gj_,gl)d2gj_d2gl . (54)

From the above equations, we find that the gauge invariant OAM L,(z) and the canonical
OAM [,(z) are unified as projection of the associated quark Wigner distribution with two

different choices for the gauge link.

D. Wigner Distributions for the Gluons

Similarly, we can define the Wigner distribution for the gluons,

T dn~d*n. AL |pogis Mhgi/ N q
g — —iq by ik 4L EETONAY nE =T 1L
TW(z, k1, by) /(2@2@ /Tﬁ)g rp o e DEh Pty )

where F contains the relevant gauge links,
P = P ow (o [~ e a09)] Fg (56)
FiL) =P {exp (—ig /OO din - A(An + 5))] FHie) . (57)
0

Here, the gauge links are in the adjoint representations. We have chosen the future pointing
gauge links. We notice that there are different choices for the gauge links associated with the

transverse momentum dependent gluon distributions (see, e.g., Ref. [34]). Future pointing

15



gauge link corresponds to the processes involving only final state interactions associated with
the gluon distribution, such as dijet-correlation in DIS [34]. Because of the time-reversal
invariance, for the above quantity, the future pointing gauge link yields the same Wigner
distribution as that for backward pointing gauge link in the process such as Higgs boson
production in pp collisions. Following the above calculations, we find that the gluon OAM

can be constructed from these Wigner distributions [20],
Lg(l’) = /(Z;J_ X El)3W§S(x,5L,El)d2ng2]a (58)
lg(l’) = /(gj_ X gl>3WLgC(x,gL,EL)d2ng2El . (59)

In high energy processes, these Wigner distributions could be measurable in hard exclusive

processes.

IVv. SUMMARY

In conclusion, we have studied the parton sum rule for the spin of a longitudinal polarized
nucleon, in terms of the parton helicity contributions and OAM contributions. We have
identified the twist-three GPDs as direct probes for the parton OAMs. We also demonstrated
that the quark and gluon OAMs can be related to the quantum phase space distributions.
In particular, the canonical and gauge-invariant quark OAMs correspond to the different
choices for the associated gauge links structure in the Wigner distributions.

Since the twist-three GPDs can be used to probe the parton OAMs directly, we can now
in principle measure the different components of the spin sum rule. These GPDs shall be
studied in the hard exclusive processes. However, the associated spin asymmetries always
contain the leading-twist contributions as in, for example, deeply virtual Compton scattering
process, it is not easy to extract these twist-three GPDs. We have to make more detailed
studies on these processes and learn how to extract the relevant distributions.

Moreover, the Wigner distributions shall also be accessible through high energy processes.
We will investigate these issues in the future publications.

We thank Y. Hatta for the discussions and communications on their recent work [22].
This work was partially supported by the U. S. Department of Energy via grants DE-FGO02-
93ER-40762 and DE-AC02-05CH11231 and a grant from National Science Foundation of

16



China (X.J.).

22]
23]
[24]

D. Boer, et al., arXiv:1108.1713 [nucl-th].

X. Ji, Phys. Rev. Lett. 78, 610 (1997).

B. W. Filippone and X. -D. Ji, Adv. Nucl. Phys. 26, 1 (2001) [hep-ph/0101224].

M. Burkardt, Int. J. Mod. Phys. A 18, 173 (2003); Phys. Rev. D 72, 094020 (2005).

E. Leader, Phys. Rev. D 85, 051501 (2012) [arXiv:1109.1230 [hep-ph]].
. Ji, X. Xiong and F. Yuan, Phys. Rev. Lett. 109, 152005 (2012) [arXiv:1202.2843 [hep-ph]].
. Ji, X. Xiong and F. Yuan, Phys. Lett. B 717, 214 (2012) [arXiv:1209.3246 [hep-ph]].

X
X
Y. Hatta, K. Tanaka, S. Yoshida and , JHEP 1302, 003 (2013) [arXiv:1211.2918 [hep-ph]].
E. Leader, C. Lorce and , arXiv:1211.4731 [hep-ph].

A. Harindranath, R. Kundu, A. Mukherjee, R. Ratabole and , arXiv:1212.0761 [hep-ph].

X. Ji, X. Xiong and F. Yuan, arXiv:1304.1009 [hep-ph].

P. Hoodbhoy, X. Ji and W. Lu, Phys. Rev. D 59, 014013 (1999).

A. V. Belitsky, A. Kirchner, D. Mueller and A. Schafer, Phys. Lett. B 510, 117 (2001) [hep-
ph/0103343].

R. L. Jaffe and A. Manohar, Nucl. Phys. B 337, 509 (1990).

P. Hagler and A. Schafer, Phys. Lett. B 430, 179 (1998) [hep-ph/9802362].

S. Bashinsky and R. L. Jaffe, Nucl. Phys. B 536, 303 (1998); P. Hagler and A. Schafer, Phys.
Lett. B 430, 179 (1998).

A. Harindranath and R. Kundu, Phys. Rev. D 59, 116013 (1999) [hep-ph/9802406].

X. Ji, Y. Xu and Y. Zhao, arXiv:1205.0156 [hep-ph].

Y. Hatta, Phys. Lett. B 708, 186 (2012) [arXiv:1111.3547 [hep-ph]].

C. Lorce and B. Pasquini, Phys. Rev. D 84, 014015 (2011); C. Lorce’, B. Pasquini, X. Xiong
and F. Yuan, arXiv:1111.4827 [hep-ph].

X. Ji, Phys. Rev. Lett. 91, 062001 (2003); A. V. Belitsky, X. Ji and F. Yuan, Phys. Rev. D
69, 074014 (2004).

Y. Hatta, S. Yoshita, to be submitted.

X. -D. Ji, J. Tang and P. Hoodbhoy, Phys. Rev. Lett. 76, 740 (1996) [hep-ph/9510304].

P. Hoodbhoy and X. -D. Ji, Phys. Rev. D 60, 114042 (1999) [hep-ph/9908275].

17



[25] A. V. Manohar, Phys. Rev. Lett. 66, 289 (1991).

[26] M. Burkardt, arXiv:1205.2916 [hep-ph].

[27] D. de Florian, R. Sassot, M. Stratmann and W. Vogelsang, Phys. Rev. Lett. 101, 072001
(2008).

[28] X. Ji, Phys. Rev. D 55, 7114 (1997); A. V. Radyushkin, Phys. Rev. D 56, 5524 (1997).

[20] M. Diehl, Phys. Rept. 388, 41 (2003) [hep-ph/0307382].

[30] A. V. Belitsky and A. V. Radyushkin, Phys. Rept. 418, 1 (2005).

[31] H. Eguchi, Y. Koike and K. Tanaka, Nucl. Phys. B 752, 1 (2006); Nucl. Phys. B 763, 198
(2007).

[32] J.Zhou, F. Yuan and Z. -T. Liang, Phys. Rev. D 81, 054008 (2010) [arXiv:0909.2238 [hep-ph]].

[33] J.C.Collins, Foundations of Perturbative QCD, Cambridge University Press, Cambridge, 2011;
X. Ji, J. P. Ma and F. Yuan, Phys. Rev. D 71, 034005 (2005).

[34] F. Dominguez, B. -W. Xiao and F. Yuan, Phys. Rev. Lett. 106, 022301 (2011); F. Dominguez,
C. Marquet, B. -W. Xiao and F. Yuan, Phys. Rev. D 83, 105005 (2011).

18



