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Abstract

In previous work, we introduced a new framework to treat large scale backreaction effects due to
small scale inhomogeneities in general relativity. We considered one-parameter families of space-
times for which such backreaction effects can occur, and we proved that, provided the weak energy
condition on matter is satisfied, the leading effect of small scale inhomogeneities on large scale
dynamics is to produce a traceless effective stress-energy tensor that itself satisfies the weak energy
condition. In this work, we illustrate the nature of our framework by providing two explicit exam-
ples of one-parameter families with backreaction. The first, based on previous work of Berger, is a
family of polarized vacuum Gowdy spacetimes on a torus, which satisfies all of the assumptions of
our framework. As the parameter approaches its limiting value, the metric uniformly approaches a
smooth background metric, but spacetime derivatives of the deviation of the metric from the back-
ground metric do not converge uniformly to zero. The limiting metric has nontrivial backreaction
from the small scale inhomogeneities, with an effective stress-energy that is traceless and satisfies
the weak energy condition, in accord with our theorems. Our second one-parameter family consists
of metrics which have a uniform Friedmann-Lemaitre-Robertson-Walker limit. This family satisfies
all of our assumptions with the exception of the weak energy condition for matter. In this case,
the limiting metric has an effective stress-energy tensor which is not traceless. We emphasize the

importance of imposing energy conditions on matter in studies of backreaction.
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I. INTRODUCTION

The standard model of cosmology is based on a hierarchy of length scales. At the largest
scales in cosmology, it is generally believed that the universe is well-described by a met-
ric with Friedmann-Lemaitre-Robertson-Walker (FLRW) symmetry that satisfies Einstein’s
equation with source given by the averaged stress-energy of matter. At scales somewhat
smaller than this, the deviations from the FLRW solution are believed to be well described
by linear perturbation theory. Finally, below a certain scale, nonlinear effects become im-
portant, and numerical N-body simulations are normally used to make predictions. The
above beliefs underlie the standard cosmological model, which has proven to be extremely
successful to date.

Despite the success of the standard cosmological model, objections have been raised that
nonlinear effects due to the small scale structure are not being fully taken into account
(see, e.g., [1]). The Friedmann equations neglect averages of terms nonlinear in small scale
perturbations, which are present in the Einstein equation. Since nonlinearities are important
for small scale dynamics, how do we know that their averaged effects cannot contribute at
large scales? Might it even be possible that such nonlinearities could produce effects on
large scale dynamics that mimic the effect of a cosmological constant?

At small scales, where nonlinear dynamics are important, fractional density perturbations
can be much larger than 1. This formed the basis of Ellis’s original argument [1] that
neglecting nonlinear terms in the Einstein equation could be problematic. However, Ishibashi
and Wald [2] argued that, even though perturbations in the matter stress-energy can be large,
perturbations in the metric (as opposed to derivatives of the metric) should nevertheless be
small, provided that appropriate gauge choices are mad. They argued that, except in the
immediate vicinity of strong field objects such as black holes and neutron stars, our universe
should be well described on all scales by a Newtonianly perturbed FLRW metric, and that
the terms in Einstein’s equation that are nonlinear in the deviation of the metric from an
FLRW metric should be negligible.

However, it is clear that, in general, non-Newtonian circumstances, even when the devia-
tion of the metric from a metric with FLRW symmetry is small, the nonlinear terms in the

deviation of the metric from FLRW symmetry can affect the large scale dynamics. Indeed, if

1 Other authors continue to claim that the metric perturbation cannot be made small globally [3].



the universe were filled with low amplitude, high frequency gravitational radiation, then the
metric could be uniformly close to a metric with FLRW symmetry, but this FLRW metric
would behave dynamically as though the universe were filled with a P = %p fluid. This
dynamical behavior occurs as a consequence of the nonlinear terms in Einstein’s equation.
Thus, an interesting issue in general relativity is to quantify the degree to which small scale
spacetime inhomogeneities can, through nonlinear interactions, affect large scale dynamics.

Prior to our work [4], a number of averaging formalisms had been developed to try to
address this issue. The most widely studied approach was initiated by Buchert |5, 6]. Here,

one works in comoving, synchronous coordinates, so that the metric takes the form
ds® = —dt* + q;;(t, z)dx'dx’ . (1.1)

One can then define averages of scalars over (compact, comoving regions of) constant-t
hypersurfaces. In particular, Buchert defines an averaged “scale factor” as the cube root
of the volume of one of these regions. Equations of motion for the averaged quantities are
obtained by averaging (components of) Einstein’s equation. In particular, by averaging the
Hamiltonian constraint and the Raychaudhuri equation, analogs of the Friedmann equations
can be derived in this framework.

There are two independent serious difficulties with this framework. First, it is far from
clear how to physically interpret the averaged quantities defined in this framework. For
example, if the “scale factor” increases with time, this does not mean that observers would
see anything like Hubble’s law holding. Furthermore, small changes to the spacetime metric
can produce significant changes to the behavior of geodesics and, consequently, significant
changes to quantities such as the time dependence of volumes of comoving regions, without
there being any correspondingly large physical effects. To see this more concretely, suppose
that one were interested in estimating the nonlinear backreaction effects produced by the
planets on the metric of the solar system. One way of doing this would be to use ordinary
perturbation theory about the stationary metric of the sun. If one calculates the linearized
perturbations produced by the planets and estimates their second and higher order correc-
tions, one would correctly conclude that the nonlinear backreaction effects of the planets
on the metric of the solar system are extremely small. But another way of estimating the
nonlinear backreaction effects of the planets—which is closely analogous to the Buchert

approach in cosmology—would be to sprinkle some irrotational dust throughout the solar
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system and investigate the effects of the planets on the motion of this dust. The comoving
dynamics of the dust would be described by a synchronous metric of the form (LI]). One
would find that the dust geodesics near the planets would immediately begin shearing; the
nonlinear effects of shear would soon result in significant convergence and eventually there
would be caustics. The dynamics of the dust would be quite complicated and would give rise
to large nonlinear effects on the metric (II]) attributable to the planets. One might then
be tempted to conclude that nonlinear effects produced by the planets result in large back-
reaction effects on the spacetime metric of the solar system. Obviously, this is not the case:
These “large effects” are gauge artifacts resulting from the use of synchronous coordinates
rather than coordinates in which the metric is (nearly) stationary.

A second serious difficulty of this approach is that the “Friedmann equations” derived in
this framework are not closed. They contain a scalar quantity Qp, arising from averaging
nonlinear terms in the Einstein equation, which is called the kinematical backreaction scalar.
The evolution of Op is undetermined in the framework. This is because the framework
considers only the spatial average of two components of Einstein’s equation, and thus is
discarding much of the content of Einstein’s equation.

Another approach to backreaction, known as macroscopic gravity, was initiated by Za-
laletdinov [7]. Rather than restricting to averaging scalar quantities on spatial slices, in
macroscopic gravity, an averaging operator (-) is introduced which allows one to define local
spacetime averages of tensor quantities. The idea is to derive an equation for the average
(gap) of the actual spacetime metric g,,. Backreaction in this framework occurs through the

“connection correlation tensor”,

Zabcdef = <Fab[crd\e|f}> - <Fab[c> <Fd\e|f}>7 (12)

where I'?, . is the Christoffel connection. Various properties are derived for Z,peqer, but, as
with Qp, the full content of Einstein’s equation is not used.

Because of the presence of undetermined quantities in the averaged frameworks of Buchert
and Zalaletdinov, a common approach to “solve” the equations has been to assume a par-
ticular form for the backreaction tensors, and from that starting point, derive results for
the large scale behavior [8,19]. However, no argument is given that the assumed form of the
backreaction tensors can actually arise from averaging a physically reasonable small scale

matter distribution. For example, in [9], Buchert and Obadia assume that Qp is equivalent
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to a scalar field (called the morphon field [10]), with a particular potential. With a suitable
choice of potential, they find that inflation can occur in vacuum spacetimes due to the pres-
ence of inhomogeneities. However, one is not free to arbitrarily specify the large scale effects
of backreaction: They must be shown to arise from averaging an actual inhomogeneous
spacetime.

Our approach—which we summarize in detail in section Sec. [Ibears considerable re-
semblance to that of Zalaletdinov [7] in that we define a backreaction tensor figpeder, which
is closely related to Zalaletdinov’s Zgpeqer. However, we make full use of Einstein’s equation,
and we have better mathematical control over the perturbations through our introduction of
one-parameter families, which allow us to rigorously take a short wavelength limit. “Averag-
ing” of nonlinear terms in Einstein’s equation may then be rigorously defined via the use of
weak limits. We were thus able to derive strong constraints on figpeqer, and we proved the fol-
lowing theorem about dynamical behavior in the limit of short wavelength perturbations: If
the matter stress-energy tensor satisfies the weak energy condition (i.e., has positive energy
density, as measured by any timelike observer), then the leading order effect of small scale
inhomogeneities on the background metric is to produce an effective stress-energy tensor
that is traceless and itself satisfies the weak energy condition. In particular, backreaction
produced by small scale inhomogeneities cannot mimic a cosmological constant.

However, our work merely assumed one-parameter families with the properties stated
in Sec. [[Il below; we did not prove existence of a family with nontrivial backreaction, thus
leaving open the possibility that our assumptions are self-consistent only in the case of no
backreaction. Objections also have been raised that the interpretation of the parameter
appearing in our one-parameter families is unclear [11], and that our averaging scheme
is “ultralocal”, and thus cannot capture effects due to matter inhomogeneities over finite
regions [12]. Therefore, it seems clear that it would be useful for us to provide a concrete
example of a one-parameter family of spacetimes with nontrivial backreaction that satisfies
our assumptions. Such an example would serve the multiple purposes of proving the self-
consistency of our assumptions, illustrating the meaning of the parameter appearing in our
one-parameter families, and showing explicitly how our theorems have direct implications
for perturbations of finite amplitude and wavelength.

The purpose of this paper is to provide two examples of one-parameter families of space-

times with nontrivial backreaction. The first, analyzed in Sec. [TI] is adapted from [13] and
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is a family of vacuum Gowdy spacetimes. This family satisfies all of the assumptions of our
work and has nontrivial backreaction in that the limiting metric does not satisfy the vacuum
Einstein equation. Its effective stress-energy tensor can be explicitly seen to be traceless and
satisfy the weak energy condition, as guaranteed by the theorems in [4].

The second family, which we produce in Sec. [V} is obtained by “Synge’s method,” i.e.,
by simply writing down a family of metrics and declaring the matter stress-energy of each
spacetime to be equal to the Einstein tensor of the metric, thereby trivially “solving” Ein-
stein’s equation [14]. This family is non-vacuum and approaches a FLRW spacetime as the
parameter approaches its limiting value. It satisfies all of our assumptions except that the
matter stress-energy does not satisfy the weak energy condition. We obtain a nontrivial
effective stress-energy tensor, which does not satisfy the properties of our theorems. This
example shows that if matter violates the weak energy condition (or if Einstein’s equation is
not sufficiently utilized), then it is easy to produce spacetimes with significant backreaction
that is unconstrained by our theorems. This illustrates the necessity of applying the full
content of Einstein’s equation with physically reasonable energy conditions imposed upon
matter in any analysis of backreaction.

In this work, we follow all notation and sign conventions of [15].

II. FRAMEWORK

In this section we review our framework and we summarize the main results of [4]. Our
framework is a generalization to the non-vacuum case of a framework proposed by Burnett
[16], which itself is a rigorous version of Isaacson’s approach [17].

As indicated in the Introduction, to analyze backreaction, we consider a one-paramater
family of spacetimes gqp(A) for 0 < A < Ag. We require gq,(\) to be a solution to Einstein’s
equation for all A > 0, and, as A — 0, we require uniform convergence of g (\) to a
“background metric” gff;) = ga(0). One-parameter families of metrics are also employed
in this manner to properly treat ordinary perturbation theory (see, e.g., Sec. 7.5 of [15]).
However, whereas in ordinary perturbation theory the metric is required to be jointly smooth

0
(b))

in A and the coordinates x, here we require only that spacetime derivatives of (g.(\) — g,

are bounded as A — 0. This elevates the importance of derivatives of perturbations of the

background metric, so that a priori, small scale inhomogeneities can play a dynamical role
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in the evolution of the background metric. Indeed, in contrast to ordinary perturbation
theory, it is not true, in general, that the Einstein tensor has a uniform limit as A — 0,
and it does not follow that gl(l?,) is a solution to the Einstein equation. However, if we add
a suitable assumption that “spacetime averages exist”, then we can derive an equation for
gé?,), which contains the contributions arising from the backreaction produced by small scale
inhomogeneities.

Our precise assumptions are as follows. Fix a spacetime manifold M with derivative

operator V,, and let g,,(A) be a one-parameter family of metrics on M, defined for A > 0. Let

2 — egmbr | nbng

eqp be an arbitrary Riemannian metric on M, and define ¢4, 4, ay..antby.. by -

Suppose now that the following assumptions hold:
(i) For all A > 0, we have
Gar(9(N)) + Agap(N) = 87Tap(N), (2.1)

where T,;,()\) satisfies the weak energy condition, i.e., for all A > 0 we have T;(\)t¢(A)t*(\) > 0
for all vectors t*(\) that are timelike with respect to gap(N).

(ii) There exists a smooth positive function C(z) on M such that
|hap(A, )| < AC1(2), (2.2)
where hap (N, ) = gan( N, ) — gan(0, ).
(iii) There exists a smooth positive function Cy(z) on M such that

|vchab()\ax)| S C2(££) (23)

(iv) There exists a smooth tensor field piapeder on M such that

VV)\'E(I)H [Vah'cd()\)vbh'ef()\)] = Habedef s (24)
where “w-lim” denotes the weak limit.

The notion of “weak limit”, which appears in assumption (ivl), corresponds roughly to
taking a local spacetime average, and then taking the limit as A — 0. More precisely,
Agy . a, (N) converges weakly to AE}P___% as A — 0 if and only if, for all smooth tensor fields

fer- of compact support,

lim / AL () = / foramAD (2.5)

A—0
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Assumptions (I)—(v) allow us to derive an equation satisﬁe by gé(;). Indeed, in [4] we
showed that g,,(0) satisfies the equation

Gap(9) + AgQ = 87T + 87t (2.6)

Here, Ta(l()]) = w-limy_,¢ T, (A)—which must exist as a result of the assumptions—and tg%) isa
particular linear combination of contractions of the tensor fi4peder. The tensor 0 is called the
“effective gravitational stress-energy tensor,” and it describes the dominan‘g contribution
to backreaction due to small scale inhomogeneities.

In [4], we proved two theorems constraining tﬁf}}:

Theorem 1 Given a one-parameter family g.,(N) satisfying assumptions (1)—(ud) above, the

fl?,) appearing in equation (2.6 for the background metric gg;)

effective stress-energy tensor t
18 traceless,

e, = 0. (2.7)
Theorem 2 Given a one-parameter family g.,(\) satisfying assumptions ([d)—(id) above, the

(0) . (0)

effective stress-energy tensor t,, appearing in equation (26l) for the background metric g,

satisfies the weak energy condition, i.e.,

0t > (2.8)

a Ny - (0)
for all t* that are timelike with respect to g, .

In essence, these theorems show that only those small scale metric inhomogeneities corre-
sponding to gravitational radiation can have a significant backreaction effectf]. In particular,
in the case where we have FLRW symmetry, the effective stress-energy tensor must be of
the form of a P = % p fluid, and therefore cannot mimic dark energy.

Finally, we note that in the statement of assumptions (il)—(ivl) above, A is a “continuous

)

parameter,” i.e., it takes all real values in an interval [0, o] for some Ay > 0. However, there

2 Note that assumption () only requires that the Einstein equatign holdrfor A > 0, but not for A = 0.

3 Higher order contributions to back reaction were also derived in [4]. In [18], we showed that the dominant
effect of the higher order contributions on the dynamics of our universe is to modify the Friedmann
equations by inclusion of effective stress-energy contributions associated with Newtonian gravitational

potential energy and stresses and with the kinetic motion of matter (see also [19, 120]).

4 Although matter inhomogeneities can produce only a negligibly small effect on the dynamical evolution
of the background FLRW metric, they can produce large observable effects on the apparent luminosity of

objects in the universe via gravitational lensing; see, e.g., [21].
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would be no essential change if we took A to be a “discrete parameter” in our assumptions—
such as A = {1/N} for all positive integers N—provided only that A takes positive values
that limit to 0. It will be convenient to use such a discrete parameter in the example of the

next section.

III. BACKREACTION IN VACUUM GOWDY SPACETIMES

Gowdy spacetimes are exact plane-symmetric vacuum solutions which describe closed
cosmologies containing gravitational waves [22]. We restrict to the case where spatial slices

have topology T3. The general 7% Gowdy metric may be written in the form [23]
dséowdy = (T2 (—6_2Td7'2 + d6’2) +e 7 [epda2 + 2e’Qdods + (ePQ2 + e_P) d(ﬂ , (3.1)

where the functions a;, P and () depend only on 7 and ¢ and the spatial coordinates have the
range 0 < 6, 0,0 < 2w, with periodic boundary conditions. We will restrict consideration to
the case @) = 0, known as the polarized Gowdy spacetimes.

When @) = 0, the vacuum Einstein equations reduce to the evolution equation,

0=P—e2"P" (3.2)

and the constraints,
=P+ (P2, (3.3)
of =2P'P. (3.4)

Here, the prime and dot denote differentiation with respect to 6 and 7, respectively. The
general solution to (3.2) is

P = Ay+ Byt + Z [AnJO (ne_T) + B,Y, (ne_T)} sin (nf + ¢,,) , (3.5)

n=1

where A,,, B, and ¢,, are free parameters. The discrete index n arises from the compactness
of the @ direction.

Following [13] (see also [24]), we now construct a one-parameter family satisfying assump-
tions ([{l)—(v)). As discussed in the last paragraph of the previous section, our family will be
parametrized by a discrete parameter N, and the limit N — oo will correspond to A — 0.

We choose

Py = Jo (Ne~7) sin(N9), (3.6)

3=
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where A is an arbitrary constant. The constraint equations may be solved by direct inte-
gration to yield

_ AQS_le (Ne™™) Jy (Ne™™) cos (2N6) (3.7)

B A2Ne= 27
4

anN =

{[o (N +2[1 (Ne)]* = gy (Ne ) o (NeT) ). (38)

From the asymptotic form of the Bessel function, we find that for large values of N,

A [2eT T\ .
Py — N\ o cos <Ne — Z> sin (NG) . (3.9)

From this and the similar asymptotic form of vy, it may be verified that assumptions (iI)—(x)

of the previous section hold for the family { Py, ay}. In particular, as N — oo, we have

lim Py =0, (3.10)
N—oo

2 -7
lim ay = — ¢ (3.11)
N—oo s

where the convergence is uniform on compact sets. Thus, the “background metric” is
T+A%e"7 /7 —27 -7
dsty = TN (Lo g 4 4g%) 4 e (do® + d6?). (3.12)

Despite the fact that for each N < oo, the metric is a vacuum solution, the limiting
(0)

o » could be computed

metric ([B.12) is not a vacuum solution. The effective stress-energy, t
by computing fiapedes via (2.4) and using the formula for tg;) in terms of figpeaer given in [4].
However, it is far easier to obtain tg;) by simply computing the left side of (2.6]). It is easily
seen that the nonvanishing components of the Einstein tensor of the metric (3.12) are given

by

A%e T
0y —
Grr (9) = ==
A2 T
Goo (9'7) = 4—§~ (3.13)

Note that the effective stress-energy tg%) = G,/8m associated with (B13) is traceless and

satisfies the weak energy condition, in accord with our general theorems.

Thus, we have provided an explicit example of a one-parameter family wherein the small
scale inhomogeneities produce a nontrivial backreaction. One can see explicitly in this
example how, in our framework, the vacuum, inhomogeneous spacetime metric gq,(/N) can

be well approximated for large but finite N by the non-vacuum, homogeneous spacetime

metric (B.12).
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IV. BACKREACTION WITHOUT ENERGY CONDITIONS

In this section, we provide an example of a one-parameter family that satisfies assump-
tions ([i)—(v) of Sec. [Ibut does not satisfy the requirement of assumption (i) that the matter
stress-energy tensor satisfy the weak energy condition. This illustrates the importance of
the weak energy condition on matter for the validity of theorems [l and 2l of Sec. [[I.

For our one-parameter family, g,»(A), we choose metrics conformally related to a spatially

flat FLRW metric g(o) ie.,

ab
gar(N) = L (Ngyy = (V)@ (7)1av: (4.1)

where a(7) is chosen arbitrarily. We choose the conformal factor to be

logQ(A) = M\A [sin <§> + sin (%) + sin (;)] : (4.2)

with A constant. Of course, gq(\) does not satisfy Einstein’s equation with any known form
of matter. Nevertheless, we may simply declare the existence of a new form of matter with

stress-energy tensor given by

1

< Gal9(N) (4.3

Tap(A) =
for all A > 0. Then g4(\) is a solution of Einstein’s equation (with vanishing cosmological
constant, A = 0) for all A > 0. This procedure for “solving” Einstein’s equation is usually
referred to as “Synge’s method” |14]. It can then be easily verified that our one-parameter
family (£1]) and (£2]) satisfies all of the assumptions of Sec. [Tl except that the stress-energy
tensor of our new form of matter does not satisfy the weak energy condition for A > 0.

By (2.6)), the effective stress-energy tensor produced by the small scale inhomogeneities

is

1
t(O) _ _ﬂ_Gab( (0)) TLEI?)

- 1 w-lim [Gab(g((])) — Gab(g(k))}

81T A—0

1
— ~ w-lim [QV V, log © — 290y v, 1og O

T A=0

~2(V,10g9) (Vslog Q) — 93¢ (V. 10g ) (Valog 2)] . (4.4)

Here, on the last line, we used the expression relating the two Ricci tensors (see appendix
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D of [15)),
Rap(9(N) = Rap(9) — 2V, V, log Q — gég)g(O)CchVd log 2
+2(V,log Q) (Vylog Q) — 25 9@ (V. 1og Q) (ValogQ),  (4.5)

where V, is the derivative operator associated with gi?,). A straightforward calculationH

yields
© _ 3 4
Y| 4.6
0 = Tg- (4.6)
t0 =0 (4.7)
© _ D oo
ty = 167TA ij - (4.8)

Thus, our effective stress-energy tensor produced by small-scale inhomogeneities corre-
sponds to a P = —g p fluid. This failsH to be traceless and fails to satisfy the weak energy
condition, in violation of both theorems [ and 2 of Sec. [l This should come as no surprise,
since we have failed to satisfy assumption (). This example thus shows that assumption ({)
is essentially needed for the validity of our main results.

We note that several analyses |8, 125] within the general framework of 7] have found an
effective P = —%p fluid]. As in our example above, this result is inconsistentd with the
tracelessness of tg%) (theorem [ of Sec. [[Il). We believe that the violation of the tracelessness
of tgz))) in [8, 25] is of a similar origin: As discussed in the Introduction, the full content of

Einstein’s equation has not been utilized, and the requirement that matter satisfy the weak

energy condition has not been imposed.

V. CONCLUSIONS

We have provided two examples of one-parameter families of cosmological spacetimes with
nontrivial backreaction. The first describes a universe filled with gravitational radiation, and

it exhibits a traceless effective stress-energy tensor satisfying the weak energy condition,

® The only nontrivial weak limits involved are of the form w-limy_,o cos?(z/\) = 1/2.

6 Note also that t((l%) and Tég) are not separately conserved with respect to the background derivative
operator, although, of course, by the Bianchi identity for Ga(9(?)), we have Vb(Tég) + ta%)) =0.

7 Due to the nature of the constructions, these analyses are guaranteed to find an effective stress-energy

tensor of FLRW form, with components tLO,,) which are constant. When one further imposes that this

effective stress-energy tensor be conserved, a P = —% p fluid is automatic.

8 We remind the reader that additional effects are possible at higher order in perturbation theory (see

footnote [3)). 13



consistent with our theorems. The second example contains matter which violates the weak
energy condition (a key assumption necessary to prove our theorems) and, as a consequence,
contains a more exotic P = —g p effective fluid.

These examples provide insight into our framework for treating backreaction [4], as well
as the averaging problem in general. In particular, we conclude that the appearance of
effective stress-energies violating our theorems in other approaches to backreaction is closely
related to the underdetermination of the equations of motion, which in turn is closely related

to a failure to properly impose local energy conditions on matter.
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